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ЗАДАЧА КОШІ ДЛЯ СИНГУЛЯРНИХ ПАРАБОЛІЧНИХ РІВНЯНЬ 
 

Ó ïðîñòîðàõ êëàñè÷íèõ ôóíêö³é ç³ ñòåïåíåâîþ âàãîþ äîâåäåíî ³ñíóâàííÿ ³ 
ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ Êîø³ äëÿ ñèíãóëÿðíèõ ïàðàáîë³÷íèõ ð³âíÿíü áåç 
îáìåæåíü íà ñòåïåíåâèé ïîðÿäîê âèðîäæåííÿ êîåô³ö³ºíò³â. Âñòàíîâëåíî 
îö³íêè ðîçâ’ÿçêó çàäà÷³ ó â³äïîâ³äíèõ ïðîñòîðàõ. 

 
Îá’ºêòîì äîñë³äæåííÿ ïðîïîíîâàíî¿ ðîáîòè º çàäà÷à Êîø³ äëÿ íåð³â-

íîì³ðíî ïàðàáîë³÷íîãî ð³âíÿííÿ ç³ ñòåïåíåâèìè îñîáëèâîñòÿìè çà ÷àñîâîþ ³ 
ïðîñòîðîâèìè çì³ííèìè äîâ³ëüíîãî ïîðÿäêó. Îäåðæàíèé ðåçóëüòàò º ïðî-
äîâæåííÿì äîñë³äæåíü êðàéîâèõ çàäà÷, íàâåäåíèõ ó [3, 4]. 

1. Ïîñòàíîâêà çàäà÷³ òà îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî â îáëàñò³ 

0, ) nTΠ = ×[   çàäà÷ó Êîø³ äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ ç ä³éñíèìè êîåô³-
ö³ºíòàìè 
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Ïîðÿäîê îñîáëèâîñò³ êîåô³ö³ºíò³â îïåðàòîðà L  áóäóòü õàðàêòåðèçóâà-
òè ôóíêö³¿: 
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, D  – îáìåæåíà îáëàñòü, 1n−∈D  . 

Íåõàé Ω  – äîâ³ëüíà çàìêíóòà ï³äîáëàñòü (1) (1)
1;  ;  ( , ),  ( , )P t x P t xΠ ⊂ ΩD , 

(2) (2) (1) (2)
2 ( , ),  ( , )iP t x H t x  – äîâ³ëüí³ òî÷êè ç (1) (1) (1)

1,  1, ;  , , ii n x x xΩ = =  ( , 
(1) (2) (1) (1) (2) (1) (1)

1 1 1, ,  , , , , , ,n i i i nx x x x x x x− +=  ) ( ) . 

Ïîçíà÷èìî ÷åðåç ( , ; ; )mC qγ β Π  ìíîæèíó ôóíêö³é ( , )u t x , ÿê³ âèçíà÷åí³ 

â Ω , ìàþòü íåïåðåðâí³ ÷àñòèíí³ ïîõ³äí³ â îáëàñò³ (0) (0)
1 \ ( , ),  t x tΩ ≡ Ω ∈{(  

0, ),    ( , ),    0, ),    nT x t x t T x∈ ∈ Ω ∈ ∈D D [ [( ) \ ) ( )}  âèãëÿäó j k
t xD D u , 

2 2bj k b+ ≤ , äëÿ ÿêèõ º ñê³í÷åííîþ íîðìà 

 [ ]; , ; ; ; , ; ; ; , ; ;m m mu q u q u qγ β Π ≡ γ β Π + γ β Π ≡| | | |    
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2

2
, 2 [ ]

sup (2 ) ( , );
iP H bj k m

s bj q m k P
∈Ω + =

+ + + γ + γ − β ×∑ { }( )  

 
/(2 )(1) (2)

2( ) ( )
m b j k j k

t x i t xt t D D u H D D u P
− 

× − − 


{ }
, 

 0; , ; 0; sup ( )
P

u u P u Π
Ω∈

γ β Π ≡ ≡| | | | . 

