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МЕТОД ПРЯМОГО ВИРІЗУВАННЯ У ЗАДАЧАХ КУСКОВО-ОДНОРІДНИХ ТІЛ 
З МІЖФАЗНИМИ ТРІЩИНАМИ ЗА ПОЗДОВЖНЬОГО ЗСУВУ 
 

p%ƒ!%K …,L !=…S  2%  C! % % ",!Sƒ3"=……  C% ,! …% …= * =“ ƒ= =  
C!3›…%_ !S"…%"= , *3“*%"%-% …%!S …,. 2S  ƒ "…32!S …S , S S›-=ƒ…, , -
- *2= , 2,C3 2!S?,… ƒ= =…2,C %“*%_ -%! = S_. l 2%  C%  =G 3 
% "=……S ",.S …%_ ƒ= = S   2S = ƒ 2%…*, , "* …… , (ƒ%*! =, 

2!S?,…= ,) ƒ= %C% % %  C!%“2S %_ ƒ= = S C!3›…%_ !S"…%"= , *3“*%"%-% …%-
!S …% % C!%“2%!3 ƒS ƒKS …%  *S *S“2  2%…*,. - *2S",  *S, 3 “"%  !-
3, -%! 3 2  …%"S ›S %“ S ›3"=…% % 2S =. d%“2%"S!…S“2  ƒ=C!%C%…%"=…% % 
CS .% 3 =C!%K%"=…= …= C!,* = =. ƒ= =  C%ƒ %"›… % % ƒ“3"3 *3“*%"%-% …%!S -
…% % * ,…=, CS"C!%“2%!3, = 2=*%› "% =!%"%_ “ 3 , ƒ S›-=ƒ…%  2!S?,…%  
ƒ= S_ % …%!S …% % …="=…2=› ……  S ƒ%“ ! › …,. “, . 

 
 b“23C. g…= …3 *S *S“2  “3 =“…,. …2S" *%…“2!3* SL -%! 3 2  C -
! "=›…% ƒ *S *%. =2 !S= S" ƒ !Sƒ…, , " =“2,"%“2 ,. ) ! ƒ … %“*%…=-
S“2  C!% “3 _.… % % ", %2%" …… , %› ,"  … %2!, =……  ", %  *“C 3=-

2= S_ , ! ƒ C%“23C%"3 != = S  2= C ! 2"%! ……  “* = %",. =2 !S= S" 
"…=“ S %* .S S …,. S ,-3ƒSL…,. C!% “S" …= ›S -=ƒ 2= C%ƒ= …, , C!=*-
2, …% ƒ="› , ",…,*= 2  2%…*S - *2, “2!3*23!,. Š=*S …2, %›…= 
2=*%› S “C! %"=…% "C!%"= ›3"=2, 3 “2!3*23!3 =2 !S= 3   ",*%…=…-
…  C "…,. *%…“2!3*2%!“ *,. …= S!S". b %*% S 2=*,. - *2S" C%“2=G “, …= 
*%… …2!= S  …=C!3› … ,  *= “C!, ,… G … K=›=…  C =“2, …  -%! 3"=…-
…  =K% L !3L…3"=……  *%…“2!3* S_. m= "…S“2  2%…*,. … % …%!S …%“2 L ", =-
=G 3“* = … ……  S“…3 ,. ! % % S …,. % L 2= %K ,“ "= …,. = %-
!,2 S" !%ƒ!=.3…*3 …=C!3› …%- -%! %"=…% % “2=…3, = %2›  C%K3 %"= …%-
",. S - *2,"…,. CS .% S" % "," ……  …=C!3› …% % “2=…3 2=*,. 2S  …= = S 
ƒ= , =G2 “  "=› ,"%  S =*23= …%  …=3*%"%  ƒ= = . 
 q !  S“…3 ,. CS .% S" % %“ S › ……  …=C!3› …% % “2=…3 *3“*%"%-
% …%!S …,. % 2!, …% “* = …,. 2S  ƒ S›-=ƒ…, , - *2= , %›…= "S -
ƒ…= ,2, “32% ,“ %"S, ƒ%*! = 2% , “*S… ……,. [12] S !=…, …,. [6] -

…2S", 2= =…= S2, …%- ,“ %"S, ?% T!3…23 2 “  …= ",*%!,“2=……S S…2 != -
…,. C ! 2"%! …  !Sƒ…% % 2,C3 [8, 10, 11], = 2=*%› 2% S" 2 %!S_ -3…* SL 
*% C *“…%_ ƒ S……%_ [9]. g=“2%“3"=……  “32% =…= S2, …,. 2% S" =G …= 
›= , 3›  %K › …  ƒ=“2%“3"=…… , 2% 3 3 " ,*% 3 %K“ ƒS %K ,“ "= …= 
“* = %"= 3 2% =. !%ƒ"’ ƒ3"=……  2=*% % 2,C3 ƒ= =  =L›  ƒ="› , ", 3-

…% C!,“32… . 
 r “2=22S [15] ƒ ",*%!,“2=……  S…2 != …,. C ! 2"%! …  t3!’G %“ S -
› …% ƒ= = 3 "ƒ=G % S_ S›-=ƒ…%_ 2!S?,…, ƒ %"S …% %!SG…2%"=…%  "…32-
!S … %  S*!%2!S?,…%  3 *3“*%"%-% …%!S …% 3 C!%“2%!S. b," …% "C ," 
S“   !%ƒ2= 3"=……  2= %!SG…2= S_ 2!S?,…, …= *% -S SG…2 S…2 …“,"…%“2S …=-

C!3› …    !Sƒ…,. "S …% …  % 3 S" C!3›…%“2S “* = %",. CS"C!%“2%!S". 
r [10] ƒ ",*%!,“2=……  S…2 != …% % C ! 2"%! ……  l S…= !%ƒ"’ ƒ=…% ƒ=-
= 3 C!% ",ƒ…= ……  …=C!3› …% % “2=…3 "%* ,…%"%_ “2!3*23!, ƒ S›-=ƒ-
…%  != S= …%  2!S?,…% . ),“ %"S !%ƒ!=.3…*, ƒ SL“… …S   *3“*%"%-% …%-
!S …% % CS"C!%“2%!3 ƒ “, 2!, …% …="=…2=› …%  2!S?,…% . 
 r [2, 4]   %“ S › ……  2S  ƒ 2%…*, , - *2= , K3 % ƒ=C!%C%…%"=…% 

2%  C! % % ",!Sƒ3"=……  (lob). i% % S   C%  =G 3 -%! 3"=……S % 2-
!S_ %“ S ›3"=…% % 2S = ƒ 2%…*, , - *2= , ƒ= %C% % %  2S = C!%“2S %_ 
% 2!, …%_ -%! , ƒ 2=* “= % !%ƒ S? …, , 2%…*, , … % …%!S …%“2 ,, = 

2=*%› "" …, , % =2*%", , - *2= , – 2!S?,…= , S/ , =K“% 2…% 
›%!“2*, , "* …… ,,  *, , % 2  "S …S (…="=…2=› …S) =K% ƒ=-
*!SC …S ƒ C "…,  …=2 %  ›S %“ S ›3"=…% % 2S = (!,“. 1). 
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Рис. 1 
`C!%K= S  SG_ S _ K3 % ƒ SL“… …% …= …,ƒ S ƒ= =  =…2,C %“*%_ -%!-

