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ДОСЛІДЖЕННЯ ВІЛЬНИХ КОЛИВАНЬ БАГАТОШАРОВИХ ПЛАСТИН 
ЗА ДОПОМОГОЮ ТЕОРІЇ R-ФУНКЦІЙ 
 

Ðîçãëÿäàºòüñÿ çàäà÷à ïðî â³ëüí³ êîëèâàííÿ êîìïîçèòíèõ áàãàòîøàðîâèõ 
ïëàñòèí ñêëàäíî¿ ôîðìè ïðè ð³çíèõ ñïîñîáàõ çàêð³ïëåííÿ. Ïðèïóñêàºòüñÿ, 
ùî ïðîêîâçóâàííÿ ì³æ øàðàìè â³äñóòíº, ô³çè÷í³ õàðàêòåðèñòèêè òà òîâ-
ùèíà çàïîâíþâà÷à ìîæóòü ñóòòºâî â³äð³çíÿòèñÿ â³ä â³äïîâ³äíèõ õàðàêòå-
ðèñòèê çîâí³øí³õ øàð³â. Ìàòåìàòè÷íó ïîñòàíîâêó çàäà÷³ âèêîíàíî â ðàì-
êàõ óòî÷íåíî¿ òåîð³¿ òèïó Òèìîøåíêà. Íàâåäåíî ÷èñëîâ³ ðåçóëüòàòè äëÿ áà-
ãàòîøàðîâèõ êîìïîçèòíèõ ïëàñòèí ñêëàäíî¿ ãåîìåòð³¿ ³ ð³çíèõ âèä³â ãðà-
íè÷íèõ óìîâ. Äëÿ êâàäðàòíèõ ïëàñòèí âèêîíàíî ïîð³âíÿííÿ ç â³äîìèìè ðå-
çóëüòàòàìè òà âñòàíîâëåíî äîáðå ¿õ óçãîäæåííÿ, ùî ñâ³ä÷èòü ïðî åôåêòèâ-
í³ñòü çàïðîïîíîâàíîãî ìåòîäó. 

 
 Äîñë³äæåííÿ â³ëüíèõ êîëèâàíü áàãàòîøàðîâèõ ïëàñòèí òà îáîëîíîê º 
îäíèì ³ç àêòóàëüíèõ ðîçä³ë³â äèíàì³êè, îñê³ëüêè áàãàòî åëåìåíò³â ñó÷àñíèõ 
êîíñòðóêö³é ìîäåëþþòüñÿ ÿê êîìïîçèòí³ ïëàñòèíè òà îáîëîíêè. Ñóòòºâèé 
âíåñîê ó òåîð³þ ³ ìåòîäè ðîçðàõóíêó áàãàòîøàðîâèõ ïëàñòèí òà îáîëîíîê 
âíåñëè À. ß. Àëåêñàíäðîâ, Ñ. Î. Àìáàðöóìÿí, Â. Â. Áîëîò³í, À. Ò. Âàñèëåíêî, 
À. Ñ. Âîëüì³ð, Å. ². Ãðèãîëþê, ß. Ì. Ãðèãîðåíêî, À. Ò. Ïàíêðàòîâà, Î. Î. Ðàñ-
ñêàçîâ, J. N. Reddy, L. Librescu [1–8,12–15] òà ³íø³. Äëÿ äîñë³äæåííÿ áàãà-
òîøàðîâèõ ïëàñòèí ïðè íàÿâíîñò³ ëåãêîãî çàïîâíþâà÷à íàé÷àñò³øå âèêî-
ðèñòîâóþòü óòî÷íåí³ òåîð³¿ ³ ìåòîä ñê³í÷åííèõ åëåìåíò³â. Çàçíà÷èìî, ùî 
âèçíà÷åííÿ âëàñíèõ ÷àñòîò êîëèâàíü º ñêëàäîâîþ ÷àñòèíîþ á³ëüø ñêëàäíî¿ 
ïðîáëåìè ïðî íåë³í³éí³ â³ëüí³ é âèìóøåí³ êîëèâàííÿ. Äëÿ ðîçâ’ÿçàííÿ ö³º¿ 
ïðîáëåìè áàæàíî çíàõîäèòè âëàñí³ ôóíêö³¿ â àíàë³òè÷íîìó âèãëÿä³. 

 Ó ö³é ðîáîò³ çàïðîïîíîâàíî ìåòîä, ÿêèé äîçâîëÿº îäåðæóâàòè âëàñí³ 
ôóíêö³¿ â àíàë³òè÷íîìó âèãëÿä³ äëÿ áóäü-ÿêî¿ ãåîìåòð³¿ ïëàñòèíè òà ð³çíèõ 
âèä³â ãðàíè÷íèõ óìîâ. Öåé ìåòîä áàçóºòüñÿ íà ñóì³ñíîìó âèêîðèñòàíí³ 
òåîð³¿ R -ôóíêö³é òà âàð³àö³éíîãî ìåòîäó Ð³òöà. 

