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ÓÄÊ 539.3 
 
Е. В. Алтухов, В. П. Шевченко  
 
МЕТОД ОДНОРОДНЫХ РЕШЕНИЙ В ТРЕХМЕРНЫХ ЗАДАЧАХ 
ОБОБЩЕННОЙ ТЕРМОМЕХАНИКИ ТРАНСТРОПНЫХ ПЛАСТИН 
 

Ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è îáîáùåííîé òåðìîóïðóãîñòè äëÿ òðàíñ-
òðîïíûõ ïëàñòèí. Íà ïëîñêèõ ãðàíÿõ ïëàñòèíû çàäàíû ðàçëè÷íûå îäíîðîä-
íûå ìåõàíè÷åñêèå è òåïëîâûå ãðàíè÷íûå óñëîâèÿ. Ìåòîäîì È. È. Âîðîâè÷à 
ïîëó÷åíû îäíîðîäíûå ðåøåíèÿ äëÿ äàííîãî êëàññà çàäà÷ òåîðèè òåðìîóïðó-
ãîñòè. Â ðåçóëüòàòå ðåøåíèå çàäà÷ ñâåäåíî ê èíòåãðèðîâàíèþ ñ÷åòíîãî ìíî-
æåñòâà ìåòàãàðìîíè÷åñêèõ óðàâíåíèé. 

 
Ðàçâèòèþ îñíîâ îáîáùåííîé òåðìîìåõàíèêè ïîñâÿùåíà ìîíîãðàôèÿ 

[14]. Â íåé ïîëó÷åíû óðàâíåíèÿ îáîáùåííîé òåðìîóïðóãîñòè, ñôîðìóëèðî-
âàíû è äîêàçàíû îñíîâíûå òåîðåìû, ïðèâåäåíû ðåøåíèÿ îñíîâíûõ çàäà÷ è 
êðàòêèé îáçîð èññëåäîâàíèé â äàííîé îáëàñòè. Â ðàáîòàõ [1, 3–5, 15, 16] 
ðàññìîòðåíû íåêîòîðûå êðàåâûå çàäà÷è òðåõìåðíîé ñâÿçàííîé è îáîáùåí-
íîé òåðìîóïðóãîñòè äëÿ èçîòðîïíûõ ïëàñòèí è ìåòîäàìè À. È. Ëóðüå – 
È. È. Âîðîâè÷à ïîñòðîåíû ñèñòåìû îäíîðîäíûõ ðåøåíèé. Íàñòîÿùàÿ ðàáîòà 
ïîñâÿùåíà ïîñòðîåíèþ îäíîðîäíûõ ðåøåíèé êðàåâûõ çàäà÷ îáîáùåííîé 
òåðìîìåõàíèêè òðàíñòðîïíûõ ïëàñòèí. 

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì òðàíñòðîïíóþ ïëàñòèíó òîëùèíîé 2h , 
îñëàáëåííóþ öèëèíäðè÷åñêèìè ïîëîñòÿìè è îãðàíè÷åííóþ ïëîñêèìè ãðàíÿ-
ìè è âíåøíåé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ. Ïðÿìîóãîëüíóþ ñèñòåìó êî-
îðäèíàò 1 2 3Ox x x    âûáèðàåì òàê, ÷òîáû ñðåäèííàÿ ïëîñêîñòü ïëàñòèíû 3x =  

0=  ñîâïàäàëà ñ êîîðäèíàòíîé ïëîñêîñòüþ 1 2Ox x  . 
Â ñëó÷àå âçàèìíîãî âëèÿíèÿ ïîëåé äåôîðìàöèè è òåìïåðàòóðû ñ ó÷å-

òîì êîíå÷íîé ñêîðîñòè ðàñïðîñòðàíåíèÿ òåïëà ñîîòíîøåíèÿ Äþãàìåëÿ – 
Íåéìàíà è ïîëíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé òåðìîóïðóãîñòè 
àíèçîòðîïíîãî òåëà èìåþò âèä [14] 

 ij ijkl kl ijc e tσ = − β ,  (1) 

 λ − α = −
, 0

t t
ij ij kl ijkl ij v tt t c e c t w   ,  (2) 

 + = ρ + β
, ,ijkl k lj i i ij jc u X u t .  (3) 

