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ÓÄÊ 517. 95 
 
М. М. Симотюк 
 
ДВОТОЧКОВА ЗАДАЧА ДЛЯ ПСЕВДОДИФЕРЕНЦІАЛЬНИХ РІВНЯНЬ 
 

Ââåäåíî ïîíÿòòÿ ( , )+∞ +∞ - ³ ( , ; , )α β   -êîðåêòíîñò³ äâîòî÷êîâî¿ çàäà÷³ äëÿ 

ïñåâäîäèôåðåíö³àëüíèõ ð³âíÿíü. Âñòàíîâëåíî êðèòåð³é ( , )+∞ +∞ - êîðåêòíîñ-

ò³ çàäà÷³ ³ äëÿ ( , )+∞ +∞ -êîðåêòíî¿ çàäà÷³ ïîáóäîâàíî ¿¿ ðîçâ’ÿçóâàëüíèé îïå-

ðàòîð. Âñòàíîâëåíî çâ’ÿçîê ì³æ ( , ; , )α β   -êîðåêòí³ñòþ çàäà÷³ òà ³ñíóâàí-
íÿì íåïåðåðâíîãî çàìèêàííÿ ¿¿ ðîçâ’ÿçóâàëüíîãî îïåðàòîðà. Çíàéäåíî óìîâè, 
ïðè ÿêèõ ðîçâ’ÿçóâàëüíèé îïåðàòîð ( , )+∞ +∞ -êîðåêòíî¿ çàäà÷³ äîïóñêàº íåïå-
ðåðâíå çàìèêàííÿ. Äîâåäåíî ìåòðè÷íi òåîðåìè ïðî âèêîíàííÿ òàêèõ óìîâ 
äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà) çíà÷åíü âóçë³â ³íòåðïîëÿö³¿ çàäà÷³.  

 
 1. Îñíîâí³ ïîçíà÷åííÿ. ×åðåç ( )G k  áóäåìî ïîçíà÷àòè òàêó äîäàòíó 

ôóíêö³þ ( ) : pG k +→  , ùî:  

 1)    ( ) 1pk G k∀ ∈ ≥ ; 2) lim ( )
k

G k
→∞

= + ∞ . 

 Áóäåìî ãîâîðèòè, ùî ôóíêö³ÿ ( ) : pG k +→   ñïðàâäæóº óìîâó ( , )λ µ  

(òóò  ,λ µ  – äåÿê³ íåâ³ä’ºìí³ ñòàë³, ÿê³ îäíî÷àñíî íå äîð³âíþþòü íóëþ), ÿêùî 

ðÿä 
0

( ) exp ( ( ))
k

G k G k−λ

≥

− µ∑  º çá³æíèì. Íàïðèêëàä, ôóíêö³ÿ ( ) (1 )G k k≡ +  

ñïðàâäæóº óìîâó ( , )λ µ  äëÿ äîâ³ëüíèõ 0λ ≥  ³ 0µ >  àáî äëÿ äîâ³ëüíèõ 

pλ >  ³ 0µ ≥ ; ôóíêö³ÿ ( ) ln(3 )G k k≡ +  ñïðàâäæóº óìîâó ( , )λ µ  äëÿ 

äîâ³ëüíèõ 0λ ≥  ³ pµ >  àáî äëÿ äîâ³ëüíèõ 0λ >  ³ pµ ≥ .  

Çà ôóíêö³ºþ ( ) : pG k +→   îçíà÷èìî ïðîñòîðè , ( )W Gα β , ÿê³ îòðèìó-

þòüñÿ âíàñë³äîê ïîïîâíåííÿ ïðîñòîðó   (äèâ. [1, ðîçä. 2, § 6.2]) ñê³í÷åííèõ 

òðèãîíîìåòðè÷íèõ ïîë³íîì³â ( ) exp ( , )kx ik xϕ = ϕ∑  çà íîðìîþ  

 
  

2 2
,

0

( ); ( ) ( ) exp (2 ( ))k
k

x W G G k G kα
α β

≥

ϕ = ϕ β∑ . 

×åðåç ,([0, ]; ( ))nC T W Gα β  ïîçíà÷èìî ïðîñò³ð ôóíêö³é ( , )u t x  òàêèõ, ùî äëÿ 

êîæíîãî [0, ]t T∈  ïîõ³äí³ ( , )/j ju t x t∂ ∂ , 0 j n≤ ≤ , íàëåæàòü äî ïðîñòîðó 

, ( )W Gα β  ³ íåïåðåðâíî çì³íþþòüñÿ ó öüîìó ïðîñòîð³ ïðè [0, ]t T∈ . Íîðìó â 

ïðîñòîð³ ,([0, ]; ( ))nC T W Gα β  çàäàìî ôîðìóëîþ  

 , ,
[0, ]0

( , )
( , ); ([0, ]; ( )) max ; ( )

n j
n

jt Tj

u t x
u t x C T W G W G

t
α β α β∈=

∂=
∂

∑ . 

 ×åðåç ([0, ]; ( ))nC T S G , 0,1,n =  , ïîçíà÷èìî ìíîæèíó ïñåâäîäèôåðåí-

ö³àëüíèõ îïåðàö³é ( , )A t D , 1( / , , / )pD i x i x= − ∂ ∂ − ∂ ∂ , ä³ÿ ÿêèõ íà ôóíêö³þ 

  0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑  çàäàºòüñÿ ôîðìóëîþ 

 
  0

( , ) ( , ) ( , ) ( ) exp ( , )k
k

A t D u t x A t k u t ik x
≥

= ∑ , 

äå ( , ) ([0, ]; ),  n pA t k C T k∈ ∈  , ïðè÷îìó 
( , ); [0, ]

sup
( )p

n

k

A t k C T

G k∈

   < ∞ 
  

. Ôóíê-
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ö³¿ ( , ),  pA t k k ∈  , íàçèâàòèìåìî àìïë³òóäàìè ïñåâäîäèôåðåíö³àëüíî¿ îïå-

ðàö³¿ ( , )A t D . Ñèìâîëîì ([0, ]; ( ))nC T S G , 0,1,n =  , áóäåìî ïîçíà÷àòè ìíî-

æèíó òèõ ïñåâäîäèôåðåíö³àëüíèõ îïåðàö³é ( , ) ([0, ]; ( ))nA t D C T S G∈ , óñ³ àì-
ïë³òóäè ÿêèõ º ä³éñíîçíà÷íèìè ôóíêö³ÿìè. Çàçíà÷èìî, ùî äëÿ äîâ³ëüíèõ 

,α β  ïñåâäîäèôåðåíö³àëüíà îïåðàö³ÿ ( , ) ([0, ]; ( ))nA t D C T S G∈  íåïåðåðâíî 

â³äîáðàæàº ïðîñò³ð ,([0, ]; ( ))nC T W Gα β  ó ïðîñò³ð 1,([0, ]; ( ))nC T W Gα − β . 

 2. Ïîñòàíîâêà çàäà÷³. Ðîçãëÿíåìî çàäà÷ó 

 
2

1 22
, ( , ) ( , ) ( , ) 0,     ( , ) T

p
u uL D u t x A t D A t D u t x Q

t tt
∂ ∂ ∂  ≡ + + = ∈ ∂ ∂  ∂

,  (1) 

 1 2 2 1 2( , ) ( ),    ( , ) ( ),    ,   0pu t x x u t x x x t t T1= ϕ = ϕ ∈ Ω ≤ < ≤ , (2) 

äå 1 2( , ),  ( , )A t D A t D  – ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿, ÿê³ íàëåæàòü äî êëà-

ñó ([0, ]; ( ))C T S G ; (0, )T
p pQ T= × Ω , pΩ  – p -âèì³ðíèé òîð ( / 2 )pπ  . 

 Îçíà÷åííÿ 1. Çàäà÷ó (1), (2) áóäåìî íàçèâàòè ( , )+ ∞ + ∞ -êîðåêòíîþ, 

ÿêùî äëÿ äîâ³ëüíèõ 1 2( ), ( )x xϕ ϕ ∈   ó ïðîñòîð³ 2 ([0, ]; )C T   ³ñíóº ºäèíèé 

ðîçâ’ÿçîê ( , )u t x  ö³º¿ çàäà÷³, ÿêèé íåïåðåðâíî çàëåæèòü â³ä 1 2( ), ( )x xϕ ϕ ∈   

ó òàêîìó ñåíñ³: ç òîãî, ùî ïîñë³äîâíîñò³ 1 1 2 1( ) ,  ( )m m
m mx x∞ ∞

= =ϕ ϕ{ } { }  çá³ãàþòüñÿ 

ó   äî 1 2( ),  ( )x xϕ ϕ  â³äïîâ³äíî, âèïëèâàº, ùî ïîñë³äîâí³ñòü 1( , )m
mu t x ∞

={ }  

ðîçâ’ÿçê³â çàäà÷  

 1 1 2 2, ( , ) 0,   ( , ) ( ),   ( , ) ( ),   m m m m mL D u t x u t x x u t x x m
t

∂  = = ϕ = ϕ ∈ ∂ 
 , 

çá³ãàºòüñÿ â 2 ([0, ]; )C T   äî ( , )u t x . 

 Îçíà÷åííÿ 2. Íåõàé 2 2
1 2 1 2 1,  ( , ) ,  ( , ) ,  α, β ∈ = α α ∈ = β β ∈ α ≥ α    , 

2 1 2,  ,  α ≥ α β ≥ β β ≥ β . Çàäà÷ó (1), (2) áóäåìî íàçèâàòè ( , ; , )α β   -êîðåêò-

íîþ, ÿêùî äëÿ äîâ³ëüíèõ 
1 11 ,( ) ( )x W Gα βϕ ∈ , 

2 22 ,( ) ( )x W Gα βϕ ∈  ó ïðîñòîð³ 

2
,([0, ]; ( ))C T W Gα β  ³ñíóº ºäèíèé ðîçâ’ÿçîê ( , )u t x  ö³º¿ çàäà÷³ òàêèé, ùî  

 1,, ( , ); ([0, ]; ( )) 0L D u t x C T W G
t α − β

∂  = ∂ 
, 

 
1 1 2 21 1 , 2 2 ,( , ) ( ); ( ) 0,      ( , ) ( ); ( ) 0u t x x W G u t x x W Gα β α β− ϕ = − ϕ = , 

ïðè÷îìó âèêîíóºòüñÿ îö³íêà  

 
1 1 2 2

2
, , 2 ,( , ); ([0, ]; ( )) ( ); ( ) ( ); ( )u t x C T W G C x W G x W Gα β 1 α β α β≤ ϕ + ϕ( ) , 

äå ñòàëà 0C >  íå çàëåæèòü â³ä âèáîðó 
1 11 ,( ) ( )x W Gα βϕ ∈ , 

2 22 ,( ) ( )x W Gα βϕ ∈ . 