= S_ % …%!S …,. S *3“*%"%-% …%!S …,. 2S : % …%!S …% % =!3, "% =!%"%_ 
“2!3*23!, [4], % …%!S …% % * ,…= [2] 2= K!3“= [3] ƒ 2%…*, , "…32!S …S ,, 
ƒ%*! =, C!3›…, , L ›%!“2*, , - *2= ,. n2!, =…S ƒ= %C% % %  % % 
CS .% 3 ! ƒ3 2=2, %K ,“ ……  *% -S SG…2S" S…2 …“,"…%“2S …=C!3› …  (jPm) 
ƒKS = 2 “  ƒ "S % , , " S2 !=23!S ƒ C%.,K*% , …  KS %  "S  1 %. 
 r SL !%K%2S %“ S › …% %› ,"S“2  S - *2,"…S“2  ƒ=“2%“3"=……  lob 
% =…= Sƒ3 …=C!3› …% % “2=…3 *3“*%"%-% …%!S …,. 2S  ƒ= …= "…%“2S S›-=ƒ-
…,. - *2S" 2,C3 2!S?,…. n“*S *, ƒ=“2%“3"=……  lob   2S  ƒ …="=…2=-
› …%  ›  ",* ,*=G ƒ…= …S C%.,K*, 3 % "=……S ( *S, C!%2 , ",C!="-
 2 “  ?% “* = …S ,  CS .% %  – 2% %  C! % % C%"…% % ",!Sƒ3"=…-

…  [3]), 2% 232 %“ S , % ,  %K’G*2, ƒ … …="=…2=› …, , ›= , S "…32-
!S …S , …="=…2=› …, , 2!S?,…= ,. 

 
Рис. 2 

 1. t%! 3 "=……  ƒ= = S. p%ƒ  … % *3“*%"%-% …%!S …,L C!%“2S! 
(“* = …,L ƒ "%. CS"C!%“2%!S" ƒ % 3  , C!3›…%“2S kG , 1,2k = ) ƒ= …=-

 "…%“2S 3 L% % " !.… % 3 ( 1)k =  S …,›… % 3 ( 2)k =  CS"C!%“2%!=. “,“2  ƒ 

kN  %"S …% %!SG…2%"=…,. "…32!S …S. C! % S…SL…,. 2!S?,… ( =2 =2, …,. 

!%ƒ!SƒS") jkL , 1, , kj N= … , 1,2k = . b,*%!,“2=……  2,. , S… ,. -3…* S%-

…= …,. ƒ= ›…%“2 L S› …=C!3› …… , S C ! S? …… , …= C!%2, ›…,. 
K ! =. =2 =2, …,. !%ƒ!SƒS" =G %› ,"S“2  % "=2, 2%…*S … % …%-
!S …%“2S ƒ= = …% % 2,C3. m= ›S C% S 3 =2 !S= S" *3“*%"%-% …%!S …% % 
C!%“2%!3 !%ƒ S? …S 3N  S›-=ƒ…S 2!S?,…, 3jL , 31, ,j N= … . d   *%›…%_ ƒ 

2!S?,… G "S % , , *%%! ,…=2, …2!S" – 0 0 0jk jk jkz x iy= + , *32, C%"%!%2S" 

“2%“%"…% %“S Ox  – jkα  2= %"›,…, … % …%!S …%“2 L – 2 jka , 1, , kj N= … , 
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1,2,3k = . n …%!S …  C%  …=C!3› …  τ , 1τ , 2τ  ƒ= =…  …= … “*S… ……%“2S, 
C!, % 3   ƒ=K ƒC ……  !S"…%“2S C ! S? …  …= S…S_ C% S 3 " !.… % % S 
…,›… % % CS"C!%“2%!S" C%",……= ",*%…3"=2,“  3 %"= 2 1 1 2G Gτ = τ . r =2!, S 

" 2% *=. 0 0 0jk jk jkz x iy∗ ∗ ∗= +  %›32  S 2, ƒ%“ ! › …S “, , S…2 …“,"…%“2S 

jkQ  S ,“ %*= S_ ƒ " , ,…%  " *2%!= a ! !“= jkb . a ! , 2!S?,… %›32  

K32,  * …="=…2=› …S “, 2!, …, , ƒ3“,  , jkτ , 2=* S "S …, , "S  …=-

"=…2=› ……  (!,“. 2). 
 2. p%ƒ"’ ƒ3"=……  ƒ= = S. m=C!3› …%- -%! %"=…,L “2=… *3“*%"%-% …%-
!S …% % C!%“2%!3 ƒ “,“2 %  "…32!S …S. S S›-=ƒ…,. 2!S?,… C% = % 3 
",  S [7] 

 0 0( ) ( ) ( ) ( )k k k k
yz xz yz xzz i z z i zσ + σ = σ + σ +  

 0 0 1 1( ) ( ) ( ) ( )( ) ( )k k k k
yz xz yz xzz i z z i z⎡ ⎤+ σ + σ + σ + σ⎢ ⎥⎣ ⎦

, 

 0 0 1 ,     1,2[ ]k k k kw w w w k= + + = . (1) 

Š32 kw  – C ! S? …… , k
yzσ , k

xzσ  – "S C%"S …S _  *% C%… …2, 2 …ƒ%!= …=-

C!3› ……  3 " !.… % 3 ( 1)k =  S …,›… % 3 ( 2)k =  CS"C!%“2%!=.. g S …% ƒ 
ƒ=*%…%  c3*= ƒ=C, % 

 ,      
k k

k k
yz k xz k

w wG G
y x

∂ ∂σ = σ =
∂ ∂

. 

 Š=* ƒ"=…,L % …%!S …,L !%ƒ"’ ƒ%* 0k
yzσ , 0k

xzσ  "S C%"S =G …=C!3› …% 3 

“2=…3 k - % CS"C!%“2%!3 *3“*%"%-% …%!S …% % C!%“2%!3 K ƒ … % …%!S …%“2 L, 
C!%2  Sƒ 2=*,  “= ,  S 2=* “= % ƒ= =…,  ƒ%"…S …S  …="=…2=› …… . o!% “ 
L% % ƒ…=.% › ……  G …=K= =2% C!%“2S ,  "S  !%ƒ"’ ƒ3"=……  C !"S“…%_ ƒ= = S 
2 %!S_ 2%…*,. "* … . g%*! =, ƒ= S_ % …%!S …% % …="=…2=› ……  τ , 1τ , 2τ  
…= … “*S… ……%“2S % …%!S …,L !%ƒ"’ ƒ%* =G ",   [7] 

 0 0( ) ( ) ,      1,2k k
yz xz kz i z i kσ + σ = τ + τ = . (2) 

o%K3 %"3 % …%!S …% % !%ƒ"’ ƒ*3 3 ",C= *3 S_ “,“2 , ƒ%“ ! › …,. “,  S 
,“ %*= SL K3  C% =…% …,› . 

