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І. Б. Прокопович  
 
ВИРАЗИ ДЛЯ ЕФЕКТИВНОЇ ДІЕЛЕКТРИЧНОЇ ПРОНИКНОСТІ 
НАПРУЖЕНОГО ІЗОТРОПНОГО МАТЕРІАЛУ  
 

Çà äîïîìîãîþ ìåòîäó â³ëüíî¿ äèñòîðñ³¿ çàãàëüíå (íåë³í³éíå) ïîòåíö³àëüíå ä³-
åëåêòðè÷íå ð³âíÿííÿ ñòàíó â ïî÷àòêîâî íàïðóæåíîìó ³çîòðîïíîìó ìàòåð³-
àë³ çâåäåíî äî ôîðìóëè ÷åðåç åôåêòèâíó ïðîíèêí³ñòü. Ïîáóäîâàíî äâà ð³çíèõ 
òåíçîðè ïðîíèêíîñò³: îäèí – áåçïîñåðåäíüî çàëåæíèé â³ä ïîòî÷íèõ íàïðó-
æåíü, àëå íå ñï³ââ³ñíèé ç íèìè, à ³íøèé – çàëåæíèé â³ä ïîòî÷íî¿ íàêîïè÷åíî¿ 
ïðóæíî¿ äåôîðìàö³¿ ³ ñï³ââ³ñíèé ç íåþ. Ïîêàçàíî, ùî, êîëè âåêòîð ä³åëåêò-
ðè÷íî¿ íàïðóæåíîñò³ çá³ãàºòüñÿ ç ãîëîâíèì íàïðÿìêîì òåíçîðà ïîòî÷íî¿ 
ïðóæíî¿ äåôîðìàö³¿, òîä³ öåé òåíçîð ³ òåíçîðè ïðîíèêíîñò³ òà íàïðóæåíü 
ñòàþòü ñï³ââ³ñíèìè. Äëÿ äèíàì³÷íî¿ ïðîíèêíîñò³ ïîáóäîâàíî âèðàç, ÿêèé 
çàëåæèòü â³ä òåíçîðà ïî÷àòêîâî¿ ïðóæíî¿ äåôîðìàö³¿ ³ ñï³ââ³ñíèé ç íèì, à 
òàêîæ – â³äïîâ³äíî ç òåíçîðîì ïî÷àòêîâèõ íàïðóæåíü. Òàêèì ÷èíîì, äîâåäå-
íî, ùî íåë³í³éí³ åôåêòè, ÿê³ ñóïðîâîäæóþòü ïîøèðåííÿ åëåêòðîìàãí³òíèõ 
õâèëü ó íàïðóæåíîìó ³çîòðîïíîìó ä³åëåêòðèêó, íå âïëèâàþòü íà ¿õ ïîëÿðè-
çàö³þ óçäîâæ ãîëîâíèõ íàïðÿìê³â òåíçîðà ïî÷àòêîâèõ íàïðóæåíü.  

 
 Äëÿ êîìï’þòåðíî¿ òîìîãðàô³¿ òðèì³ðíèõ íåîäíîð³äíèõ ïîë³â íàïðóæåíü 
(íàïðèêëàä, çàëèøêîâèõ) ó ïðîçîðèõ ìàòåð³àëàõ ïîòð³áí³ ìàòåìàòè÷í³ ìî-
äåë³, ÿê³ ðàçîì ç ð³âíÿííÿìè åëåêòðîìàãíåòèçìó âêëþ÷àþòü ìàòåð³àëüíå 
ð³âíÿííÿ, ÿêå, ïîâ’ÿçóþ÷è ñïðÿæåí³ ïàðàìåòðè åëåêòðè÷íîãî ñòàíó – íà-
ïðóæåí³ñòü e  òà ³íäóêö³þ d , ðàçîì ç òèì âðàõîâóº âïëèâ ïî÷àòêîâèõ íà-
ïðóæåíü. Îñê³ëüêè êîíñòàíòè ôîòîïðóæíîñò³ çàëåæàòü â³ä ÷àñòîòè ñâ³òëà, 
òî â íàïðóæåíîìó ò³ë³ çâ’ÿçîê ì³æ ñïðÿæåíèìè ïàðàìåòðàìè åëåêòðè÷íîãî 
ïîëÿ, âçàãàë³ êàæó÷è, íåë³í³éíèé. 
 Ó çàãàëüíîìó âèïàäêó ð³âíÿííÿ ñòàíó äëÿ ïèòîìî¿ ïî îá’ºìó ³íäóêö³¿ â 
íàïðóæåíîìó ò³ë³ ìàº òàêèé âèãëÿä [4]: 

 ˆ ˆˆ U U1
, , , ( ) :c−

< >= − ρ = − ρ + ⋅ − −e e e ed S C I W W [ ] [ ] . (1) 

Òóò ρ  – ãóñòèíà ò³ëà; ( , )= C eW W  – â³äíåñåíà äî ìàñè åëåêòðè÷íà åíòàëü-

ï³ÿ; C , Ĉ  – ì³ðè Êîø³ äëÿ íàêîïè÷åíî¿ ïîâíî¿ òà ïðóæíî¿ äåôîðìàö³é â³ä-

ïîâ³äíî; ˆˆ detc = C  – ì³ðà íàêîïè÷åíî¿ ïðóæíî¿ îá’ºìíî¿ äåôîðìàö³¿; =W  

ˆ
ˆ( ) ( , )