Ïîñòàíîâêà çàäà÷³. Ðîçãëÿäàþòüñÿ áàãàòîøàðîâ³ ïëàñòèíè ñòàëî¿ òîâ-
ùèíè h . Ïðèïóñêàºòüñÿ, ùî ïðîêîâçóâàííÿ ì³æ øàðàìè â³äñóòíº. Òàêèì 
÷èíîì, êîìïîçèòíó áàãàòîøàðîâó ïëàñòèíó ìîæíà ðîçãëÿäàòè ÿê îäíîøà-
ðîâó ç³ çâåäåíèìè ìåõàí³÷íèìè õàðàêòåðèñòèêàìè. Ïîñòàíîâêó çàäà÷³ ðîç-
ãëÿäàºìî â ðàìêàõ óòî÷íåíî¿ òåîð³¿ òèïó ìîäåë³ Òèìîøåíêà. Çã³äíî ç ö³ºþ 
òåîð³ºþ ïåðåì³ùåííÿ äîâ³ëüíî¿ òî÷êè ïëàñòèíè âèçíà÷àþòüñÿ ÿê 

z
xu u z= + ⋅ ψ , ,  z z

yv v z w w= + ⋅ ψ = , äå , ,u v w  – ïåðåì³ùåííÿ òî÷îê êî-

îðäèíàòíî¿ ïîâåðõí³; ,x yψ ψ  – êóòè îáåðòàííÿ íîðìàë³ [4]. Ó ðàìêàõ óòî÷-

íåíî¿ òåîð³¿ ð³âíÿííÿ ðóõó ìàþòü âèãëÿä [4] 
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Äèôåðåíö³àëüí³ ð³âíÿííÿ (1) äîïîâíþþòüñÿ â³äïîâ³äíèìè ãðàíè÷íèìè 
óìîâàìè. Íàâåäåìî äåÿê³ òèïè ãðàíè÷íèõ óìîâ, ÿê³ áóäóòü âèêîðèñòîâóâà-
òèñÿ íàäàë³ ïðè ðîçâ’ÿçóâàíí³ çàäà÷: 

– æîðñòêå çàêð³ïëåííÿ  
 0,        0,       0x yw = ψ = ψ = ; (2) 
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– â³ëüíå îïèðàííÿ  

 0,    0,    0nw M τ= = ψ =  àáî 0,    0,    0nw
nτ

∂ψ
= ψ = =

∂
,  (3) 

äå n  ³ τ  – íîðìàëü ³ äîòè÷íà äî ãðàíèö³ îáëàñò³ ∂Ω , à âèðàçè äëÿ τψ  ³ nψ  

ìàþòü âèãëÿä  
 cos cosy xτψ = ψ α − ψ β , 

 cos cosn x yψ = ψ α + ψ β ,  

α  òà β  – êóòè, ÿê³ óòâîðþº çîâí³øíÿ íîðìàëü n  äî ãðàíèö³ îáëàñò³ ç 

îñÿìè êîîðäèíàò Ox  òà Oy . 

Ìåòîä ðîçâ’ÿçóâàííÿ. Ðîçãëÿíåìî âàð³àö³éíó ïîñòàíîâêó ö³º¿ çàäà÷³, 
ÿêà çâîäèòüñÿ äî çíàõîäæåííÿ òî÷êè ñòàö³îíàðíîñò³ ôóíêö³îíàëà [2, 4] 
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äå çíà÷åííÿ 1, ,ij ijD A m  òà 2m  âèçíà÷àþòüñÿ àíàëîã³÷íî, ÿê ³ â [2]. 

 Äèñêðåòèçàö³þ ôóíêö³îíàëà (4) áóäåìî âèêîíóâàòè çà äîïîìîãîþ ìåòî-
äó Ð³òöà. Ó ðîáîò³ ïîñë³äîâíîñò³ êîîðäèíàòíèõ ôóíêö³é ,  ,  xi yi iwψ ψ{ } { } { }  

áóäóþòüñÿ çà äîïîìîãîþ òåîð³¿ R -ôóíêö³é. Çã³äíî ç ìåòîäîì R -ôóíêö³é 
îñíîâîþ äëÿ ïîáóäîâè ïîñë³äîâíîñò³ êîîðäèíàòíèõ ôóíêö³é º âñòàíîâëåííÿ 
ñòðóêòóðè ðîçâ’ÿçêó êðàéîâî¿ çàäà÷³, âèãëÿä ÿêî¿ âèçíà÷àºòüñÿ ãðàíè÷íèìè 
óìîâàìè.  

Çàñòîñîâóþ÷è òåîð³þ R -ôóíêö³é, ìîæíà ïîáóäóâàòè íîðìàë³çîâàíå 
ð³âíÿííÿ ãðàíèö³ îáëàñò³ ( , )x yω  ó âèãëÿä³ ºäèíîãî àíàë³òè÷íîãî âèðàçó [9]. 