 gK3! …,L … % …%!S …%“2 , !%ƒ"’ ƒ%* C%ƒ…= , % “, "% %  « ⋅ » S ƒ=C,-

% 3 ",  S “3 , 2=* ƒ"=…% % %“…%"…% % ƒK3! …% % 0k
yzσ , 0k

xzσ , 0kw  S ƒK3-

! …% % *%!, 3"= …% % 1k
yzσ , 1k

xzσ , 1kw  !%ƒ"’ ƒ*S". d   _.… %_ C%K3 %", ƒ=-

“2%“3G % 2%  -3…* SL “2!,K*S" ( ,". [7, § 1]). g S …% ƒ ,  CS .% %  2%…*S 
- *2, ", 3 = 2  ƒ !%ƒ  3, = _.…SL "C ," …= =2!,  ƒ= S… 2  … "S-

% , , -3…* S , “2!,K*S" …=C!3› …  5 ( )jkf t  S C%.S …,. "S  C ! S? …  

6 ( )jkf t  …= %“ %"SL S…S_ jkL′ , 1, , kj N= … , 1,2, 3k = , … % …%!S …%“2S: 

 5 6( ),     ( ) ( ),     jk jk jk jk jk jk
nz nz jkf t w w f t t L

s
− + − +∂ ′σ − σ = − = ∈

∂
. 

Š32 jk
nz

±σ  2= jkw ±  – …=C!3› ……  S C ! S? ……  3 =2!, S …= S"% 3 jkL +′  S 

C!="% 3 jkL −′  ( *?% !3.=2,“  "S  jkA  % jkB ) K ! =. S…S_ jkL′  3 %*= …SL 

“,“2 S *%%! ,…=2 2!S?,…, jksO n . 
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 n“…%"…,L ƒK3! …,L !%ƒ"’ ƒ%*  0k
yzσ , 0k

xzσ  3 ƒ= ›…%“2S (1) ƒ=C, % 3 

",  S “3 , …=C!3› …% % “2=…3 0 ,hom( )k
yz zσ , 0 ,hom( )k

xz zσ    K ƒ ›…% % 

C!%“2%!3 ƒ 2=*, , “= , , .=…S …, , " =“2,"%“2 , S 2, , “= , , -

- *2= ,, ?% S " k - 3 CS"C!%“2%!S, S …=C!3› …% % “2=…3 0 ,interf( )k
yz zσ , 

0 ,interf( )k
xz zσ    *3“*%"%-% …%!S …% % C!%“2%!3 ,  ƒ S›-=ƒ…, , - *-

2= , ( ,". [7, § 20]): 

 0 0 0 ,hom 0 ,hom 0 ,interf 0 ,interfk k k k k k
yz xz yz xz yz xzi i iσ + σ = σ + σ + σ + σ , (3) 

 0 ,hom 0 ,hom 5 6

1 0

( ) ( )
( ) ( )

2 ( )

k

jk
jk

N jk jk
k k k

yz xz i
j L jk

f t iG f tiz i z dt
te z z

α
= ′

+
σ + σ =

π − −
∑ ∫ , (4) 

 
3

3

3 3
0 ,interf 0 ,interf 5 6

0 31

( ) ( )
( ) ( )

( )
j

N k j j
k k

yz xz
jj L

p f t icf tiz i z dt
t z x= ′

+
σ + σ =

π − −∑ ∫ , (5) 

 

 1 2

1 2 1 2
,      ,      1,2k kG G G

p c k
G G G G

= = =
+ +

. 

 gK3! …,L *%!, 3"= …,L !%ƒ"’ ƒ%* 1k
yzσ , 1k

xzσ , 1kw  G … "S % , . 

b!=.%"3 , 2 , ?% C ! S? ……  kw  ƒ= =…2,C %“*%_ -%! = S_ ƒ= %"% -
… 2  KS =! %…S …  !S"… ……  [7, 10] 

 ( , ) 0kw x yΔ =  

2= “*%!,“2=" ,“  S…2 != …, , C ! 2"%! …… , t3!’G, %2!, =G % S…2 -
!= …  C% =……  …=C!3› …  S C ! S? …  [4, 7]: 

 1
1 2

1( , ) ( ) ( )
2

[ ]y yk k k i xw x y A e A e e d
+∞

− ξ ξ − ξ

−∞

= ξ + ξ ξ
π ∫ , 

 
1

1 2( , ) ( ) ( )
2

[ ]
k y yk k i xk

xz
iG

x y A e A e e d
+∞

− ξ ξ − ξ

−∞

σ = − ξ ξ + ξ ξ
π ∫ , 

 1
1 2( , ) ( ) ( )

2
[ ]y yk k k i xk

yz

G
x y A e A e e d

+∞
− ξ ξ − ξ

−∞

σ = ξ − ξ + ξ ξ
π ∫  (6) 

! ƒ … "S % S -3…* S_ kA , , 1,2k = . 
 n“*S *, …= … “*S… ……%“2S ƒK3! …S !%ƒ"’ ƒ*, ƒ=…,*= 2  S *!=L%"S 3 %-
", 2=  ƒ S …% ƒ (1) ="2% =2, …% ƒ= %"% … 2 “  ƒ= %C% % %  % …%!S …% % 

!%ƒ"’ ƒ*3 0 ( )k
yz zσ , 0 ( )k

xz zσ , 2% 3 ƒK3! …S !%ƒ"’ ƒ*, 0 1k k
yz yzσ + σ , 0 1k k

xz xzσ + σ , 

0 1k kw w+ , ?% S“2 2 “  3 C!="SL =“2,…S (1), 3 “"%  ! 3, C%",……S ƒ= %-
"% … 2, …3 %"S *!=L%"S 3 %",: 

 01 11 02 120   0yz yz yz yzy y=+∞ =−∞
σ + σ = σ + σ =,   ( ) ( ) , (7) 

= 2=*%› ƒ=K ƒC 3"=2, 3 %", S = …% % .=…S …% % *%…2=*23 " !.… % % S 
…,›… % % CS"C!%“2%!S" – !S"…S“2  …=C!3› …  S C%.S …,. "S  C ! S? …  …= 
S…S_ C% S 3 =2 !S= S": 

 01 11 02 12

0 0yz yz yz yzy y= =
σ + σ = σ + σ( ) ( ) , 

 01 11 02 12

0 0x x x xy y
w w w w

= =
+ = +( ) ( )′ ′ ′ ′ . (8) 
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q,“2 3 S…SL…,. = K!, …,. !S"… …  (7), (8) “2%“%"…% … "S % ,. kA , 

, 1,2k = , !%ƒ"’ › % ƒ ",*%!,“2=……  (3)–(6) S !%ƒ",… …  0 ,hom( )k
yz zσ , 

0 ,hom( )k
xz zσ  ( ,". [7, §13]): 

 0 ,hom
0 5

1

1 sgn sin ( ) ( )
4

( )[
k

jk

N
k jk

yz jk jk
j L

y y t f t
∞

= ′−∞

σ = − + + α +
π ∑ ∫ ∫  

 
cos ( )

6sgn ( ) ( ) jki tjk
kiG f t e

ξ α
+ ξ ×]  