Â óðàâíåíèÿõ (1)–(3) ñîõðàíåíû îáîçíà÷åíèÿ, ïðèíÿòûå â ðàáîòå [14]. 
Äëÿ ãàðìîíè÷åñêèõ êîëåáàíèé òðàíñòðîïíûõ ïëàñòèí óðàâíåíèÿ (1)–(3) 

ïîñëå èñêëþ÷åíèÿ âðåìåííîãî ìíîæèòåëÿ exp ( )i− ωτ  è ïåðåõîäà ê áåçðàç-
ìåðíûì âåëè÷èíàì ïðèíèìàþò ôîðìó 

 1
11 11 1 1 12 2 2 13 3 3 1 4 12 66 2 1 1 2,    ( )A u A u A u u A u u−σ = ∂ + ∂ + λ ∂ − β σ = ∂ + ∂ , 

 1
22 12 1 1 11 2 2 13 3 3 1 4A u A u A u u−σ = ∂ + ∂ + λ ∂ − β , 

 1
13 44 1 3 3 1( )A u u−σ = ∂ + λ ∂ , 

 1
33 13 1 1 2 2 33 3 3 3 4( )A u u A u u−σ = ∂ + ∂ + λ ∂ − β , 

 1
23 44 2 3 3 2( )A u u−σ = ∂ + λ ∂ ; (4) 

 2 2 2 2 2 2
0 3 1 1 1 1 2 2( ) ( )j j js u D u u u− ∂ + λ + ω + λ µ ∂ ∂ + ∂ +  

 2
3 3 3 1 42 ,       1,2j ju u j+ λµ ∂ ∂ = λ β ∂ = , 

 2 2 2 2 2
2 3 3 0 1 3 3 3 1 1 2 2 3 3 4( ) ( ) 2u s D u u u u−µ ∂ + λ + ω + λµ ∂ ∂ + ∂ = λβ ∂ , 
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 2 2 2 2 2 2
0 3 4 4 2 4 5 3 1 1 1 2 2( ) 2( ) ( )u D i u i u uλ ∂ + λ + ω + ω + ω + ω β ∂ + ∂ +[  

 1
3 3 3 0u−+ λ β ∂ =] . (5)  

Çäåñü 

 1 2 3
1 2 3

1,    ,    ,    ,     ,     1,2,3i
i

x x x uhx x x u i
R R R R R

= = = λ = = =
λ

   
, 

 4 1 0 1 66
1 1

1 1( ),    ,    ,    
2 2ij ij ij iju T T G A A A
G G

= α − σ = σ = =  ,  

 11 2 3 12 1 2 3 13 1 3 33 2
0 0

1 1 1(1 ),    ( ),    ,    
2

A A A A= − ν ν = ν + ν ν = µ ν = µ
µ µ

, 

 2 2 1 1
44 0 66 0 2 3 0 1 2 3

3 3

1 1,    ,    ,    ,    1 2
2 2

G E
A s A s

G E
−= = = ν = ν µ = − ν − ν ν , 

 1 1
1 0 1 2 1 1 2 3 1 1 3 0(1 ),     2 (1 ) ,     (1 )− −µ = µ + ν µ = µ − ν ν ν β = µ + ν α , 

 1 2 2 1 23 3
3 1 3 1 2 0 0 0 1 1

1 1
2 (1 ) ,    ,    ,    h G− −α λ

β = µ ν + − ν ν α α = λ = ω = ρ ω
α λ

[ ] , 

 2 2 2 1 2 2 1 2
2 3 0 1 1 1 4 1,     ,      rc h T G h c h− −

ϑ ϑω = ω ω = α λ ω ω = λ τ ω ,  

 2 2 2 1 2 2 2 2
5 0 1 1 1 1 2,     ,     r i

i
T G c h D

x
−

ϑ
∂ω = α λ τ ω ∂ = = ∂ + ∂

∂
; 

