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GROWTH OF ENTIRE FUNCTIONS OF BOUNDED L -INDEX IN DIRECTION

A problem on growth estimation for the maximum modulus of an entire function
of bounded L -index in direction is solved. Some generalizations of the earlier one-
dimensional results are obtained.

Let £, be a class of entire functions F:C" - C, n>1, and L, be a

class of positive continuous functions L:C" - R, :=(0,+ ). For LeL,, an

entire function F € £ is called [1, 6] a function of bounded L -index in a
direction b =(b;,...,b,) € C" \ {0} if there exists m, €Z, such that
(VmeZ,) (VzeC")

1
m!L™(2)
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ob™ |

*F(2)|
bk |

1

where

GF(Z) Z@F(z)b —<gradF,B>,

k k-1
0 Fiz) (6 5(12)) k1,
b b ob
3"F(z)
b’
The least such an integer m is called L -index in the direction b of the

function F and is denoted by N(F,L)= N, (F,L). Hence, for n =1, b=1 and

=F(2).

L(z)=((|z]), ¢eL,, we obtain [3] the definition of an entire function
f:C —> C of bounded [/ -index. For n =1, b=1 and {(r)=1, we have the
definition of an entire function of bounded index [7]. As n =1, it is known (in
the general case [3] and in case {¢(r)=1 [10]) that if function L el

L(z) = ¢(]z|), meets the condition

. 1 . T
lim ——min<4(t):
e A1) { 1+

and f:C — C is an entire function of bounded {-index N(f,{)= N,(f,{),
then

Stﬁr}zk(&)—)l, 6 —>+0, (2)

(1)
M,
rlirﬂo o <N(f,0)+1, 3)

where M (r) = max {lf)|: |z| =71}, L,(r) = jé(t)dt. In 2006 M. M. Shereme-
0

ta raised the following question: what is the growth estimate for the maximum
modulus of entire functions F € £, (n >1) of bounded index in direction? It

follows from (2), (3) that if the function #(r) = L(z, + re’®b) satisfies condition
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(2) for fixed z, € C" and 6 €]0,2n], then, for entire function Fe&, of
bounded L -index in the direction b, we have

— InM, (r, ZO, F
lim b )
T—+00

_ <N, (F,L)+1,
[ Lz, +teb) dt

0

where M, (r,2°,F) := max {|F(z, + th)| : |t| = r}.

Another definition of bounded index in C* was considered by Nuray and
Patterson [8, 9]. They used the partial derivatives instead of the directional
ones and found the relationship between the concept of bounded index and
the radius of univalence, respectively p -valence, of entire bivariate functions

and their partial derivatives at arbitrary points in C2.
We need some standard notations. Let F € £, . For a given 2 eC, we

expand a function f(w) = F(z0 + wb) in a power series in w e C:

Z OMF(2)
F(° _ 0y,py™ oy 1 07 F(z)
(2" + wh) m%bm(z w’, by () =5 e
Denote
g0
Mbj(r,zo,F)zmax{aF(Z—W‘:|w|=r}, jeN, 7r>0,
’ ob’
ub(r,zo,F) = max{|bm(zo)|rm :m >0},
vb(r,zo,F) = max {m : |bm(zo)|rm = ub(r,zo,F)}.
We put

1
L(z0 + reieb) '

0y._ 1 : 0 By . T o
0(5,0,2") : h_mmln{L(z + te b).1+6_t_r}

r—+0
It easy to see that HSIirEO 0(8,0,2°) == 0, (0, 2%, ¢(8,6,2°) < 0, (0, 2% e [0,1].
-
Theorem 1. Let L € L, be such that rL(z* + re®b) > + 0, r > + 0, and
9,(0,2") € (0,1] (4)

for some 2" € C", beC"\ {0} and 0 €[0,2n]. If an entire transcendental
function F € £ is of bounded L -index N, (F,L) in the direction b, then

0
— F N, (F,L)+1
©(2°,0) = lim vb(or,z ’ie) < o (F )0
ro>+o r[(z° + re”b) 0y(0,27)

(5)

0
— M (2", F) SNb(ZF,L)OJrl.
(P[)(evz )

r

(6)