 0 0( ) sin ( )jk jk jki x x y y t
e dt d

− ξ − − ξ − + + α× ξ( )
, 

 0 ,hom
0 6

1

1 sgn sin ( ) ( )
4

( )[
k

jk

N
k jk

xz jk jk k
j L

y y t G f t
∞

= ′−∞

σ = − + + α −
π ∑ ∫ ∫  

 
cos ( )

5sgn ( ) ( ) jki tjki f t e
ξ α− ξ ×]  

 0 0( ) sin ( )jk jk jki x x y y t
e dt d

− ξ − − ξ − + + α× ξ( )
. 

 oS“   CS “2=…%"*, !%ƒ"’ ƒ*S" kA , , 1,2k = , 3 (6) S “C!%? ……  %2!, =-
…,. ƒ= ›…%“2 L =G % 

 
5 61 1

01

( ) ( )

exp ( ) ( )

q

jq

jq jqN
qk k k

yz xz
q k jq jqj L

f t iG f tGii dt
G G t i z z= ′

+
σ + σ = +

π + α − −∑ ∫  

 5 6

01

( ) ( )
2 exp ( ) ( )

k

jk

N jk jk
k q k

q k jk jkj L

G G f t iG f ti dt
G G t i z z= ′

− −
+

π + − α − −∑ ∫ , 

 1,2,      3k q k= = − . (9) 
0 L ",!=ƒ ƒKS =G2 “  Sƒ ƒ= ›…S“2  (13) 3 [4]   ƒK3! …% % *%!, 3-

"= …% % !%ƒ"’ ƒ*3 3 ",C= *3 *3“*%"%-% …%!S …% % C!%“2%!3 ƒ "* …… , 
K ƒ 3!=.3"=……  "C ,"3 S›-=ƒ…,. - *2S". 
 qCS""S …% ……  (1) ƒ 3!=.3"=……  (2)–(5), (9) %C,“3 2  …=C!3› …,L 
“2=… *3“*%"%-% …%!S …% % C!%“2%!3 ƒ “,“2 %  "…32!S …S. S S›-=ƒ…,. -
- *2S" “2%“%"…% … "S % ,. -3…* SL “2!,K*S". 
 d    *,. ƒ= =  2 %!S_ C!3›…%“2S -3…* S_ “2!,K*S" %›32  K32, =C!S-
%!S "S % , ,. g%*! =,  *?% _. C! “2=",2, 3 ",  S 2=--3…* SL 

 5 0 6 0( ) ( ),      ( ) ( )jk jk
jk jk jk jkf t Q t z f t b t z∗ ∗= δ − = δ − , 

 0 0 0 ,      1, , ,      1,2,3jk jk jk kz x iy j N k∗ ∗ ∗ ∗= + = =… , (10) 

2% "%…, =2, 32  -Sƒ, …,L ƒ S“2 ƒ%“ ! › …,. “,  S…2 …“,"…%“2S jkQ  S 

,“ %*= SL ƒ " , ,…%  " *2%!= a ! !“= jkb , ?% S 2  3 2% *=. 0 jkz =  

0jkz∗= . gS…2 !3"=" , (1) ƒ 3!=.3"=……  (2)–(5), (9), (10), %2!, =G % *% C%-

… …2, % …%!S …% % …=C!3› …% % “2=…3 *3“*%"%-% …%!S …% % C!%“2%!3 ƒ= S_ 
% …%!S …% % …="=…2=› ……  …= … “*S… ……%“2S, = 2=*%› “,“2 , ƒ%“ ! › -
…,. “,  S ,“ %*= SL "“ ! ,…S CS"C!%“2%!S" S …= _.…SL ›S: 

 0 0

1 0

( )
( ) ( )

2

kN
jk k jkk k

yz xz k
j jk

Q iG b tiz i z i
z z∗

=

+
σ + σ = τ + τ − −

π −
∑  

 
3

3 3

1 10 3 0

qk NN
jq q jqj j k

q kj jj jq

Q iG bp Q icb Gi i
G Gz x z z∗ ∗

= =

++
− − −

π π +− −
∑ ∑  

 
1 0

,   1,2,   3
2

kN
k q jk k jk

q k j jk

G G Q iG bi k q k
G G z z ∗

=

− −
− = = −

π + −
∑ . 



49 

 n …=* 3 KS %“2S ",C= *S" -3…* S_ “2!,K*S" G … "S % , ,. d   _.… % % 
",ƒ…= ……  … %K.S …% “*%!,“2=2,“  C "…, , % =2*%", , 3 %"= ,, ?% .=-
!=*2 !,ƒ3 2  % 2!, …S C=!= 2!, 2= .=…S …S " =“2,"%“2S … % …%!S -
…%“2S, …=C!,* = , 3 !=ƒS “, 2!, …% …="=…2=› …,. ƒ3“,  , kτ  2!S?,…: 

 0,    2 ,    1, , ,    1,2,3k k k k
nz nz nz nz k kN k+ − + −σ − σ = σ + σ = − τ = =… . (11) 

Š32 k
nz

±σ  – …%! = …S …=C!3› ……  …= " !.… % 3 « + » S …,›… % 3 « − » K -

! =. 2!S?,…, 3 __ %*= …SL “,“2 S *%%! ,…=2 ksO n  (!,“. 2). o ! .S  % 

“,“2 , *%%! ,…=2 ksO n    ",!=ƒ3 (1) ƒ SL“… G % ƒ= -%! 3 = , 

 exp ( )k k k k
nz sz yz xz ki i iσ + σ = σ + σ α[ ] , 

 0 0exp ( ) ( ) exp ( )k k k k k k kz x iy z i z s in i z= + = α + = + α + . 

c!=…, …S ƒ…= ……  …=C!3› …  …= K ! =. … % …%!S …%“2 L “2%“%"…% … -
"S % ,. -3…* SL “2!,K*S" ƒ…=.% , % ƒ= -%! 3 %  q%.% *% % – o S 
[7]. r ! ƒ3 2=2S %2!, =G % 

 0 0( ) ( ) ( ) ( )k k k k
nz k sz k nz k sz ks i s s i s± ±σ + σ = σ + σ ∓[ ]  

 5 6
5 6

( ) ( )1 ( ) ( )
2 2

k

k k
k k k

k k k
kL

f t iG f tif s iG f s dt
t s

′

+
+ + +

π −∫∓ [ ]  

 5 6

1, 0 0

( ) ( )
2 ( )

k

jk k k
jk

N jk jk
k

i i
j j L k k jk

f t iG f ti dt
te s z z e

α −α − α
= ≠ ′

+
+ +

π − + −
∑ ∫ [ ] [ ]

 

 
3

3

3 3
5 6

1 0 0 3

( ) ( )

( )k k
j

N k j j

i i
j L k k j

p f t icf ti dt
te s z x e− α − α

= ′

+
+ +

π − + −
∑ ∫ [ ]

 

 
5 6

( )
1 0 0

( ) ( )

( )

q

jq k k
jq

jq jqN
qk

i i
q k j L k k jq

f t iG f tGi dt
G G te s z z e

α −α − α
= ′

+
+ +

π + − + −
∑ ∫ [ ]

 

 5 6
( )

1 0 0

( ) ( )
2 ( )

k

k jk k
jk

N jk jk
k q k

i i
q k j L k k jk

G G f t iG f ti dt
G G te s z z e

− α +α − α
= ′

− −
+

π + − + −
∑ ∫ [ ]