=
= ≡

C I
e C eW W  – åëåêòðè÷íà åíòàëüï³ÿ â³ëüíîãî â³ä íàïðóæåíü ò³ëà; 

ˆ ˆˆU( , ) ( , ) ( )c≡ ρ −C e C e eW W[ ] – ïîòåíö³àë ïðóæíîñò³; ˆ,
ˆ U2

< >
≡

C
S  – ñèìåòðè÷-

íèé òåíçîð íàïðóæåíü Ï³îëè, â³äíåñåíèé äî íàòóðàëüíî¿ êîíô³ãóðàö³¿; I  – 

îäèíè÷íèé òåíçîð äðóãîãî ðàíãó; ( )e e  – ìîäóëü â³ëüíî¿ åëåêòðè÷íî¿ äèñ-

òîðñ³¿. Íèæí³é ³íäåêñ ï³ñëÿ êîìè îçíà÷àº â³äïîâ³äíó ïîõ³äíó. Ó êâàäðàòíèõ 
äóæêàõ â³í îçíà÷àº ïîõ³äíó çà ñòàëî¿ ïîâíî¿ äåôîðìàö³¿, à â êóòîâèõ – çà 
ñòàëî¿ ïðóæíî¿ äåôîðìàö³¿, áåç äóæîê – ïîõ³äíó â³ä ôóíêö³¿ â³ëüíîãî ñòà-
íó, íåçàëåæíî¿ â³ä äåôîðìàö³¿. Ó ïîð³âíÿíí³ ç íàïðóæåííÿìè ÷ëåí, ï³äêðåñ-

ëåíèé îäí³ºþ ðèñêîþ ó ð³âíÿíí³ (1), º íà ïîðÿäîê ˆ( )O E  ìåíøèì (òóò ˆ ≡E  
ˆ /( ) 2≡ −C I  – òåíçîð íàêîïè÷åíî¿ ïðóæíî¿ äåôîðìàö³¿). Òîìó íèì ìîæíà 

çíåõòóâàòè â ìåæàõ òî÷íîñò³ òåîð³¿ ìàëî¿ ïðóæíî¿ äåôîðìàö³¿: ˆ  ≈ ⇔C I  
ˆ ⇔ <<E I , à òàêîæ ïîêëàñòè ˆ 1c ≈ . ×ëåí, ï³äêðåñëåíèé äâîìà ðèñêàìè, òà-

êîæ íà ïîðÿäîê ˆ( )O E  ìåíøèé â³ä íàïðóæåíü. Â³í õàðàêòåðèçóº çàëåæí³ñòü 
ìîäóë³â ïðóæíîñò³ â³ä íàïðóæåíîñò³ åëåêòðè÷íîãî ïîëÿ ³, ÿêùî âîíà íåñóò-
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òºâà, òî é öèì ÷ëåíîì ìîæíà çíåõòóâàòè. Íàäàë³ â óñ³õ ôîðìóëàõ ÷ëåíè, 
ÿêèìè ìîæíà çíåõòóâàòè â ðàìêàõ ë³í³éíî¿ òåîð³¿ ïðóæíîñò³, ï³äêðåñëþâà-
òèìåìî îäí³ºþ ðèñêîþ, à ÷ëåíè, ùî õàðàêòåðèçóþòü çàëåæí³ñòü ïðóæíîñò³ 
â³ä åëåêòðè÷íîãî ïîëÿ, – äâîìà. 
 Íàÿâí³ñòü åëåêòðè÷íîãî ïîëÿ, âçàãàë³ êàæó÷è, íàâîäèòü â ³çîòðîïíîìó 
ìàòåð³àë³ òðàíñâåðñàëüíó ³çîòðîï³þ. Â³äïîâ³äíî ïîòåíö³àë ïðóæíîñò³ â öüî-
ìó âèïàäêó ìàº òàêèé ñàìèé âèãëÿä, ÿê ³ äëÿ òðàíñâåðñàëüíî ³çîòðîïíîãî 
ìàòåð³àëó: 

 ˆ ˆ ˆ ˆU U 1 2 3 1 2 3( , ) ( , , , , , )E E E e e e=E e , (2) 

äå 

 ˆ ˆ ˆ/ /1: ,         2,         1,2,3i i
i iE i e i−= = ⋅ ⋅ =E I e E e , (3) 

– ñêàëÿðè, ùî óòâîðþþòü ïîâíó ñèñòåìó íåçàëåæíèõ ³íâàð³àíò³â, ïîðîäæå-

íèõ òåíçîðîì äðóãîãî ðàíãó Ê  òà âåêòîðîì e . Ç ôîðìóë (2), (3) âèïëèâàº 
òàêå ð³âíÿííÿ ïðóæíîñò³:  

 ˆ
ˆ ˆ ˆU

, a n= = +
E

S S S . (4) 

Òóò  

 ˆ ˆˆ ˆ ˆ ˆ2
1 2 3 2 3,           ( )a n≡ Λ + Λ + Λ ≡ χ + χ ⋅ + ⋅S I E E S ee e Ee eE e , (5) 