>+ 1 .
j L(z" + te™b) dt
0

P r o o f. Our proof is based on ideas of Sheremeta and Kuzyk [3, 11].
1°. Proof of (5). For simplicity, we denote t = 7(2°,0). It T =0, then (6)
is obvious. If f(w) = F(2° + wbh) is polynomial, then vb(r,zo,F)z vp=deg f>1

2T an T= agam. ererore, 11 T >0, en w) = zZ +w 1S entire
(r>r,) and 0 in. Therefore, if 0, th (w) == F(2° + wh) is enti
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transcendental function. By definition of limit superior for every o € (0,1) (for
any te (0,+o) in the case r(zo,e) =+ o), there exists an increasing to +o
sequence (7,,) such that (1+9)r, <r,,, and v(rn,zO,F) > (t— S)TnL(ZO + rneieb)

For r e([r,,(1+9)r,] and n > ny(d), in view of (4), we have

0 i0
r,L(z" +7,e"b) >

1 : 0 i0 T
L <t<ri>
1+6rm1n{L(z + te b).1+6_t_1"}_
1

>
1+98

(9(3,0,2°) = 8) 7 L(z* + re™®b),

therefore
T—90
1+6

We put Ug = U |
nzng(

v(r,2°,F) > (9(5,0,2") = 8) r L(2° + re™b). (7)

7,,(1+ S)Tn]. It is clear that the logarithmic measure
3)

of Uy equals to infinity and for all r € Uy the inequality (7) is valid. But it is

known [2, p. 26] that if f(w) = Z apwp is an entire transcendental function of
p=0
one variable, then for every fixed je N

) J
M;(r, f) := max {|f(7)(w)| Hw| =1}~ (V(TT’f)j M(r, 1), (8)

as r - 4+ beyond some set of finite logarithmic measure depending on j,
where

v(r, f) = max{p :|a,|r" = w(r, )},
u(r, f) = max{|ap|r” :p =0},

M(r, f) := max {| f(w)| : |w| = r}.

By applying (8) to the function f(w)=F(z’+wb) as a function of
variable w e C, we can conclude that there exists an increasing to +o

sequence (r}:) such that

M, (.2, F) (V(T;,zo,f)

M(r;,2°% f) :

j
j, k— o,
Tk

and (7) holds with r =1, .
Therefore, for all j€{0,1,2,..., N, (F,L)} and for all k > k,(3),

* 0 "
w - S)Vb(’”k’—fo’F) .
Mb,j(rkfz ,F) T
> 181 5)(0(6,0,2") ~ DL + 7eh). ©
We put
7,(8,0,2°) = 122 (x — 5)(9(5,0,2°) - 5)

1+90
and assume that t,(3,0, 2% > N, (F,L) +1. Then (9) implies
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x 0
Mb,j+1(rk7z F)

- - >
(G + DI 20+ 1e™D)

* 0 * 0
L 5.6, 2%) My (2 B) - M, (5,2, F)
J+1 0 L re®b) UL (2% 17e™b)
for all j€{0,1,2,..., N,(F,L)} and for all k> k(). Thus,
M,y 1 (1,20, f) {thgn;z%f)

N > max N
(N + DI + 17e™®b)  0<a<N [gILI(2" + 17e™b)

}, N = N, (F,L).

This inequality contradicts inequality (1). Thus, t,(3, 0,2%) < Ny (f,0)+1
and due to the arbitrarity of o, we have T(po(e,zo) SN (f,0)+1, ie
‘< Nb(f,é)o—ir 1 .

(P()(652 )
2°. Proof of (6). Let
Fz’ +wb)= Y b, (" )w™.
m=0
Then for any & > 0, we have

M, (r,2°,F) < i |b,, %) r™ =
m=0

& O+ 145
moo (143" -8
But due to inequality (5)

wy, (L +3)r, 2", F).

r t 0
Inp, (r,2°, F) = Inp, (0,2°, F) + JMdt <
0

t
N, (F,L)+1". .
<1+ o(1))"(’—)0+jL(z° +te®b)dt
(\DO(OVZ ) 0
+0

as r —» + . Since j L(z0 + teieb)dt = +00, we obtain
0
0 0
In M, (r,z", F) Inp, (L+3)r,z",F) <

lim < lim
r—+0

A . r—+0o T .
j L(z" + te™b) dt j L(z° + te®b) dt
0 0

(1+8)r _
. j L(z° + te®b)dt
< E lnub((1+8)r,z ,F) E 0 <
r—stoo (1T8)T

. r—+w 0
L(z" + te™b) dt j L(z° + te®b) dt
0 0

(1+8)r _
j L(z" + te™b) dt
NFEL L

0(0,2") o

>
jL(z" +teb)dt
0
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Then using L’Hospital’s rule by condition (4), we deduce