Ïðè öüîìó ( , )x yω  çàäîâîëüíÿº óìîâè  

 0           ( , )M x yω = ∀ ∈ ∂Ω ,  

 1        ( , )M x y
n

∂ω = − ∀ ∈ ∂Ω
∂

, 

 ( , ) 0     ( , )x y M x yω > ∀ ∈ Ω .  (5) 

Ç îãëÿäó íà óìîâè (5) íàïðÿìí³ êîñèíóñè íîðìàë³ äî ãðàíèö³ îáëàñò³ 
ñï³âïàäàþòü ³ç ÷àñòèííèìè ïîõ³äíèìè â³ä ( , )x yω , òîáòî  

 cos ,        cos
x y

∂ω ∂ω= − α = − β
∂ ∂

.  (6) 

ßêùî ïðàâà ÷àñòèíà ð³âíÿíü (6) ìàº çì³ñò ò³ëüêè íà ãðàíèö³ îáëàñò³, òî 
ë³âà ìàº çì³ñò íå ò³ëüêè íà ãðàíèö³, àëå é óñåðåäèí³ îáëàñò³, îòæå, ôîðìóëè 
(6) º ôîðìóëàìè ïðîäîâæåííÿì íàïðÿìíèõ êîñèíóñ³â ó ñåðåäèíó îáëàñò³.  

Íàïðèêëàä, äëÿ ãðàíè÷íèõ óìîâ (3) ôóíêö³¿ ,  x yψ ψ  òà w  âèáåðåìî òà-

êèì ÷èíîì:  

 2 3 2 4 1,    ,    x yP P P P w P
x y

∂ω ∂ωψ = + ω ψ = + ω = ω
∂ ∂

, (7) 

äå ,  1, , 4iP i =  , – íåâèçíà÷åí³ êîìïîíåíòè ñòðóêòóðè ðîçâ’ÿçêó [10].  
Ó âèïàäêó æîðñòêîãî çàêð³ïëåííÿ (2) ñòðóêòóðà ðîçâ’ÿçêó ìàº á³ëüø 

ïðîñòó ôîðìó: 

 1 2 3,       ,       x yw P P P= ω ψ = ω ψ = ω . (8) 
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Íåâèçíà÷åí³ êîìïîíåíòè â ñòðóêòóðíèõ ôîðìóëàõ (7), (8) ïîäàìî ÿê 

 (1) (2) (3) (4)
1 2 3 4

1 1 1 1

,    ,    ,    
n n n n

i i i i i i i i
i i i i

P a P b P c P d
= = = =

= ϕ = ϕ = ϕ = ϕ∑ ∑ ∑ ∑ ,  (9) 

äå ( )k
iϕ{ }  – äåÿêà ïîâíà ñèñòåìà ôóíêö³é, à , , ,i i i ia b c d  – íåâèçíà÷åí³ êî-

åô³ö³ºíòè. Ï³äñòàâëÿþ÷è (9) ó ôîðìóëè (7) ³ (8), îäåðæèìî ñòðóêòóðí³ âèðà-
çè äëÿ íåâ³äîìèõ ôóíêö³é ,  x yψ ψ  òà w : 

 
3 1 2

1 1 1

,        ,       
N N N

i i x i xi y i yi
i i i

W c w a b
= = =

= Ψ = ψ Ψ = ψ∑ ∑ ∑ . 

Ïîñë³äîâíîñò³ êîîðäèíàòíèõ ôóíêö³é ,  ,  xi yi iwψ ψ{ } { } { }  âèçíà÷àþòüñÿ çà 

ôîðìóëàìè 
 – äëÿ óìîâ â³ëüíîãî îïèðàííÿ 

 (1) (2) (3) (2) (4),       ,       i i x i i y i iw
x y

∂ω ∂ω= ωϕ ψ = ϕ + ωϕ ψ = ϕ + ωϕ
∂ ∂

; 

 – äëÿ óìîâ æîðñòêîãî çàêð³ïëåííÿ 

 (1) (2) (3),      ,      i i x i y iw = ωϕ ψ = ωϕ ψ = ωϕ . 

 Íåâèçíà÷åí³ êîåô³ö³ºíòè , , ,i i i ia b c d  çíàõîäèìî ç óìîâ ñòàö³îíàðíîñò³ 
ôóíêö³îíàëà (4). 

×èñëîâ³ ðåçóëüòàòè. ×èñëîâó ðåàë³çàö³þ çàïðîïîíîâàíîãî ï³äõîäó âè-
êîíàíî â ðàìêàõ ñèñòåìè POLE-RL [11] ³ ïðî³ëþñòðîâàíî ÿê íà òåñòîâèõ 
ïðèêëàäàõ, òàê ³ íà ñêëàäí³øèõ çàäà÷àõ. 