ñèìâîëîì «  » îáîçíà÷åíû ðàçìåðíûå âåëè÷èíû; ijA , ijA  – êîìïîíåíòû 

òåíçîðà óïðóãîé æåñòêîñòè äëÿ òðàíñòðîïíîãî òåëà; 0T  – òåìïåðàòóðà òåëà 

â íåíàïðÿæåííîì ñîñòîÿíèè; 1 2 3( , , )T x x x  – àáñîëþòíàÿ òåìïåðàòóðà òî÷åê 

òåëà; ω  – êðóãîâàÿ ÷àñòîòà; R  – ëèíåéíûé ðàçìåð ïëàñòèíû; rτ  – âðåìÿ 

ðåëàêñàöèè òåïëîâîãî ïîòîêà; ρ  – ïëîòíîñòü; 1λ , 3λ  – êîýôôèöèåíòû òåï-

ëîïðîâîäíîñòè; 1α , 3α  – òåìïåðàòóðíûå êîýôôèöèåíòû ëèíåéíîãî ðàñøè-

ðåíèÿ; cϑ  – îáúåìíàÿ òåïëîåìêîñòü; 1E , 3E  – ìîäóëè Þíãà; 1G , 3G  – ìî-

äóëè ñäâèãà; 1ν , 3ν  – êîýôôèöèåíòû Ïóàññîíà. 
Â ñîîòâåòñòâèè ñ èäååé ìåòîäà îäíîðîäíûõ ðåøåíèé äîïîëíèì ñèñòåìó 

(5) îäíèì èç ñëåäóþùèõ êðàåâûõ óñëîâèé íà ïëîñêèõ ãðàíÿõ ïëàñòèíû 
ìåõàíè÷åñêèõ:  

 1 2( , , 1) 0,          1,2,3iu x x i± = = , (6) 

 3 1 2( , , 1) 0,         1,2,3j x x jσ ± = = , (7) 

 3 1 2 3 1 2( , , 1) 0,        ( , , 1) 0,      1,2iu x x x x i± = σ ± = = , (8) 

 33 1 2 1 2( , , 1) 0,       ( , , 1) 0,       1,2ix x u x x iσ ± = ± = = , (9) 

è òåïëîâûõ: 

 4 1 2( , , 1) 0u x x ± = , (10) 

 3 4 1 2( , , 1) 0u x x∂ ± = . (11) 

Ïîñòðîåíèå îäíîðîäíûõ ðåøåíèé. Èñïîëüçóÿ ïîëóîáðàòíûé ìåòîä 
È. È. Âîðîâè÷à è ó÷èòûâàÿ ñâîéñòâà âåêòîðíîãî ïîëÿ, àìïëèòóäíûå çíà÷å-
íèÿ êîìïîíåíò âåêòîðà ïåðåìåùåíèé ju  è òåìïåðàòóðû 4u  ïðåäñòàâèì â 

âèäå ñóììû âèõðåâîé è ïîòåíöèàëüíîé ñîñòàâëÿþùèõ: 

 1 2 3 â ï( , , ) ,         1, , 4i i iu x x x u u i= + =  . (12) 
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Âèõðåâûå ñîñòàâëÿþùèå  

 1â 3 2 1 2 2â 3 1 1 2
1 1

( ) ( , ),          ( ) ( , )k k k k
k k

u P x B x x u P x B x x
∞ ∞

= =

= ∂ = − ∂∑ ∑ , 

 2 2 2 2
3â 4â 10,          ( )k k ku u D B B= = λ = δ − ω , (13) 

ñîîòâåòñòâóþùèå ãðàíè÷íûì óñëîâèÿì (6)–(9), ñîâïàäàþò ñ ïîëó÷åííûìè â 
ðàáîòàõ [7, 8, 11]. 

Ïîòåíöèàëüíûå ñîñòàâëÿþùèå íàéäåì, èñõîäÿ èç ïðåäñòàâëåíèé [2, 10] 

 1ï 3 1 1 2 2ï 3 2 1 2( ) ( , ),         ( ) ( , )u n x C x x u n x C x x= ∂ = ∂ , 

 2
3ï 3 1 2 4 3 1 2( ) ( , ),       ( ) ( , )    nu q x C x x u t x C x x−= = λ . (14) 

Òîãäà èç ñèñòåìû óðàâíåíèé (5) ñ ó÷åòîì âûðàæåíèé (14) ñëåäóåò, ÷òî 
ôóíêöèè 3( )n x , 3( )q x , 3( )t x  îïðåäåëÿþòñÿ èç ñèñòåìû äèôôåðåíöèàëüíûõ 
óðàâíåíèé 