1+8)r .
j L(z" + te™b) dt A
im0 < T L+ BL(Z’ + r(1+8)e™b) _
r—>+0 - T—>+0 L(ZO + rezeb)

jL(z” +teb) dt
0

- 0 10
—(1+6) m Mz tred) 148

rove [0, T iy - @(6,9,20)’
1+

- __ InM,(r,2",F) CNEL L 145
us, i < .
Tlier o0 o (pO(O,zO) 0(8,0,2%)
jL(z +te®b) dt
0

and, as 6 —> +0, we

obtain (6). The proof of Theorem 1 is completed. ¢
Remark 1. If L(z) = L,(|z]) be a nondecreasing function of variable |z|
then L satisfies (4).
Corollary 1. Let beC"\ {0}, and LelL, be a function such that
(V2" e C") (V0 €[0,2n)) : 7L(z" + re™®b) > + o0, r — + 0, and

inf mi 0,2°) = 0,1]. 10
nf, egﬁ{gﬂ%( ,20) =@, €(0,1] (10)

If an entire transcendental function F € £, has bounded L -index N (F,L) in

the direction b, then

— v, (r,2",F) N, (F,L)+1
sup max lim 0 o = .
Ocgn Ocl02n] roto rL(20 + re'b) ®
Corollary 2. Let beC"\ {0}, and LelL, be a function such that
(V2" e C™) (VO e [0,27]) : rL(z° + re®b) > +0, r —> + 0, and (10) holds. If an
entire transcendental function F € &, is of bounded L -index N, (F,L) in the
direction b, then

—  InM(r,2",F) _ N, (F,L)+1
sup max lim < .
Lecn 0€[0,2n] r >+

T 2 (11)
[ L& + e by ar o
0

For n=1, L=¢, L=L,, F=f, b=1, 2°=0, v(r,f)=v,(r,0,F),
M(r, f) = M(r,0,F), N(f,{)=N,(F,L), Theorem 1 implies the following one-
dimensional corollary.

Corollary 3. Let ¢ € L and

: 0y . <<
min lim P {te®):r/1+38) <t <r}

0e[0,2] . o, {(re™®)

=@(8) = ¢, € (0,1] (12)

as 8 > +0. If an entire transcendental function f has bounded {-index
N(f,?), then

e T VLA NGO+ 1

0<[0,2n] r>+o0 pf(re™®) [oN

’
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max Tim In M(r, f) < N(f,f)+1.
0€[0,2n] r >+ (P(2)

(13)

r

jé(teie )dt
0

Remark 2. Corollary 3 is a generalization of corresponding Sheremeta and
Kuzyk’s results [3] in two directions: 1°) we do not assume the function ¢ to be
of the form ((|z]); 2°) we do not assume that ¢y =1 (our results are valid for

9, € (0,1]).
[sinjz]]
2]

Example 1. For n =1 a function ¢(z) =2+ satisfies condition (12)

with @, =1.

Indeed, we can choose 7, so that for every r =17, there exists neN

L 3 le .L< < =
such that [21m,21t(n+1)]c[1+6,r] Then min{/(te ).1+8_t_r} 2,

and we have lim =1=¢,. Let f(z) = e?* | then [4]

>+

N(f,¢)=0, InM(r, f) =2r, v(r,f) =[2r] and

R | R—
E(re’e) ‘ri_liloc 2+ |Sin Tl /T

Jé(t)dt =J‘(2+@jdt =2r+o(r).
0 0

Thus, lim lezw, T M f) N(f,O+1
rotrw TO(T) Q roto T (P2
jé(t)dt 0
0

Example 2. For n =1, a function ¢(z) = sin|z|+ 2 satisfies condition (12)
with ¢, =1/ 3.