 Îñíîâíîþ ìåòîþ ö³º¿ ðîáîòè º âñòàíîâëåííÿ óìîâ, ïðè âèêîíàíí³ ÿêèõ 
çàäà÷à (1), (2) º ( , )+ ∞ + ∞ -êîðåêòíîþ òà ( , ; , )α β   -êîðåêòíîþ, à òàêîæ äî-
âåäåííÿ òâåðäæåíü ïðî ìîæëèâ³ñòü âèêîíàííÿ òàêèõ óìîâ äëÿ ìàéæå âñ³õ 
(ñòîñîâíî ì³ðè Ëåáåãà) çíà÷åíü âóçë³â ³íòåðïîëÿö³¿. Ðîáîòà ïðîäîâæóº äî-
ñë³äæåííÿ, ïðîâåäåí³ â [6], äå ðîçãëÿíóòî çàäà÷ó ç óìîâàìè (2) äëÿ ð³âíÿí-
íÿ (1), ó ÿêîìó 1 2( , ),  ( , ) ( 0, ; ( )),  ( ) 1 ,A t D A t D C T S G G k k k∈ ≡ + ∈ [ ] . 

3. Êðèòåð³é ( , )+ ∞ + ∞ -êîðåêòíîñò³ äâîòî÷êîâî¿ çàäà÷³, íåîáõ³äíà óìî-

âà ( , ; , )α β   -êîðåêòíîñò³ çàäà÷³. Ç òîãî, ùî ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 

1( , )A t D , 2 ( , )A t D  íàëåæàòü äî êëàñó ([0, ]; ( ))C T S G  âèïëèâàº, ùî çâè÷àéíå 
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äèôåðåíö³àëüíå ð³âíÿííÿ , ( ) 0,  pdL k f t k
dt

  = ∈ 
 

 , ìàº òàêó ôóíäàìåí-

òàëüíó ñèñòåìó ðîçâ’ÿçê³â 2
1 2( , ),  ( , ) [0, ],  pf t k f t k C T k∈ ∈  , ùî 1(0, )f k =  

2 1 2(0, ) 1,  (0, ) (0, ) 0f k f k f k′ ′= = = = . Ïîçíà÷èìî:  

 1 2 1 2( , ) ( , ) ( , ) ( , ) ( , ),       , [0, ]kH t f t k f k f k f t k t Tτ = τ − τ τ ∈ , (3) 

 1 1 2 1
1 2

1 2 2 2

( , ) ( , )
( , , ) ,      

( , ) ( , )
pf t k f t k

k t t k
f t k f t k

∆ = ∈  . (4) 

Òåîðåìà 1. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G . Òîä³ äëÿ ( , )+ ∞ + ∞ -êîðåêòíîñò³ çàäà÷³ (1), 
(2) íåîáõ³äíî òà äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà  

 1 2      ( , , ) 0pk k t t∀ ∈ ∆ ≠ . (5) 

Ä î â å ä å í í ÿ. Íåîáõ³äí³ñòü. ßêùî 0
1 2( , , ) 0k t t∆ =  äëÿ äåÿêîãî 

0 pk ∈  , òî ë³í³éíà ñèñòåìà  

 0 0
0 0

1 1 2 11, 2,
( , ) ( , ) 0

k k
C f t k C f t k+ = , 

 0 0
0 0

1 2 2 21, 2,
( , ) ( , ) 0

k k
C f t k C f t k+ =  

ìàº íåíóëüîâèé ðîçâ’ÿçîê 0 01, 2,
, (0,0)

k k
C C ≠( ) . Òîä³ ôóíêö³ÿ 

 0 0
0 0 0 2

0 1 2 2 21, 2,
( , ) ( , ) ( , ) exp ( , ) ([0, ], )

k k
u t x C f t k C f t k ik x C T= + ∈ ( )  

º íåíóëüîâèì ðîçâ’ÿçêîì ð³âíÿííÿ (1) ³ ñïðàâäæóº óìîâè (2), â ÿêèõ 

1 2( ) 0,  ( ) 0x xϕ = ϕ = . Öå ñóïåðå÷èòü ( , )+ ∞ + ∞ -êîðåêòíîñò³ çàäà÷³ (1), (2). 

Äîñòàòí³ñòü. Íåõàé â óìîâàõ (2) 1 2( ),  ( )x xϕ ϕ ∈  . Òîä³ ³ñíóº òàêå 

N ∈  , ùî ïðàâèëüíèìè º íàñòóïí³ çîáðàæåííÿ: 

 
    

1 1, 2 2,( ) exp ( , ),       ( ) exp ( , )k k
k N k N

x ik x x ik x
≤ ≤

ϕ = ϕ ϕ = ϕ∑ ∑ , (6) 

äå   1, 2,, ,  k k k Nϕ ϕ ∈ ≤ . ßêùî ôóíêö³ÿ 
  0

( , ) ( ) exp ( , )k
k

u t x u t ik x
≥

= ∑  íàëå-

æèòü äî ïðîñòîðó 2 ([0, ]; )C T   ³ º ðîçâ’ÿçêîì çàäà÷³ (1), (2), òî ç ð³âíîñòåé 

(6) âèïëèâàº, ùî äëÿ âñ³õ pk ∈   ôóíêö³ÿ ( )ku t  º ðîçâ’ÿçêîì ð³âíÿííÿ 

, ( ) 0k
dL k u t
dt

  = 
 

 ³ ñïðàâäæóº òàê³ óìîâè:  

   1 1( ) 0,         ( ) 0,           k ku t u t k N= = > , 

   2 1, 2 2,       ( ) ,   ( ) ,     k k k ku t u t k N= ϕ = ϕ ≤ . 

Òàêèì ÷èíîì, 

 1, 1 2, 2( , ) ( , ) ( , ),       p
k k ku t x C f t k C f t k k= + ∈  , (7) 

äå ñòàë³ 1, 2,,  k kC C  º ðîçâ’ÿçêàìè ñèñòåì ð³âíÿíü  

   

1, 1 1 2, 2 1

1, 1 2 2, 2 2

( , ) ( , ) 0,
        

( , ) ( , ) 0,
k k

k k

C f t k C f t k
k N

C f t k C f t k

+ =
>+ = , (8) 

   

1, 1 1 2, 2 1 1,

1, 1 2 2, 2 2 2,

( , ) ( , ) ,
     

( , ) ( , ) ,
k k k

k k k

C f t k C f t k
k N

C f t k C f t k

+ = ϕ
≤+ = ϕ . (9) 
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Îñê³ëüêè âèêîíóºòüñÿ óìîâà (5), òî ñèñòåìà (8) ìàº ò³ëüêè íóëüîâèé ðîç-
â’ÿçîê   1, 2,( , ) (0,0),  k kC C k N= > , à ñèñòåìà (9) ìàº ºäèíèé ðîçâ’ÿçîê  

   

1, 2 2 2, 2 1
1,

1 2

( , ) ( , )
,      

( , , )
k k

k

f t k f t k
C k N

k t t

ϕ − ϕ
= ≤

∆
, 

   

2, 1 1 1, 1 2
2,

1 2

( , ) ( , )
,      

( , , )
k k

k

f t k f t k
C k N

k t t

ϕ − ϕ
= ≤

∆
. (10) 

²ç ôîðìóë (7), (10) âèïëèâàº, ùî ïðè âèêîíàíí³ óìîâè (5) çàäà÷à (1), (2), ó 
ÿê³é 1 2( ),  ( )x xϕ ϕ ∈   âèçíà÷åí³ ð³âíîñòÿìè (6), ìàº ºäèíèé ðîçâ’ÿçîê  

 
  

2
1, 2 2, 1

1 2

exp ( , )
( , ) ( , ) ( , ) ([0, ], )

( , , ) k k k k
k N

ik x
u t x H t t H t t C T

k t t≤

= ϕ − ϕ ∈
∆∑ ( ) . (11) 

Äîâåäåìî, ùî ïðè âèêîíàíí³ óìîâè (5) îòðèìàíèé ðîçâ’ÿçîê (11) 
íåïåðåðâíî çàëåæèòü â³ä 1 2( ),  ( )x xϕ ϕ  ó ñåíñ³ îçíà÷åííÿ 1. Ïðèïóñòèìî, ùî 

ïîñë³äîâíîñò³ 1 1 2 1( ) ,  ( )m m
m mx x∞ ∞

= =ϕ ϕ{ } { }  çá³ãàþòüñÿ â   äî 1 2( ),  ( )x xϕ ϕ  â³ä-

ïîâ³äíî. Öå îçíà÷àº, ùî ³ñíóº 1N ∈   òàêå, ùî äëÿ âñ³õ m ∈   

 
    

1, 2 2,
1 1

1 ( ) exp ( , ),       ( ) exp ( , )
k k

m m m m

k N k N

x ik x x ik x
≤ ≤

ϕ = ϕ ϕ = ϕ∑ ∑ , (12) 

³ äëÿ êîæíîãî pk ∈   
1, 1, 2 2,lim ,  lim

k

m m
k k

m m→∞ →∞
∃ ϕ = ϕ ∃ ϕ = ϕ . Îñê³ëüêè âèêîíóºòü-

ñÿ óìîâà (5), òî äëÿ êîæíîãî m ∈   çàäà÷à  

 , ( , ) 0mL D u t x
t

∂  = ∂ 
, 1 1( , ) ( )m mu t x x= ϕ , 2 2( , ) ( )m mu t x x= ϕ , 

ìàº ºäèíèé ðîçâ’ÿçîê 
  1

( , ) ( ) exp ( , )m m
k

k N

u t x u t ik x
≤

= ∑ . ²ç ôîðìóë (11), (12) 

ä³ñòàºìî, ùî  

 
  

1, 2,
2 1

1 2

exp ( , )
( , ) ( , ) ( , ) ,     

( , , ) k k

m m m
k k

k N

ik x
u t x H t t H t t m

k t t≤

= ϕ − ϕ ∈
∆∑ ( )  . (13) 

Ïîêëàäåìî äëÿ çðó÷íîñò³  

 1, 2,( ) 0,     0,      0,     m m m
k k ku t m≡ ϕ = ϕ = ∈  , ÿêùî 1k N> ,    

 1, 2,( ) 0,      0,      0k k ku t ≡ ϕ = ϕ = , ÿêùî k N> .    