 2 2 2
0 1 1 3 1(1 ) 2 0s n n q t− ′′ ′+ γ + µ + ω + λµ − β =[ ] , 

 2 2 2 1 2 1
2 0 1 3 3( ) 2 0q s q n t− − −′′ ′ ′µ + γ + ω + λ µ γ − λ β = , 

 2 2 2 2 2
0 4 2 5 3 1 3( ) 2( ) ( ) 0t i t i n q′′ ′λ + γ + ω + ω + ω + ω β γ + λβ = , (15) 

à ôóíêöèÿ 1 2( , )C x x  ÿâëÿåòñÿ ìåòàãàðìîíè÷åñêîé: 

 2 2 2 0D C Cλ − γ = . 

Çäåñü γ  – ïàðàìåòð ðàçäåëåíèÿ ïåðåìåííûõ. 
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû (15) èìååò âèä 

 6 4 2
1 2 3 4 0à k à k à k à+ + + = , (16) 

 2 2 2 2 2 4 2
1 0 0 2 2 0 2 0 0 1 2 3,            (1 )à s à s s− − −= λ µ = γ µ + λ + + µ µ − µ +[ ]{ }  

 2 2 2 2 2 2 2
1 0 0 2 0 2 4 2 3 5 3( ) ( ) 4 ( )s s i i− −+ ω λ + µ + µ ω + ω + β ω + ω[ ] , 

 4 4 2 2 2 2 2 2 2
3 0 1 2 0 0 3 1 0 2 0 1(1 )( ) ( (1à s s s− − −= γ + + µ µ + λ − µ + γ ω + µ + λ + µ +[ ] [{  

 2 2 4 2 2 2
0 4 2 0 1 2 3 5 3 2 1) ( ) (1 ) 4( )s i s i− −+ + ω + ω + + µ µ − µ + ω + ω µ β −] [ ] [  

 2 2 2 2
3 1 3 1 3 1 3 5 32 (1 ) 4 ( )i− µ β β + + µ β + ω β ω + ω +] [}  

 2 2 2 4
0 2 4 2 0 1( )( )s i−+ + µ ω + ω + λ ω] , 

 6 2 4 2 2 2 2
4 1 0 1 1 0 0 4 2 1(1 ) (1 ) ( )(1 )à s s s i− − −= γ + µ + γ ω + µ + + ω + ω + µ +[{  

 2 2 2 2 2 2 2
5 3 1 1 1 4 2 1 04( ) ( )(1 )i i s−+ ω + ω β + γ ω ω + ω + ω + µ + +] [}  

 2 2 4 2
5 3 1 1 4 24( ) ) ( )i i+ ω + ω β + ω ω + ω] . 

Äëÿ ðàçëè÷íûõ êîðíåé ik  óðàâíåíèÿ (16) ðåøåíèåì ñèñòåìû (15) ÿâëÿ-
þòñÿ ôóíêöèè  

 
3 3

3 3 3 3
1 1

( ) ch ,         ( ) shi i i i
i i

n x H k x n x H k x+ + − −

= =

= =∑ ∑ , 

 
3 3

3 3 3 3
1 1

( ) sh ,        ( ) chi i i i i i
i i

q x c H k x q x c H k x+ + − −

= =

= =∑ ∑ , 

 
3 3

3 3 3 3
1 1

( ) ch ,        ( ) shi i i i i i
i i

t x d H k x t x d H k x+ + − −

= =

= =∑ ∑ , (17) 
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ãäå 

 2 2 2 2 1 1
0 3 3 1 3 1 3 1(1 )i i i ic s k k− − −= β + β + µ − µ β γ + β ω λ ∆[ ]{ } , 

 2 2 2 2 2 2 2 2 2 2 2 1
0 1 1 2 0 1 3(1 ) ( )i i i i id s k k s k− − −= + + µ γ + ω µ + γ + ω − µ γ ∆[ ]{ } , 

 2 2 2 2
1 2 3 3 1 0 1( ) ( )i ik s−∆ = β µ − β µ + β γ + ω . 

Â ôîðìóëàõ (17) èíäåêñàìè « + » è « − » îòìå÷åíû âåëè÷èíû, îòíîñÿùè-
åñÿ ñîîòâåòñòâåííî ê ñèììåòðè÷íûì è àíòèñèììåòðè÷íûì îòíîñèòåëüíî 
ñðåäèííîé ïëîñêîñòè 3 0x =  âèäàì êîëåáàíèé ïëàñòèíû. 