äå ˆU/ U/,  i i i iE eΛ ≡ ∂ ∂ χ ≡ ∂ ∂ , , ,1 2 3i = . Äîäàíîê ˆ
nS  ó âèðàç³ (4) äîð³âíþº íó-

ëåâ³, ÿêùî ïðóæí³ âëàñòèâîñò³ íå çàëåæàòü â³ä íàïðóæåíîñò³. Âëàñíå â³í 
âðàõîâóº íàâåäåíó åëåêòðè÷íèì ïîëåì òðàíñâåðñàëüíó ³çîòðîï³þ, îñê³ëüêè 
ãîëîâí³ îñ³ ïåðøîãî äîäàíêà ó ôîðìóë³ (4) çá³ãàþòüñÿ ç ãîëîâíèìè îñÿìè 

ïðóæíî¿ äåôîðìàö³¿ Ê  (÷è ì³ðè Ĉ ). Âèðàçè (2), (4) çàäîâîëüíÿþòü óìîâó 
â³äñóòíîñò³ íàïðóæåíü ³ ïîòåíö³àëüíî¿ åíåðã³¿ ïðóæíî¿ äåôîðìàö³¿ çà â³ä-
ñóòíîñò³ îñòàííüî¿: 

 ˆ ˆ
ˆU

0 0
      0,         0

= =
∀ = =

E E
e S . (6) 

Ç äðóãî¿ óìîâè òà ç âèðàç³â (4) ³ (5) âèïëèâàº, ùî ˆ1 2 0
( ) 0

=
Λ + χ =

E
I ee , çâ³äêè 

îòðèìóºìî, ùî 1 2 0Λ = χ = , ÿêùî ˆ 0=E . 

 Äèôåðåíö³þþ÷è ïîòåíö³àë ïðóæíîñò³ (2) çà íàïðóæåí³ñòþ, ä³ñòàíåìî 
òàêèé âèðàç äëÿ ï³äêðåñëåíîãî äâîìà ðèñêàìè ÷ëåíà ó ôîðìóë³ (1): 

 ˆU, a= ⋅e e , 

äå 

 ˆ ˆˆ 2
1 2 3a ≡ χ + χ + χI E E  (7) 

– òåíçîðíèé ìíîãî÷ëåí, ïîä³áíèé äî ˆ
aS . Àëå ˆ ˆ( ) ( )aO O=S E , òîä³ ÿê ˆ( )aO =  

ˆ 2( )O= E , îñê³ëüêè ç óìîâ (6) âèïëèâàº, ùî  

ˆ ˆ ˆ,ˆ ˆ
10 0 0

0,        0  0a a= = =
χ = χ = ⇒ χ =eE E E

. 

 Êð³ì ïîòåíö³àëó ïðóæíîñò³, ó ð³âíÿíí³ (1) ñèìåòð³þ ìàòåð³àëó õàðàêòå-

ðèçóº ãîëîâíî ìîäóëü â³ëüíî¿ äèñòîðñ³¿ 1
,( ) −≡ ⋅e e e ee F F   , äå eF  – ì³ðà â³ëü-

íî¿ äèñòîðñ³¿, çóìîâëåíî¿ çì³íîþ íàïðóæåíîñò³ â³ä íóëüîâîãî çíà÷åííÿ äî 
âëàñíå ïîòî÷íîãî e . Äëÿ ³çîòðîïíîãî ìàòåð³àëó [3]  

 ( ) ( ) ( )F f= ⋅ + ⋅eF e e e I e e ee [ ] . (8) 

 Ñêàëÿðíèé êîåô³ö³ºíò F  ìàº çì³ñò â³äíîñíîãî âèäîâæåííÿ ìàòåð³àëü-
íèõ åëåìåíò³â ó ïëîùèí³, ïåðïåíäèêóëÿðí³é äî âåêòîðà íàïðóæåíîñò³. Êî-
åô³ö³ºíò âèäîâæåííÿ óçäîâæ âåêòîðà íàïðóæåíîñò³ äîð³âíþº (1 )F f+ ⋅e e . Ç 
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óìîâè ìàëî¿ â³ëüíî¿ äèñòîðñ³¿ ( ) ≈eF e I  âèïëèâàº, ùî 1F ≈ , 1f ⋅e e  . 

Îáåðíåíà ì³ðà äèñòîðñ³¿ ìàº òàêèé âèãëÿä [3]: 

 1 1( ) ( )F g− −= −eF e I ee , (9) 

äå /(1 )g f f≡ + ⋅e e . Ç ôîðìóë (8), (9) îòðèìàºìî òàêèé âèðàç äëÿ ìîäóëÿ 
â³ëüíî¿ äèñòîðñ³¿: 

 = ⋅e K e , (10) 

äå òåíçîð ÷åòâåðòîãî ðàíãó 

 2 22(ln ) (1 ) (2 )F f g f f fg′ ′≡ + − ⋅ + + − ≈K II e e J I eeI [ ]  

 2 22 ( ) 2F f f′ ′≈ + + +II J I eeI[ ] . (11) 

Òóò 2I  – òåíçîð-³íâåðòîð, :2 2 2=J I I  – îäèíè÷íèé òåíçîð, îáèäâà º ÷åòâåð-

òîãî ðàíãó [2]. Íàáëèæåíó ð³âí³ñòü îòðèìàíî íà ï³äñòàâ³ óìîâè ìàëî¿ â³ëüíî¿ 
äèñòîðñ³¿. Ï³äñòàâëÿþ÷è âèðàç (10) ó ð³âíÿííÿ ñòàíó (1) ³ âðàõîâóþ÷è, ùî 