Ïðèêëàä 1. Ðîçãëÿíåìî áàãàòîøàðîâó êâàäðàòíó ïëàñòèíó, çîáðàæåíó 
íà ðèñ. 1à, ç òàêîþ óêëàäêîþ øàð³â: 0°/90°/0°/çàïîâíþâà÷/0°/90°/0°. Ïðè-
éìàºìî, ùî â³ëüíî îïåðòà ïî âñüîìó êîíòóðó ïëàñòèíà âèãîòîâëåíà ç ìàòå-
ð³àë³â, ïðóæí³ ñòàë³ ÿêèõ ìàþòü òàê³ çíà÷åííÿ: 

à) çîâí³øí³ øàðè – glass polyester 

1 24.51E = Ãïà, 2 7.77E = Ãïà, 12 13 3.34G G= = Ãïà, 23 1.34G = Ãïà, 

1800sρ = êã/ì3, 0.078sν = ; 
á) çàïîâíþâà÷ – HEREX C70.130 

103.63cE = Ãïà, 50cG = Ìïà,  130cρ = êã/ì3,  0.32cν = .  
Ñòðóêòóðà ðîçâ’ÿçêó ö³º¿ çàäà÷³ çàäîâîëüíÿº ãîëîâí³ ãðàíè÷í³ óìîâè òà 

ìàº òàêèé âèãëÿä: 1w P= ω , 2 2x Pψ = ω , 1 3y Pψ = ω , äå ,  1, 2,3iP i = , – íåâè-

çíà÷åí³ êîìïîíåíòè (9); ( , ) 0x yω =  – ð³âíÿííÿ ãðàíèö³ îáëàñò³; 1( , ) 0x yω =  

– ð³âíÿííÿ ÷àñòèíè îáëàñò³, ïàðàëåëüíî¿ äî îñ³ Oy ; 2( , ) 0x yω =  – ð³âíÿííÿ 

÷àñòèíè îáëàñò³, ïàðàëåëüíî¿ äî îñ³ Ox . Äëÿ êâàäðàòíî¿ ïëàñòèíè 1 2, ,ω ω ω  
ìàþòü âèãëÿä 

 1 2
1 1 2 2

1 2
,       ,       

F F
F F

F F
+

ω = ω = ω =
⋅

, 

äå 

 2 2
1 1

1 ( ) 0
2

F a x
a

 = σ = − ≥ 
 

  (10) 

– âåðòèêàëüíà ñìóãà ì³æ ïðÿìèìè x a= ± ; 

 2 2
2 2

1 ( ) 0
2

F b y
b

 = σ = − ≥ 
 

 (11) 

– ãîðèçîíòàëüíà ñìóãà ì³æ ïðÿìèìè y b= ± . 
Àíàëîã³÷íà çàäà÷à ðîçâ’ÿçàíà ðàí³øå â [14]. Ïðè öüîìó äëÿ ¿¿ ðîçâ’ÿçó-

âàííÿ âèêîðèñòàíî òåîð³þ Ðåää³. Äëÿ ðîçðàõîâàíèõ íàìè ïåðøèõ äâîõ 
÷àñòîò ïðîâåäåíî ïîð³âíÿííÿ çíà÷åíü áåçðîçì³ðíîãî ÷àñòîòíîãî ïàðàìåòðà 

2(2 )i
i c c

a
E

h
λ

Λ = ρ / , 1, 2i = , ç ðåçóëüòàòàìè ðîáîòè [14] ïðè 2 / 10a h =  ³ 

/ 0.88ch h = . Ïðè öüîìó êîåô³ö³ºíò çñóâó k  ïðèéìàëè òàêèì: 0.19k = . 
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Çíà÷åííÿ ÷àñòîò, îòðèìàíèõ çà äîïîìîãîþ ìåòîäó R -ôóíêö³é, äîð³â-
íþþòü 1 15.14Λ =  òà 2 27.68Λ = , à â³äïîâ³äí³ ÷àñòîòè, îäåðæàí³ â [14], 1Λ =  

15.22=  òà 2 27.75Λ = . Îòæå, îòðèìàí³ ðåçóëüòàòè äîáðå ñï³âïàäàþòü ç 
íàâåäåíèìè â ë³òåðàòóð³, ùî ñâ³ä÷èòü ïðî åôåêòèâí³ñòü çàïðîïîíîâàíîãî 
ìåòîäó. 

 y 

x 

2a 

2b 

a) 

         

 y 

x 

R2 

2a 

2b 

R1 

2c 

d 

)á
 

 
 Рис. 1 

Ïðèêëàä 2. Ðîçãëÿíåìî êîìïîçèòíó ñåìèøàðîâó ïëàñòèíó ñêëàäíî¿ 
ïëàíôîðìè (ðèñ. 1á) ³ç òîãî æ ìàòåð³àëó ç òàêîþ ñàìîþ óêëàäêîþ øàð³â, ùî 
é ó ïðèêëàä³ 1, àëå ç äâîìà ñïîñîáàìè çàêð³ïëåííÿ: à) æîðñòêå çàêð³ïëåí-
íÿ; á) øàðí³ðíå îïèðàííÿ.  