, 

 1,2,      3k q k= = − , (12) 

 3 3 0 3 0 3
3 3 3 3( ) ( ) ( ) ( )nz sz nz szx i x x i x± ±σ + σ = σ + σ ∓[ ]  

 

3

3 3
3 3 5 6

5 3 6 3
3

( ) ( )
( ) ( )

k
k

L

p f t icf tip f x icf x dt
t x

′

+
+ + +

π −∫∓ [ ]  

 
3

3

3 3
5 6

3 0 3 0 31,

( ) ( )
( )

m

N k m m

mm m L

p f t icf ti dt
t x x x= ≠ ′

+
+ +

π − − +∑ ∫  

 5 6

1 3 0 0 3

( ) ( )
2 ( )

k

jk
jk

N jk jk
k

i
j L jk

f t iG f ti dt
te x z x

α
= ′

+
+ +

π − − +
∑ ∫  

 
5 6

1 3 0 0 3

( ) ( )

( )

q

jq
jq

jq jqN
qk

i
q k j L jq

f t iG f tGi dt
G G te x z x

α
= ′

+
+ +

π + − − +
∑ ∫  

 5 6

1 3 0 0 3

( ) ( )
2 ( )

k

jk
jk

N jk jk
k q k

i
q k j L jk

G G f t iG f ti dt
G G te x z x

− α
= ′

− −
+

π + − − +
∑ ∫ , 

  1,2,      3k q k= = − . (13) 
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Š32 0 k
nzσ , 0 k

szσ  – …=C!3› ……  0k
nzσ , 0k

szσ  3 %*= …SL “,“2 S *%%! ,…=2 

ksO n  …= %“ %"SL S…S_ 2!S?,…, kL . r ƒ= ›…%“2 . (12) " !.… % 3 ƒ…=*3 

"S C%"S =G ƒ…= ……  1k = , = …,›… % 3 – 2k = . 
 oS “2=…%"*= (12), (13) 3 C !  ƒS “CS""S …% …  (11) =G …3 %"S ƒ…= …-

…  -3…* SL “2!,K*S" …=C!3› … : 5 0kf = , 1, , kN= … , 1,2, 3k = . oS“   

CS “2=…%"*, (12), (13) 3 !3  ƒS “CS""S …% …  (11) %2!, =G % “,“2 3 “,…-
3  !…,. S…2 != …,. !S"… …  “2%“%"…% … "S % ,. -3…* SL “2!,K*S" C%.S -

…,. "S  C ! S? …  6
kf : 

 56
6

( )1 2 Re ( )

k k

k
k

kq
k kL L

f t
dt C f dt

t s G
′ ′

− −
π −∫ ∫  

 2 5
6

1,

2 Re ( )
k

jk

N
jk

jk jkq
k j j L

C C f t dt
G = ≠ ′

− + −∑ ∫ ( )  

 
3

3

4 3 3
6 3 6

1 1

2 2Re Re
q

jq j

N N
jq j

jqk j
k kj jL L

C f dt C f dt
G G= =′ ′

− − =∑ ∑∫ ∫( ) ( )  

 0 22 ( ) ,  1, , ,  1,2,  3k k
nz k k

k k
s N k q k

G G
τ

= σ + = = = −… , (14) 

 
3

3 3

3 3
6 6

3 3 0 3 0 31,

( ) ( )1 1
( )

m

N m

mm mL L

f t f t
dt dt

t s t s x x= ≠′ ′

+ −
π − π − − +∑∫ ∫  

 1 1
6 6

1 1

1 1( ) ( )
2 2

qk

jk jq

NN
jk jq

jkq jqk
j jL L

C f t dt C f t dt
c c= =′ ′

− − =∑ ∑∫ ∫  

 0 3 3
3

1 ,      1, ,nz N
c c

τ
= σ + = … , (15) 

 

 
3 0 0 31

2 2
3 0 0 3 0

cos ( )1
cos ( ) sin ( )

q k jk jk
jkq

q k jk jk jk jk

G G t s x x
C

G G t s x x t y

α − + −
=

π + α − + − + α +( ) ( )
, 

 2

0 0

1
2 ( )jk k k

k
jk i i

k k jk

G
C

te s z z e
α −α − α

= −
π − + −[ ] [ ]

, 

 3
3

0 0 3

1

( )k k
j i i

k k j

cC
te s z x e− α − α= −

π − + −[ ]
, 

 4
( )

0 0

1 1

( )jq k k

q k
jqk i i

q k
k k jq

G G
C

G G te s z z e
α −α − α

= −
π + − + −[ ]

, 

 5
( )

0 0

1
2 ( )k jk k

k qk
jkq i i

q k k k jk

G GG
C

G G te s z z e
− α +α − α

−
=

π + − + −[ ]
. 

d   __ !%ƒ"’ ƒ=……  ",*%!,“2=G % % =2*%"S 3 %", % …%ƒ…= …%“2S C ! -
S? …  C!, %K.% S …="*% % 2!S?,…, (3 %", !S"…%"= , ƒ= %"% … 2 “  

="2% =2, …%): 
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 6 ( ) 0,      1, , ,      1,2,3

k

k
k

L

f t dt N k
′

= = =∫ … . (16) 

 q,“2 3 “,… 3  !…,. S…2 != …,. !S"… …  (14)–(16) !%ƒ"’ ƒ3G % -
2% %  *% %*= SL ƒ ",*%!,“2=……  !%ƒ",… ……  -3…* SL “2!,K*S" 3 “*S… ……S 
“3 , ! 3 ƒ ", S …%  *%! … "%  %“%K ,"S“2  [5, 7]: 

 6 2
0

( )

1

jk
m mN

jkjk

m

jk

tA T
a

f t
t

a
=

⎛ ⎞⎜ ⎟
⎝ ⎠

=
⎛ ⎞− ⎜ ⎟
⎝ ⎠

∑ , (17) 

 jk
mA  – 3*=…S *% -S SG…2,; mT  – C% S…% , ) K, %"= C ! % % !% 3. 

 n …SG  ƒ %“…%"…,. .=!=*2 !,“2,* 2!S?,…%“2SL*%“2S =2 !S= 3 G *% -S-
SG…2 S…2 …“,"…%“2S …=C!3› …  [7]. d   2!S?,… jPm 3 " ! ,…=. … % …%!S -

…%“2 L A  , B  %K ,“ G % ƒ= -%! 3 = , [1, 7, 10] 

 , , 3, , 3
3 6 3 62,      2 2jk A B jk j A B j

kK G p K cp± ±= ± π = ± π/ / , 

 6 6lim ( ) ,     1, , ,     1,2,3
jk

jk jk
jk jk k

t a
p a t f a j N k±

→±
= ± = =∓ …[ ] . 

b!=.%"3 , (17), ƒ=C, % 

 , ,
3

0

( 1)
2

N
jk A B jk mk

jk m
m

G
K a A

=

= ± π ±∑ , 

 3, , 3
3 3

0

( 1)
N

j A B j m
j m

m

K c a A
=

= ± π ±∑ . 

