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РОЗВ’ЯЗОК ЗАДАЧІ ТЕПЛОПРОВІДНОСТІ ДЛЯ ТРАНСВЕРСАЛЬНО-
ІЗОТРОПНОГО КУСКОВО-ОДНОРІДНОГО ПРОСТОРУ З ДВОМА 
КРУГОВИМИ ВКЛЮЧЕННЯМИ  
 

m %“ “, 2!, …3 ƒ= = 3 2 C %C!%"S …%“2S   *3“*%"%-% …%!S …% % 2!=…“-
" !“= …%-Sƒ%2!%C…% % C!%“2%!3 ƒ "% = (2 C %=*2,"…,  S 2 ! %Sƒ% %"=-
…, ) "…32!S …S , "* …… ,, !%ƒ S? …, , C=!= …% % C %?,…, ƒ’G -
…=……  "%. !Sƒ…,. 2!=…“" !“= …%-Sƒ%2!%C…,. CS"C!%“2%!S", ƒ" …% % “,“-
2 , "%. "%", S!…,. “,… 3  !…,. S…2 != …,. !S"… … . p%ƒ"’ ƒ%* SG_ 
“,“2 , C%K3 %"=…% 3 ",  S ! S" ƒ= …% % …= , “*%KS. n2!, =…% ƒ=-
›…%“2S !%ƒC% S 3 2 C !=23! "S  2 C %-Sƒ, …,. " =“2,"%“2 L =2 -

!S= S" S "S “2=… L "* …  % C %?,…, ƒ’G …=……  CS"C!%“2%!S". b, " …% 
*S *S“…S 2=  *S“…S %“%K ,"%“2S 2 C !=23!…% % C%   " %*% S "* … . 

 
 g= = S “2= S%…=!…%_ 2 C %C!%"S …%“2S   … “*S… ……% % C!%“2%!3 S CS"-
C!%“2%!3, ?% S“2 2  - *2, 2,C3 2!S?,… =K% 2%…*,. "* …  !%ƒ  =-
,“  " %“…%"…% 3 " "%", S!…SL 2= % …%", S!…SL C%“2=…%"*=.. g%*! =, " 

!%K%2S [17] C%K3 %"=…% -3…* S  —!S…= % …%", S!…%_ ƒ= = S 2 C %C!%"S …%“2S 
  =!3"=2,. 2S . r C!=  . [19–21] %“ S › …% 2 ! % .=…S …S …=C!3› …-

…  3 -3…* S%…= …%-T!= SG…2…,. =!3"=2,. “ ! %",?=. ƒ= …= "…%“2S -
- *2S". r [18] ,“ %",  2% %  =2 !S= …%_ 2% *, %“ S › …% ƒ= = 3 
2 C %C!%"S …%“2S   2S  ƒ 2!S?,…= , S S…S , ƒ S…, 2 ! % .=…S …,. 
" =“2,"%“2 L. 

o!%“2%!%"S ƒ= = S 2 C %C!%"S …%“2S   Sƒ%2!%C…% % C!%“2%!3 S CS"C!%-
“2%!3 ƒ= …= "…%“2S 2 C %Sƒ% %"=…,. S 2 C %=*2,"…,. ,“*%",. "* …  
!%ƒ"’ ƒ=…% " [5–8]  .%  ƒ" ……  % "%", S!…,. “,… 3  !…,. S…2 != -
…,. !S"… … . r “2=2S [6] !%ƒ"’ ƒ=…% %“ “, 2!, …3 ƒ= = 3 “2= S%…=!…%_ 
2 C %C!%"S …%“2S   *3“*%"%-% …%!S …% % Sƒ%2!%C…% % C!%“2%!3 ƒ= …= "…%“-
2S 2 C %", S …% % =K% 2 C %Sƒ% %"=…% % ,“*%"% % "* …… , !%ƒ S? …% % 
C=!= …% % ›S ƒ’G …=……  CS"C!%“2%!S". r [3] !%ƒ  …32% =…= % S …3 
ƒ= = 3 2 C %C!%"S …%“2S S 2 ! %C!3›…%“2S   Sƒ%2!%C…% % CS"C!%“2%!3. r 
C!= S [14] C%K3 %"=…% !%ƒ!,"…,L !%ƒ"’ ƒ%* !S"… ……  2 C %C!%"S …%“2S   
*3“*%"%-% …%!S …% % %!2%2!%C…% % C!%“2%!3, S !%ƒ"’ ƒ=…% ƒ= = S 2 C %C!%-
"S …%“2S   S›-=ƒ…%_ *!3 %"%_ 2= *S ",. 2!S?,…. r !%K%2S [13] C%K3 %-
"=…% !%ƒ"’ ƒ%* %“ “ “, 2!, …%_ ƒ= = S 2 C %C!%"S …%“2S   *3“*%"%-% …%-
!S …% % 2!=…“" !“= …%-Sƒ%2!%C…% % C!%“2%!3 ƒ= …= "…%“2S "%. "…32!S …S. 
2!S?,…, !%ƒ2= %"=…,. C=!= …% % C %?,…, ƒ’G …=……  “ ! %",?. 