Òóò ïîçíà÷åíî: (1) (1)
1 1 2 2 1( ; ) ( , ) ( , );   (( , ); ) , ,s q P s q t s q x s k P s k t= ⋅ γ − β = γ − β ×(( ) )  

(2) (2) ( ) ( ) ( ) ( )
2

1

         , , ;  , ,   1, 2, ( ; )
n

i i
i

s k x k k s q Pν ν ν ν
ν

=

γ − β γ − β = γ − β ν = =× ∑ (( ) ) ( ) ( )  

min ( ; ), ( ; ) ;   is q H s q P m m mν= = − [ ]( ) { } , äå m[ ]  – ö³ëà ÷àñòèíà ÷èñëà m ; 
( ) ( )

1 20,  ( , ),  1, ,  ( , )i i n q q qν νγ ≥ β ∈ − ∞ ∞ = = ;  

,C kα µ Π( ( ) )  – ìíîæèíà ôóíêö³é ( , )kv t x , âèçíà÷åíèõ â Ω , äëÿ ÿêèõ º 

ñê³í÷åííîþ íîðìà 

 ; ; sup , (0); ( )k k
P

v k s k k k P v Pα
∈Ω

µ Π = µ + δ µ +( ) (( ( )) ( ) )[ ]  
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(1) (2)
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i
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s k k k P s x x x
−α

Ω∈=
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i

k k i
P H

v P v H s k k k P
Ω∈

× − + µ + δ µ ×(( ( )) ( ) )  

 
/2(1) (2)

1 2, ( ) ( )
2

b

k k is t t t v P v H
b

−αα × − − 
 

 , 

äå ( ) ( ) ( )
        

1

, , 0, 1, 2 ; (0) 1, 0
n

i i i
i

k k k k k kν ν ν

=

µ µ µ ≥ ν = δ = δ == ∑( ( )) ( ) ( ) ( ) , ÿêùî 

0,   (0,1)k ≠ α ∈ . 
Íåõàé äëÿ çàäà÷³ (1), (2) âèêîíóþòüñÿ òàê³ óìîâè: 

1°. Êîåô³ö³ºíòè ð³âíÿííÿ ( , ) ,kA t x C kα∈ µ Π( ( ) ) , ÿêùî 2 1k b≤ − , 

( , ) ( , )kA t x Cα∈ β Π , ÿêùî 2 ,   (0,1)k b= α ∈ , ³ âèêîíóºòüñÿ óìîâà   

ð³âíîì³ðíî¿ ïàðàáîë³÷íîñò³ [5, ñ. 9] äëÿ ð³âíÿííÿ  

 1
2

( , ); ( ) ( , ) ( , )k
t k x

k b

D s k P A P D u t x f t x
=

 − β ≡  ∑ ( ) . 

2°.  2( , ) ( , ; 2 ; ),             ( ) ( , ; 0; )b nf t x C b x Cα +α∈ γ β Π ϕ ∈ γ β  , 

 (2) (2)(0, ),       (0, )    1,i i i nγ = γ β = β ∈ , 

 
( ) ( )

( ) ( )

1,

,
max 1 ,  max ,    1,2

2
i

i
i n

k k
b k

ν ν
ν ν

=

µ − β γ = + β ν = − 

( ) ( )
.  

Ñïðàâäæóºòüñÿ òàêà  

Òåîðåìà 1. Íåõàé äëÿ çàäà÷³ (1), (2) âèêîíóþòüñÿ óìîâè 1°, 2°. Òîä³ ³ñ-
íóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ (1), (2), äëÿ ÿêîãî ñïðàâäæóºòüñÿ íåð³âí³ñòü 

 2 2; , ; 0; ; , ; 2 ; ; , ;0; n
b bu C f b+α α +α

 γ β Π ≤ γ β Π + ϕ γ β 
 

 | | | | | | , (3) 

äå C  çàëåæèòü â³ä ,  ,  n Tα  ³ íîðìè êîåô³ö³ºíò³â îïåðàòîðà L . 
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Ðîçâ’ÿçîê çàäà÷³ (1), (2) áóäåìî øóêàòè ó âèãëÿä³ 

 ( , ) ( ) ( , )u t x x v t x= ϕ + , (4) 

äå ôóíêö³ÿ ( , )v t x  çàäîâîëüíÿº äèôåðåíö³àëüíå ð³âíÿííÿ 

 
2

( )( , ) ( , ) ( , )k
t k x

k b

Lv t x D A t x D v t x
≤

 ≡ − =  
∑  

 ( , ) ( )( ) ( , )f t x L x t x= − ϕ ≡ ψ , (5) 
³ ïî÷àòêîâó óìîâó 

 (0, ) 0v x = . (6) 