Š32 ƒ…=* « + » ",K,!=G %   C!="%_ ( )B  " ! ,…,, = « − » –   S"%_ ( )A . 
 r %“ S › …,. …,›  C!,* = =. …=" …% ,“ %"S !%ƒ!=.3…*, …%! %-
"=…,. …="=…2=› ……  S CS" %"›,…%  2!S?,…, *% -S SG…2S" S…2 …“,"…%“2S 

…=C!3› …  0 , , ,
3 3
A B jk A B

jk jkK K a= τ π/ . d   %2!, =……  jPm ƒ C%.,K*% , …  

",?%  "S  1 %, %“2=2… % "!=.%"3"=2, 80N =  C ! ,. …S" 3 !%ƒ",… ……S 
(17) -3…* SL “2!,K*S". 
 o0(*+ $ 1. d%“ S , % *3“*%"%-% …%!S …,L CS"C!%“2S! ƒ "S …%  "S  …=-
"=…2=› ……  › , …=., …%  CS  *32%  α  % S…S_ C% S 3 =2 !S= S" (%“S 
Ox ). 0 …2! “, 2!, …% …="=…2=› …%_ ƒ3“,  , τ  S›-=ƒ…%_ 2!S?,…, 3L  

%"›,…, 32a  ›,2  3 2% S 03( , 0)x . b ! ,…= A  - *23 !%ƒ S? …= …= 

"S …%“…SL "S “2=…S 0 3 03 3 1d d a x a= = −/ /  "S  ›S CS"C!%“2%!3 (!,“. 3 ). Pƒ 

ƒ=“2%“3"=……  2% 3 C! % % ",!Sƒ3"=……  ",.S …3 ƒ= = 3 ƒ" …% % 
%“ S › ……  *3“*%"%-% …%!S …% % C!%“2%!3 ƒ 2! % = 2!S?,…= , 1L , 2L , 3L , 

 2!S?,…, 1L , 2L  %“2=2… % " ,*%_, =  “*S… ……%_ %"›,…, % 2  
"S …3 "S  …="=…2=› ……  ›3 2S = (!,“. 3!). 

 
  ) !) 

Рис. 3 
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bS …%“…S %"›,…, 2!S?,… 1L , 2L  C!,L =G % % …=*%", ,: 1 3a a =/  

2 3a a a= =/ ; *32, …=., 3 – 1 2α = α = α ; 0 3aε = ε /  – "S …%“…= "S “2=…  S› 

" ! ,…= , % ,. 2!S?,…. p=…S  3 [2] S [4] ƒ ",*%!,“2=……  2% 3 
C! % % ",!Sƒ3"=……  K3 % %“ S › …% ƒ= = 3   CS"C!%“2%!3, = 2=*%› % -
…%!S …% % * ,…= ƒ 2%…*,  - *2% . d   %2!, =……  jPm ƒ C%.,K*% , ?% …  
C ! ",?3"= = .0 1%, %“2=2… % K3 % "ƒ 2, 15a = . Š% 3 S 3 % 3 ",C= *3 
%K ,“ ……  ƒ SL“… "= ,   2=*,. “= ,. "S …%“…,. %"›,… 1L , 2L : a =  

15= , 410−ε = . r 2=K . 1 C% =…% ƒ…= ……  …%! %"=…,. jPm 0
3
ABK =  

3 3
ABK a= τ π/    1d =  2= !Sƒ…,. ƒ…= …  *32= α  S "S …%“…% % % 3   ƒ“3-

"3 2 1G G/  “* = %",. =2 !S= S". 

Таблиця 1. Нормовані КІН для міжфазної тріщини в кусково-однорідному півпросторі. 
 0

3
AK  

α  

2 1G G/  
2 18π/  4 18π/  6 18π/  9 18π/  12 18π/  14 18π/  16 18π/  

1/10000 1.025 1.029 1.034 1.048 1.084 1.149 1.368 
1/2 1.179 1.079 1.053 1.048 1.069 1.118 1.284 
1 1.235 1.099 1.061 1.048 1.061 1.099 1.235 
1 [7] 1.235 1.099 1.061 1.048 1.061 1.099 1.235 
2 1.284 1.117 1.069 1.048 1.053 1.079 1.179 
23.08 1.358 1.145 1.081 1.048 1.036 1.036 1.050 
23.08 [10] 1.359 1.145 1.081 – 1.037 1.037 1.051 
10000 1.368 1.149 1.083 1.048 1.034 1.029 1.025 
 0

3
BK  

α  

2 1G G/  
2 18π/  4 18π/  6 18π/  9 18π/  12 18π/  14 18π/  16 18π/  

1/10000 1.014 1.016 1.019 1.028 1.048 1.090 1.239 
1/2 1.113 1.047 1.031 1.028 1.040 1.070 1.183 
1 1.150 1.059 1.036 1.028 1.036 1.059 1.150 
1 [7] 1.150 1.059 1.036 1.028 1.036 1.059 1.150 
2 1.183 1.071 1.040 1.028 1.031 1.047 1.113 
23.08 1.232 1.088 1.048 1.028 1.021 1.021 1.030 
23.08 [10] 1.232 1.088 1.048 – 1.022 1.022 1.031 
10000 1.239 1.090 1.049 1.028 1.019 1.016 1.014 

 d   C%!S"… ……  …%! %"=…,. jPm C!, 2 1 23.08G G =/  (C=!= C%*“, –
= S…SL ƒ S …% ƒ [10]) % =2*%"% C% =…% ƒ…= ……  jPm, %2!, =…S 3 [10] ƒ 
",*%!,“2=……  S…2 != …% % C ! 2"%! ……  l S…=   "%* ,…%"%_ 
“2!3*23!, ƒ S›-=ƒ…%  2!S?,…% . d   % …%!S …% % CS"C!%“2%!3 2 1( 1)G G =/  
ƒ %!SG…2%"=…%  CS  *32%  α  % L% % ›S 2!S?,…%  !Sƒ…,   S› %2!, =-
…, , 232 ƒ…= …… , jPm S !%ƒ!=.%"=…, , …= %“…%"S ƒ= ›…%“2 L   
% …%!S …% % CS"C!%“2%!3 ( ,". [4, C. 3] S [7, §22]) …  C ! ",?3"= = .0 1%, ?% 
% =2*%"% CS 2" ! ›3G %“2%"S!…S“2  ƒ=C!%C%…%"=…% % CS .% 3. 

 r 2=K . 1 “C%“2 !S =G % “, 2!S  %2!, =…,. ! ƒ3 2=2S", ?% G % =2-
*%",  “"S ……  _.… %_ %“2%"S!…%“2S: ƒ…= ……  jPm S›-=ƒ…%_ 2!S?,…, 

  "S …%“…% % % 3   C!3›…%“2S 1 2G G/  S *32= …=., 3 ›S α  ƒ 2% …S“2  
% C%.,K*, %K ,“ …  ƒKS = 2 “  ƒS ƒ…= …… , jPm   %K !… …% % "S …%“-
…% % % 3   C!3›…%“2S =2 !S= S" 2 1G G/  S *32= …=., 3 ›S π − α . d   

ƒ…= ……  2α = π/  CS 2" ! › …% "S %  [10, 13]  ",?  … ƒ= ›…%“2S jPm 
S›-=ƒ…%_ 2!S?,…, 3 “, 2!, …% 3 “2%“%"…% S…S_ C% S 3 =2 !S= S" *3“-
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*%"%-% …%!S …% 3 CS"C!%“2%!S "S  % 3 S" ƒ“3"3 “* = %",. =2 !S= S" 3 !=ƒS 
S_ ƒ = =…% % …="=…2=› …… . 

 r 2=K . 2 C% =…% ƒ…= ……  jPm 0
3
AK , 0

3
BK    3α = π/ , 2 1 23.08G G =/  S 

!Sƒ…%_ "S …%“…%_ "S “2=…S d  "S  "S“2!  2!S?,…, % ›S CS"C!%“2%!3. p ƒ3 -
2=2, ,. !%ƒ!=.3…*S" ƒS“2=" …% ƒ =…, ,, %2!, =…, , 3 C3K S*= S_ [10]. 