l 2%  SG_ !%K%2, G ",ƒ…= ……  2 C !=23!…% % C%   " *3“*%"%-% …%-
!S …% 3 2!=…“" !“= …%-Sƒ%2!%C…% 3 C!%“2%!S, ?% S“2,2  "= (2 C %=*2,"-
…  S 2 ! %Sƒ% %"=… ) "…32!S …S "* ……  C!, … %“ “, 2!, …% 3 2 C %-
"% 3 …="=…2=› ……S. 

1. o%“2=…%"*= ƒ= = S “2= S%…=!…%_ 2 C %C!%"S …%“2S. m .=L … % …%!S -
…,L C!%“2S! “* = …,L Sƒ "%. !Sƒ…,. 2!=…“" !“= …%-Sƒ%2!%C…,. CS"C!%“2%-
!S",  *S C%"…S“2  ƒ C …S 3 C %?,…S 0z = , S“2,2  "= *!3 %"S "* …… , 

?% ƒ=L = 2  "S C%"S …% %K =“2S : 0 ,  0 2 ,  r a z h±
±Ω ≤ ≤ ≤ ϕ ≤ π ={ }  (!,“. 1). 

m .=L ( , , )T x y z  – 2 C !=23!=, = 3
1( , , )j jq x y z ==q { }  – " *2%! 2 C %"% % C%-

2%*3 " C!%“2%!S. Š% S "S …%“…% *% C%… …2 " *2%!= 4
1( , , )j jx y z == ={ }  

1 2 3, , ,q q q T= { }  %› % ƒ=C,“=2, “,“2 3 ,- ! … S= …,. !S"… …  [2]: 

 
3

4
1

( , , ) 0,     0,    0,    ( , )j j j k k
k

x y z z x y ±
=

λ ∂ + = ∂ = ≠ ∉ Ω∑ , 

 1,2,3j = , (1) 
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 1 2 3,  ,  
x y z
∂ ∂ ∂∂ = ∂ = ∂ =
∂ ∂ ∂

, ( ) ( )j j jz z+ −λ = λ θ + λ θ − , 1,2,3j = , ( )xθ  –-3…*-

S  c "S“=L =, j
+λ , j

−λ  – *% -S SG…2, 2 C %C!%"S …%“2S "S C%"S …%   

" !.… % %, 0z > , S …,›… % %, 0z < , CS"C!%“2%!S" 1 2( )± ±λ = λ . 

 
Рис. 1 

o%"…  ƒ C ……  CS"C!%“2%!S" ƒ=K ƒC 3G2 “  3 %"= , … C ! !"…%“2S 

 3 3 4 3 3 4 4 4( , , 0) ( , , 0),      ( , , 0) ( , , 0)x y x y x y x y+ −λ ∂ + = λ ∂ − + = − . (2) 
m .=L % ,… Sƒ - *2S" G 2 C %=*2,"…, , 2%K2% !=…, …S 3 %", …= C%-

" !.… . = 2  ",   

 4 0( , , 0) ( , ),      ( , )x y h T x y x y+
+± = ∈ Ω , (3) 

 0 ( , )T x y  – ƒ= =…= 2 C !=23!=, = !3 ,L - *2 G 2 C %Sƒ% %"=…,  

(…%! = …= “* = %"= 2 C %"% % C%2%*3 ! ƒ C%" !.…S - *23 %!S"… G 
…3 "S): 

 3 3( , , 0) ( , , 0) 0,      ( , )x y h x y h x y− −
−+ = − = ∈ Ω . (4) 

r!=.3"=" , ƒ"’ ƒ%* S› 3ƒ= = … …, , C%.S …, , j∂ , 1,2,3j = , S ƒ",-

=L…, ,: 

 ( ) ( )j k j k k k
+ −

+ −∂ = ∂ − χ δ Ω − χ δ Ω , 

S C ! L %" , " “,“2 S (1) 3 C!%“2S! 3ƒ= = … …,. -3…* SL C%"S …% % 

ƒ!%“2=……  3( )′ℑ  [16], %2!, =G % =2!, …  !S"… ……  3 C!%“2%!S 3( )′ℑ : 

 1 2 3, , ,iλ ∂ ∂ ∂ =D F[ ] , (5) 
 