Let f(z)=¢e®, then N(f,0)=0, InM(r,f)=r, v(r,f)=[r] and jﬁ(t)dt:
0

= 2r + O(1). Thus,

m lnM(r,f) :%<

r—o+o T,
J'K(t) dt
0

N(f,O+1 _
P

9,

M) NGO,
ot TL(T) ©p

Example 3. Similarly, we can prove that an unbounded function {(z) =
= (|z| + 1)(sin|z| + 2) satisfies (12) also with ¢, =1/ 3.

Remark 3. Generally speaking, if ¢, € (0,1), then we do not know whether
esttimate (11) is sharp. For ¢, =1, Sheremeta and Kuzyk [3] proved the
sharpness of the second inequality in (13).

Theorem 2. Let L € L, and for every 2" € C" and 6 €[0,2n] the function
u(r) = u(z’,0,7) = L(z° + reieb) be a continuously differentiable function of
real variable r > 0. If an entire function F is of bounded L -index in the di-
rection b € C" \ {0}, then for every 22 eC™, 0e[0,2n], r €[0,+) and every
integer p >0
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OPF(2" + re™b)
obP

1
p!LP (2" + re™b)

(—ul(2°,0,t)"

< A, ex ((N +DL(Z° + te®b)+ N : jdt , 14
* p! L(2° + te™b) (1%)
o*F(2")

ob*

1
k!'LFz%)

where A, = max{

:0<k< N}. In particular,

r r. 0 +
, . - t
[F(2° +7e"b)| < 4, exp [ ((N + DL + te™®b) + N%) .
0 L(z° + te™b)
(—u'(r)"
22" + reieb)
22eC, 0e [0,27], then

If, in addition, tends to zero uniformly with r - +x for

— In|F(z° + reb)|
sup lim max
ZOECn T—>+00

<N (F,L)+1.
jL(zO +te®b)dt: 0 e [0, 27]

Pr oo f Denote N =N,(F,L). For fixed 2eC" and 0¢e [0,27], we
consider the function

| i0
g(r) = max{k'Lk( 1 e 0 F(Zal;re b)‘ 0<k< N}. (15)
'L*(z" + re
kg0 0
Since the function k'Lk( 01 ieb) 0 F(zal;l;cre b)‘ is continuously dif-
'L*(z" + re

ferentiable by real variable 7 e[0,+), outside of a zero set of function

6kF(20 + reieb)
ob*

except, perhaps, a countable set of points. Since for every continuosly dif-

, the function ¢ is continuously differentiable on [0,+ o)

ferentiable function g of real variable r the inequality %|g(r)| < |g'(r)| holds

with the exception of the points {r =t : g(t) = 0}, we estimate the derivative

akF(zo + reieb)‘ _ 1 d
ob* kluk(r)dr

o*F(z° + reieb)‘
+

i( 1
dr (e tu (r) ob*

6kF(z +1e®b)| d
ob*

1
dr Il u® (r)
n k
< 1 6F(z + ré b) ’eb
A= ob"
B O*F(2° +releb)‘ ku'(r) <
ob* kluf )
O*1F(2° + re®p)
abk+l
o F(z° + reieb)‘ k(—u'(r))*
ob* u(r)

< 1
k!uk(r)

1
+
k! uk(r)

(16)
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For absolutely continuous functions h,, h,, ..., h;, and h(x) := max {hj(ac) :
1<j<k}, we have h'(x) < max{h;(ac) :1<j<k}, xela,b] (see [11, p. 81]).
The function g is absolutely continuous, therefore, it follows from (16) that

, d 1
(T)Smax{—( . j:OSkSN}S
g dr\ k112" + re®p)
OIR(Z" + reieb)‘ N

6kF(zO + reieb)
ob*

< max{ 1

(k + DL + re®p) ob* !

j 1
x (k + DL(2° + re®b) + —__
k'LF(2° + rei®p)

X

I 0 0 ! 0 +
0" + e b)‘k( ,(2',0.7) :OSkSN}S
ob L(z" + re'h)

r, 0 +
<g(r) ((N + DL + re'b) + NMJ

L(z" + reieb)

(-u, (2", 0,0)"
L(z" + re™b)
0 €[0,2n] and r > 0 except, perhaps, a countable set of points.