Таблиця 2. Нормовані КІН для міжфазної тріщини у кусково-однорідному 
півпросторі для різних значень d . 

 0
3
AK  

d  0.05 0.07 0.1 0.25 0.5 0.75 1 2 

lob  2.054 1.861 1.686 1.346 1.181 1.116 1.081 1.031 
[10] – – 1.685 1.346 1.181 1.116 1.081 1.031 
δ , % – – 0.06 0 0 0 0 0 

 0
3
BK  

d  0.05 0.07 0.1 0.25 0.5 0.75 1 2 

lob  1.226 1.208 1.188 1.130 1.086 1.063 1.048 1.022 
[10] – – 1.187 1.130 1.086 1.063 1.048 1.022 
δ , % – – 0.08 0 0 0 0 0 

 l … = …S› 0.1% "S …%“…= !Sƒ…,   δ  C!, ƒ=“2%“3"=……S "%. C!,… ,C%"% 
!Sƒ…,. 2% S" …="S2    %"% S K ,ƒ *% % !%ƒ S? ……  "S“2!  S›-=ƒ…%_ 
2!S?,…, % ƒ % %"=…%_ ›S *3“*%"%-% …%!S …% % CS"C!%“2%!3 ( 0.1)d =  
ƒ=“"S 3G ",“%*3 - *2,"…S“2  lob. 
 o0(*+ $ 2. d%“ S , % C% SK…,L % C%C ! … % % C!,* =  3 !=ƒS S_ …= 
K ! , 2!S?,…,-?S ,…, ƒ="2%" *, 02h  3 __ …2!S (2% *, ƒ K ƒ!%ƒ S!…, , 

*%%! ,…=2= , ( 1, )d h+ ± ,  0 3h h a= / ) % ,…, …,. C!%2, ›…% “C! %"=-

…,. ƒ%“ ! › …,. “,  kQ  (!,“. 4). d   %K ,“ …  ",K,!=G % 2=*S ƒ…= ……  

% 2!, …,. S -Sƒ, …,. C=!= 2!S" %“ S ›3"=…%_ “2!3*23!,: 15a = , 
410−ε = , 0.1h = , 1d = , 4α = π/ , 2 1 23.08G G =/ . 

 
  ) !) 

Рис. 4 
g…= ……  …%! %"=…,. *% -S SG…2S" S…2 …“,"…%“2S …=C!3› …  “* = = 2  

0
3 0.395AK = , 0

3 0.364BK = ,  0 , ,
3 3 3
A B A BK K a Q= π/ . m= !,“. 5 C%K3 %"=…% 

S…S_ !S"…  K ƒ!%ƒ S!…,. …=C!3› …  3xz xza Q′σ = σ /  (!,“. 5 ) S 3yz yza Qσ = σ /  

(!,“. 5!) %“ S ›3"=…%_ ƒ= = S “2%“%"…% %“ L *%%! ,…=2 3x x a′ = / , 3y y a′ = / . 
m= !,“. 5 “C%“2 !S =G % % ", …  “, …  ƒ 3? ……  S…SL !S"…  " %*% S 

S_ “, %"% % …="=…2=› ……  S KS   -!%…2S" ?S ,…,. g= …= "…%“2S *%… …2!=-
2%!= …=C!3› …  – 2!S?,…, – C%  …=C!3› …  !%ƒ ,!, %“ , C!, % 3 “2=" 
% ", …,  "C ," ›S 2S = (ƒ= "S “32…%“2S 2!S?,…, "C ," ›S 2S = …= …=-
C!3› …,L “2=… %“ S ›3"=…%_ %K =“2S K3" C!=*2, …% "S “32…SL). 
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Рис. 5 
 o0(*+ $ 3. d%“ S , % C%ƒ %"›…SL ƒ“3" *3“*%"%-% …%!S …% % * ,…= ƒ 
S›-=ƒ…%  2!S?,…% . l ›S * ,…= "S …S "S  …="=…2=› …… . j32, !%ƒ., 3 

% …%!S …,. “* = %",. * ,…= – kα , % 3 S C!3›…%“2S – kG , 1,2k = . 0 …2! 

“, 2!, …% …="=…2=› …%_ ƒ3“,  , τ  S›-=ƒ…%_ 2!S?,…, 3L  %"›,…, 

32a  !%ƒ S? …,L 3 2% S 03( ,0)x . Pƒ ƒ=“2%“3"=……  2% 3 C! % % ",!Sƒ3-

"=……  ",.S …3 ƒ= = 3 ƒ" …% % %“ S › ……  *3“*%"%-% …%!S …% % C!%“2%-
!3 ƒ 2! % = 2!S?,…= , 1L , 2L , 3L ,  1L , 2L  % 2  "S …3 "S  …="=…-
2=› ……  ›3 2S = (!,“. 6!). 

 
  ) !) 

Рис. 6 
bS …%“…S %"›,…, 2!S?,… 1L , 2L  ""=›=2, % % …=*%", ,: 1 3a a =/  

2 3a a a= =/ ; 0ε  – "S “2=…  "S  "S“2!  % %_ 2!S?,…, % "S!23= …%_ 

" ! ,…, * ,…= O . nK ,“ ……  ƒ SL“… …%   2=*,. ƒ…= …  C=!= 2!S": 

15a = , 4
0 3 10a −ε = ε =/  2= %*! ,. *% KS…= SL ƒ…= …  *32S" !%ƒ., 3 

* ,…S". 