 4
1 , 1,        k k ij i jf d= == =F D4{ } { } , 

 3 40,   1,2,    ( ),     ( )k k kf k f f− +
− += = = χ δ Ω = χ δ Ω ,  

 1
4 4,  ,  ,  , 1,2,3,   0,  , 1,2,3ii i i i j j ij jid d d i j d d i j−= λ = ∂ = ∂ = = = = ,  

( )±δ Ω  – 3ƒ= = … …= -3…* S  dS!=*=, ƒ%“ ! › …= …= C%" !.…S ±Ω , 

( , , 0) ( , , 0)k k kx y h x y h± ± ±χ = + − −  – “2!,K*, -3…* SL k  C!, C ! .% S 

! ƒ C%" !.…  ±Ω . 
p%ƒ"’ ƒ%* =2!, …% % !S"… ……  (5), 2%K2% !%ƒ!,"…,L !%ƒ"’ ƒ%* C%“2="-

…%_ ƒ= = S [1, 16], C% = % 2=*: 

 
2

4

1

( , , ) ( , , , , ) ( , ) ,   1, , 4k kj j
j

x y z w x y z t f t dt d k
=

= τ τ τ =∑ ∫∫ … , (6) 
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 ( , , , , )kjw x y z t τ  – *% C%… …2, “,“2 , " *2%!S" 
1kj kjw
=

=W 4{ } , 1, , 4j = … , 

Sƒ 3( )′ℑ  – “,“2 , -3… = …2= …,. !%ƒ"’ ƒ*S" [12, 16], ?% ƒ= %"% … 2  
2=*3 “,“2 3 *!=L%",. ƒ= = : 

 1 2 3 0, , , ,      1, , 4i j j j⎡ ⎤λ ∂ ∂ ∂ = =⎣ ⎦D W f … , 

 3,   3, 4,        ( )k k kw w k w+ − ±
±
′= = ∈ ℑ , (7) 

 0 4 4
0 1 , 1 ( , , )j kj k kj k jf x t y z= == = δ δ − − τ − ηf { } { } , ijδ  – “, "%  j!%… * !=. 

g=“2%“3"=" , 2% ,*3, ",* = …3 " [9–11], S ",*%!,“2=" , ! ƒ3 -
2=2, !%KS2 [13, 14], %2!, =G % ",!=ƒ,   *% C%… …2 " *2%!S" jW . g%*! =, 

  , 3, 4k j =  _. %›…= C% =2,  * 

 ( ) ( ) ,      ( , , , , )kj kj kj kj kjw z w z w w w x y z t+ − ± ±= θ + θ − = τ , (8) 

 

 1, 1, 1,
2, ,1 ,2 ,3( )( ) ( )k k k

k j kj j kj j kj jw R+ + − + ++ − + +− − +
+ = θ η + β + θ −η βK K K , 

 1, 1, 1,
2, ,1 ,2 ,3( )( ) ( )k k k

k j kj j kj j kj jw R− − − − −− − − −+ − −
+ = θ −η + β + θ η βK K K , 

 1,2k = ,  3, 4,j =  

 
( )

, ,
, , 0 0(1 )

0

1( , , ) ( ) ,   1,2,3
2 j

p z
v v
j j v

ex t y z J r d
±

±
∞ − ω ρ

± ±
− +θ= − − τ = ρ ρ =

π ρ
∫K K , 

 2 2
1, 3, 0

0, 4,
,     ( ) ( ) ,    

1, 3,j

j
r x t y

j± ± ±
=⎧ω = λ λ = − + − τ θ = ⎨ =⎩

/  

 1
3( ) ( 1) ,  1, 2,    ( )p z z h p z z h± ± ± − ±

±= + − = = − ω ω∓ , 

 
2 2

1 1

,    qj qk kj qj qk kj
k k

a R a R+ ∗ + − ∗ −

= =

μ = − μ = −∑ ∑ , 

 
2 2

1 1

,      kj kq qj kj kq qj
q q

R R+± + ± −± − ±

= =

β = μ β = μ∑ ∑ , 

 1 2 13 14
, 1

23 24

1,    ,    
2kj k j

R R
a

R R

± ±
+ − ∗ − ∗ ±

= ± ±

⎛ ⎞
= − = = = ⎜ ⎟

⎝ ⎠
A N N A A N{ } , 

 1, 3,
13 14 23 24,      1,   

2 2
R R R R± ±± ± ± ±

± ±

λ λ
= = = − =

ω ω
∓ ∓ , 

0J −-3…* S  a ““  . 