Êîýôôèöèåíòû iH±  è ñîáñòâåííûå çíà÷åíèÿ γ  íàéäåì èç ãðàíè÷íûõ 
óñëîâèé (6)–(11). Èç ãðàíè÷íûõ óñëîâèé (6), (10) èìååì îäíîðîäíûå ñèñòåìû 
óðàâíåíèé 

 
3 3 3

1 1 1

ch 0,      sh 0,      ch 0i i i i i i i i
i i i

H k H c k H d k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

sh 0,      ch 0,      sh 0i i i i i i i i
i i i

H k H c k H d k− − −

= = =

= = =∑ ∑ ∑ . (18) 

Ïðèðàâíèâàíèÿ ê íóëþ îïðåäåëèòåëè ñèñòåì (18), ïîëó÷àåì ñëåäóþùèå 
äèñïåðñèîííûå óðàâíåíèÿ îòíîñèòåëüíî γ : 

 1 1 2 3 1 2 3 1 2 3 1 2 3( ) th ( ) th ( ) th 0c d d k c d d k c d d k+∆ ≡ − + − + − = , 

 1 1 2 3 1 2 3 1 2 3 1 2 3( ) cth ( ) cth ( ) cth 0c d d k c d d k c d d k−∆ ≡ − + − + − = . (19) 

Â ñëó÷àå ãðàíè÷íûõ óñëîâèé (6), (11) èç îäíîðîäíûõ ñèñòåì 

 
3 3 3

1 1 1

ch 0,      sh 0,      sh 0i i i i i i i i
i i i

H k H c k H d k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

sh 0,      ch 0,      ch 0i i i i i i i i
i i i

H k H c k H d k− − −

= = =

= = =∑ ∑ ∑  (20) 

ïîëó÷àåì äèñïåðñèîííûå óðàâíåíèÿ  

 2 2 3 3 3 2 2 1 3 1 1 1 3 3 2( ) cth ( ) cthc d k c d k k c d k c d k k+∆ ≡ − + − +  

 1 2 2 2 1 1 3( ) cth 0c d k c d k k+ − = , 

 2 2 3 3 3 2 2 1 3 1 1 1 3 3 2( ) th ( ) thc d k c d k k c d k c d k k−∆ ≡ − + − +  

 1 2 2 2 1 1 3( ) th 0c d k c d k k+ − = . (21) 

Êðàåâûì óñëîâèÿì (7) è (10), (8) è (10), (9) è (10) ñîîòâåòñòâóþò îäíîðîäíûå 
ñèñòåìû 

 
3 3 3

1 1 1

ch 0,      sh 0,      ch 0i i i i i i i i i
i i i

H e k H f k H d k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

sh 0,      ch 0,      sh 0i i i i i i i i i
i i i

H e k H f k H d k− − −

= = =

= = =∑ ∑ ∑ ; (22) 

 
3 3 3

1 1 1

sh 0,      sh 0,      ch 0i i i i i i i i i
i i i

H k k H c k H d k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

ch 0,      ch 0,      sh 0i i i i i i i i i
i i i

H k k H c k H d k− − −

= = =

= = =∑ ∑ ∑ ; (23) 

 
3 3 3

1 1 1

ch 0,       ch 0,    ch 0 i i i i i i i i i
i i i

H k H c k k H d k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

 

1 1 1

  sh 0,        sh 0,  sh 0i i i i i i i i i
i i i

H k H c k k H d k− − −

= = =

= = =∑ ∑ ∑ . (24) 
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Çäåñü 1 2
2 1(1 )i i ie c k−= ν − ν γ + λ , i i if k c= + λ . 