  
 Рис. 7 Рис. 8 
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 m= !,“. 7 C% =…% !=-S*, ƒ= ›…%“2S …%! %"=…,. jPm 0
31
AK  KS   S"% % 

"S“2!  2!S?,…, "S  "S …%“…% % % 3   C!3›…%“2S “* = %",. =2 !S= S"   
!Sƒ…,. *32S" 1α . b, " …%, ?%   3›  C% =2 ,"% % =2 !S= 3 * ,…= kS  

…%! %"=…,L jPm S›-=ƒ…%_ 2!S?,…, …  ƒ= ›,2  "S  L% % *32= !%ƒ., 3 

kα . d   % …=*%",. *32S" !%ƒ., 3 * ,…S" 1 2( )α = α  CS 2" ! › …% "S % ,L 

[10, 13, 14] -=*2 … ƒ= ›…%“2S jPm "S  % 3 S" C!3›…%“2S =2 !S= S" (!,“. 7, 
S…S  1 2 4α = α = π/ ). gS ƒ!%“2=……  % 3   C!3›…%“2S 2G  “C%“2 !S =G % 

ƒ!%“2=……  jPm   *32S" 1 2α < α  S L% % ƒ … ……    1 2α > α . gKS …-
…  *32S" !%ƒ., S" * ,…S" “C!, ,… G ƒ … ……  jPm. 

 m= !,“. 8 …=" …% !=-S*, ƒ= ›…%“2S …%! %"=…,. jPm 0
31
AK  "S  "S -

…%“…%_ "S “2=…S % "S!23= …%_ " ! ,…, O  ƒ % %"=…% % * ,…=. nK ,“ …-
…  ",*%…=…%   !Sƒ…,. *32S" !%ƒ., S" 1 2α = α = α . q, 2!S  * ,…= “2%“%"-

…% %“S Ox  !%ƒ S? ……  2!S?,…, C%!% ›3G … ƒ= ›…S“2  jPm "S  % 3 S" 
ƒ“3"3 =2 !S= S" 1G , 2G . 

 o0(*+ $ 4. d%“ S , % "% =!%"3 “2!3*23!3 ƒ "S …%  "S  …="=…2=-
› ……  › . l% 3 S C!3›…%“2S “* = %",. =!S" – kG , 1,2k = . 0 …2! “,-

2!, …% …="=…2=› …%_ ƒ3“,  , τ  S›-=ƒ…%_ 2!S?,…, 3L  %"›,…, 32a  
!%ƒ S? …% 3 C% =2*3 “,“2 , *%%! ,…=2.  

 

Рис. 9 
 “* S " C%C ! …S. C!,* = =., Sƒ ƒ=“2%“3"=……  2% 3 C! % % ",!Sƒ3-
"=……  ",.S …3 ƒ= = 3 ƒ"% , % % ƒ= = S %“ S › ……  *3“*%"%-% …%!S …% % 
C!%“2%!3 ƒ 2! % = 2!S?,…= , 1L , 2L , 3L ,  1L , 2L  % 2  "S …S "S  

…="=…2=› ……  ›S 2S = (!,“. 9). bS …%“…S %"›,…, 2!S?,… 1L , 2L  ""=›=G % 

% …=*%", ,: 1 3 2 3a a a a a= =/ / . j%%! ,…=2, …2!S" – 10,H( )  S 20,H( )  "S C%-

"S …%. nK ,“ ……  …%! %"=…,. jPm 0 0 0
3 3 3
A BK K K= =  ",*%…=…%   15a =  2= 

%*! ,. "S …%“…,. ƒ…= …  3kH a/ , 1,2k = , C!, !Sƒ…,. "S …%“…,. ƒ…= …… . 

% 3 S" C!3›…%“2S “* = %",. =2 !S= S". nK ,“ …S ƒ…= ……  jPm 3 “"%_. 
!=…, …,. ",C= *=. ƒKS = 2 “  ƒS ƒ…= …… ,, %2!, =…, , " S2 !=23!S ƒ 
C%.,K*% , …  KS %  "S  .0 1%. g%*! =,   % …%!S …%_ “ 3 , ( 2 1G G= , 

3 1kH a =/ ) ƒ …2!= …%  2!S?,…%  %2!, =…  ƒ…= ……  jPm 0
3 1.149K =  

ƒKS =G2 “  ƒS ƒ…= …… ,, C% =…, , 3 [4, 5, 7]. d   % …%!S …% % CS"C!%“2%!3 

( 2 1G G= , 1 3 1H a =/ , 2 3 10H a =/ ) %K ,“ …  ƒ…= ……  jPm 0
3 1.091K =  2=*%› 

ƒKS =G2 “  ƒ ! ƒ3 2=2= , !%KS2 [4, 7]. “* S " C%C ! … % 3 C!,* = S   
“, 2!, …%_ "% =!%"%_ “2!3*23!, ( 3 1kH a =/ , 1,2k = ), %2!, =…S ƒ…= ……  

jPm S›-=ƒ…%_ 2!S?,…, …  ƒ= ›=2  "S  % 3 S" C!3›…%“2S =2 !S= S". gS 
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МЕТОД ПРЯМОГО ВЫРЕЗАНИЯ В ЗАДАЧАХ КУСОЧНО-ОДНОРОДНЫХ ТЕЛ С 
МЕЖФАЗНЫМИ ТРЕЩИНАМИ ПРИ ПРОДОЛЬНОМ СДВИГЕ 
 
p=ƒ!=K%2=……/L !=…  2%  C! % % "/! ƒ=…,  !=“C!%“2!=… … …= * =““ ƒ= =  
3C!3 % % !="…%" “,  *3“% …%-% …%!% …/. 2  “ "…32! ……, , , ›-=ƒ…/ , -
- *2= , 2,C= 2! ?,… C!, =…2,C %“*%L -%! = ,,. l 2%  ƒ=* = 2“  " %-

,!%"=…,, ,“.% …%L ƒ= = ,   2 = “ 2%…*, , "* …, , (" =“2…%“2,, 
2! ?,…= ,) “ C% %?  K%  C!%“2%L ƒ= = , 3C!3 % % !="…%" “,  *3“% …%-% …%-
!% …% % C!%“2!=…“2"= “ 3" , ……/  *% , “2"%  2%…*,. - *2%", *%2%!/ , " 
“"%  % ! , -%! ,!3 2 …%"/  !=…, / ,““ 3 % % 2 =. d%“2%" !…%“2  C! -
%› ……% % C% .% = =C!%K,!%"=…= …= C!, !=. ƒ= =  C!% % …% % “ ", = *3“% …%-
% …%!% …% % * ,…=, C% 3C!%“2!=…“2"=, = 2=*›  "3.“ %L…%L C% %“/ “ ›-=ƒ…%L 
2! ?,…%L C!, L“2",, % …%!% …%L …= !3ƒ*, , “%“! %2% ……/. -=*2%!%". 
 
THE METHOD OF DIRECT CUTTING-OUT IN THE PROBLEMS OF PIECEWISE-HOMOGENEOUS 
BODIES WITH INTERFACIAL CRACKS UNDER LONGITUDINAL SHEAR 
 
The method of direct cutting-out developed earlier is extended to a class of problems of 
elastic equilibrium of piecewise-homogeneous bodies with internal and interfacial crack-
type defects under antiplane deformation. The method consists in modeling the initial 
problem for a body with thin inclusions (in particular cracks) by a simpler problem on 
elastic equilibrium of piecewise-homogeneous space with an increased number of thin 
defects, which form new boundaries of investigated body. The reliability of proposed 
approach has been tested on examples of the problems on longitudinal shear of pie-
cewise-homogeneous wedge, piecewise-homogeneous half-space, and two-layered strip 
with interfacial crack under uniform load and concentrated factors. 
 
1 P…-2 C!,* . C!%K  .=…S*, S =2 =2,*, 
S . “. q. oS “2!, = = m`m r*!=_…,, k "S", n !›=…% 

2 k "S". …= . 3…-2 S . P"=…= t!=…*=, k "S" 17.11.16 
  
 
 
 