2. g" ……  C%“2=" …,. ƒ= =  % “,“2 , S…2 != …,. !S"… …  S __ 

!%ƒ"’ ƒ=…… . o! “2=" ……  (6) і“2,2  … "і % і “2!,K*, 3
+χ , 4

−χ  2 C %"% % 

C%2%*3 і 2 C !=23!,,  *і ƒ%“ ! › …і "і C%"і …% …= C%" !.… . +Ω  і −Ω . g= 

%C% % %  !=…, …,. 3 %" (2) S (3)   ї. ",ƒ…= ……  %2!, =G % “,“2 3 
"%", S!…,  “,… 3  !…,  S…2 != …,. !S"… … : 

 1,
24 4,1 3( , ) ( , )R x t y t dt d

+

+ + +

Ω

− − τ χ τ τ +∫∫ K  

 1,
24 4,2 3( , ) ( , )x t y t dt d

+

++ + +

Ω

+ β − − τ χ τ τ +∫∫ K  

 1,
23 3,3 4 0( , ) ( , ) ( , )x t y t dt d T x y

−

+− + −

Ω

+ β − − τ χ τ τ =∫∫ K , 
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 0,
13 3,1 4( , ) ( , )R x t y t t dt d

−

− − −

Ω

− − χ τ τ +∫∫ K  

 0,
13 3,1 4( , ) ( , )x t y t dt d

−

−− − −

Ω

+ β − − τ χ τ τ +∫∫ K  

 0,
14 4 3( , ) ( , ) 0x t y t dt d

+

−+ − +

Ω

+ β − − τ χ τ τ =∫∫ K ,  (9) 

 

 , ,
, ,( , ) lim ( , ),   3, 4,   1,2,   0,1k k

j j
z h

x t y x t y j k
±

± ±

→
− − τ = − − τ = = =K K . 

a3 % ""=›=2,   ",ƒ…= …%“2S, ?% 2 C !=23!= " %K =“2S +Ω  ƒ і-
… є2 “  ƒ= C% і…% і= …,  ƒ=*%…% :  

 
1

0
, 0

( , ) ,     consti j
ij

i j

T x y T b x y T∗ ∗
=

= =∑ . (10) 

o ! L % " “,“2 S (9) % C%  !…%_ “,“2 , *%%! ,…=2 cosx r= ϕ , 
cost = ρ ψ , siny r= ϕ , sinτ = ρ ϕ  S C% = % 3*=…S -3…* S_ 2=*: 

 3 4 3, 4,( , ) ( ( ), ( )) in
n n

n

e
∞

+ − ϕ

=− ∞

χ χ = Ψ ρ Ψ ρ∑ , 

 3, 4,( ), ( )n nΨ ρ Ψ ρ =( )  

 3 4
1 ( cos , sin ), ( cos , sin )
2

ine d
π

+ − − ϕ

−π

= χ ρ ϕ ρ ϕ χ ρ ϕ ρ ϕ ϕ
π ∫ ( ) . (11) 

q*%!,“2=" ,“  ! ƒ3 2=2= , !%KS2 [1, 9–11], %2!, =G % “,“2 3 S…2 -

!= …,. !S"… …  "S …%“…% , ( )j nΨ ρ , 3, 4j = , ƒ  != , b K != – q%…S…=: 

 0,2, 1,3, (1)
24 , 3, 24 , 3, 23 , 4, ( ),   ( , )n n n n n n n n n nR W W W f r r+ ++ + +− +

+Ψ + β Ψ + β Ψ = ϕ ∈ Ω[ ] [ ] [ ] , 

 2,2, 1,3, (2)
13 , 4, 13 , 4, 14 , 3, ( )n n n n n n n n n n nR D W W W f r− −− − −+ −− Ψ + β Ψ + β Ψ =[ ] [ ] [ ] , 

 ( , )r −ϕ ∈ Ω , (12) 
 

 0 0
, ,

0 0

( ) ( , ) ,     ( , ) ( ) ( )
a

mk j n j n mk mk m kW W r d W r J tr J t dt
∞

Ψ = Ψ ρ ρ ρ ρ ρ = ρ∫ ∫[ ] ,  

 , , , ,
, ,

0

( ) ( , )
a

v v
mk j n j n mkW W r d± ±Ψ = Ψ ρ ρ ρ ρ∫[ ] , 

 , ,

0

( , ) ( ) ( )t pv v
mk m kW r e t J tr J t dt

±
∞

−± ρ = ρ∫ , 

 
2 2

2 2
1lim ,  1,2,3,      j j n

z h

d d np p j D
r drdr r±

± ±

→
= = = + − , 

 (1) (2)
0 00 0( ) 2 ( ),     ( ) 0,     n n n nf r T r f r T T b∗= = = δ , 

 
2

10 01 11
1 1, 2 2,2 2 1 2 2 2 1 2

( )
( ) ,       ( )

( ) 2( )
n n

T b b i r iT b r
T r T r

a r a r
∗ ∗

± ± ± ±− −= δ = δ
− −

∓
∓/ / . 