äëÿ ³çîòðîïíîãî ìàòåð³àëó ( )= ⋅e e W W , îòðèìàºìî 

 ˆ ˆˆ ( ) ( , )c = ε ⋅ + ⋅d e e e X E e e , (12) 

äå 2 ′ε = − ρ  W  – åôåêòèâíà ïðîíèêí³ñòü â³ëüíîãî â³ä íàïðóæåíü ò³ëà, à 

ˆ ˆ( ) cρ ⋅ = ρe e  – éîãî ãóñòèíà, 

 ˆ ˆˆ ˆU( ) : a≡ ⋅ − −X S C I K   (13) 

– åôåêòèâíà ï’ºçîñïðèéíÿòëèâ³ñòü, ùî âèçíà÷àºòüñÿ íàïðóæåíèì ñòàíîì 
ò³ëà ³ äîð³âíþº íóëåâ³ çà â³äñóòíîñò³ íàïðóæåíü. Ï³äñòàâëÿþ÷è ñþäè ìî-
äóëü â³ëüíî¿ äèñòîðñ³¿ (11), îòðèìàºìî òàê³ âèðàçè äëÿ ïåðøèõ äâîõ äî-
äàíê³â: 

 ˆ ˆ ˆ ˆ ˆ ˆ: ln :2( ) (2 )F f fg′ ′⋅ = + − ⋅ ⋅ ⋅ +S C K S C e S C e I [ ]  

 ˆ ˆ ˆ ˆ(1 )f g f+ − ⋅ ⋅ + ⋅e e S C C S , (14) 

 U : 2U 3(ln ) (1 )F f g f′ ′≡ + − ⋅ + ⋅K I e e e e I [ ] . (15) 

Â³äêèäàþ÷è ó öèõ ôîðìóëàõ óñ³ íåë³í³éí³ ÷ëåíè òà ïîêëàäàþ÷è, ùî ïîòî÷í³ 

íàïðóæåííÿ òîòîæí³ ïî÷àòêîâèì: ˆ ˆ ˆ
0 0== ≡ eS S S , îòðèìàºìî íàáëèæåíèé âè-

ðàç äëÿ ï’ºçîñïðèéíÿòëèâîñò³, ùî ëåæèòü â îñíîâ³ ë³í³éíî¿ òåîð³¿ ôîòî-

ïðóæíîñò³ – ˆ ˆˆ ln :2 ( )F f′≈ +X S II S[ ] , äå ñêàëÿðí³ êîåô³ö³ºíòè â³ä³ãðàþòü ðîëü 
«êîíñòàíò» ôîòîïðóæíîñò³ [1]. 
 Ïîëÿðèçàö³ÿ ñâ³òëîâîãî ïðîìåíÿ ìîæëèâà ëèøå â òèõ ïëîùèíàõ, ó 
ÿêèõ íàïðÿìêè âåêòîð³â íàïðóæåíîñò³ òà ³íäóêö³¿ ïàðàëåëüí³, òîáòî çà óìî-

âè ˆ( ) 0× = × ⋅ =e d e X e , ÿêà ïîêàçóº, ùî âêàçàí³ âåêòîðè ïàðàëåëüí³ ëèøå 
âçäîâæ ãîëîâíèõ îñåé òåíçîðà ï’ºçîñïðèéíÿòëèâîñò³ (13). Íàïðÿìîê ãîëîâ-
íèõ îñåé äîâ³ëüíîãî òåíçîðà äðóãîãî ðàíãó A  âèçíà÷àºòüñÿ éîãî äåâ³àòîð-
íîþ ÷àñòèíîþ : /3≡ −DevA A A II . Ç ôîðìóë (13)–(15) ³ (7) îòðèìàºìî òàêèé 
âèðàç äëÿ äåâ³àòîðà ïðîíèêíîñò³: 

 ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( ) 2
2 32 (1 ) ( )f g f g f≡ − ⋅ + − ⋅ ⋅ + ⋅ − χ + χDevX Dev e e S e e S E E S E E( ) . (16) 