Since F has bounded L -index in the direction b, then g(0) # 0 and for
each 7 >0

Thus, iln g(r) < (N + DL + re™®b) + N

0 n
for every z eC
dr y ’

v . (—u,(2°,0,1)"
11’1 g(r) < 11’1 g(O) + .[[((N + I)L(ZO + te Gb) + ij dt

Using (15), we obtain (14).
(—u(2",0,1)"

If, in addition, T2, 0 6.
L*(z° +7e""h)

—> 0 as r — oo uniformly in 2" € C" and

6 €[0,2n], then

T w0y, (Cug(2°,0,0)"
In g(‘r‘) <In g(O) + (N + 1){ (L(ZO + te eb) + mj d
=1Ing(0)+ (N + 1)1 + o(1))j L(Z° + te®b)dt,
0

as r — o uniformly in 2’ € C" and 0 €[0,2n], so that for all 6 e[0,2n],

22 eC”
|F(2° + re'®b)| < g(r) < g(0)exp {(N +1)1 + o(1))j L(z" + teb) dt} ,
0

as r — o, and we obtain that for every 2eC

lim max
r—+0

- 1 F 0 ieb
. n|F(" + re"b)| <N, (F,L)+1.

jL(z” +te®b)dt : 0 € [0, 2n]
0

The proof of Theorem 2 is completed. ¢
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Remark 4. Note that (14) can be written in a more convenient form

OPF(2° + 1h) j <

obP
<A j‘ 0 i0
<A, exp max |<(N +1)L(z" +te"b) +
6€e[0,27] 0

max( 10
ltl=r \p!LP (2" + th)

1.0 +
Ly EWE 808 }dt. (17)

L(Z° + te™b)

For n =1 we deduce the following
Corollary 4. Let (:C — R, and, for 6 €[0,2n], a function {(re®) be a
continuously differentiable function of real variable r € [0,+®) and u(r,0) =
= ((re™). If f(z) is an entire function of bounded [ -index, then for every

integer p >0

(p) 10 T o +
[# P e < B, expj{(N+1)£(te"9)+N—( % (6,1)) }dt,
0

p! (P (re™®) ((te™)
(k)
where B, = max{w :0<k< N}.
Ie! £%(0)
[— ! +
If, in addition, % — 0 as r > +o uniformly in 0 € [0,2n], then
re

S . i0
lim In M(r, /) < lim max M <SN(f,0)+1.
r—>+00 T 0 T+ 0e[0,2n] T 0

max jé(tel )dt Ié(te’ Ydt

0e[0,27] 0 0

The Corollary 4 is a generalization of corresponding result of Sheremeta
and Kuzyk [3] because we do not assume that ((z) = £(|z]).

Corollary 5. Let F :C" — C be an entire function of bounded L -index in
the direction b € C" \ {0}, N = N, (F,L), and 2° be a fixed point in C", such

that F(zo) =1. Then for every r >0

r

I n(t,2°,0,1/F)

: dt < Inmax {|F(z° +tb)| : |t| = r} <

oPF(2%)
obP

1
p!LP(z")

Slnmax{ :OSkSN}—l-

0 +
-u,(z,0,t
(—u,(z ) }dt

+ max {(N + DL + te®p)+ N - -
0 L(z° + te™b)

0€[0,27]

P r o o f. The first inequality follows from the classical Jensen Theorem

for function F(z° + th) as a function of variable t € C. The second inequality
follows from (17) for p =0. ¢

The Corollary 5 is a generalization of the results [5] for entire functions of
bounded L -index in direction.
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3POCTAHHSA LINUX ®YHKLUIA OBMEXEHOIO L -IHOAEKCY 3A HAMPAMKOM

Posé’s3ano 3a0auy npo 3HAX00NHCEHHS OYIHKU 3POCMAHHS MAKCUMYMY MOOYASL YLAOT
Pynryii odmesxcenozo L -indexcy 3a nanpamom. Ompumarno Oeaxi ysazarvHeHHs 00HO-
BUMIPHUX PE3YAbmMAmMi8, CMAHOBAEHUX PAHIULE.

POCT LENbIX ®YHKUNA OTPAHUYEHHOIO L -MHOEKCA MO HAMPABNEHUIO

Pewena 3adaua 0 HaAXodCOeHUU OYEHKU POCMA MAKCUMYMA MOOYri yeroll GyHKyuu
ozpanuyennozo L -undexca mo nanpasieruto. IToayuenv. Hexomopovie 0600uenHus 00HO-
MEPHBLL Pe3YAbMaAMO8, YCMAHOBAEHHBLL PAHDULE.
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