o=!= 2! n  3 “,“2 S (12) ƒ= ›,2  "S  ", 3 …="=…2=› ……  [1, 10], 
ƒ%*! =,   C% S…% S= …% % 2 C %"% % …="=…2=› ……  (10) n  %›  C!,L-
=2, ƒ…= ……  0, 1± , 2± . p%ƒ"’ ƒ*, “,“2 , (12) C% = % 3 ",  S ! S" ƒ= 

C% S…% = , “*%KS ( aη = ρ/ ): 

 2 ( 1) /2 ( ) ,( 1) /2 2
, ,

0

( ) (1 ) (1 2 ) ,  3, 4
j jn m n

j n j n m
m

P j
∞

− −

=

Ψ η = η − η ψ − η =∑ .  (13) 
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b,*%!,“2=" , %!2% %…= …S“2  …% % …S" “*%KS S “C *2!= …S “CS""S -
…% ……    …,. [15], “,“2 3 S…2 != …,. !S"… …  (12) ƒ" % % “3*3C-
…%“2S … “*S… ……,. “,“2  S…SL…,. = K!=_ …,. !S"… …  ( 0, ,k = ∞… , 

0,1,2n = ): 

 ( ) ( ) ,2 ( ) ,3 (1)24 23
3, , 3, , 4, , ,

0 024 24

2 4k m n m n
n k n n m k n m k n k

m m

A g q f
R R

++ +−∞ ∞
+ + +

+ +
= =

β β
α + α + α =∑ ∑ ,  

 ( ) ( ) ,2 ( ) ,3 (2)13 14
4, , 4, , 3, , ,

0 013 13

k m n m n
n k n n m k n m k k n

m m

A g q f
R R

−− −+∞ ∞
− − −

− −
= =

β β
α + α + α =∑ ∑ ,  (14) 

 

 , ,1 2 1 2,
,

0

( ) ( )
m n k njt pn j

m k

J t J t
g e dt

t

±∞
γ γ−± = ∫

∓ ∓/ /
, 

 , ,1 2 1 2,
,

0

( ) ( )
k n m njt pn j

m k

J t J t
q e dt

t

±∞
γ ± γ−± = ∫

∓/ /
, 

 1
, , ,2 1,    2 1,    (2 1 1 2)m n k n k nm n k n A k n± −γ = + + γ = + + = + + ∓ / , 

 (2) ( ) ( )
, , ,

( 1 ( 1) 2)
0,     

!

j
m m

k n j n j n
m

f
m

Γ + − −
= α = ψ

/
, 

 
, 1 21 2

(1) (1)
, 2 1 2 1

24 0

(1 2 )4 ! ( )
( 1 2) (1 )

n
k

n k n n

P xkf f x dx
kR x x

−

+ − −

−
=

Γ + −∫
/

//
. 

d% !%ƒ"’ ƒ=……  “,“2 , (14) ƒ=“2%“3G % 2%  ! 3* S_ [15]. b ! ƒ3 -
2=2S, ",*%!,“2=" , -%! 3 , (6), (8), (11) S (13), %2!, =G % C% =……    !%ƒ-
C% S 3 2 C !=23!, 3 “* = …% 3 2!=…“" !“= …%-Sƒ%2!%C…% 3 C!%“2%!S, ?% 
S“2,2  "= *!3 %"S "* …… : 

 ( , , ) ( ) ( , , ) ( ) ( , , )T z r z T z r z T z r+ −ϕ = θ ϕ + θ − ϕ ,  (15) 
 