Òîä³ ç ôîðìóë (11), (13) âèïëèâàº, ùî äëÿ êîæíîãî pk ∈   ³ äëÿ äîâ³ëüíîãî 
[0, ]t T∈  âèêîíóþòüñÿ íåð³âíîñò³  

 1, 2,

( ) ( )
2 1, 1 2,

1 2

( , )( ) ( , )( )( ) ( )
( , , )

k kk k

j m j mj m j
k kk k

j j

H t t H t td u t d u t
k t tdt dt

ϕ − ϕ − ϕ − ϕ
− = ≤

∆
 

 
1, 2,

( )
2

1, 2,
0 , 1 2
0

( , )
max ,    0,1,2,   

( , , )
k

k k

j
m m

k k
t T

T

H t t
j m

k t t≤ ≤
≤τ≤

 ≤ ϕ − ϕ + ϕ − ϕ = ∈ ∆  
 , 

ç ÿêèõ îòðèìóºìî, ùî 2lim ( ) ( ); [0, ] 0m
k k

m
u t u t C T

→∞
∃ − =  äëÿ âñ³õ pk ∈  . Îò-

æå, ïîñë³äîâí³ñòü 1( , )m
mu t x ∞

={ }  çá³ãàºòüñÿ ó ïðîñòîð³ 2([0, ]; )C T   äî ( , )u t x . ◊ 

Òåîðåìà 2. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G  ³ íåõàé 1 2 1 2( , ),    ( , )= α α = β β  , äå 

1 2min ,α α ≥ α{ } , 1 2min ,β β ≥ β{ } . Òîä³ äëÿ ( , ; , )α β   -êîðåêòíîñò³ çàäà÷³ 
(1), (2) íåîáõ³äíî, ùîá âèêîíóâàëàñü óìîâà (5).  
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Ä î â å ä å í í ÿ  òåîðåìè 2 ïðîâîäèòüñÿ àíàëîã³÷íî äî äîâåäåííÿ íå-
îáõ³äíîñò³ óìîâè (5) ó òåîðåì³ 1. ◊ 

Ïðèêëàä 1. Íåõàé ó ð³âíÿíí³ (1) îïåðàòîð ( , )tL D∂  ìàº òàêèé âèãëÿä:  

 2 1( , ) ( ( , ))( ( , ))t t tL D B t D B t D∂ ≡ ∂ − ∂ − , 

äå 1
2 1( , ) ([0, ]; ( )),  ( , ) ([0, ]; ( ))B t D C T S G B t D C T S G∈ ∈  . Ó öüîìó âèïàäêó âè-

çíà÷íèê 1 2( , , )k t t∆  çã³äíî ç òåîðåìîþ Ïîéÿ (äèâ. [7, ñ. 87]) º â³äì³ííèì â³ä 

íóëÿ äëÿ âñ³õ pk ∈   ³ äëÿ âñ³õ 1 2, [0, ]t t T∈  òàêèõ, ùî 1 2t t< . > 

4. Ïîáóäîâà ðîçâ’ÿçóâàëüíîãî îïåðàòîðà ( , )+ ∞ + ∞ -êîðåêòíî¿ çàäà÷³. 
Íàäàë³ áóäåìî ââàæàòè, ùî óìîâà (5) âèêîíóºòüñÿ. Îçíà÷èìî ë³í³éí³ ïñåâ-

äîäèôåðåíö³àëüí³ îïåðàòîðè 2
1 2( , ) : ([0, ]; ),    ( , ) :R t D C T R t D→ →    

2([0, ]; )C T→   çà ïðàâèëàìè  

 2
1 1 1

1 2

( , )
( , ) exp ( , ) ( , ) exp ( , ),    ( , )

( , , )
kH t t

R t D ik x R t k ik x R t k
k t t

= =
∆

, (14) 

 1
  2 2 2

1 2
 

( , )
( , ) exp ( , ) ( , ) exp ( , ),  ( , )

( , , )
kH t t

R t D ik x R t k ik x R t k
k t t

= = −
∆

, (15) 

äå pk ∈  , ³ íà îñíîâ³ ð³âíîñòåé (14), (15) ä³þ îïåðàòîð³â 1 2( , ),  ( , )R t D R t D  

ïîøèðèìî çà ë³í³éí³ñòþ íà âåñü ïðîñò³ð  . Ââåäåìî îïåðàòîð  

 2( , ) : ([0, ]; )R t D C T× →    (16) 

çà äîïîìîãîþ ð³âíîñò³ 

 1 2 1 1 2 2( , )( ( ), ( )) ( , ) ( ) ( , ) ( )R t D x x R t D x R t D xϕ ϕ = ϕ + ϕ , 

äå 1 2( ), ( )x xϕ ϕ ∈  . Çàïðîâàäæåíèé îïåðàòîð ( , )R t D  ìàº òàêèé çâ’ÿçîê ³ç 

çàäà÷åþ (1), (2): ÿêùî âèêîíóºòüñÿ óìîâà (5), òî äëÿ äîâ³ëüíèõ 1 2( ), ( )x xϕ ϕ ∈ 

∈   ôóíêö³ÿ 1 2( , )( ( ), ( ))R t D x xϕ ϕ  íàëåæèòü äî ïðîñòîðó 2 ([0, ]; )C T   ³ 
ñïðàâäæóº ð³âíîñò³  

 1 2, ( , )( ( ), ( )) 0L D R t D x x
t

∂  ϕ ϕ = ∂ 
, 

 
1 2

1 2 1 1 2 2( , )( ( ), ( )) ( ),     ( , )( ( ), ( )) ( )
t t t t

R t D x x x R t D x x x
= =

ϕ ϕ = ϕ ϕ ϕ = ϕ , 

òîáòî 1 2( , )( ( ), ( ))R t D x xϕ ϕ  º ðîçâ’ÿçêîì çàäà÷³ (1), (2), ºäèíèì ç îãëÿäó íà 
óìîâó (5). Âðàõîâóþ÷è âêàçàíèé çâ’ÿçîê, îïåðàòîð (16) íàçèâàòèìåìî ðîç-
â’ÿçóâàëüíèì îïåðàòîðîì çàäà÷³ (1), (2). Çàóâàæèìî òàêîæ, ùî ïðè äîâåäåí-
í³ òåîðåìè 1 âñòàíîâëåíî, ùî îïåðàòîð (16) íåïåðåðâíî â³äîáðàæàº ×   â 

2 ([0, ]; )C T  , ÿêùî âèêîíóºòüñÿ óìîâà (5). Íàñ ö³êàâèòèìå â³äïîâ³äü íà 
ïèòàííÿ, ÷è äîïóñêàº ââåäåíèé îïåðàòîð ( , )R t D  íåïåðåðâíå ïðîäîâæåííÿ ç 
ïðîñòîðó ×   ó «øèðøèé» ïðîñò³ð. Íàâåäåìî íåîáõ³äí³ îçíà÷åííÿ. 

Îçíà÷åííÿ 3. Íåõàé 2 2
1 2 1 2( , ) ,   ( , ) ,   ,= α α ∈ = β β ∈ α β ∈    . Áóäå-

ìî ãîâîðèòè, ùî ðîçâ’ÿçóâàëüíèé îïåðàòîð (16) äîïóñêàº íåïåðåðâíå çàìè-
êàííÿ  

 
1 1 2 2

, 2
, , ,, ( , ) : ( ) ( ) ([0, ]; ( ))R t D W G W G C T W Gα β

α β α β α β× →  , 

ÿêùî âèêîíóþòüñÿ íàñòóïí³ óìîâè:  
1°) äëÿ äîâ³ëüíî¿ ïàðè 

1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ ×  ³ äëÿ äîâ³ëüíî¿ ïî-

ñë³äîâíîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { }  òàêî¿, ùî 

 
1 1 1 2 21 , 2 2 ,lim ; ( ) ; ( ) 0m m

m
W G W Gα β α β→∞

ϕ − ϕ + ϕ − ϕ =( ) ,  
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ïîñë³äîâí³ñòü 2
1 2 1( , )( , ) ([0, ]; )m m

mR t D C T∞
=ϕ ϕ ⊂ { }  ìàº â 2

,([0, ]; ( ))C T W Gα β  

ãðàíèöþ ( , )u t x : 

 2
1 2 ,lim ( , )( , ) ( , ); ([0, ]; ( )) 0m m

m
R t D u t x C T W Gα β→∞

ϕ ϕ − = , 

ÿêà íå çàëåæèòü â³ä âèáîðó ïîñë³äîâíîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { } , òîáòî 

ÿêùî ïîñë³äîâí³ñòü 1 2 1( , )m m
m
∞

=ψ ψ ⊂ × { }  º òàêîþ, ùî  

 
1 1 1 2 21 , 2 2 ,lim ; ( ) ; ( ) 0m m

m
W G W Gα β α β→∞

ψ − ϕ + ψ − ϕ =( ) , 

òî 2
1 2 1 2 ,lim ( , )( , ) ( , )( , ); ([0, ]; ( )) 0m m m m

m
R t D R t D C T W Gα β→∞

ϕ ϕ − ψ ψ = ; 

2°) çíà÷åííÿ , 2
1 2 ,, ( , )( , ) ([0, ]; ( ))R t D Ñ T W Gα β

α βϕ ϕ ∈  , äå 
1 11 , ( )W Gα βϕ ∈ , 

2 22 , ( )W Gα βϕ ∈ , çíàõîäèìî çà òàêèì ïðàâèëîì:  

 ,
1 2 1 2, ( , )( , ) lim ( , )( , )m m

m
R t D R t Dα β

→∞
ϕ ϕ = ϕ ϕ   â 2

,([0, ]; ( ))Ñ T W Gα β , (17) 

äå 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { }  – áóäü-ÿêà ïîñë³äîâí³ñòü òàêà, ùî 1 1lim m

m→∞
ϕ = ϕ  â 

1 1, ( )W Gα β  ³ 2 2lim m

m→∞
ϕ = ϕ  â 

2 2, ( )W Gα β . 