ßêùî òóò çíåõòóâàòè ï³äêðåñëåíèìè ÷ëåíàìè (ùî íà ïîðÿäîê ˆ( )O E  ìåíø³ 
â³ä íàïðóæåíü), òî îòðèìàºìî íàáëèæåíèé âèðàç äëÿ ï’ºçîñïðèéíÿòëèâîñò³, 
ÿêèé ïîêàçóº, ùî ¿¿ ãîëîâí³ íàïðÿìêè áëèçüê³ äî ãîëîâíèõ íàïðÿìê³â òåíçî-
ðà íàïðóæåíü.  
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 Ç âèðàçó (16) âèäíî, ùî òåíçîð ï’ºçîñïðèéíÿòëèâîñò³ ñï³ââ³ñíèé ç íà-
ïðóæåííÿìè ëèøå òîä³, êîëè âîíè, â ñâîþ ÷åðãó, ñï³ââ³ñí³ ç ïðóæíîþ äå-
ôîðìàö³ºþ. À ö³ äâà òåíçîðè, âçàãàë³ êàæó÷è, íå º ñï³ââ³ñí³ çà ðàõóíîê îñ-
òàííüîãî äîäàíêà ó ð³âíÿíí³ ïðóæíîñò³ (4), ÿêèé õàðàêòåðèçóº íàâåäåíó 
åëåêòðè÷íèì ïîëåì àí³çîòðîï³þ ïðóæíèõ âëàñòèâîñòåé, ùî âëàñíå ³ º ïðè-
÷èíîþ ðîçá³æíîñò³ ì³æ ãîëîâíèìè îñÿìè ïðóæíî¿ äåôîðìàö³¿ ³ íàïðóæåíü. 
Ïîêàæåìî, ùî, ÿêùî âåêòîð íàïðóæåíîñò³ ñïðÿìîâàíèé óçäîâæ ãîëîâíî¿ îñ³ 
òåíçîðà ïðóæíî¿ äåôîðìàö³¿ ÷è òåíçîðà íàïðóæåíü, òîä³ ö³ òåíçîðè ñï³ââ³ñ-
í³. Âðàõîâóþ÷è âèðàçè (5), ç ð³âíÿííÿ ïðóæíîñò³ (4) îòðèìàºìî  

 ˆ ˆ ˆ ˆˆ ˆ ˆ
2 3 3 3( ) ( ) ,    ( )a a⋅ = χ ⋅ + χ ⋅ ⋅ + + χ ⋅ ⋅ ⋅ = + χ ⋅ ⋅S e e e e E e I S e eE e S h S e eE h[ ] , 

äå h  – âåêòîð, ïåðïåíäèêóëÿðíèé äî e , òàê ùî 0⋅ =e h . Òåíçîðè â ïðàâèõ 
÷àñòèíàõ öèõ ð³âíîñòåé ñï³ââ³ñí³ ç òåíçîðîì ïðóæíî¿ äåôîðìàö³¿. Òîìó, ÿê-
ùî âåêòîð e  º ãîëîâíèì íàïðÿìêîì íàïðóæåíü, òî â³í îäíî÷àñíî º ³ ãîëîâ-
íèì íàïðÿìêîì ïðóæíî¿ äåôîðìàö³¿ ³, íàâïàêè. Öå æ ñàìå ñòîñóºòüñÿ ³ âåê-
òîðà h . Òàêèì ÷èíîì, äîâåäåíî, ùî òåíçîðè íàïðóæåíü ³ ïðóæíî¿ äåôîðìà-
ö³¿ ñï³ââ³ñí³, ÿêùî âåêòîð åëåêòðè÷íî¿ íàïðóæåíîñò³ ñïðÿìîâàíèé óçäîâæ 
äîâ³ëüíîãî ãîëîâíîãî íàïðÿìêó îäíîãî ç öèõ òåíçîð³â. 
 ßêùî ð³âíÿííÿ ïðóæíîñò³ (4) ³ âèðàçè (5) ï³äñòàâèòè çàì³ñòü íàïðó-
æåíü ó ôîðìóëó (12), òî ¿¿ ìîæíà çàïèñàòè ó âèãëÿä³ 

 ˆ ˆˆ ( ) ( , )ac = ε ⋅ + ⋅d e e e X E e e , (17) 

äå ˆ
aX  – åôåêòèâíà ïðîíèêí³ñòü, ñï³ââ³ñíà ç ïðóæíîþ äåôîðìàö³ºþ, Ä³éñíî, 

äëÿ íåñï³ââ³ñíèõ ç íåþ ÷ëåí³â ó âèðàç³ (14) îòðèìàºìî 

 ˆ ˆ ˆ ˆˆ ˆ2 2
3 32 ,         2a a⋅ ⋅ = + χ ⋅ ⋅ ⋅ ⋅ ⋅ = + χ ⋅ ⋅S C e e E eI e S C e e eE e( ) ( )  , 

äå òåíçîð  

 ˆ ˆ ˆ ˆ ˆ
2 3 3( )a a≡ ⋅ + ⋅ ⋅ χ + χ + χ ⋅ ⋅ ≈S C e C e I E e E eI  

 ˆ ˆ ˆ
2 3 3( )a≈ + ⋅ χ + χ + χ ⋅ ⋅S e e I E e E eI  (18) 

º ñï³ââ³ñíèé ç ïðóæíîþ äåôîðìàö³ºþ. Ï³äñòàâëÿþ÷è ö³ âèðàçè ó ôîðìóëè 
(14) ³ (13), îòðèìàºìî âèðàç äëÿ äåôîðìàö³éíî ñï³ââ³ñíî¿ ïðîíèêíîñò³ 

 ˆ ˆ ˆ ˆˆ ln : U U2( ) ( 3 ) (2 )( )a F f fg′ ′≡ − + − ⋅ ⋅ ⋅ − ⋅ −X S C e S C e e e{  

 ˆ ˆU U 2 2
3 3(1 )( 2 ) (2 ) 2af g f g f− + − ⋅ − χ ⋅ ⋅ + − ⋅ + χ ⋅ ≈e e e E e I e e e eE} [ ]  

 ˆ ˆ22 : (2 ) 2 aF f f f′ ′≈ + − ⋅ ⋅ +S I e S e I [ ] . (19) 

 Îòðèìàí³ âèùå ôîðìóëè âðàõîâóþòü çì³íí³ ïîòî÷í³ íàïðóæåííÿ Ŝ  ³ 

ïðóæíó äåôîðìàö³þ Ê , à íå ¿õ ñòàë³ ïî÷àòêîâ³ çíà÷åííÿ ˆ
0S , ˆ ˆ

0 0=≡ eE E . 