 
2 2

1,0 1, 2,
1 1

( , , ) ( , ) ( , ) cos ( ) ( , ) sin ( )n n
n n

T z r D r z D r z n D r z n± ± ±
±

= =

ϕ = + ϕ − ϕ∑ ∑ , 

 
2

1, , 1, 3,
1, 3 , , 3, ,

0 1

( , ) ( ( , ) ( , ))v n v n n m n n m
m

D r z I ar z I ar z
∞

+ + + + −
+ +

= =

= +∑ ∑ æ æ , 

 
2

2, , 2, 3,
1, 3 , , 3, ,

0 1

( , ) ( ( , ) ( , )),   0,1v n v n n m n n m
m

D r z I ar z I ar z v
∞

− − − − +
+ +

= =

= + =∑ ∑ æ æ , 

 , 1 1 2 ( ) , 1 1 2 ( )
1, 2, 2,5 2, 2, 2,52 Re ,       2 Rej m j m

n j n j n j n jR± ± ± ± ±±
+ − + −= α = α β∓ / /æ æ , 

 , 1 1 2 ( ) , 1 1 2 ( )
3, 2, 2 5 , 4, 2, 2,52 Re ,       2 Imj m j m

n j j n n j n jR± ± ± ± ±
+ − + −= β α = α∓ ∓/ /æ æ , 

 , 1 1 2 ( ) , 1 1 2 ( )
5, 2, 2,5 6, 2, 2 5 ,2 Im ,       2 Imj m j m

n j n j n j j n
± ± ±± ± ± ±

+ − + −= α β = β α∓/ /æ æ , 

 
,

( ), 1 2
, 1 2

0

( , ) ( ) ( )
m n

t p z
n m nI r z e t J r J t dt

±
∞

−± −
γ= =∫ ∓

/
/  

 
2( ) 3 2

2( ) 3 2 1
2( 1) )2

n

n k n m

n m nr
m n+ + +
+ + +⎡ ⎤= Γ ×⎢ ⎥+ +⎣ ⎦γ /

/
 

 
2

2 1 2
3 1, ; 1;
4 4

rF m n m n⎛ ⎞× + + − − + ×⎜ ⎟
⎝ ⎠γ

 

 2 1 2
3 3 1, ;2( 1) ;
4 4

F m n m m n⎛ ⎞× + + + + +⎜ ⎟
⎝ ⎠γ

, 

 2 2 2 22 ( ( )) ( 1) ( ( )) ( 1)p z r p z r± ±γ = + + + + − . 
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3. ),“ %"S ! ƒ3 2=2, 2= _. =…= Sƒ. ),“ %"S %“ S › ……  2 C !=-
23!…% % C%   C!%" …% ƒ= ›…% "S  "S “2=…S "* …  % !=…, S ƒ’G …=……  
“ ! %",? S 2 C %-Sƒ, …,. " =“2,"%“2 L =2 !S= S" C!, 2=*,. ƒ…= …… . 
C=!= 2!S" 3 C% =……S (10): 00 1b = , 01 1 3b = / , 10 1 7b = / , 11 1 9b = / , 60T∗ = °q, 

  1r a= = . 
m= !,“. 2, 4, 6, 8 …=" …% Sƒ%2 ! , !%ƒC% S 3 2 C !=23! ( , )z r  C!, 

1 1 0.5− +λ λ =/ , 3 3 0.4− +λ λ =/ , 0.4h a± =  "S C%"S …% " C %?,…=. 0ϕ = , 
4
πϕ = , 

2
πϕ = , 3

4
πϕ = . m= !,“. 3, 5, 7, 9 …=" …% Sƒ%2 ! , !%ƒC% S 3 2 C !=23! 

( , )z r  C!, 1 1 2− +λ λ =/ , 3 3 2.4− +λ λ =/ , 0.4h a± =  "S C%"S …% " C %?,…=. 0ϕ = , 

4
πϕ = , 

2
πϕ = , 3

4
πϕ = .  

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.4h a± = , 0ϕ =  

 Рис. 2 Рис. 3 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.4h a± = , 
4
πϕ =  

 Рис. 4  Рис. 5 
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1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.4h a± = , 
2
πϕ =  

 Рис. 6 Рис. 7 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.4h a± = , 3
4

ϕ = π  

 Рис. 8 Рис. 9 
Pƒ …=" …,. !=-S*S" ", …%, ?% -%! = S 3“2,…= Sƒ%2 !  “322G"% ƒ=-

›,2  "S  *32= ϕ . n“%K ,"%  C% S2…%   " !.… % % CS"C!%“2%!3 0z > . 
m= -%! 3 Sƒ%2 !  2=*%› "C ,"=G …= "…S“2  C %?,…, ƒ’G …=……  CS"C!%“2%-
!S" 0z =  S ƒ…= ……  “CS""S …% …  S› *% -S SG…2= , 2 C %C!%"S …%“2S 
CS"C!%“2%!S". g%*! =, C %?,…= 0z =  "S S !=G !%  *!=…3 C!, C ! .% S 
! ƒ  *,L "2!= =G2 “  = *S“2  Sƒ%2 !  S “C%"S … G2 “  C% ,! ……  

2 C =. 0  %“%K ,"% C% S2…%   ",C= *3, *% , *% -S SG…2, 2 C %C!%"S …%“2S 
…,›… % % CS"C!%“2%!3 KS S (!,“. 3, 5, 7, 9). j!S  2% %, " %K%. ",C= *=. 
*!=…% , ?% C ! *% ›=G !%ƒC%"“ › ……  2 C =, G 2 C %Sƒ% %"=…  
"* …… , !%ƒ S? …  " …,›… % 3 CS"C!%“2%!S.  

m= !,“. 10–15 C% =…% ƒ= ›…%“2S 2 C !=23!, C!, 0.3h a± =  "S  C%-

 !…% % *32= ϕ : …= !,“. 10, 12, 14 –   “CS""S …% …  1 1 0.5− +λ λ =/ , 3 3 − +λ λ =/  

0.4= , = …= !,“. 11, 13, 15 –   “CS""S …% …  1 1 2− +λ λ =/ , 3 3 2.4− +λ λ =/ . o!, 