Èç óñëîâèÿ ðàâåíñòâà íóëþ îïðåäåëèòåëåé ñèñòåì (22)–(24) ïîëó÷àåì 
äèñïåðñèîííûå óðàâíåíèÿ 

 3 3 2 2 3 1 1 1 3 3 1 2 2( ) th ( ) the d e d f k e d e d f k+∆ ≡ − + − +  

 2 1 1 2 3 3( ) th 0e d e d f k+ − = , 

 3 3 2 2 3 1 1 1 3 3 1 2 2( ) cth ( ) cthe d e d f k e d e d f k−∆ ≡ − + − +  

 2 1 1 2 3 3( ) cth 0e d e d f k+ − = ; (25) 

 4 3 2 2 3 1 1 1 3 3 1 2 2( ) cth ( ) cthc k c k d k c k c k d k+∆ ≡ − + − +  

 2 1 1 2 3 3( ) cth 0c k c k d k+ − = , 

 4 3 2 2 3 1 1 1 3 3 1 2 2( ) th ( ) thc k c k d k c k c k d k−∆ ≡ − + − +  

 2 1 1 2 3 3( ) th 0c k c k d k+ − = ; (26) 

 5 1 2 3ch ch ch 0k k k+∆ ≡ = , 

 5 1 2 3sh sh sh 0k k k−∆ ≡ = . (27) 
Â ñëó÷àå òåïëîèçîëèðîâàííûõ ïëîñêèõ ãðàíåé ïëàñòèíû (11) èç ãðà-

íè÷íûõ óñëîâèé (7)–(9) çàïèñûâàåì ñëåäóþùèå ñèñòåìû óðàâíåíèé:  

 
3 3 3

1 1 1

ch 0,      sh 0,      sh 0i i i i i i i i i i
i i i

H g k H f k H d k k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

sh 0,      ch 0,      sh 0i i i i i i i i i i
i i i

H g k H f k H d k k− − −

= = =

= = =∑ ∑ ∑ ; (28) 

 
3 3 3

1 1 1

sh 0,      sh 0,      sh 0i i i i i i i i i i
i i i

H k k H c k H d k k+ + +

= = =

= = =∑ ∑ ∑ , 

 
3 3 3

1 1 1

ch 0,      ch 0,      ch 0i i i i i i i i i i
i i i

H k k H c k H d k k− − −

= = =

= = =∑ ∑ ∑ ; (29) 

 
3 3 3

1 1 1

  ch 0,       ch 0,    sh 0 i i i i i i i i i
i i i

H k H h k H d k k+ + +

= = =

= = =∑ ∑ ∑ ,  

 
3 3 3

1 1 1

sh 0,       sh 0,   ch 0    i i i i i i i i i
i i i

H k H h k H d k k− − −

= = =

= = =∑ ∑ ∑ ; (30) 

 3 3,        i i i i i i ig e d h c k d= − β = λ − β , 
è òàêèå òðàíñöåíäåíòíûå óðàâíåíèÿ:  

 6 3 2 3 2 3 2 1 1 1 3 1 3 1 3 2 2( ) cth ( ) cthd f k d f k g k d f k d f k g k+∆ ≡ − + − +  

 2 1 2 1 2 1 3 3( ) cth 0d f k d f k g k+ − = , 

 6 3 2 3 2 3 2 1 1 1 3 1 3 1 3 2 2( ) th ( ) thd f k d f k g k d f k d f k g k−∆ ≡ − + − +  

 2 1 2 1 2 1 3 3( ) th 0d f k d f k g k+ − = ; (31) 

 7 1 2 3sh sh sh 0k k k+∆ ≡ = , 

 7 1 2 3ch ch ch 0k k k−∆ ≡ = ; (32) 

 8 3 2 1 1 1 1 3 2 2 2( ) th ( ) thh h d k k h h d k k+∆ ≡ − + − +  

 2 1 3 3 3( ) th 0h h d k k+ − = , 

 8 3 2 1 1 1 1 3 2 2 2( ) cth ( ) cthh h d k k h h d k k−∆ ≡ − + − +  

 2 1 3 3 3( ) cth 0h h d k k+ − = . (33) 

Ñ÷åòíûå ìíîæåñòâà êîðíåé óðàâíåíèé (27), (32) íàõîäÿòñÿ â ÿâíîì âè-
äå. Äëÿ îòûñêàíèÿ êîðíåé äèñïåðñèîííûõ óðàâíåíèé (19), (21), (25), (26), 
(31), (33) ìîæíî âîñïîëüçîâàòüñÿ ïðÿìûìè ÷èñëåííûìè è àñèìïòîòè÷åñêèìè 
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ìåòîäàìè [9, 13]. Çàâèñèìîñòü ìåæäó êâàäðàòàìè êîðíåé 2
ik  óðàâíåíèÿ (16) 

è γ  óñòàíàâëèâàåì ïî ôîðìóëàì Êàðäàíî. Â ðåçóëüòàòå ïîëó÷àåì ñîáñò-

âåííûå çíà÷åíèÿ pγ . 