Âèêîðèñòîâóþ÷è òåîð³þ R -ôóíêö³é, ïîáóäóºìî ð³âíÿííÿ ãðàíèö³ îá-
ëàñò³, çîáðàæåíî¿ íà ðèñ. 1á:  

 1 0 2 0 3 0 6 0 4 0 5F F F F F Fω = ∧ ∧ ∨ ∧ ∧( ) ( ) , 

äå 0 0,  ∧ ∨  – ñèìâîëè R -îïåðàö³é: R -êîí’þíêö³¿ ³ R -äèç’þíêö³¿, ÿê³ â³äïî-

â³äíî âèçíà÷àþòüñÿ ÿê [9, 10] 

 2 2 2 2
0 0,      X Y X Y X Y X Y X Y X Y∧ = + − + ∨ = + + + . 

Ïðè öüîìó 1F  ³ 2F  ìàþòü âèãëÿä (10), (11), à ,  3, 4,5,6iF i = , âèçíà÷à-
þòüñÿ ÿê: 

2 2

3 3 0
2

c xF
c

− = σ = ≥ 
 

 – âåðòèêàëüíà ñìóãà ì³æ ïðÿìèìè x c= ± ; 

2 2
1

4 4
1

( ) ( )
0

2
x a y b R

F
R

+ + + − = σ = ≥ 
 

 – îáëàñòü, ÿêà ðîçòàøîâàíà 

ïîçà êîëîì ðàä³óñà 1R  ç öåíòðîì ó òî÷ö³ ( , )a b− − ; 

2 2
2

5 5
2

( ) ( )
0

2
x a y b R

F
R

− + − − = σ = ≥ 
 

 – îáëàñòü, ÿêà ðîçòàøîâàíà 

ïîçà êîëîì ðàä³óñà 2R  ç öåíòðîì ó òî÷ö³ ( , )a b ; 

 6 6 ( ) 0F y b d= σ = − − ≥( ) – ï³âïëîùèíà, ÿêà ðîçì³ùåíà íàä ïðÿìîþ 

y b d= − .  

Ñë³ä çàçíà÷èòè, ùî ïîáóäîâàíà òàêèì ÷èíîì ôóíêö³ÿ ( , )x yω  ïåðåòâî-
ðþºòüñÿ ó íóëü ò³ëüêè íà ìåæ³ îáëàñò³, äîäàòíà âñåðåäèí³ îáëàñò³, à ¿¿ ïî-
õ³äíà çà çîâí³øíüîþ íîðìàëëþ äî ìåæ³ îáëàñò³ äîð³âíþº –1. Òîáòî âèêîíó-
þòüñÿ óìîâè (5).  

Ñòðóêòóðà ðîçâ’ÿçêó çàäà÷³ ó âèïàäêó æîðñòêîãî çàêð³ïëåííÿ ìàº âè-
ãëÿä (8), äëÿ øàðí³ðíîãî îïèðàííÿ – (7). 
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 Таблиця 1 
Â³ëüíå îïèðàííÿ Æîðñòêå çàêð³ïëåííÿ 

1/2R a  2/2R a  /2d a  /2c a  

1Λ  2Λ  1Λ  2Λ  

0.35 0.35 0.2 18.934 35.299 27.853 44.678 
0.3 0.3 0.3 15.797 30.065 22.347 36.780 
0.2 0.2 0.4 14.078 27.789 19.700 32.416 

0.35 

0.01 0.1 0.49 13.567 27.402 19.244 31.463 

0.35 0.35 0.2 18.870 35.871 27.854 44.682 
0.3 0.3 0.3 15.720 30.014 22.341 36.771 
0.2 0.2 0.4 14.001 27.743 19.685 32.397 

0.3 

0.01 0.1 0.49 13.450 27.346 19.216 31.430 

0.35 0.35 0.2 18.868 35.865 27.864 44.699 
0.3 0.3 0.3 15.723 29.998 22.343 36.775 
0.2 0.2 0.4 14.001 27.728 19.681 32.391 

0.2 

0.01 0.1 0.49 13.380 27.323 19.200 31.412 

0.35 0.35 0.2 19.542 35.940 27.880 44.723 
0.3 0.3 0.3 16.760 30.171 22.353 36.789 
0.2 0.2 0.4 15.367 27.975 19.686 32.396 

0.01 

0.01 0.1 0.49 15.140 27.683 19.195 31.406 

Ó òàáë. 1 íàâåäåíî ðåçóëüòàòè äîñë³äæåííÿ âïëèâó ãëèáèíè âèð³çó íà 
âåëè÷èíó áåçðîçì³ðíîãî ÷àñòîòíîãî ïàðàìåòðà iΛ . Çàóâàæèìî, ùî, ÿêùî 

c a→ , à 0d → , 1 20,  0R R→ → , òî ïëàíôîðìà ðîçãëÿíóòî¿ ïëàñòèíè ïðÿ-
ìóº äî êâàäðàòíî¿. Îòæå, îòðèìàí³ çíà÷åííÿ âëàñíèõ ÷àñòîò ïîâèíí³ ïðÿìó-
âàòè äî â³äïîâ³äíèõ çíà÷åíü êâàäðàòíî¿ ïëàñòèíè. Öåé ôàêò ó ðîáîò³ âèêî-
ðèñòàíî äëÿ êîíòðîëþ äîñòîâ³ðíîñò³ îòðèìàíèõ ðåçóëüòàò³â. 