% 3 %K ,“ ……  Sƒ%2 !  …= !,“. 10, 11 ",*%…=…% C!, 2r a= / , …= !,“. 12, 

13 – C!, r a= , …= !,“. 14, 15 – C!, 4 3r a= / . m= 3“S. !,“3…*=. 2!,.-
C3…*2,!…= S…S  "S C%"S =G ƒ…= ……  0.25z == , C3…*2,!…= S…S  – 0.2z == , 
2!,.%"= S…S  – 0.15z == , “3 S …= S…S  – 0.05z == .  
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m= !,“. 16, 17 C% =…% ƒ= ›…%“2S 2 C !=23!, "S  C%  !…% % *32= ϕ  

C!, 0.2z a= , 0.3h a± =  2= "S C%"S …%   “CS""S …% …  1 1 0.5− +λ λ =/ , 

3 3 0.4− +λ λ =/  S 1 1 2− +λ λ =/ , 3 3 2.4− +λ λ =/ . x2!,.C3…*2,!…= S…S  …= ,. !,-

“3…*=. "S C%"S =G ƒ…= ……  0r = , C3…*2,!…= S…S  – 2r a= / , 2!,.%"= 

S…S  – r a= , “3 S …= S…S  – 4 3r a= / . 
m= !=-S*=. S2*% ", …% … %“ “, 2!, …,L .=!=*2 ! !%ƒC%"“ › ……  

2 C !=23!,, C!, % 3 "S “32…S“2  %“ "%_ “, 2!S_ KS  ",!=› …= C!, 
…=K ,› ……S % 2 C %=*2,"…% % "* ……  ( !,.C3…*2,!…= S C3…*2,!…= 
S…S_). j!S  2% %,  *?% *% -S SG…2, 2 C %C!%"S …%“2S " !.… % % CS"C!%“2%!3, 

0z > , KS S, 2% !%ƒC%"“ › ……  2 C !=23!, "S K3"=G2 “  ",  (!,“. 
10, 12, 14). p%ƒC% S  2 C !=23! 2=*%› ƒ= ›,2  "S  ƒ…= ……  C%  !…% % 
!= S3“=,  *?% L% % ƒ…= ……  …= 2! 2,…3 C ! ",?3G != S3“ 2 C %=*2,"…% % 
"* …… , 2 C !=23!= S“2%2…% ƒ … 3G2 “ . 0  2=*%› C!%S “2!%"=…% …= 
!,“. 16, 17. 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.3h a± = , 2r a= /  

 Рис. 10 Рис. 11 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.3h a± = , r a=  

 Рис. 12 Рис. 13 
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1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.3h a± = , 4 3r a= /  

 Рис. 14 Рис. 15 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

0.2z a= , 0.3h a± =  
 Рис. 16 Рис. 17 

m= !,“. 18, 19 C% =…% ƒ= ›…S“2  2 C !=23!, "S  z  2= *32= ϕ  C!, 

2r a= /  S j j
+ −λ = λ , 1,2,3j = , "S C%"S …%   0.3h a± =  2= 0.2h a± = . 

  

 0.3h a± =  0.2h a± =  

j j
+ −λ = λ , 1,2,3j =  

 Рис. 18 Рис. 19 
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m= !,“. 20, 21 C% =…% ƒ= ›…%“2S 2 C !=23!, "S  z  2= *32= ϕ  C!, 

0.3h a± =  S 2r a= /  "S C%"S …%   1 1 0.5− +λ λ =/ , 3 3 0.4− +λ λ =/  S 1 1 2− +λ λ =/ , 

3 3 2.4− +λ λ =/ . 
m= !,“. 22, 23 C% =…% ƒ= ›…%“2S !%ƒC% S 3 2 C !=23!, " C %?,…S 

ƒ’G …=……  CS"C!%“2%!S" 0z =  "S  ƒ S……%_ r  2= *32=ϕ  C!, i i
+ −λ = λ , 1,2,3i = , 

  0.3h a± =  2= 0.2h a± =  "S C%"S …%.  
m= !,“. 24, 25 C% =…% ƒ= ›…%“2S !%ƒC% S 3 2 C !=23!, " C %?,…S 

ƒ’G …=……  CS"C!%“2%!S" 0z =  "S  ƒ S……%_ r  S *32= ϕ  C!, 0.3h a± =  "S C%-

"S …%   1 1 0.5− +λ λ =/ , 3 3 0.4− +λ λ =/  S 1 1 2− +λ λ =/ , 3 3 2.4− +λ λ =/ . 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

2z a= / , 0.3h a± =  
 Рис. 20 Рис. 21 

  

 0.3h a± =  0.2h a± =  

,     1,2,3j j j+ −λ = λ =  

 Рис. 22 Рис. 23 

  