Çàóâàæèìî, ùî îçíà÷åíà ð³âí³ñòþ (17) ä³ÿ îïåðàòîðà ,
, ( , )R t Dα β

   º êî-

ðåêòíî çàäàíîþ: ³ñíóâàííÿ ïîñë³äîâíîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { } , ÿêà àïðîê-

ñèìóº 
1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ × , âèïëèâàº ç³ ù³ëüíîñò³ âêëàäåíü ⊂  

1 1 2 2, ,( ),  ( )W G W Gα β α β⊂ ⊂ , à íåçàëåæí³ñòü ãðàíèö³ (17) â³ä âèáîðó ïîñë³äîâ-

íîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { } , ÿêà àïðîêñèìóº 
1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ × , 

âèïëèâàº ç óìîâè 1° îçíà÷åííÿ 3.  

5. Çâ’ÿçîê ì³æ ( , ; , )α β   -êîðåêòí³ñòþ çàäà÷³ òà ³ñíóâàííÿì íåïå-

ðåðâíîãî çàìèêàííÿ ,
, ( , )R t Dα β

   ¿¿ ðîçâ’ÿçóâàëüíîãî îïåðàòîðà. ßêùî âèêî-

íóºòüñÿ óìîâà (5), òî ïèòàííÿ ïðî ( , ; , )α β   -êîðåêòí³ñòü çàäà÷³ (1), (2) ð³â-
íîñèëüíå ïèòàííþ ïðî ³ñíóâàííÿ íåïåðåðâíîãî çàìèêàííÿ 

  
1 1 2 2

, 2
, , ,, ( , ) : ( ) ( ) ([0, ]; ( ))R t D W G W G C T W Gα β

α β α β α β× →   

ðîçâ’ÿçóâàëüíîãî îïåðàòîðà 2( , ) : ([0, ]; )R t D C T× →   . Íà öå âêàçóº íà-
ñòóïíà òåîðåìà.  

Òåîðåìà 3. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G  ³ âèêîíóºòüñÿ óìîâà (5). Çàäà÷à (1), (2) º 

( , ; , )α β   -êîðåêòíîþ ( 2 2
1 2 1 2, ,  ( , ) ,  ( , )α β ∈ = α α ∈ = β β ∈    ) òîä³ é 

ò³ëüêè òîä³, êîëè ðîçâ’ÿçóâàëüíèé îïåðàòîð  

 2( , ) : ([0, ]; )R t D C T× →    

äîïóñêàº íåïåðåðâíå çàìèêàííÿ 

 
1 1 2 2

, 2
, , ,, ( , ) : ( ) ( ) ([0, ]; ( ))R t D W G W G C T W Gα β

α β α β α β× →  . 

Ä î â å ä å í í ÿ. Íåîáõ³äí³ñòü. Íåõàé çàäà÷à (1), (2) º ( , ; , )α β   -êî-

ðåêòíîþ. Íåõàé 
1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ × . Âèáåðåìî ïîñë³äîâí³ñòü 

1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { }  òàêó, ùî 1 1lim m

m→∞
ϕ = ϕ  â 

1 1, ( )W Gα β , 2 2lim m

m→∞
ϕ = ϕ  â 
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2 2, ( )W Gα β . ×åðåç 2( , ) ([0, ]; ),  mu t x C T m∈ ∈  , ïîçíà÷èìî ðîçâ’ÿçîê ð³âíÿí-

íÿ (1), ùî ñïðàâäæóº óìîâè (2), ïðàâ³ ÷àñòèíè â ÿêèõ â³äïîâ³äíî äîð³âíþ-

þòü 1 2,  m mϕ ϕ  (âíàñë³äîê âèêîíàííÿ óìîâè (5) òàêèé ðîçâ’ÿçîê ³ñíóº ³ º ºäè-

íèì). Çã³äíî ç ïîáóäîâîþ ðîçâ’ÿçóâàëüíîãî îïåðàòîðà (16) ìàºìî ( , )mu t x =  

1 2( , )( , ),  m mR t D m= ϕ ϕ ∈  . Ïîñë³äîâí³ñòü 1( , )m
mu t x ∞

={ }  º ôóíäàìåíòàëüíîþ ó 
2

,([0, ]; ( ))C T W Gα β . Ä³éñíî, äëÿ äîâ³ëüíèõ ,m n ∈   ôóíêö³ÿ ( )m nu u− ∈  

2 ([0, ]; )C T∈   º ðîçâ’ÿçêîì çàäà÷³ (1), (2) ç äàíèìè 1 1 2 2( ),  ( )m n m nϕ − ϕ ϕ − ϕ  â³ä-

ïîâ³äíî. ²ç ( , ; , )α β   -êîðåêòíîñò³ çàäà÷³ (1), (2) âèïëèâàº, ùî 

 2
,,     ; ([0, ]; ( ))m nm n u u C T W Gα β∀ ∈ − ≤  

 
1 1 1 1 2 2 21 , 2 ,; ( ) ; ( )m n m nC W G W Gα β α β≤ ϕ − ϕ + ϕ − ϕ( ) , (18) 

äå ñòàëà 1 0Ñ >  íå çàëåæèòü â³ä ,m n . Ç³ çá³æíîñò³ ïîñë³äîâíîñò³ 1 1
m

m
∞

=ϕ{ }  

ó ïðîñòîð³ 
1 1

2
,([0, ]; ( ))C T W Gα β  ³ çá³æíîñò³ ïîñë³äîâíîñò³ 2 1

m
m
∞

=ϕ{ }  ó ïðîñòîð³ 

2 2

2
,([0, ]; ( ))C T W Gα β  âèïëèâàº ¿õ ôóíäàìåíòàëüí³ñòü òàì. Òîä³ ç íåð³âíîñò³ 

(18) ä³ñòàºìî ôóíäàìåíòàëüí³ñòü ïîñë³äîâíîñò³ 1( , )m
mu t x ∞

={ }  ó ïðîñòîð³ 
2

,([0, ]; ( ))C T W Gα β . Îòæå, ³ñíóº ãðàíèöÿ 

 1 2( , ) lim ( , ) lim ( , )( , )m m m

m m
u t x u t x R t D

→∞ →∞
= = ϕ ϕ . 

Íåõàé 1 2 1( , )m m
m
∞

=ψ ψ ⊂ × { }  – ³íøà ïîñë³äîâí³ñòü, ÿêà çá³ãàºòüñÿ äî 

1 2( , )ϕ ϕ  â 
1 1 2 2, ,( ) ( )W G W Gα β α β×  ³ íåõàé 2

1( , ) ([0, ]; )m
mv t x C T∞

= ⊂ { }  – â³äïî-

â³äíà ¿é ïîñë³äîâí³ñòü ðîçâ’ÿçê³â çàäà÷ (1), (2) ç äàíèìè 1 2, ,  m m mψ ψ ∈ . Òî-

ä³ ôóíêö³¿ 2( , ) ( ( , ) ( , )) ([0, ]; ),  m m mw t x u t x v t x C T m= − ∈ ∈  , º ðîçâ’ÿçêà-

ìè çàäà÷³ (1), (2) ç äàíèìè 1 1 2 2( ),  ( ),  m m m m mϕ − ψ ϕ − ψ ∈  . Ç ( , ; , )α β   -êî-
ðåêòíîñò³ çàäà÷³ (1), (2) âèïëèâàº, ùî  

 2
,        ; ([0, ]; ( ))mm w C T W Gα β∀ ∈ ≤  

 
1 1 1 1 2 2 22 , 2 ,; ( ) ; ( )m m m mC W G W Gα β α β≤ ϕ − ψ + ϕ − ψ( ) , (19) 

äå ñòàëà 2 0Ñ >  íå çàëåæèòü â³ä m . Îñê³ëüêè 1 1( ) 0m mϕ − ψ →  â 
1 1, ( )W Gα β  

ïðè m → ∞ , à 2 2( ) 0m mϕ − ψ →  â 
2 2, ( )W Gα β  ïðè m → ∞ , òî ç (19) âèïëèâàº, 

ùî ( , ) 0mw t x →  â ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β  ïðè m → ∞ . Çã³äíî ç îçíà-

÷åííÿì ðîçâ’ÿçóâàëüíîãî îïåðàòîðà 1 1 2 2( , ) ( , )( , )m m m m mw t x R t D= ϕ − ψ ϕ − ψ . 

Âðàõîâóþ÷è ë³í³éí³ñòü ( , )R t D , ä³ñòàºìî, ùî â ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β  

³ñíóº ãðàíèöÿ 1 2lim ( , )( , )m m

m
R t D

→∞
ψ ψ , ÿêà ñï³âïàäàº ç 1 2lim ( , )( , )m m

m
R t D

→∞
ϕ ϕ . Îò-

æå, äëÿ äîâ³ëüíî¿ ïàðè 
1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ ×  ³ äëÿ äîâ³ëüíî¿ ïîñë³-

äîâíîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { } , ÿêà çá³ãàºòüñÿ äî 1 2( , )ϕ ϕ  ó ïðîñòîð³ 

1 1 2 2, ,( ) ( )W G W Gα β α β× , ïîñë³äîâí³ñòü 2
1 2 1( , )( , ) ([0, ]; )m m

mR t D C T∞
=ϕ ϕ ⊂ { }  ìàº 

ãðàíèöþ, ÿêà íå çàëåæèòü â³ä âèáîðó ïîñë³äîâíîñò³ 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { } . 
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Öå îçíà÷àº, ùî îïåðàòîð (16) äîïóñêàº çàìèêàííÿ äî íåïåðåðâíîãî îïåðàòî-

ðà ç ïðîñòîðó 
1 1 2 2, ,( ) ( )W G W Gα β α β×  ó ïðîñò³ð 2

,([0, ]; ( ))C T W Gα β . 