Îö³íêà ðîçâ’ÿçêó çàäà÷³ Êîø³ ç ãëàäêèìè êîåô³ö³ºíòàìè. Ïîçíà÷èìî 

÷åðåç 1 1
1 1 2 2 1 2( , ) ,  (1, ) ,  (1, ) ,  11,  m t x s t m s x m m m− −Π = Π ∈ Π ≥ ≥ >> { }  çðîñ-

òàþ÷ó ïîñë³äîâí³ñòü îáëàñòåé, ÿêà ïðè 1 2,  m m→ ∞ → ∞  çá³ãàºòüñÿ äî Π , 
1

2 2,  ,  (1, ) ,  0,n
m m mQ x x s x m T Q−= ∈ ≥ Γ = × ∂[ ){ } . 

Ðîçãëÿíåìî çàäà÷ó Êîø³ äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ: 

 1
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( )( , ) ( , ) ( , ) ( , )k
m t k x m

k b

L v t x D a t x D v t x F t x
≤

 ≡ − =  
∑ , (7) 

 (0, ) 0mv x = . (8) 

Òóò (1) (1)( , ) ( , ),    ( , ) ( , )k ka t x A t x F t x t x= = ψ , ÿêùî ( , ) mt x ∈ Π . Äëÿ ( , )t x ∈ 

\ 0, mT Q∈ Π ×[ )( ) êîåô³ö³ºíòè ( , )ka t x  ³ ôóíêö³ÿ ( , )F t x  º ðîçâ’ÿçêàìè 

âíóòð³øíüî¿ çàäà÷³ Ä³ð³õëå 

 0,    (0, ) 0,    ( , )
m

tD u u u x u g t x
Γ

− ∆ = = = , 

äå äëÿ ( , )ka t x , íàïðèêëàä, áåðåìî (1)( , ) ( , )
m
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Γ
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Γ
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1
1 1( , ) ,  (1, ) ,  mt x s t m x Q−= ∈ Π ≤ ∈{ }  âèçíà÷àþòüñÿ òàêèì ÷èíîì. ßêùî k ≤  

2 1b≤ −  àáî (1), 0k β ≥( )  ïðè 2k b= , òî (1) 1
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Ó âèïàäêó, êîëè (1), 0k β <( )  äëÿ 2k b= , äëÿ (0) 1
10, , mt m x Q−∈ ∈[ ]  áåðå-

ìî (1) 1
1( , ) max ( , ), ( , )k k kA t x A t x A m x−= ( ) , à äëÿ (0) 1
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Ââåäåìî â ïðîñòîð³ 2 ( )bC +α Π  íîðìó 2; , ; ;m bv q +αγ β Π| | , åêâ³âàëåíòíó 

ïðè êîæíîìó ô³êñîâàíîìó 1 2,m m  ãåëüäåðîâ³é íîðì³, ÿêà âèçíà÷àºòüñÿ, ÿê 

2; , ; ; bu q +αγ β Π| | , ò³ëüêè çàì³ñòü ôóíêö³¿ 1 1 2 2( , ),  ( , )s q t s q x  áåðåìî â³äïîâ³äíî 

1
1 1 2 2 1 1 1 1 1( , ),  ( , ) :   ( , ) max ( , ), qd q t d q x d q t s q t m−= ( )  ïðè 1 0q >  ³ 1 1( , )d q t =  

1
1 1 1min ( , ), qs q t m−= ( )  ïðè 2

1 2 2 2 2 20 ;   ( , ) max ( , ), qq d q x s q x m−< = ( )  ïðè 2 0q >  ³ 

2
2 2 2 2 2( , ) min ( , ), qd q x s q x m−= (  ïðè (1) (1)

2 10 ;   (( , ); ) , ,q d k P d k t< γ − β = γ − β ×(( ) )  
(2) (2)

2 , ,d k xγ − β× (( ) ) . 

Çà íàêëàäåíèõ óìîâ íà ãëàäê³ñòü êîåô³ö³ºíò³â îïåðàòîðà 1L  ³ ôóíêö³¿ 

( , ),  ( )f t x xϕ  ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ (7), (8), ÿêèé íàëåæèòü äî 

ïðîñòîðó 2 ( )bC +α Π  ³ ìàº ïðè êîæíîìó ô³êñîâàíîìó 1 2,m m  ñê³í÷åííó íîðìó 

2; , ; ;m bv q +αγ β Π| |  [5, ñ. 269, òåîðåìà 4.3]. Çíàéäåìî îö³íêó ö³º¿ íîðìè 

2; , ; ;m bv q +αγ β Π| | . 