Çàçíà÷èìî, ùî çì³íþþ÷è çíà÷åííÿ ïàðàìåòð³â 1 2,  ,  /2 ,  /2R R ñ a d a , 
îäåðæóºìî ð³çí³ âàð³àíòè ãåîìåòðè÷íèõ ôîðì ïëàñòèíè. Íàïðèêëàä, ÿêùî 
ïîêëàñòè 1 2 0R R= = , òî ôîðìà ïëàñòèíè íàáóäå âèãëÿäó, çîáðàæåíîãî íà 

ðèñ. 2à. ßêùî ïîêëàñòè /2 1,  /2 0ñ a d a= = , òî ôîðìà ñï³âïàäàº ³ç çîáðàæå-

íîþ íà ðèñ. 2á. ßêùî 1 0,  /2 1,  /2 0R c a d a= = = , òî ïëàñòèíà ìàº âèãëÿä, ÿê 
íà ðèñ. 2â, ³ ò. ä. Äëÿ îïèñàíèõ ôîðì ïëàñòèíè â òàáë. 2 íàâåäåíî 
ðåçóëüòàòè äîñë³äæåííÿ âïëèâó ãëèáèíè îäíîãî ç âèð³ç³â íà âåëè÷èíó 
áåçðîçì³ðíîãî ÷àñòîòíîãî ïàðàìåòðà äëÿ â³ëüíî îïåðòî¿ ïëàñòèíè. ßê ³ ïå-
ðåäáà÷àëîñü, ïðè çíà÷åííÿõ 1 2/2 0.4,  /2 0.1,  /2 /2 0.1c a d a R a R a= = = =  çíà-
÷åííÿ ÷àñòîò ïðÿìóþòü äî â³äïîâ³äíèõ ÷àñòîò êâàäðàòíî¿ ïëàñòèíè.  

 y 

x 

2a 

2b 

2c 
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 y 
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 Таблиця 2 

1 2 0R R= =   

(ðèñ. 2à) 

/2 1,  /2 0c a d a= =  

(ðèñ. 2á) 
1 /2 1,  /2 00,  R c a d a= ==  

(ðèñ. 2â) 
( /2 ;  /2 )c a d a  

1 2( /2 ;  /2 )R a R a  2/2R a  
 

(0.2; 0.4) (0.3; 0.3) (0.4; 0.1) (0.4; 0.4) (0.3; 0.3) (0.1; 0.1) 0.4 0.3 0.1 

1Λ  19.537 16.758 15.368 18.690 17.131 15.141 16.684 16.159 15.142 

2Λ  35.927 30.183 27.979 33.942 31.266 27.683 28.998 28.678 27.685 

Ê³ëüê³ñòü êîîðäèíàòíèõ ôóíêö³é âèçíà÷àëè â ðåçóëüòàò³ ÷èñëîâîãî 
åêñïåðèìåíòó. Ïðàêòè÷íó çá³æí³ñòü ðåçóëüòàò³â äî 3-ãî çíàêó îòðèìàíî 
ïðè óðàõóâàíí³ 155 êîîðäèíàòíèõ ôóíêö³é ( 1 2 345,  55,  55N N N= = = ). 

Ïðèêëàä 3. Äîñë³äèìî â³ëüí³ êîëèâàííÿ â³ëüíî îïåðòî¿ ñåìèøàðîâî¿ 
ïëàñòèíè, çîáðàæåíî¿ íà ðèñ. 1á, ç óêëàäêîþ øàð³â òàêîþ ñàìîþ, ùî é ó 
ïðèêëàä³ 2. Áóäåìî ââàæàòè, ùî çîâí³øí³ øàðè âèãîòîâëåí³ ç ìàòåð³àëó 
glass polyester, à ïðóæí³ õàðàêòåðèñòèêè çàïîâíþâà÷à HEREX C70.40 
ïðèéìàºìî òàêèìè: 22.69cE = ÌÏà, 14cG = Ìïà, 40cρ = êã/ì3, 0.32cν = . 
Íà ðèñ. 3 çîáðàæåíî çàëåæíîñò³ ïåð-
øèõ äâîõ áåçðîçì³ðíèõ ÷àñòîòíèõ ïà-

ðàìåòð³â 
2(2 )

/i
i c c

a
E

h
λ

Λ = ρ , 1, 2i = , 

ïðè 2 / 10a h =  â³ä òîâùèíè ñåðåäíüîãî 
øàðó òà ô³çè÷íèõ õàðàêòåðèñòèê çà-
ïîâíþâà÷à: êðèâ³, ïîçíà÷åí³ 2 4,Λ Λ , 
â³äïîâ³äàþòü çàïîâíþâà÷ó HEREX 
C70.130, à 1 3,Λ Λ  – HEREX C70.40. 