Äîñòàòí³ñòü. Íåõàé ,
, ( , )R t Dα β

   – íåïåðåðâíå çàìèêàííÿ ðîçâ’ÿçóâàëü-

íîãî îïåðàòîðà ( , )R t D . Äîâåäåìî, ùî çàäà÷à (1), (2) º ( , ; , )α β   -êîðåêòíîþ. 

Íåõàé 
1 1 2 21 2 , ,( , ) ( ) ( )W G W Gα β α βϕ ϕ ∈ × . ²ç òîãî, ùî îïåðàòîð ,

, ( , )R t Dα β
   íåïå-

ðåðâíî ä³º ç ïðîñòîðó 
1 1 2 2, ,( ) ( )W G W Gα β α β×  ó ïðîñò³ð 2

,([0, ]; ( ))C T W Gα β , âè-

ïëèâàº, ùî  

 , 2
1 2 ,, ( , )( , ); ([0, ]; ( ))R t D C T W Gα β

α βϕ ϕ ≤   

 
1 1 2 23 1 , 2 ,; ( ) ; ( )C W G W Gα β α β≤ ϕ + ϕ( ) , (20) 

äå ñòàëà 3 0Ñ >  íå çàëåæèòü â³ä âèáîðó 
1 1 2 21 , 2 ,( ),  ( )W G W Gα β α βϕ ∈ ϕ ∈ . Íå-

õàé 1 2 1( , )m m
m
∞

=ϕ ϕ ⊂ × { }  – äîâ³ëüíà òàêà ïîñë³äîâí³ñòü, ùî 1 2( , )m mϕ ϕ →  

1 2( , )→ ϕ ϕ  ó 
1 1 2 2, ,( ) ( )W G W Gα β α β×  ïðè m → ∞ . ²ç òîãî, ùî ïñåâäîäèôåðåíö³-

àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íàëåæàòü äî êëàñó ([0, ]; ( ))C T S G , âèïëèâàº, 

ùî ( / , )L t D∂ ∂  íåïåðåðâíî â³äîáðàæàº ïðîñò³ð 2
,([0, ]; ( ))C T W Gα β  ó ïðîñò³ð 

1,([0, ]; ( ))C T W Gα − β . Îñê³ëüêè çã³äíî ç îçíà÷åííÿì ðîçâ’ÿçóâàëüíîãî îïåðà-

òîðà  

 1 2, ( , )( , ) 0,   m mL D R t D m
t

∂  ϕ ϕ = ∈ ∂ 
 ,  ó  ïðîñòîð³ 2 ([0, ]; )C T  , 

 
1 2

1 2 1 1 2 2( , )( , ) ,      ( , )( , )m m m m m m

t t t t
R t D R t D

= =
ϕ ϕ = ϕ ϕ ϕ = ϕ , 

òî, âðàõîâóþ÷è, ùî ,
1 2 1 2, ( , )( , ) lim ( , )( , )m m

m
R t D R t Dα β

→∞
ϕ ϕ = ϕ ϕ   â ïðîñòîð³ 

2
,([0, ]; ( ))C T W Gα β , ä³ñòàíåìî  

 ,
1 2 1,,, ( , )( , ); ([0, ]; ( ))L D R t D C T W G

t
α β

α − β
∂  ϕ ϕ = ∂     

 
1 2 1,, lim ( , )( , ); ([0, ]; ( ))m m

m
L D R t D C T W G

t α − β→∞

∂ = ϕ ϕ = ∂ 
 

 
1 2 1,lim , ( ( , )( , )); ([0, ]; ( )) 0m m

m
L D R t D C T W G

t α − β→∞

∂ = ϕ ϕ = ∂ 
, (21) 

 , 2
1 2 ,, ( , )( , ) ; ([0, ]; ( ))

j j
j

jt t
R t D C T W Gα β

α β=
ϕ ϕ − ϕ =   

 
1 2

2
,lim ( , )( , ) ; ([0, ]; ( ))

j jj

m m
jt tm

R t D C T W Gα β=→∞
= ϕ ϕ − ϕ =  

 2
,lim ; ([0, ]; ( )) ,        1,2

j j

m
j j

m
C T W G jα β→∞

= ϕ − ϕ = .  (22) 

 Îòðèìàí³ ð³âíîñò³ (21), (22) òà îö³íêà (20) ïîêàçóþòü, ùî äëÿ äîâ³ëüíèõ 

1 1 2 21 , 2 ,( ),  ( )W G W Gα β α βϕ ∈ ϕ ∈  çàäà÷à (1), (2) ç äàíèìè 1 2( ),  ( )x xϕ ϕ  ìàº ó 

ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β  ºäèíèé ðîçâ’ÿçîê ,

1 2,( , ) ( , )( , )u t x R t Dα β= ϕ ϕ  , äëÿ 

ÿêîãî âèêîíóþòüñÿ óìîâè îçíà÷åííÿ 2. ◊ 
 Íàâåäåìî ïðèêëàä çàäà÷³, ðîçâ’ÿçóâàëüíèé îïåðàòîð ( , )R t D  ÿêî¿ íå 

äîïóñêàº íåïåðåðâíîãî çàìèêàííÿ ,
, ( , )R t Dα β

  . 
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 Ïðèêëàä 2. Ðîçãëÿíåìî çàäà÷ó (1), (2), ó ÿê³é ê³ëüê³ñòü p  ïðîñòîðîâèõ 

çì³ííèõ äîð³âíþº 1 , à îïåðàòîð ( , )tL D∂  ìàº òàêèé âèãëÿä: 

 2 1( , ) ( ( , ))( ( , ))t t x t xL D iB t i iB t i∂ = ∂ − − ∂ ∂ − − ∂ , 

äå 1
1 2 1( , ) ([0, ]; ( )),  ( , ) ( , ) 2x x x xB t i C T S G B t i B t i i− ∂ ∈ − ∂ ≡ − ∂ − ∂ . Äëÿ ö³º¿ çàäà-

÷³ âèçíà÷íèê 1 2( , , )k t t∆ , \ 0k ∈ { } , çîáðàæàºòüñÿ ôîðìóëîþ 

 2 1
1 2

sin( ( ))
( , , ) ,      \ 0

k t t
k t t k

k
−

∆ = ∈ { } . 

Ç òåîðåìè Õ³í÷èíà (äèâ. [8, ñ. 48]) âèïëèâàº, ùî ³ñíóº òàêå ÷èñëî 0θ > , 

/θ π ∉  , äëÿ ÿêîãî íåð³âí³ñòü   

2sin ( ) exp ( ( ))k k G kθ < −  âèêîíóºòüñÿ äëÿ 

íåñê³í÷åííî¿ ìíîæèíè K  íåíóëüîâèõ ö³ëèõ ÷èñåë k . ßêùî âóçëè 1t , 2t  â 

çàäà÷³ (1), (2) º òàêèìè, ùî 1 0t = , 2t = θ , òî ðîçâ’ÿçóâàëüíèé îïåðàòîð 

( , )R t D  òàêî¿ çàäà÷³ íå äîïóñêàº íåïåðåðâíîãî çàìèêàííÿ  

 
1 1 2 2

, 2
, , ,, ( , ) : ( ) ( ) ([0, ]; ( ))R t D W G W G C T W Gα β

α β α β α β× →   

ïðè æîäíèõ 2 2
1 2 1 2, ,   ( , ) ,   ( , )α β ∈ = α α ∈ = β β ∈     òàêèõ, ùî α ≥  

1 2 1 2max , ,  max ,≥ α α β ≥ β β{ } { } . Ä³éñíî, âðàõîâóþ÷è ôîðìóëè (3), (14)–(16), 
ä³ñòàíåìî  

 2
,

exp ( )
      ( , ) 0, ; ([0, ]; ( ))

( ) exp ( ( ))

ikx
k K R t D C T W G

G k G k
α βα

 ∀ ∈ ≥ 
 β

  

 22
,

(0, ) exp ( )
; ( ) exp ( ( ))

( ,0, ) ( ) exp ( ( ))

f k ikx
W G G k

k G k G k
α βα

′
≥ ⋅ ≥

∆ θ β
. 

Îñê³ëüêè ( )G k → ∞  ïðè   k → ∞ , òî îáìåæåíó â ïðîñòîð³ 
1 1, ( )W Gα β ×  

2 2, ( )W Gα β×  ïîñë³äîâí³ñòü 
exp ( )

0, :
( ) exp ( ( ))

ikx
k K

G k G kα
   ∈  

 β 
 îïåðàòîð ( , )R t D  

ïåðåâîäèòü ó íåîáìåæåíó â ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β  ïîñë³äîâí³ñòü. Öå 

îçíà÷àº, ùî îïåðàòîð ( , )R t D  íå äîïóñêàº íåïåðåðâíîãî çàìèêàííÿ 
,
, ( , )R t Dα β

  , ÿêùî 1 2 1 2max , ,  max ,α ≥ α α β ≥ β β{ } { } . > 

6. Äîñòàòí³ óìîâè ³ñíóâàííÿ íåïåðåðâíîãî çàìèêàííÿ ,
, ( , )R t Dα β

   ðîç-

â’ÿçóâàëüíîãî îïåðàòîðà çàäà÷³. Âñòàíîâèìî äîñòàòí³ óìîâè ³ñíóâàííÿ 

íåïåðåðâíîãî çàìèêàííÿ ,
, ( , )R t Dα β

   ðîçâ’ÿçóâàëüíîãî îïåðàòîðà çàäà÷³. 