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè 1°, 2°, òî äëÿ ðîçâ’ÿçêó çàäà÷³ 
(7), (8) ñïðàâäæóºòüñÿ íåð³âí³ñòü 

 2; , ; 0; ; , ;2 ;m b m mv C F b v+α α Π
 γ β Π ≤ γ β Π + 
 

| | | | | | , (9) 

äå ñòàëà C  íå çàëåæèòü â³ä 1 2,m m . 

Ä î â å ä å í í ÿ. Âèêîðèñòîâóþ÷è îçíà÷åííÿ íîðìè òà ³íòåðïîëÿö³éí³ 
íåð³âíîñò³ [5, ñ. 176], ìàºìî 

 2 2; , ; 0; (1 ) ; , ;0; ( )m b m b mv v c vα
+α +α Πγ β Π ≤ + ε γ β Π + ε| | | |  . (10) 

Òîìó äîñòàòíüî îö³íèòè ï³âíîðìó 2; , ; 0;m bv +αγ β Π  . ²ç îçíà÷åííÿ ï³âíîðìè 

âèïëèâàº ³ñíóâàííÿ â Π  òî÷îê 1 2,P P  ³ iH , äëÿ ÿêèõ âèêîíóºòüñÿ îäíà ç 
íåð³âíîñòåé 

 2 1
1 ; , ;0;
2 m bu E+αγ β Π ≤ ≡   

 (1) (2)
1

1 2 2

( , ) 2 ( );
n

i i i
i bj k b

d k bj P x x
−α

= + =

≡ γ − β + γ + α γ − β − ×∑ ∑ ( )  

 1( ) ( )j k j k
t x m t x m iD D v P D D v H× − , (11) 

 2 2
1 ; , ;0;
2 m bv E+αγ β Π ≤ ≡   

 
/2(1) (2)

2
1 2 2

( , ) (2 ) ;
n b

i bj k b

d k bj P t t
−α

= + =

≡ γ − β + + α γ − ×∑ ∑ ( )  

 2( ) ( )j k j k
t x m t x m iD D v P D D u H× − .  (12) 

ßêùî (1) (2)
1 1( ; ) ,  (0,1)i i ix x d P T− ≥ ρ γ − β ≡ ρ ∈ , òî, âèêîðèñòîâóþ÷è ³í-

òåðïîëÿö³éí³ íåð³âíîñò³, ìàºìî 

 1 2; , ; 0; ( )m b mE v c vα
+α Π≤ ε γ β Π + ε  | | . 

Âèáèðàþ÷è 1/16− αε = , ç íåð³âíîñò³ (11) çíàõîäèìî 

 2; , ; 0;m b mv c v+α Πγ β Π ≤  | | . (13) 
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Âèêîðèñòîâóþ÷è ³íòåðïîëÿö³éí³ íåð³âíîñò³ òà íåð³âí³ñòü (12), ó âèïàäêó 
(1) (2) 2

2 2(2 ; )bt t d b P T− ≥ ρ γ ≡  ä³ñòàºìî 

 2; , ; 0;m b mv c v+α Πγ β Π ≤  | | . (14) 

Ðîçãëÿíåìî âèïàäîê, êîëè (1) (2)
1i ix x T− ≤  àáî (1) (2)

2t t T− ≤ . Áóäåìî 

ââàæàòè, ùî 1 2 1min ( ; ),  ( ; ) ( ; )d P d P d Pγ γ = γ { } . Çàïèøåìî çàäà÷ó (7), (8) ó âè-
ãëÿä³ 

 1 1
2 2

( ) ( ) ( )k k
t m k x m k k x m

k b k b

D v a P D v a P a P D v
= =

− = − +∑ ∑ [ ]  

 1
2 1

( ) ( , ) ( , )k
k x m

k b

a P D v F t x F t x
≤ −

+ + ≡∑ , (15) 

 (0, ) 0mv x = . (16) 

Íåõàé  
(1) 2 (1)

1 1 2,  ( , ),  ,  0,  ,  b
r i iV V t x t t r T t x x rT i∈ Π = − ≤ ≥ − ≤ ∈{  

1,n∈ } . Âèêîíàâøè ó çàäà÷³ (15), (16) çàì³íó    ( , ) ( , ),m m iv t x t y y= ω =  
(1) (1) (2) (1)

1 2 1( , ) ( , ) ( ; ) ,  1,i i i i id t d x x d P x i n= β β ≡ β = , îäåðæèìî 

 2 1 1
2

( )( , ) ( , ); ( ) ( , )k
m t k y m

k b

L t y D d k P a P D t y
=

 ω ≡ − β ω =  
∑ ( )  

 1
1 1 2, ( ; ) ( , )F t d P y F t Y−= β ≡( ) , 

 (0, ) 0m yω = , 

äå 1 1
1 1 1 1( ; ) , , ( ; )n nY d P y d P y− −= β β( ) .  