Íåèçâåñòíûå êîýôôèöèåíòû iH±  íàéäåì èç ñèñòåì (18), (20), (22)–(24), 
(28)–(30). Íàïðèìåð, èç ñèñòåìû (18) ïîëó÷àåì  

 2 1 1 1 3 3 1 3
1 ( sh ch ch sh )H H c k k c k k

H
+ +

+
= − , 

 3 1 2 1 3 1 1 3
1 ( ch sh sh ch )H H c k k c k k

H
+ +

+
= − , 

 2 1 1 1 3 3 1 3
1 ( ch sh sh ch )H H c k k c k k

H
− −

−
= − , 

 3 1 2 1 2 1 1 2
1 ( sh ch ch sh )H H c k k c k k

H
− −

−
= − , (34) 

ãäå 

 3 2 3 2 2 3ch sh sh chH c k k c k k+ = − ,  

 3 2 3 2 2 3 1sh ch ch sh ,        1H c k k c k k H− ±= − = . 
Ðåøåíèÿ îñòàëüíûõ ñèñòåì íàõîäÿòñÿ àíàëîãè÷íî, è îíè èìåþò âèä (34). 

Ñîáñòâåííûì çíà÷åíèÿì p
±γ  ñîîòâåòñòâóþò âåëè÷èíû ipH±  è ñîáñòâåí-

íûå ôóíêöèè 3( )pn x± , 3( )pq x± , 3( )pt x± , 1 2( , )pC x x± . Ïîýòîìó ïîòåíöèàëüíîå 

ðåøåíèå äëÿ âñåõ ðàññìîòðåííûõ ãðàíè÷íûõ óñëîâèé íà ïëîñêèõ ãðàíÿõ 
ïëàñòèíû èìååò ôîðìó 

 1 2 3 3 1 2
1

( , , ) ( ) ( , ),       1,2jn p j p
p

u x x x n x C x x j
∞

± ± ±

=

= ∂ =∑ , 

 3 1 2 3 3 1 2
1

( , , ) ( ) ( , )n p p
p

u x x x q x C x x
∞

± ± ±

=

= ∑ , 

 2
4 1 2 3 3 1 2

1

( , , ) ( ) ( , )n p p
p

u x x x t x C x x
∞

± − ± ±

=

= λ ∑ , (35) 

 2 2 2( )p p pD C C± ± − ±= γ λ . 

Òàêèì îáðàçîì, îäíîðîäíûå ðåøåíèÿ ðàññìîòðåííûõ êðàåâûõ çàäà÷ 
èìåþò âèä 

 1 3 2 1 2 3 1 1 2
1 1

( ) ( , ) ( ) ( , )k k p
k p

u P x B x x n x C x x
∞ ∞

= =

= ∂ + ∂∑ ∑ , 

 2 3 1 1 2 3 2 1 2
1 1

( ) ( , ) ( ) ( , )k k p
k p

u P x B x x n x C x x
∞ ∞

= =

= − ∂ + ∂∑ ∑ , 

 2
3 3 1 2 4 3 1 2

1 1

( ) ( , ),              ( ) ( , )p p
p p

u q x C x x u t x C x x
∞ ∞

−

= =

= = λ∑ ∑ , 

 11 3 1 2 1 2 3 1 2
1 1

( ) ( , ) ( ) ( , )k k p p
k p

P x B x x s x C x x
∞ ∞

= =

σ = ∂ ∂ + +∑ ∑ [  

 2
3 1 1 2( ) ( , )p pn x C x x+ ∂ ] , 

 22 3 1 2 1 2 3 1 2
1 1

( ) ( , ) ( ) ( , )k k p p
k p

P x B x x s x C x x
∞ ∞

= =

σ = − ∂ ∂ + +∑ ∑ [  

 2
3 2 1 2( ) ( , )p pn x C x x+ ∂ ] , 
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 2 2 1
33 13 3 33 3 3 3 1 2