Ìîæíà ç ïåâí³ñòþ ñòâåðäæóâàòè, ùî ïîòî÷í³ çíà÷åííÿ öèõ âåëè÷èí â³äð³ç-
íÿòèìóòüñÿ â³ä ïî÷àòêîâèõ, îñê³ëüêè âïëèâ íàïðóæåíü (÷è ïðóæíî¿ äåôîð-
ìàö³¿) íà ïðîíèêí³ñòü ñïðÿæåíèé ³ç çáóðåííÿì íàòóðàëüíî¿ êîíô³ãóðàö³¿, 
ÿêå, âçàãàë³ êàæó÷è, ïðèçâîäèòü äî çì³íè íàêîïè÷åíî¿ ïðóæíî¿ äåôîðìàö³¿ 
òà â³äïîâ³äíî íàïðóæåíü [4]. Äëÿ âèä³ëåííÿ ïî÷àòêîâî¿ ïðóæíî¿ äåôîðìàö³¿ 
ñêîðèñòàºìîñÿ ôîðìóëàìè ñóïåðïîçèö³¿ äèñòîðñ³¿ [5] 

 ˆ ˆ ˆ ˆ ˆ
0 0 0 0 0 0,       ,       ,       = ⋅ = ⋅ = ⋅ = ⋅ = ⋅e e eF F F F F F F F F F F F F F     . (20) 

Òóò F , F , F̂  – òåíçîðè ïîâíî¿, â³ëüíî¿ òà ïðóæíî¿ äèñòîðñ³¿ â³äïîâ³äíî. 
Íèæí³ì ³íäåêñîì «0» ïîçíà÷åíî ¿õ ïî÷àòêîâ³ çíà÷åííÿ, à ³íäåêñîì «å» – 
äîäàòêîâó äèñòîðñ³þ, çóìîâëåíó ïîëåì íàïðóæåíîñò³ òà ³íøèìè ìîæëèâèìè 
ôàêòîðàìè. Çîêðåìà, äîäàòêîâà ïîâíà äèñòîðñ³ÿ âèçíà÷àºòüñÿ íàêëàäåíèì 
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ïîëåì çì³ùåíü w: 0= + ∇eF I w , 0∇  – ïî÷àòêîâèé (ìàòåð³àëüíèé) ãðàä³ºíò. 

ßêùî äèíàì³÷íèé ìåõàí³÷íèé âïëèâ íà ò³ëî â³äñóòí³é, òî çä³éñíþºòüñÿ óìî-
âà æîðñòêîãî çàùåìëåííÿ éîãî åëåìåíò³â: 0  = ⇒ =ew F I . Ìîæíà ïðèïóñ-

òèòè, ùî øâèäêîçì³ííå åëåêòðîìàãí³òíå ïîëå íå ïðèçâîäèòü äî äåôîðìó-
âàííÿ ò³ëà, à òîìó â óìîâàõ íåðóéí³âíîãî ôîòîïðóæíîãî êîíòðîëþ =eF I  

(õî÷à, ç ³íøîãî áîêó, íå ìîæíà âèêëþ÷àòè ñòîðîííüîãî ìåõàí³÷íîãî âïëèâó, 
íàïðèêëàä, â³áðàö³¿ âèì³ðþâàëüíî¿ óñòàíîâêè). Ç³ ñï³ââ³äíîøåíü (20) îòðè-
ìàºìî òàêèé âèðàç äëÿ ïîòî÷íî¿ ïðóæíî¿ äèñòîðñ³¿ ÷åðåç ïî÷àòêîâó òà äî-
äàòêîâ³ ïîâíó é â³ëüíó äèñòîðñ³¿: 

 ˆ ˆ ˆ ˆ1
0 0 0 0 0      −= ⋅ = ⋅ ⋅ = ⋅ = ⋅ ⋅ ⇒ = ⋅ ⋅e e e e eF F F F F F F F F F F F F F F

     . 

Çâ³äñè âèïëèâàº òàêèé âèðàç äëÿ ì³ðè ïðóæíî¿ äèñòîðñ³¿: 

 ˆ ˆ ˆ ˆ ˆ1 1
0 0

− −= ⋅ = ⋅ ⋅ ⋅ ⋅e e eC F F F F C F F T T , (21) 

äå = ⋅e e eC F FT  – ì³ðà äîäàòêîâî¿ ïîâíî¿ äåôîðìàö³¿. ßêùî =eC I , òî ç ôîð-

ìóë (21) ³ (9) îòðèìàºìî ñï³ââ³äíîøåííÿ, ùî ïîâ’ÿçóþòü ïîòî÷íó òà ïî÷àò-
êîâó ïðóæíó äåôîðìàö³þ ÷åðåç ì³ðó äîäàòêîâî¿ â³ëüíî¿ äèñòîðñ³¿:  

 ˆ ˆ ˆ2
0        ( )F−= ⇒ = +e eC I E E E , (22) 