Òåîðåìà 4. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G  ³ ñïðàâäæóºòüñÿ óìîâà (5). ßêùî ³ñíóþòü 

òàê³ ,γ δ ∈  , ùî äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   
âèêîíóºòüñÿ íåð³âí³ñòü 

 1 2( , , ) ( ) exp ( ( ))k t t G k G k−γ∆ ≥ − δ , (23) 

òî îïåðàòîð (16) äîïóñêàº íåïåðåðâíå çàìèêàííÿ 

 
1 1 2 2

, 2
, , ,, ( , ) : ( ) ( ) ([0, ]; ( ))R t D W G W G C T W Gα β

α β α β α β× →  , 

äå 1 2 1 2 1( , ),  ( , ),  1,  ( ),   1,2j j jAT a t j= α α = β β α ≥ α + γ + β ≥ β + δ + + =  ,  
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1/22 2 1

1 2
[0, ] [0, ]

sup 1 max ( , ) max ( , ) ( )
p t T t Tk

A A t k A t k G k−

∈ ∈∈
= + +( ){ }


, 

 1
1

[0, ]

Re ( , )
min 0; inf min

( )p t Tk

A t k
a

G k∈∈

 = −  
 

. 

Ä î â å ä å í í ÿ. ²ç ôîðìóë (3) âèäíî, ùî äëÿ êîæíîãî pk ∈   ôóíêö³¿ 

1( , )kH t t , 2( , )kH t t  º ðîçâ’ÿçêàìè òàêèõ çàäà÷ Êîø³:  

 1 1 1 1 1 1, ( , ) 0,     ( , ) 0,    ( , ) ( , )k k kL k H t t H t t H t t W t k
t

∂  ′= = = − ∂ 
, (24) 

 2 2 2 2 2 2, ( , ) 0,     ( , ) 0,    ( , ) ( , )k k kL k H t t H t t H t t W t k
t

∂  ′= = = − ∂ 
, (25) 

äå 
2( 1)

, 1
( , ) det ( , ) ,  j p

q j q
W t k f t k k−

=
= ∈  , – âðîíñê³àí ôóíêö³é 1( , )f t k , 

2 ( , )f t k . ²ç ôîðìóëè Ë³óâ³ëëÿ äëÿ âðîíñê³àíà âèïëèâàº, ùî  

 1 1 1 2 1 2( , ) exp ( ( )),     ( , ) exp ( ( )),    pW t k a t G k W t k a t G k k≤ ≤ ∈  . 

Òîä³ ç (24), (25) ³ òåîðåìè ïðî îö³íêè ðîçâ’ÿçêó çàäà÷³ Êîø³ [2, ñ. 29] âèïëè-
âàº, ùî  

 ( )
1 4 1 1

[0, ]
max ( , ) ( ) exp (( ) ( )),    0,1,2j

k
t T

H t t C G k AT a t G k j
∈

≤ + = , 

 ( )
2 4 1 2

[0, ]
max ( , ) ( ) exp (( ) ( )),     0,1,2j

k
t T

H t t C G k AT a t G k j
∈

≤ + = . (26) 

Òîä³ ³ç íåð³âíîñòåé (23), (26) ³ ôîðìóë (14), (15) îòðèìóºìî, ùî äëÿ ôóíêö³é 

1 2( , ),  ( , ),  pR t k R t k k ∈  , òà ¿õí³õ ïîõ³äíèõ âèêîíóþòüñÿ îö³íêè  

 
1

( ) 1
6 1 1

[0, ]
max ( , ) ( ) exp (( ( )) ( )),   0,1,2j

t T
R t k C G k AT a t G k j+ γ

∈
≤ δ + + = , 

 ( ) 1
2 7 1 2

[0, ]
max ( , ) ( ) exp (( ( )) ( )),   0,1,2j

t T
R t k C G k AT a t G k j+ γ

∈
≤ δ + + = . (27) 

Íåõàé 1 2( , )ϕ ϕ  – âïîðÿäêîâàíà ïàðà ç ïðîñòîðó 
1 1 2 2, ,( ) ( )W G W Gα β α β× . 

Âèáåðåìî ïîñë³äîâíîñò³ 1 1 2 1( ) ,  ( )m m
m mS S∞ ∞

= =ϕ ⊂ ϕ ⊂ { } { } , ÿê ïîñë³äîâ-

íîñò³ ÷àñòèííèõ ñóì ðÿä³â Ôóð’º äëÿ 1ϕ , 2ϕ  â³äïîâ³äíî:  

 
  

1 1,( ) exp ( , )m
k

k m

S ik x
≤

ϕ = ϕ∑ , 

 
  

2 2,( ) exp ( , ),          m
k

k m

S ik x m
≤

ϕ = ϕ ∈∑  . (28) 

Â³äîìî, ùî ïîñë³äîâíîñò³ 1 1 2 1( ) ,  ( )m m
m mS S∞ ∞

= =ϕ ϕ{ } { }  çá³ãàþòüñÿ ó ïðî-

ñòîðàõ 
1 1 2 2, ,( ),  ( )W G W Gα β α β  äî 1 2,  ϕ ϕ  â³äïîâ³äíî. Çàóâàæèìî, ùî âíàñë³äîê 

ïîâíîòè ïðîñòîð³â 
1 1 2 2, ,( ),  ( )W G W Gα β α β  çá³æí³ â öèõ ïðîñòîðàõ ïîñë³äîâíîñ-

ò³ 1 1 2 1( ) ,  ( )m m
m mS S∞ ∞

= =ϕ ϕ{ } { }  º ôóíäàìåíòàëüíèìè. 

 Ïîêàæåìî ñïî÷àòêó, ùî ïîñë³äîâí³ñòü 1 2 1( , ) ( ), ( )m m
mR t D S S ∞

=ϕ ϕ{ ( )}  º 

çá³æíîþ â 2
,([0, ]; ( ))C T W Gα β . Îñê³ëüêè ïðîñò³ð 2

,([0, ]; ( ))C T W Gα β  º ïîâíèì, 

äëÿ öüîãî äîñèòü äîâåñòè, ùî ïîñë³äîâí³ñòü 1 2 1( , ) ( ), ( )m m
mR t D S S ∞

=ϕ ϕ{ ( )}  º 

ôóíäàìåíòàëüíîþ. Ä³éñíî, äëÿ äîâ³ëüíèõ ,m n ∈  , m n> , ç íåð³âíîñòåé 
(27), ôîðìóë (28) ³ íåð³âíîñò³ òðèêóòíèêà äëÿ íîðìè âèïëèâàº, ùî  
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 2
1 2 1 2 ,( , ) ( ), ( ) ( , ) ( ), ( ) ; ([0, ]; ( ))m m n nR t D S S R t D S S C T W Gα βϕ ϕ − ϕ ϕ ≤( ) ( )  

 
  

2
1 1, ,( , ) exp ( , ); ([0, ]; ( ))

m

k
k n

R t k ik x C T W Gα β
>

≤ ϕ +∑  

 
  

2
2 2, ,( , ) exp ( , ); ([0, ]; ( ))

m

k
k n

R t k ik x C T W Gα β
>

+ ϕ ≤∑  

 
  

1 18 1, 1,exp ( , ); ( )
m

k AT a t
k n

C ik x W Gα + γ + β+δ+ +
>

≤ ϕ +∑  

 
  

1 28 2, 1,exp( , ); ( )
m

k AT a t
k n

C ik x W Gα + γ + β+δ+ +
>

+ ϕ ≤∑  

 
1 1 2 28 1 1 , 2 2 ,( ) ( ); ( ) ( ) ( ); ( )m n m nC S S W G S S W Gα β α β

 ≤ ϕ − ϕ + ϕ − ϕ 
 

. (29) 

Ç îö³íêè (29) ³ ôóíäàìåíòàëüíîñò³ ïîñë³äîâíîñòåé 1 1 2 1 ( ) , ( )m m
m mS S∞ ∞

= =ϕ ϕ{ } { }  

ó ïðîñòîðàõ 
1 1, ( )W Gα β , 

2 2, ( )W Gα β  â³äïîâ³äíî âèïëèâàº ôóíäàìåíòàëüí³ñòü 

ïîñë³äîâíîñò³ 1 2 1( , ) ( ), ( )m m
mR t D S S ∞

=ϕ ϕ{ ( )}  ó ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β . 

Îòæå, ïîñë³äîâí³ñòü 1 2 1( , ) ( ), ( )m m
mR t D S S ∞

=ϕ ϕ{ ( )}  ìàº ãðàíèöþ â 
2

,([0, ]; ( ))C T W Gα β . Íåõàé 1 2( , ) lim ( , ) lim ( , ) ( ), ( )m m m

m m
u t x u t x R t D S S

→∞ →∞
= = ϕ ϕ( )  

– ãðàíèöÿ ö³º¿ ïîñë³äîâíîñò³ â ïðîñòîð³ 2
,([0, ]; ( ))C T W Gα β . Ïðèéìåìî çà 

îçíà÷åííÿì  

 ,
1 2 1 2, ( , )( , ) : lim ( , ) ( ), ( )m m

m
R t D R t D S Sα β

→∞
ϕ ϕ = ϕ ϕ  ( ) . (30) 

Îñê³ëüêè ,
, ( , ) ( , )R t D R t Dα β

××
=

    , òî äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðå-

ìè 4 äîñòàòíüî âñòàíîâèòè, ùî ââåäåíèé ð³âí³ñòþ (30) îïåðàòîð ,
, ( , )R t Dα β

   

íåïåðåðâíî â³äîáðàæàº ïðîñò³ð 
1 1 2 2, ,( ) ( )W G W Gα β α β×  ó ïðîñò³ð 

2
,([0, ]; ( ))C T W Gα β . Ä³éñíî, ç íåð³âíîñòåé (27) âèïëèâàº, ùî ³ñíóº ñòàëà 

9 0C >  òàêà, ùî äëÿ äîâ³ëüíèõ 1 2( ),  ( )x xψ ψ ∈    âèêîíóºòüñÿ íåð³âí³ñòü  

 2
1 2 ,( , )( , ); ([0, ]; ( ))R t D C T W Gα βψ ψ ≤  

 
1 1 1 29 1 1, 2 1,, ( ) , ( )AT a t AT a tC W G W Gα + γ + β+δ+ + α + γ + β+δ+ +≤ ψ + ψ( ) . 