1

( ) ( ) ( ) ( , )p p p p p
p

A n x A q x t x C x x
∞

− −

=

′σ = γ λ + λ − β∑ [ ] , 

 2 2
12 3 2 1 1 2 3 1 2 1 2

1 1

( )( ) ( , ) ( ) ( , )k k p p
k p

P x B x x n x C x x
∞ ∞

= =

σ = ∂ − ∂ + ∂ ∂∑ ∑ , 

 13 3 2 1 2 3 1 1 2
1 1

( ) ( , ) ( ) ( , )k k p p
k p

P x B x x r x C x x
∞ ∞

= =

′σ = ∂ + ∂∑ ∑ , 

 23 3 1 1 2 3 2 1 2
1 1

( ) ( , ) ( ) ( , )k k p p
k p

P x B x x r x C x x
∞ ∞

= =

′σ = − ∂ + ∂∑ ∑ , (36) 

ãäå 

 2 2 1 2
3 12 3 13 3 1 3( ) ( ) ( ) ( )p p p p ps x A n x A q x t x− − −′= γ λ + λ − λ β , 

 1
3 44 3 3( ) ( ) ( )p p pr x A q x n x−= + λ[ ] . 

Ôîðìóëû (36) â ñèììåòðè÷íîé è àíòèñèììåòðè÷íîé çàäà÷àõ èìåþò 
îäèíàêîâóþ ñòðóêòóðó. Ïîýòîìó çíàêè « + », « − » íå óêàçàíû. 

Ïîñòðîåííûå âûøå îäíîðîäíûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ 
óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé íà áîêîâîé ïîâåðõíîñòè ïëàñòèíû. Â 
ñëó÷àå êðóãîâûõ öèëèíäðè÷åñêèõ ïîâåðõíîñòåé ïëàñòèíû â ðàáîòàõ [10, 12] 
ïðåäëîæåíû ïîäõîäû ñâåäåíèÿ ãðàíè÷íûõ çàäà÷ ê áåñêîíå÷íûì ñèñòåìàì 
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Äëÿ îáëàñòè ïëàñòèíû, îòëè÷íîé îò 
êðóãîâîé, ýôôåêòèâíûì ÿâëÿåòñÿ èñïîëüçîâàíèå ìåòîäîâ îäíîðîäíûõ ðå-
øåíèé è èíòåãðàëüíûõ ïðåîáðàçîâàíèé [6, 15]. 
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МЕТОД ОДНОРІДНИХ РОЗВ’ЯЗКІВ У ТРИВИМІРНИХ ЗАДАЧАХ 
УЗАГАЛЬНЕНОЇ ТЕРМОМЕХАНІКИ ТРАНСТРОПНИХ ПЛАСТИН 
 
Ðîçãëÿäàþòüñÿ êðàéîâ³ çàäà÷³ óçàãàëüíåíî¿ òåðìîïðóæíîñò³ äëÿ òðàíñòðîïíèõ 
ïëàñòèí. Íà ïëîñêèõ ãðàíÿõ ïëàñòèíè çàäàíî ð³çí³ îäíîð³äí³ ìåõàí³÷í³ òà òåï-
ëîâ³ ãðàíè÷í³ óìîâè. Ìåòîäîì ². ². Âîðîâè÷à îòðèìàíî îäíîð³äí³ ðîçâ’ÿçêè äëÿ òà-
êîãî êëàñó çàäà÷ òåîð³¿ òåðìîïðóæíîñò³. Ðîçâ’ÿçóâàííÿ çàäà÷ çâåäåíî äî ³íòåãðó-
âàííÿ çë³÷åííî¿ ìíîæèíè ìåòàãàðìîí³÷íèõ ð³âíÿíü. 
 
METHOD OF HOMOGENEOUS SOLUTIONS IN 3-D PROBLEMS 
FOR GENERALIZED THERMOMECHANICS OF TRANSTROPIC PLATES 
 
The boundary-value problems of generalized thermoelasticity for transtropic plates are 
considered. On the flat plane plates different homogeneous mechanical and heat border 
conditions are given. By the I. I. Vorovich method the homogeneous solutions for the 
given class of problems of thermoelasticity theory are obtained. As a result the solution 
of the problem is reduced to integration of counting set of metaharmonic equations. 
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