Ïîçíà÷èìî (1) (1) (1) 2 (1)
1 2   ( ; ) ,  ( , ), , 0,b

i i i r i iy d P x N t y t t r T t y y= β = − ≤ ≥ − ≤{  

1( ; ),   1,r d P i n≤ ρ γ = }  ³ âèáåðåìî 2 1b +  ðàç³â äèôåðåíö³éîâíó ôóíêö³þ 

( , )t yµ , ÿêà çàäîâîëüíÿº òàê³ óìîâè: 

 0 ( , ) 1t y≤ µ ≤ , 

 1/4

3/4

1, ( , ) ,
( , )

0, ( , ) ,

t y N
t y

t y N

∈
µ =  ∉

 

 1
1( , ) (2 ) ;j k

t y jkD D t y c d bj k P−µ ≤ + γ( ) . 

Òîä³ ôóíêö³ÿ ( , ) ( , ) ( , )m mZ t y t y t y= ω µ  º ðîçâ’ÿçêîì çàäà÷³ Êîø³  

 2 1 1
2 1

( )( , ) ( , ); ( ) k
m k y y mk

k b k

L Z t y d k P a P C D D
λ −λ λ

= λ ≤ −

= β µ ⋅ ω +∑ ∑( )  

 2 3( , ) ( , ) ( , )m tD F t Y t y F t y+ ω µ + µ ≡ , 

 (0, ) 0mZ y = . (17) 

Çàçíà÷èìî, ùî êîåô³ö³ºíòè ð³âíÿííÿ (17) çã³äíî ç óìîâîþ 1° îáìåæåí³ 
ñòàëèìè, ùî íå çàëåæàòü â³ä òî÷êè 1P . Òîìó íà ï³äñòàâ³ òåîðåìè 4.1 ç [2, 

ñ. 41] äëÿ äîâ³ëüíèõ òî÷îê (1) (1)
1( , )M τ ξ  ³ (2) (2)

2 1/4( , )M Nτ ξ ∈  ñïðàâäæóºòüñÿ 

íåð³âí³ñòü 

 
3/4

1 2 1 2 3 ( )
( , ) ( ) ( )j k j k

m m C N
d M M D D M D D M c F α

−α
τ ξ τ ξω − ω ≤ | | . (18) 
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Òóò 1 2( , )d M M  – ïàðàáîë³÷íà â³ääàëü ì³æ òî÷êàìè 1M  ³ 2M , 2 2bj k b+ = . 

Âðàõîâóþ÷è âëàñòèâîñò³ ôóíêö³¿ ( , )t yµ  ³ íåð³âí³ñòü 1
1( ; ) ( ; )
4

d M d Pγ ≥ γ , 

äëÿ òî÷îê 3/4M N∈  ìàºìî 

 
3/4

1
3 1 2 3/4( )

(2 ) ; ; ,0;2 ;
C N

F cd b P F b Nα
−

α≤ + α γ γ +( )(| | | |  

 
3/43/4 2; , 0;0;m b m NN+ ω γ + ω )| | | | , (19) 

²ç îçíà÷åííÿ ïðîñòîðó 2 ( , ;0; )bC +α γ β Π  âèïëèâàº âèêîíàííÿ íåð³âíîñòåé 

 1 3/4 2 3/4 2 2 3/4 2; , 0;0; ; , ;0; ; ,0;0;m b m b m bc N v V c N+α +α +αω γ ≤ γ β ≤ ω γ| | | | | | . 