äå  

 ˆ ˆ ˆˆ /2
0 0 0( ) ( 1) 2 1g g F= − ⋅ + ⋅ − ⋅ ⋅ + − ≈ −e eE ee C C ee e C e ee I F{ }[ ]  (23) 

– ïðóæíà äåôîðìàö³ÿ, çóìîâëåíà åëåêòðè÷íèì ïîëåì. Âîíà íå ñï³ââ³ñíà ç 
ïî÷àòêîâîþ çà ðàõóíîê ÷ëåí³â ó êâàäðàòíèõ äóæêàõ, ïðîïîðö³éíèõ äî ìî-
äóëÿ f , ùî õàðàêòåðèçóº åëåêòðè÷íó â³ëüíó äåôîðìàö³þ âçäîâæ âåêòîðà 
íàïðóæåíîñò³. Òàêèì ÷èíîì, ïðè÷èíà íåñï³ââ³ñíîñò³ ì³æ ïî÷àòêîâîþ ³ ïî-
òî÷íîþ ïðóæíîþ äåôîðìàö³ºþ â³äì³ííà â³ä ïðè÷èíè íåñï³ââ³ñíîñò³ ì³æ ïî-
òî÷íèìè äåôîðìàö³ºþ ³ íàïðóæåííÿìè. Íàòîì³ñòü ç ð³âíÿííÿ ïðóæíîñò³ (4) 

³ âèðàç³â (5) âèïëèâàº, ùî ïî÷àòêîâ³ íàïðóæåííÿ ˆ ˆ ˆ ˆ
0 0 0 0a a= =≡ = ≡e eS S S S  

ñï³ââ³ñí³ ç ïî÷àòêîâîþ ïðóæíîþ äåôîðìàö³ºþ.  
Ç ð³âíîñòåé (22), (23) âèïëèâàº, ùî ó çãîðòö³ ç âåêòîðîì íàïðóæåíîñò³ 

ïîòî÷íó ïðóæíó äåôîðìàö³þ ìîæíà çàì³íèòè òåíçîðîì, ñï³ââ³ñíèì ç ïî÷àò-
êîâîþ ïðóæíîþ äåôîðìàö³ºþ: 

 ˆ ˆ ˆ ˆ ˆ ˆ1 1 2 2
2 0 2 0 1 0 2( ) ,     ( )F E F F E E− − −⋅ = − ⋅ ⋅ ⋅ = − − ⋅E e E I e E E e E E I e[ ] [ ] , (24) 

äå  

 ˆ /2
2 2 0(1 ) 1,          ( 1 ) 2 ( 1 )F F f E F g F f≡ + ⋅ ≈ ≡ − + ⋅ ⋅ ≈ − + ⋅e e e C e e e , 

 ˆ /2
1 01 (1 2) 2( 1)E F g g F f≡ − + ⋅ ⋅ − ⋅ ≈ − + ⋅e C e e e e e , 

 ˆ ˆˆ ˆ / 2
2 0 0 0 0( ) ( ) 2 (1 )E g g g E≡ ⋅ + ⋅ ⋅ − ⋅ ⋅ ⋅ ⋅ − − ⋅ ≈e C I E e e C e e E e e e[ ]  

 ˆ 2
0f E≈ ⋅ ⋅ −e E e . 

Ï³äñòàâëÿþ÷è ó âèðàçè (17)–(19) çàì³ñòü çãîðòîê òåíçîðà ïîòî÷íî¿ íàêîïè-
÷åíî¿ ïðóæíî¿ äåôîðìàö³¿ òà éîãî êâàäðàòà ç âåêòîðîì íàïðóæåíîñò³ â³äïî-
â³äí³ ïðàâ³ ÷àñòèíè ð³âíîñòåé (24), îòðèìàºìî çàì³ñòü (17) ð³âíÿííÿ ñòàíó, â 
ÿêîìó òåíçîð ï’ºçîñïðèéíÿòëèâîñò³ ÿâíî çàëåæèòü â³ä ïî÷àòêîâî¿ ïðóæíî¿ 
äåôîðìàö³¿ òà ñï³ââ³ñíèé ç íåþ, à, îòæå, ³ ç ïî÷àòêîâèìè íàïðóæåííÿìè. 
ßêùî ïî÷àòêîâà ïðóæíà äåôîðìàö³ÿ îá’ºìíà (çîêðåìà, íóëüîâà), òî òàêà 
ï’ºçîñïðèéíÿòëèâ³ñòü º êóëüîâèì (³çîòðîïíèì) òåíçîðîì âíàñë³äîê ð³âíîñòåé 
(24). Òàêèì ÷èíîì, ñòðîãî (áåç áóäü-ÿêèõ äîïóùåíü) äîâåäåíî, ùî â ³çîòðîï-
íîìó ìàòåð³àë³ ëèøå ãîëîâí³ îñ³ äåâ³àòîðà ïî÷àòêîâî¿ ïðóæíî¿ äåôîðìàö³¿ 
(÷è ïî÷àòêîâèõ íàïðóæåíü) º ñòàëèìè (ñòàá³ëüíèìè), íåçàëåæíèìè â³ä ïî-
òî÷íîãî ñòàíó íàïðÿìêàìè, âçäîâæ ÿêèõ ìîæëèâà ïîëÿðèçàö³ÿ ñâ³òëîâîãî 
ïðîìåíÿ. 