Ç àíàë³çó ïðîâåäåíèõ ðîçðàõóíê³â 
âèïëèâàº, ùî çíà÷åííÿ ÷àñòîò ïëàñ-
òèíè ïðè çá³ëüøåíí³ òîâùèíè çàïîâíþâà÷à íå çàâæäè çì³íþþòüñÿ ë³í³éíî. 
Êðèâ³ 2 4,Λ Λ  ðîçì³ùåí³ âèùå â³ä 1 3,Λ Λ , ùî â³äïîâ³äàº ô³çè÷íîìó çì³ñòó 
çàäà÷³. 

Ïðèêëàä 4. Ðîçãëÿíåìî â³ëüíî îïåðòó n -øàðîâó ïëàñòèíó çîáðàæåíó 
íà ðèñ. 4, ç òàêîþ óêëàäêîþ øàð³â: 0°/90°/…/0°, 3,5n = . Çàóâàæèìî, ùî 
ôîðìà ö³º¿ ïëàñòèíè º òàêîæ ÷àñòêîâèì âèïàäêîì ôîðìè, çîáðàæåíî¿ íà 
ðèñ. 1á, êîëè â³äñóòí³ äåÿê³ âèð³çè. Øàðè âèãîòîâëåí³ ç îðòîòðîïíîãî ìàòå-
ð³àëó, ìàþòü îäíàêîâó òîâùèíó òà òàê³ õàðàêòåðèñòèêè: 

1 2/ 3,  10, 20, 30, 40E E = , 

23 2 12 2 13 2 12/ 0.5,      / / 0.6,       0.2G E G E G E= = = ν = . 
Ãåîìåòðè÷í³ ïàðàìåòðè ïëàñòèíè òàê³: 

/ 1b a = , /2 0.2h a = . Ó òàáë. 3 íàâåäåíî ðå-
çóëüòàòè äîñë³äæåííÿ âïëèâó àí³çîòðîï³¿ ìà-
òåð³àëó øàð³â, à òàêîæ ãëèáèíè âèð³ç³â íà 
çíà÷åííÿ áåçðîçì³ðíîãî ÷àñòîòíîãî ïàðàìåòðà 

1 210 /h EΛ = λ ρ , ùî â³äïîâ³äàº îñíîâí³é ÷àñ-

òîò³. Ñë³ä çàçíà÷èòè, ùî ïðè ì³í³ìàëüí³é 
ãëèáèí³ âèð³çó çíà÷åííÿ ÷àñòîò ïðÿìóþòü äî 
â³äïîâ³äíèõ çíà÷åíü êâàäðàòíî¿ ïëàñòèíè. Öåé 
ôàêò òàêîæ ï³äòâåðäæóº äîñòîâ³ðí³ñòü îòðè-
ìàíèõ ðåçóëüòàò³â.  
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 Таблиця 3 

1 2/E E  /2R a  /2c a  /2d a  n 
3 10 20 30 40 

0.2 0.4 4.175 4.858 5.290 5.520 5.693 
0.3 0.3 3.556 4.231 4.670 4.905 5.082 
0.4 0.2 3.249 3.921 4.368 4.610 4.793 

0.4 

  0.49 0.1 3.190 3.871 4.323 4.568 4.753 
0.2 0.4 3.653 4.311 4.740 4.970 5.142 
0.3 0.3 3.155 3.820 4.257 4.488 4.660 
0.4 0.2 2.909 3.577 4.022 4.257 4.433 

0.3 

  0.49 0.1 2.862 3.537 3.986 4.224 4.402 
0.2 0.4 3.429 4.038 4.449 4.673 4.843 
0.3 0.3 2.993 3.621 4.042 4.266 4.434 
0.4 0.2 2.775 3.412 3.843 4.070 4.240 

0.2 

  0.49 0.1 2.734 3.378 3.813 4.042 4.214 
0.2 0.4 3.278 3.888 4.307 4.537 4.710 
0.3 0.3 2.877 3.508 3.936 4.163 4.333 
0.4 0.2 2.675 3.317 3.753 3.982 4.154 

0.1 

  0.49 0.1 2.637 3.286 3.726 3.957 4.130 
êâàäðàòíà 2.620 3.271 3.711 3.941 4.114 

[14] 

3 

2.624 3.264 3.697 3.941 4.105 
0.2 0.4 4.217 5.087 5.679 6.010 6.224 
0.3 0.3 3.594 4.448 5.045 5.385 5.607 
0.4 0.2 3.292 4.155 4.766 5.117 5.347 