Ï³äñòàâëÿþ÷è (19) ó (18) ³ ïîâåðòàþ÷èñü äî ïî÷àòêîâèõ çì³ííèõ ( , )t x , 
îòðèìóºìî íåð³âí³ñòü 

 
3/41 3/4 3/4 2; , ; 2 ; ; , ; 0; ,  1, 2m b m VE c F b V v V vν α≤ γ β + γ β + ν =( )| | | | | | . (20) 

Çíàéäåìî îö³íêó íîðìè 1 3/4; , ; 2 ;F b V αγ β| | . Âðàõîâóþ÷è ³íòåðïîëÿö³éí³ 

íåð³âíîñò³, äîñèòü îö³íèòè ï³âíîðìè êîæíîãî äîäàíêà ôóíêö³¿ 1( , )F t x . 

Íàïðèêëàä, äëÿ 3/4 3; , ; 2 ;k
k x ma D v b V Tαγ β ≡| |  ïðè 2 1k b≤ −  ìàºìî 

 
1 3/4

(1) (2)
3 1 1

,1

sup ( , ) ( ); ( )
i

n
k

i i i z m
B K Vi

T d k B z z D v B
−α

∈=

≤ γ − β + α γ − β − −∑ ( ){[  

 1 1 1( ) ( ) 2 ( , ); ( ) ( )k
z m i k k k iD v K a B d b k B a B a K− γ − γ − β + − ×( )][ ] [  

 (1) (2)
12 ( , ) ( ); ( ,i i iz z d b k B d k

−α
× − γ − γ − β + α γ − β γ −( ) (][  

 
2 3/4

1 1 2
,1

); ( ) sup ( , ) ;
i

n
k
z m

K B Vi

B D v B d k B
∈=

− β + γ − β + αγ ×∑ ) ( )]} {[  

 
/(2 )(1) (2)

2( ) ( ) ( ) 2 ( ,
b k k

z m z m i k iD v B D v K a K d b k
−α

τ − τ − γ − γ −× (][  

 
/(2 )(1) (2)

2 2); ( ) ( ) 2 ( , )
b

k i kB a K a B d b k
−α

− β + − τ − τ γ − γ − β + ) (] [  

 2 2 2; ( , ); ( )k
z mB d k B D v B+ αγ γ − β ≤ ) ( )][ ]}  

 
3/43 3/4; , ;0;m m Vkc v V u+α≤ γ β +( )  | | . 

Äëÿ îö³íêè ï³âíîðìè 1 1 4( ( ) ( )) ; , ;2 ;k
k k x ma B a P D v b V Tα− γ β ≡   ïðè 2k b=  

ìàºìî 

 
1 3/4

(1) (2)
4 1 1

,1

sup ( , ) ( ); ( )
i

n
k

i i i z m
B K Vi

T d k B z z D v B
−α

∈=

≤ γ − β + α γ − β − −∑ ( ){[  

 1 1 1( ) ( , ); ( ) ( ) ( , )k
z m i k kD v K d k B a B a P d k− β − + β +( ) (][ ] [  

 (1) (2)
1 1 1( ); ( ) ( ) ( , );i k k i i iB a B a K z z d k B

−α
+ α γ − β − − γ − β × ) ( )][  

 
2 3/4

/(2 )(1) (2)
1 2

,1

( ) sup ( , ) ;
i

n bk
z m

K B Vi

D v B d k B
−α

∈=

+ γ − β + αγ τ − τ ×× ∑ ( )] {[}  

 2 2 2 1( ) ( ) ( , ); ( ) ( )k k
z m z m i k kD v B D v K d k B a B a P× − β − +( )][ ]  
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/(2 )(1) (2)

2 2( ) ( ) ( , ) ;
b

k i ka K a B d k B
−α

+ − τ − τ β + αγ ×( )[ ]  

 2 2( , ); ( )k
z md k B D v B× γ − β ≤( )[ ]}  

 
3/4

2
4 3/4 2 5( 2) ; , ;0;b

m b m Vc n n v V c vα α
+α≤ ρ + ε + γ β + | |( )  , 

äå (0,1),  (0,1);  ,  ε ∈ ρ ∈ ε ρ  – äîâ³ëüí³ ÷èñëà. 

Çàçíà÷èìî, ùî îö³íêó ôóíêö³¿ ( , )F t x  îäåðæóºìî àíàëîã³÷íî. Òàêèì 
÷èíîì, 

 2
1 3/4 4 3/4 2; , ; 2 ; ( 2) ; , ; 0;b

m bF b V c n n v Vα α
α +αγ β ≤ ρ + ε + γ β +| | ( )   

 
3/46 3/4; , ; 2 ;m Vc v F b V α+ + γ β| | | |( ) . (21) 

Ï³äñòàâëÿþ÷è (21) ó (20), çíàõîäèìî 

 2
4 3/4 2( 2) ; , ; 0;b

m bE cc n n v Vα α
ν +α≤ ρ + ε + γ β +( )   

 
3/47 3/4; , ; 2 ;m Vc v F b V α+ + γ β| | | |( ) . 