1 1 3 30.5,   0.4− + − +λ λ = λ λ =/ /  1 1 3 32,   2.4− + − +λ λ = λ λ =/ /  

 0.3h a± =  
 Рис. 24 Рис. 25 
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m=" …S C!%“2%!%"S !=-S*, %K!  S “2!3 2  … %“ “ 2!, …,L .=-
!=*2 ! !%ƒC% S 3 2 C !=23! " 2!=…“" !“= …%-Sƒ%2!%C…% % C!%“2%!S C!, 
C% S…% S= …% 3 2 C %"% 3 …="=…2=› ……S, = 2=*%› C%*=ƒ3 2  "C ," … % -
…%!S …%“2S S “CS""S …% …  *% -S SG…2S" 2 C %C!%"S …%“2S …= 2 C !=23!…  
C%  (ƒ%*! =, !,“. 18, 20, 21). P“2%2…,L "C ," …= 2 C !=23!…  C%  =G 
2=*%› "S “2=…  2 C %=*2,"…% % "* ……  % C %?,…, ƒ’G …=……  CS"C!%-
“2%!S" (!,“. 18, 19). 

n2› , ƒ=C!%C%…%"=…= 2% ,*= %ƒ"% , = !%ƒ"’ ƒ=2, ƒ= = 3 2 C %C!%-
"S …%“2S " … %“ “, 2!, …SL C%“2=…%" S   *3“*%"%-% …%!S …% % 2!=…“" !-
“= …%-Sƒ%2!%C…% % C!%“2%!3 S ", ",2, *S *S“…S 2=  *S“…S %“%K ,"%“2S 2 -
C !=23!…% % C%  . n2!, =…S ! ƒ3 2=2, %›32  2=*%› K32, ",*%!,“2=…S 
C!, !%ƒ"’ ƒ3"=……S "S C%"S …,. ƒ= =. “2= S%…=!…%_ 2 ! %C!3›…%“2S.  
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РЕШЕНИЕ ЗАДАЧИ ТЕПЛОПРОВОДНОСТИ ДЛЯ ТРАНСВЕРСАЛЬНО-ИЗОТРОПНОГО 
КУСОЧНО-ОДНОРОДНОГО ПРОСТРАНСТВА, СОДЕРЖАЩЕГО ДВА КРУГОВЫХ ВКЛЮЧЕНИЯ  
 
m %“ “, 2!, …=  ƒ= = = 2 C %C!%"% …%“2,   *3“% …%-% …%!% …% % 2!=…“" !-
“= …%-,ƒ%2!%C…% % C!%“2!=…“2"=, “% !›=? % "= (2 C %=*2,"…%  , 2 ! %,ƒ%-
,!%"=……% ) "…32! ……,  "* …, , !=“C% %› ……/  C=!= …% C %“*%“2, “% ,-
… …,  "3. !=ƒ , …/. 2!=…“" !“= …%-,ƒ%2!%C…/. C% 3C!%“2!=…“2", “" …= * 
“,“2  "3. "3 !…/. “,… 3  !…/. ,…2 != …/. 3!="… …,L. p …,  .2%L 
“,“2 / C%“2!% …% " ",  ! %" C% …% % …=  “*%K,. o% 3 …% !=“C! …,  
2 C !=23! " ƒ=",“, %“2, %2 2 C %-,ƒ, “*,. “"%L“2" =2 !,= %" , !=““2% -
…,L %2 "* …,L % C %“*%“2, “% ,… …,  C% 3C!%“2!=…“2". r“2=…%" …/ *%-
, “2" ……/  , *= “2" ……/  %“%K ……%“2, 2 C !=23!…% % C%   " %*! “2…%“2, 
"* …,L. 
 
SOLUTION OF HEAT CONDUCTION PROBLEM FOR A TRANSVERSALLY ISOTROPIC 
PIECEWISE-HOMOGENEOUS SPACE CONTAINING TWO CIRCULAR INCLUSIONS  
 
Non-axisymmetric heat conduction problem for piecewise-homogeneous transversally 
isotropic space containing two (heat-active and thermally insulated) internal inclusions 
which is parallel to the plane of connection of two different transversally isotropic 
half-spaces, is reduced to a system of two two-dimensional singular integral equations. 
The solution of this system is constructed in the form of series with respect to Jacobi 
polynomials. As a result, a temperature distribution is obtained depending on the 
thermal properties of the materials and the distances from the inclusions to the 
interface of the half-spaces. Quantitative and qualitative features of the temperature 
field in the neighborhood of inclusions are established. 
 
1
 m= . 3…-2 «n “ *. %!“ *= =*= .», n “=, n !›=…% 

2
 n “ *. …= . C% S2 .…. 3…-2, n “=  27.06.17 