118 

 
 1. Àáåí Í. Ê. Èíòåãðàëüíàÿ ôîòîóïðóãîñòü. – Òàëëèíí: Âàëãóñ, 1975. – 218 ñ. 
 2. Ëóðüå À. È. Íåëèíåéíàÿ òåîðèÿ óïðóãîñòè. – Ìîñêâà: Íàóêà, 1980. – 512 ñ. 
 3. Ïðîêîïîâè÷ ². Á. Âèçíà÷àëüíå ð³âíÿííÿ åëåêòðè÷íî¿ ÷è ìàãíåòíî¿ äåôîðìàö³¿ 

â ³çîòðîïíîìó ìàòåð³àë³ // Ô³ç.-õ³ì. ìåõàí³êà ìàòåð³àë³â. – 2005. – 41, ¹ 6. – 
Ñ. 37–41. 

 4. Ïðîêîïîâè÷ ². Á. Çàãàëüí³ âèðàçè âïëèâó íàïðóæåíü íà ä³åëåêòðè÷íó àáî 
ìàãíåòíó ïðîíèêí³ñòü // Ô³ç.-õ³ì. ìåõàí³êà ìàòåð³àë³â. – 2005. – 41, ¹ 4. – 
Ñ. 77–85. 

 5. Ïðîêîïîâè÷ ². Á. Çàãàëüí³ âëàñòèâîñò³ íåë³í³éíèõ ð³âíÿíü â³ëüíî¿ â³ä íàïðóæåíü 
äåôîðìàö³¿ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2004. – 47, ¹ 3. – Ñ. 87–94. 

 
ВЫРАЖЕНИЯ ДЛЯ ЭФФЕКТИВНОЙ ДИЭЛЕКТРИЧЕСКОЙ ПРОНИЦАЕМОСТИ 
НАПРЯЖЕННОГО ИЗОТРОПНОГО МАТЕРИАЛА 
 
Ñ ïîìîùüþ ìåòîäà ñâîáîäíîé äèñòîðñèè îáùåå (íåëèíåéíîå) ïîòåíöèàëüíîå äè-
ýëåêòðè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ â íà÷àëüíî íàïðÿæåííîì èçîòðîïíîì ìàòå-
ðèàëå ñâåäåíî ê ôîðìóëå ÷åðåç ýôôåêòèâíóþ ïðîíèöàåìîñòü. Ïîñòðîåíû äâà ðàç-
ëè÷íûõ òåíçîðà ïðîíèöàåìîñòè: îäèí – íåïîñðåäñòâåííî çàâèñèò îò òåêóùèõ 
íàïðÿæåíèé, íî íå ñîîñíûé ñ íèìè, à âòîðîé – çàâèñèò îò òåíçîðà òåêóùåé 
óïðóãîé äåôîðìàöèè è ñîîñíûé ñ íèì. Ïîêàçàíî, ÷òî, êîãäà âåêòîð äèýëåêòðè÷åñ-
êîé íàïðÿæåííîñòè ñîâïàäàåò ñ ãëàâíûì íàïðàâëåíèåì òåíçîðà òåêóùåé íàêîï-
ëåííîé óïðóãîé äåôîðìàöèè, òîãäà ýòîò òåíçîð è òåíçîðû ïðîíèöàåìîñòè è 
òåêóùèõ íàïðÿæåíèé ñòàíîâÿòñÿ ñîîñíûìè. Äëÿ äèíàìè÷åñêîé ïðîíèöàåìîñòè 
ïîñòðîåíî âûðàæåíèå, çàâèñÿùåå îò òåíçîðà íà÷àëüíîé óïðóãîé äåôîðìàöèè è 
ñîîñíîå ñ íèì è ñîîòâåòñòâåííî – ñ òåíçîðîì íà÷àëüíûõ íàïðÿæåíèé. Òàêèì 
îáðàçîì, äîêàçàíî, ÷òî íåëèíåéíûå ýôôåêòû, ñîïðîâîæäàþùèå ðàñïðоñòðàíåíèå 
ýëåêòðîìàãíèòíûõ âîëí â íàïðÿæåííîì èçîòðîïíîì äèýëåêòðèêå, íå âëèÿþò íà 
èõ ïîëÿðèçàöèþ âäîëü ãëàâíûõ íàïðàâëåíèé òåíçîðà íà÷àëüíûõ íàïðÿæåíèé.  
 
EXPRESSIONS FOR EFFECTIVE DIELECTRIC PERMITTIVITY 
OF STRESSED ISOTROPIC MATERIAL 
 
By the method of free distortion, the general (non-linear) dielectric equation of the state 
of isotropic material is reduced to formulas with effective permittivity. Two different 
tensors of permittivity are constructed. The first of them depends directly on the actual 
stress tensor but is not coaxial to it. The second one depends on the tensor of actual ac-
cumulated elastic deformation and is coaxial to it. It is shown that the tensors of per-
mittivity, elastic deformation and stresses are coaxial when vector of electric intensity is 
directed along the principal axis of the deformation tensor. For the tensor of dynamic 
permittivity, the expression depending on the initial elastic deformation and coaxial to 
it is constructed. So it is proved that non-linear effects of electromagnetic waves propa-
gation in initially stressed isotropic material do not influence their polarization along 
the principal axes of tensor of initial stresses.  
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