Îòæå, îá’ºäíàâøè íåð³âíîñò³ (11)–(14), (22) ³ âèáèðàþ÷è ρ  òà ε  äîñòàò-

íüî ìàëèìè, ä³ñòàíåìî îö³íêó (9). ◊ 
Çíàéäåìî îö³íêó mv Π| | . Ïðàâèëüíà òàêà òåîðåìà. 

Òåîðåìà 3. ßêùî ( , )mv t x  – ºäèíèé êëàñè÷íèé ðîçâ’ÿçîê çàäà÷³ (7), (8) ³ 

âèêîíóþòüñÿ óìîâè 1°, 2°, òî äëÿ ( , )mv t x  ñïðàâäæóºòüñÿ íåð³âí³ñòü 

 ; , ;2 ;m mv c Lv bΠ α≤ γ β Π| | | | , (23) 

äå ñòàëà c  íå çàëåæèòü â³ä 1 2,  m m . 

Ä î â å ä å í í ÿ. Âèêîðèñòàºìî ìåòîäèêó äîâåäåííÿ çàóâàæåííÿ 2 ç ðî-
áîòè [1, ñ. 79]. Íåõàé íåð³âí³ñòü (23) íå âèêîíóºòüñÿ. Òîä³ ³ñíóº ïîñë³äîâí³ñòü 

ôóíêö³é 2 ( )b
jW C +α∈ Π  òàêèõ, ùî 11,  (0, ) 0,  j j jW W x L WΠ = =| |  ïðÿìóº äî 

íóëÿ äëÿ â³äïîâ³äíèõ jW , êîëè j → ∞ . ²ç (9) âèïëèâàº, ùî íîðìè 

2; , ; 0;j bW +αγ β Π| |  ð³âíîì³ðíî îáìåæåí³. Òîìó ³ñíóº ï³äïîñë³äîâí³ñòü ( )n jW , 

ÿêà ïðè ( )n j → ∞  çá³ãàºòüñÿ äî ðîçâ’ÿçêó 2 ( )bW C +α∈ Π  îäíîð³äíî¿ çàäà÷³ 

Êîø³. Îñê³ëüêè ðîçâ’ÿçîê çàäà÷³ Êîø³ ºäèíèé, òî 0W ≡ , ùî ñóïåðå÷èòü 

ð³âíîñò³ 1W Π =| | . ◊ 

Ä î â å ä å í í ÿ  òåîðåìè 1. Îñê³ëüêè 

 1 1; , ; 2 ; ; , ;2 ;mL v b F bα αγ β Π = γ β Π ≤| | | |  

 2; , ; 2 ; ; , ; 0; n
bc f b α +α≤ γ β Π + ϕ γ β| | | |( ) , 

òî, âðàõîâóþ÷è íåð³âíîñò³ (9) ³ (23), ìàºìî 

 2 2; , ; 0; ; , ; 2 ; ; , ; 0; n
m b bv c f b+α α +αγ β Π ≤ γ β Π + ϕ γ β| | | | | |( ) . (24) 

Òàêèì ÷èíîì, ïðàâà ÷àñòèíà íåð³âíîñò³ (24) íå çàëåæèòü â³ä 1 2,  m m , à ïî-
ñë³äîâíîñò³  

 ( ) 2 ( , ); ( ) ,  2 2m j k
kj t x mW d bj k P D D v P bj k b= γ + γ − β + ≤( ){ }  

ð³âíîì³ðíî îáìåæåí³ òà ð³âíîñòåïåíåâî íåïåðåðâí³ â áóäü-ÿê³é çàìêíåí³é 

îáëàñò³ Ω ⊂ Π .  
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Çà òåîðåìîþ Àðöåëà ³ñíóþòü ï³äïîñë³äîâíîñò³ ( )m i
kjW{ } , ð³âíîì³ðíî 