0.4 

  0.49 0.1 3.235 4.109 4.728 5.083 5.316 
0.2 0.4 3.469 4.244 4.807 5.136 5.355 
0.3 0.3 3.012 3.766 4.336 4.677 4.905 
0.4 0.2 2.791 3.548 4.131 4.481 4.717 

0.3 

  0.49 0.1 2.749 3.514 4.103 4.457 4.695 
0.2 0.4 3.697 4.526 5.107 5.439 5.657 
0.3 0.3 3.185 3.992 4.578 4.921 5.147 
0.4 0.2 2.938 3.749 4.348 4.701 4.935 

0.2 

  0.49 0.1 2.892 3.711 4.317 4.674 4.911 
0.2 0.4 3.319 4.102 4.676 5.014 5.239 
0.3 0.3 2.896 3.652 4.231 4.578 4.812 
0.4 0.2 2.688 3.445 4.036 4.393 4.633 

0.1 

  0.49 0.1 2.649 3.414 4.010 4.370 4.613 
êâàäðàòíà 2.640 3.399 3.996 4.357 4.501 

[14] 

5 

2.637 3.373 3.929 4.257 4.478 

Âèñíîâîê. Ó ðîáîò³ çàïðîïîíîâàíî ìåòîä äîñë³äæåííÿ â³ëüíèõ êîëè-
âàíü áàãàòîøàðîâèõ êîìïîçèòíèõ ïëàñòèí äîâ³ëüíî¿ ôîðìè ó âèïàäêó, êîëè 
ô³çè÷í³ õàðàêòåðèñòèêè çàïîâíþâà÷à ñóòòºâî â³äð³çíÿþòüñÿ â³ä õàðàêòå-
ðèñòèê çîâí³øí³õ øàð³â, à òàêîæ, êîëè øàðè ìàþòü îäíàêîâ³ ìåõàí³÷í³ õà-
ðàêòåðèñòèêè. Öÿ çàäà÷à º ñêëàäîâîþ ÷àñòèíîþ çàäà÷ ïðî íåë³í³éí³ êîëè-
âàííÿ áàãàòîøàðîâèõ êîìïîçèòíèõ ïëàñòèí, äîñë³äæåííÿ ÿêèõ ïåðåäáà÷à-
ºòüñÿ â ïîäàëüøîìó. 
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ИССЛЕДОВАНИЕ СВОБОДНЫХ КОЛЕБАНИЙ МНОГОСЛОЙНОЙ  
ПЛАСТИНЫ С ПОМОЩЬЮ ТЕОРИИ R -ФУНКЦИЙ 
 
Ðàññìàòðèâàåòñÿ çàäà÷à î ñâîáîäíûõ êîëåáàíèÿõ êîìïîçèòíîé ìíîãîñëîéíîé 
ïëàñòèíû ñëîæíîé ôîðìû ñ ðàçëè÷íûìè ñïîñîáàìè çàêðåïëåíèÿ. Äîïóñêàåòñÿ, 
÷òî ïðîñêàëüçûâàíèå ìåæäó ñëîÿìè îòñóòñòâóåò, ôèçè÷åñêèå õàðàêòåðèñòèêè 
è òîëùèíà çàïîëíèòåëÿ ìîãóò ñóùåñòâåííî îòëè÷àòüñÿ îò ñîîòâåòñòâóþùèõ 
õàðàêòåðèñòèê âíåøíèõ ñëîåâ. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è âûïîëíåíà â 
ðàìêàõ óòî÷íåííîé òåîðèè òèïà Òèìîøåíêî. Ïðèâåäåíû ÷èñëîâûå ðåçóëüòàòû 
äëÿ ìíîãîñëîéíûõ êîìïîçèòíûõ ïëàñòèí ñëîæíîé ãåîìåòðèè è ðàçëè÷íûõ âèäîâ 
ãðàíè÷íûõ óñëîâèé. Äëÿ êâàäðàòíûõ ïëàñòèí âûïîëíåíî ñðàâíåíèå ñ èçâåñòíûìè 
ðåçóëüòàòàìè è óñòàíîâëåíî èõ õîðîøåå ñîâïàäåíèå, ÷òî ñâèäåòåëüñòâóåò îá 
ýôôåêòèâíîñòè ïðåäëîæåííîãî ìåòîäà. 
 
INVESTIGATION OF FREE VIBRATIONS OF LAMINATED 
PLATES BY R -FUNCTION THEORY 
 
The problem on free vibrations of composite laminated plates with complex plan-forms 
and different boundary conditions is considered. It is assumed that slippage between the 
layers is absent, the physical characteristics and thickness of the core can essentially 
differ from the appropriate characteristics of the face layers. Mathematical statement 
of the problem is carried out using the Timoshenko-type theory. Numerical results for 
laminated composite plates of complex geometry and different types of boundary con-
ditions are presented. The results obtained for square composite plates have been com-
pared with the known ones what proves the effectiveness and validity of the offered 
method. 
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