Òîä³ äëÿ äîâ³ëüíèõ 11,  ( ),  1,2j j jAT a t jα ≥ α + γ + β ≥ β + δ + + = , 

 2
1 2 ,( , ) ( ), ( ) ; ([0, ]; ( ))m mR t D S S C T W Gα βϕ ϕ ≤( )  

 
1 19 1 1,( ), ( )m

AT a tC S W Gα + γ + β+δ+ +≤ ϕ +(  

 
1 22 1,( ), ( )m

AT a tS W Gα + γ + β+δ+ ++ ϕ ≤)  

 
1 1 2 29 1 , 2 ,( ); ( ) ( ); ( )m mC S W G S W Gα β α β≤ ϕ + ϕ( ) , 

³, îòæå,  

 , 2
1 2 ,, ( , )( ( ), ( )); ([0, ]; ( ))R t D x x C T W Gα β

α βϕ ϕ =   

 2
1 2 ,lim ( , )( ( ), ( )); ([0, ]; ( ))m m

m
R t D S S C T W Gα β→∞

= ϕ ϕ ≤  

 
1 1 2 29 1 , 2 ,( ); ( ) ( ); ( )m mC S W G S W Gα β α β≤ ϕ + ϕ ≤( )  

 
1 1 2 29 1 , 2 ,(|| ; ( ) || || ; ( ) ||)C W G W Gα β α β≤ ϕ + ϕ . ◊ 
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7. Ìåòðè÷í³ òåîðåìè ïðî âèêîíàííÿ äîñòàòí³õ óìîâ ³ñíóâàííÿ íåïå-
ðåðâíîãî çàìèêàííÿ ðîçâ’ÿçóâàëüíîãî îïåðàòîðà çàäà÷³. Äîñë³äèìî ïèòàí-
íÿ ïðî ìîæëèâ³ñòü âèêîíàííÿ íåð³âíîñò³ (23).  

Òåîðåìà 5. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòüñÿ 

óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 1 [0, )t T∈  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 1[ , ]t t T∈  íåð³âí³ñòü (23) âèêîíóºòüñÿ 

äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 1γ ≥ λ + , 

2 1 13 ( )a t A T tδ ≥ µ + + − , äå ñòàëà A  îçíà÷åíà â òåîðåì³ 4, 

 1
2

[0, ]

Re ( , )
max 0; sup max

( )p t Tk

A t k
a

G k∈∈

 =  
 

. 

Ä î â å ä å í í ÿ. Ç ôîðìóëè (4) âèïëèâàº, ùî äëÿ ô³êñîâàíîãî 1t ∈  

[0, )T∈  âèçíà÷íèê 1 2( , , ),  pk t t k∆ ∈  , ÿê ôóíêö³ÿ çì³ííî¿ 2 1[ , ]t t T∈  º ðîç-
â’ÿçêîì òàêî¿ çàäà÷³ Êîø³:  

 
2 1

1 2 1 2
2

, ( , , ) 0,         ( , , ) 0
t t

L k k t t k t t
t =
∂  ∆ = ∆ = ∂ 

, 

 
2 1

1 2
1

2

( , , )
( , )

t t

k t t
W t k

t =

∂∆
=

∂
. (31) 

Ç òåîðåìè ïðî îö³íêè ðîçâ’ÿçêó çàäà÷³ Êîø³ [2, ñ. 29] âèïëèâàº, ùî â 
êîæí³é òî÷ö³ 2 1[ , ]t t T∈  âèêîíóþòüñÿ íåð³âíîñò³  

 

2

2
1 2 1 2

1 2 2
2

( , , ) ( , , )
max ( , , ) ,  ,  

k t t k t t
k t t

t t

∂∆ ∂ ∆  ∆ ≤ ∂ ∂  
 

 10 1 1( ) ( , ) exp ( ( ) ( )),     pC G k W t k A T t G k k≤ − ∈  . (32) 
²ç ôîðìóëè Ë³óâ³ëëÿ äëÿ âðîíñê³àíà îòðèìóºìî, ùî  

 1 2 1( , ) exp ( ( )),        pW t k a t G k k≥ − ∈  . (33) 

Äëÿ êîæíîãî pk ∈   ðîçãëÿíåìî òàê³ ìíîæèíè:  

 , 1 2 1 2( , ) [0, ] : ( , , ) ( ) exp ( ( )) ,   pE k t t T k t t G k G k k−γ
γ δ = ∈ ∆ < −δ ∈{ }  . (34) 

Ç íåð³âíîñòåé (32), (33), íà îñíîâ³ ëåìè 3 ó [5], äëÿ ì³ð çàïðîâàäæåíèõ 
ìíîæèí (34) ïðè 2 1 11,  3 ( )a t A T tγ ≥ λ + δ ≥ µ + + −  îòðèìóºìî îö³íêè  

 1
, 1 11 2 1 1mes ( , ) ( ) exp (( 3 ( ) ) ( ))E k t C G k a t A T t G k−γ

γ δ ≤ + − − δ ≤  

 12 ( ) exp ( ( )),       pC G k G k k−λ≤ −µ ∈  . (35) 

Ç îö³íîê (35) âèïëèâàº, ùî ïðè 2 1 11,  3 ( )a t A T tγ ≥ λ + δ ≥ µ + + −  ðÿä 

  

, 1
0

mes ( , )
k

E k tγ δ
≥

∑   º çá³æíèì. Çà ëåìîþ Áîðåëÿ – Êàíòåëë³ [3, ñ. 13–14] 

ì³ðà Ëåáåãà â   ìíîæèíè òèõ ÷èñåë 2t , ÿê³ íàëåæàòü äî íåñê³í÷åííî¿ ê³ëü-

êîñò³ ìíîæèí , 1mes ( , ),  pE k t kγ δ ∈  , äîð³âíþº íóëåâ³. ◊ 

Àíàëîã³÷íèìè ì³ðêóâàííÿìè ìîæíà äîâåñòè íàñòóïíó òåîðåìó. 

Òåîðåìà 6. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòüñÿ 

óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 2 (0,t T∈ ]  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 1 2[0, ]t t∈  íåð³âí³ñòü (23) âèêîíóºòüñÿ 

äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 1γ ≥ λ + , 

2 2( 3 )a A tδ ≥ µ + + , äå ñòàë³ 2,  A a  îçíà÷åí³ â òåîðåìàõ  4, 5. 
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Îòðèìàí³ â òåîðåìàõ 5, 6 ðåçóëüòàòè ìîæíà ïîñèëèòè äëÿ âèïàäêó, 
êîëè àìïë³òóäè ïñåâäîäèôåðåíö³àëüíèõ îïåðàö³é 1 2( , ),  ( , )A t D A t D  º ä³éñíè-

ìè, òîáòî, êîëè 1 2( , ),  ( , ) ([0, ]; ( ))A t D A t D C T S G∈  . 

Òåîðåìà 7. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòü-

ñÿ óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 1 [0, )t T∈  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 1[ , ]t t T∈  íåð³âí³ñòü (23) âèêîíóºòüñÿ 

äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 1γ ≥ λ + , 

2 1 1( )a t A T tδ ≥ µ + + − , äå ñòàë³ 2,  A a  îçíà÷åí³ â òåîðåìàõ 4, 5. 

Ä î â å ä å í í ÿ. ²ç òîãî, ùî ïðè ô³êñîâàíîìó 1 [0, )t T∈  âèçíà÷íèê 

1 2( , , )k t t∆  ÿê ôóíêö³ÿ çì³ííî¿ 2 1[ , ]t t T∈  º ðîçâ’ÿçêîì çàäà÷³ Êîø³ (31), ç 
òåîðåìè ïðî îö³íêè ðîçâ’ÿçêó çàäà÷³ Êîø³ [2, ñ. 29] âèïëèâàº, ùî â êîæí³é 

òî÷ö³ 2 1[ , ]t t T∈  äëÿ êîæíîãî pk ∈   âèêîíóºòüñÿ íåð³âí³ñòü  

 1 2
1 2 13 1 1

2

( , , )
max ( , , ) , ( , ) exp ( ( ) ( ))

k t t
k t t C W t k A T t G k

t
∂∆ ∆ ≥ − − ∂ 

. (36) 

Âðàõîâóþ÷è íåð³âí³ñòü (33) äëÿ âðîíñê³àíà, ç îö³íêè (36) îòðèìàºìî  

 1 2
1 2

2

( , , )
max ( , , ) ,

k t t
k t t

t
∂∆ ∆ ≥ ∂ 

 

 14 2 1 1exp ( ( ( )) ( )),    pC a t A T t G k k≥ − + − ∈  . (37) 

Îö³íèìî çâåðõó ê³ëüê³ñòü 2t -íóë³â íà â³äð³çêó 1[ , ]t T  (ïðè ô³êñîâàíîìó 

1t ) âèçíà÷íèêà 1 2( , , )k t t∆ , ÿêó ïîçíà÷èìî ÷åðåç 1( , , ),  pN k t T k ∈[ ]  . Îñê³ëü-

êè 1 2( , , ),  pk t t k∆ ∈  , º íåòðèâ³àëüíèì (äèâ. ïî÷àòêîâ³ óìîâè â (31)) ðîçâ’ÿç-

êîì ð³âíÿííÿ 1 2
2

, ( , , ) 0L k k t t
t
∂  ∆ = ∂ 

, òî çà òåîðåìîþ Âàëëå Ïóññåíà [4, 

ñ. 157] ôóíêö³ÿ 1 2( , , )k t t∆  ìîæå ìàòè íå á³ëüøå îäíîãî 2t -íóëÿ íà äîâ³ëüíî-

ìó â³äð³çêó 1[ , ]I t T⊂ , äîâæèíà ÿêîãî íå ïåðåâèùóº 0 ( )h k , äå 0 ( ),  ph k k ∈  , 