çá³æí³ äî kjW{ }  ïðè ( )m i → ∞ . Ïåðåõîäÿ÷è äî ãðàíèö³ ïðè ( )m i → ∞  ó 

çàäà÷³ (7), (8), îäåðæèìî, ùî 00( , )v t x W≡  – ºäèíèé ðîçâ’ÿçîê çàäà÷³ (5), (6), 
2( , ) ( , ; 0; )bv t x C +α∈ γ β Π . Âðàõîâóþ÷è ï³äñòàíîâêó (4), ä³ñòàíåìî ðîçâ’ÿçîê 

çàäà÷³ (1), (2). ◊ 

Òåîðåìà 4. Íåõàé âèêîíóºòüñÿ óìîâà 1° ³ ( , ) ( , ;0; )f t x Cα∈ γ β Π , 
2( ) ( , ; 0; )b nx C +αϕ ∈ γ β  . Òîä³  ºäèíèé ðîçâ’ÿçîê çàäà÷³ (1), (2) ó ïðîñòîð³ 

2 ( , ;0; )bC +α γ β Π  âèçíà÷àºòüñÿ ³íòåãðàëàìè Ñò³ëòüºñà ç áîðåë³âñüêîþ 
ì³ðîþ 

 1 2( , ) ( , ; , ) ( , ) ( , ; ) ( )
n

u t x t x d d f t x d
Π

= Γ τ ξ τ ξ + Γ ξ ϕ ξ∫ ∫


. (25) 

Ä î â å ä å í í ÿ. Îñê³ëüêè ( , ;0; ) ( , ;2 ; )C C bα αγ β Π ⊂ γ β Π , òî äëÿ ( , )f t x ∈ 

( , ;0; )Cα∈ γ β Π  ñïðàâäæóºòüñÿ íåð³âí³ñòü 

 ; , ;2 ; ; , ;0;f b c fα αγ β Π ≤ γ β Π| | | | . 

Âðàõîâóþ÷è òåîðåìó 1, äëÿ ðîçâ’ÿçêó çàäà÷³ (1), (2) ìàºìî îö³íêó 

 2 2; , ; 0; ; , ;0; ; , ;0; n
b bu c f+α α +αγ β Π ≤ γ β Π + ϕ γ β| | | | | |( ) . (26) 

Áóäåìî ðîçãëÿäàòè ( , )u t x  ïðè ô³êñîâàíèõ ( , )t x  ÿê ë³í³éíèé íåïå-

ðåðâíèé ôóíêö³îíàë ( , )fΦ ϕ  íà íîðìîâàíîìó ïðîñòîð³ ( , ;0; )C Cα
α = γ β Π ×  

2 ( , ;0; )b nC +α× γ β   ç íîðìîþ, ùî äîð³âíþº ïðàâ³é ÷àñòèí³ íåð³âíîñò³ (26). 

Îñê³ëüêè ( )C Cα ⊂ Π , òî íà ï³äñòàâ³ òåîðåìè Ð³ññà ìîæíà ââàæàòè, ùî 

( , )u t x  ïîðîäæóº áîðåë³âñüêó ì³ðó ( , ; )t x ZΓ , ÿêà âèçíà÷åíà íà σ -àëãåáð³ 
ï³äìíîæèí Z  îáëàñò³ Π , âêëþ÷àþ÷è ³ Π , ³ âñ³ ¿¿ â³äêðèò³ ï³äìíîæèíè òàê³, 
ùî çíà÷åííÿ ôóíêö³îíàëó âèçíà÷àºòüñÿ ôîðìóëîþ (25). ◊ 
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ЗАДАЧА КОШИ ДЛЯ СИНГУЛЯРНЫХ ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ 
 
Â ïðîñòðàíñòâàõ êëàññè÷åñêèõ ôóíêöèé ñî ñòåïåííûì âåñîì äîêàçàíû ñóùåñòâî-
âàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèíãóëÿðíûõ ïàðàáîëè÷åñêèõ 
óðàâíåíèé áåç îãðàíè÷åíèé íà ñòåïåííîé ïîðÿäîê âûðîæäåíèÿ êîýôôèöèåíòîâ. 
Óñòàíîâëåíû îöåíêè ðåøåíèÿ çàäà÷è â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ. 
 
CAUCHY PROBLEM FOR SINGULAR PARABOLIC EQUATIONS 
 
The existence and uniqueness of solution to the Cauchy problem for singular parabolic 
equations without limitation on the power order of the coefficient degeneration, are 
proved in the spaces of classic functions with the power weight. Estimation of solutions 
to the problem in the corresponding spaces is determined. 
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