– äîäàòíèé êîð³íü ð³âíÿííÿ 2( ) 2 ( ) 2 0AG k h AG k h+ − = . Äëÿ 0 ( ),  ph k k ∈  , 

âèêîíóºòüñÿ íåð³âí³ñòü 0
1( )

( 1) ( )
h k

A G k
≥

+
. Ç îñòàííüî¿ íåð³âíîñò³ âèïëèâàº, 

ùî äëÿ âñ³õ pk ∈   

 1 1 0 15 15 15( , [ , ]) ( ) / ( ) 1 ( ),     ( , )N k t T T t h k C G k C C T A≤ − + ≤ =[ ] . (38) 

Çàñòîñîâóþ÷è ëåìó ç [6], ³ç íåð³âíîñòåé (37), (38) ä³ñòàºìî, ùî ïðè 

2 1 11,  ( )a t A T tγ ≥ λ + δ ≥ µ + + −  äëÿ ì³ð ìíîæèí (34) âèêîíóþòüñÿ îö³íêè  

 , 1 16 1
2 1 1

( ) exp ( ( ))
mes ( , ) ( , [ , ])

exp ( ( ( )) ( ))
G k G k

E k t C N k t T
a t A T t G k

−γ

γ δ
−δ

≤ ≤
− + −  

 1
17 2 1 1 18( ) exp (( ( ) ) ( )) ( ) exp ( ( ))C G k a t A T t G k C G k G k−γ −γ≤ + − − δ ≤ −δ . 

Ïðè 2 1 11,  ( )a t A T tγ ≥ λ + δ ≥ µ + + −  ðÿä 
  

, 1
0

mes ( , )
k

E k tγ δ
≥

∑   º çá³æíèì, ³, 

îòæå, çà ëåìîþ Áîðåëÿ – Êàíòåëë³ ì³ðà Ëåáåãà ìíîæèíè òèõ ÷èñåë 2t , ÿê³ 

íàëåæàòü äî íåñê³í÷åííî¿ ê³ëüêîñò³ ìíîæèí (34), äîð³âíþº íóëåâ³. ◊ 
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Àíàëîã³÷íî äîâîäèòüñÿ òàêà òåîðåìà.  

Òåîðåìà 8. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíó-

ºòüñÿ óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 2 (0,t T∈ ]  ³ äëÿ ìàéæå 

âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 1 2[0, ]t t∈  íåð³âí³ñòü (23) âèêîíó-

ºòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈   ïðè 1γ ≥ λ + , 

2 2( )a A tδ ≥ µ + + , äå ñòàë³ 2,  A a  îçíà÷åí³ â òåîðåìàõ 4, 5. 

8. Êîðåêòí³ñòü äâîòî÷êîâî¿ çàäà÷³ äëÿ ìàéæå âñ³õ çíà÷åíü âóçë³â 
³íòåðïîëÿö³¿. 

Çàóâàæåííÿ 1. Äëÿ êîæíîãî pk ∈   âèçíà÷íèê 1 2( , , )k t t∆  ÿê ôóíêö³ÿ 

çì³ííî¿ 1t  (ïðè ô³êñîâàíîìó 2t ) ìîæå ìàòè íà [0, ]T  íå á³ëüø í³æ ñê³í÷åííó 

ê³ëüê³ñòü íóë³â. Òîìó äëÿ êîæíîãî ô³êñîâàíîãî 2t  ìíîæèíà 2 1( )
pk

E t t
∈

= ∈ {


 

1 2[0, ] : ( , , ) 0T k t t∈ ∆ = }  ìàº íóëüîâó ì³ðó Ëåáåãà. Àíàëîã³÷íî, é 2( )F t =  

2 1 2[0, ] : ( , , ) 0
pk

t T k t t
∈

= ∈ ∆ = { }


 º ìíîæèíîþ íóëüîâî¿ ì³ðè Ëåáåãà.  

Ç òåîðåì 4–8 ³ çàóâàæåííÿ 1 âèïëèâàþòü òàê³ òâåðäæåííÿ.  

Òåîðåìà 9. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòü-

ñÿ óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 1 [0, )t T∈  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 1[ , ]t t T∈  îïåðàòîð (16) äîïóñêàº íåïå-

ðåðâíå çàìèêàííÿ ,
, ( , )R t Dα β

  , à, îòæå, çàäà÷à (1), (2) º ( , ; , )α β   -êîðåêò-

íîþ, ÿêùî 1 2 1 2( , ), ( , ) = α α = β β  , äå 12, 1,2,  j jα ≥ α + λ + = β ≥ β + µ +   

2 1 1 1 1 2 2 1 1 13 ( ) ( ),  3 ( ) ( )a t A T t AT a t a t A T t AT a T+ + − + + β ≥ β + µ + + − + + , à ñòà-

ë³ 1 2, ,a a A  îçíà÷åí³ â òåîðåìàõ 4, 5. 

Òåîðåìà 10. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòüñÿ 

óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 2 (0,t T∈ ]  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 2[0, ]t t∈  îïåðàòîð (16) äîïóñêàº íåïå-

ðåðâíå çàìèêàííÿ ,
, ( , )R t Dα β

  , à, îòæå, çàäà÷à (1), (2) º ( , ; , )α β   -êîðåêò-

íîþ, ÿêùî 1 2 1 2( , ), ( , ) = α α = β β  , äå 12, 1,2,  j jα ≥ α + λ + = β ≥ β + µ +  

2 2 1 2 2 2 2 1 2( 3 ) ( ),  ( 3 ) ( )a A t AT a t a A t AT a t+ + + + β ≥ β + µ + + + + , à ñòàë³ 1a , 

2 ,a A  îçíà÷åí³ â òåîðåìàõ 4, 5. 

Òåîðåìà 11. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòü-

ñÿ óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 1 [0, )t T∈  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 1[ , ]t t T∈  îïåðàòîð (16) äîïóñêàº íåïå-

ðåðâíå çàìèêàííÿ ,
, ( , )R t Dα β

  , à, îòæå, çàäà÷à (1), (2) º ( , ; , )α β   -êîðåêò-

íîþ, ÿêùî 1 2 1 2( , ), ( , ) = α α = β β  , äå 12, 1,2,  j jα ≥ α + λ + = β ≥ β + µ +  

2 1 1 1 2 2 1 1( ) ( ),  ( ) ( )a T A T t AT a t a T A T t AT a T+ + − + + β ≥ β + µ + + − + + , à ñòà-

ë³ 1 2, ,a a A  îçíà÷åí³ â òåîðåìàõ 4, 5. 
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Òåîðåìà 12. Íåõàé ïñåâäîäèôåðåíö³àëüí³ îïåðàö³¿ 1 2( , ),  ( , )A t D A t D  íà-

ëåæàòü äî êëàñó ([0, ]; ( ))C T S G , à äëÿ ôóíêö³¿ ( ) : pG k +→   âèêîíóºòü-

ñÿ óìîâà ( , )λ µ . Òîä³ äëÿ äîâ³ëüíîãî ô³êñîâàíîãî 1 [0, )t T∈  ³ äëÿ ìàéæå âñ³õ 

(ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 2 1[ , ]t t T∈  îïåðàòîð (16) äîïóñêàº íåïå-

ðåðâíå çàìèêàííÿ ,
, ( , )R t Dα β

  , à, îòæå, çàäà÷à (1), (2) º ( , ; , )α β   -êîðåêò-

íîþ, ÿêùî 1 2 1 2( , ), ( , )  = α α = β β  , äå 12, 1,2,   j jα ≥ α + λ + = β ≥ β + µ +  

2 2 1 2 2 2 2 1 2( ) ( ),  ( ) ( )a A t AT a t a A t AT a t+ + + + β ≥ β + µ + + + + , à ñòàë³ 1 2,  a a , 

A  îçíà÷åí³ â òåîðåìàõ 4, 5. 
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ДВУХТОЧЕЧНАЯ ЗАДАЧА ДЛЯ ПСЕВДОДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 
 
Ââåäåíû ïîíÿòèÿ ( , )+∞ +∞ - è ( , ; , )α β   -êîððåêòíîñòè äâóõòî÷å÷íîé çàäà÷è äëÿ 

ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé. Óñòàíîâëåí êðèòåðèé ( , )+∞ +∞ -êîððåêòíî-

ñòè çàäà÷è è äëÿ ( , )+∞ +∞ -êîððåêòíîé çàäà÷è ïîñòðîåí åå ðàçðåøàþùèé îïåðà-

òîð. Íàéäåíà ñâÿçü ìåæäó ( , ; , )α β   -êîððåêòíîñòüþ çàäà÷è è ñóùåñòâîâàíèåì 
íåïðåðûâíîãî çàìûêàíèÿ åå ðàçðåøàþùåãî îïåðàòîðà. Óñòàíîâëåíû óñëîâèÿ, ïðè 
êîòîðûõ ðàçðåøàþùèé îïåðàòîð ( , )+∞ +∞ -êîððåêòíîé çàäà÷è äîïóñêàåò íåïðå-
ðûâíîå çàìûêàíèå. Äîêàçàíû ìåòðè÷åñêèå òåîðåìû î âûïîëíèìîñòè òàêèõ óñëî-
âèé äëÿ ïî÷òè âñåõ (â ñìûñëå ìåðû Ëåáåãà) óçëîâ èíòåðïîëÿöèè çàäà÷è. 
 
TWO-POINT PROBLEM FOR PSEUDO-DIFFERENTIAL EQUATIONS  
 
The notions of ( , )+∞ +∞ - and ( , ; , )α β   -correctness of the two-point problem for 

pseudo-differential equations are introduced. The criterion of ( , )+∞ +∞ -correctness of 

this problem is proved. For the ( , )+∞ +∞ -correct problem the solving operator is con-

structed. The relation between ( , ; , )α β   -correctness of the problem and existence of 
continuous closure of its solving operator is obtained. The conditions of existence of 
continuous closure of its solving operator are established. The metric theorems about 
fulfilling theses conditions are proved.  
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