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Äëÿ óçàãàëüíåíîãî êâàç³äèôåðåíö³àëüíîãî ð³âíÿííÿ ÷åòâåðòîãî ïîðÿäêó ïîáó-
äîâàíî ôóíäàìåíòàëüíó ìàòðèöþ òà âèâåäåíî åêâ³âàëåíòíó ðåêóðåíòíó 
ôîðìóëó. Íàâåäåíî ³ëþñòðàòèâíèé ïðèêëàä îäåðæàííÿ åêâ³âàëåíòíî¿ ðåêó-
ðåíòíî¿ ôîðìóëè äëÿ çâè÷àéíîãî äèôåðåíö³àëüíîãî ð³âíÿííÿ ç³ ñòàëèìè êî-
åô³ö³ºíòàìè. Ïîêàçàíî, ÿê îòðèìàí³ ðåçóëüòàòè ìîæíà âèêîðèñòîâóâàòè 
äëÿ íàáëèæåíîãî ðîçâ’ÿçóâàííÿ (êâàç³)äèôåðåíö³àëüíèõ ð³âíÿíü ³ â³äïîâ³äíèõ 
çàäà÷ Êîø³. 

 
Ðîçãëÿäàºòüñÿ óçàãàëüíåíå êâàç³äèôåðåíö³àëüíå [4] ð³âíÿííÿ (ÊÄÐ)  

 0 1 2( ) ( ) 0p y p y p y′′ ′′ ′ ′− + = , (1) 

äå 1
0 ( )p x−  – îáìåæåíà é âèì³ðíà íà äåÿêîìó ³íòåðâàë³ ( , )= α β ⊂   ôóíê-

ö³ÿ; ( ) ( )i ip x q x′= ; ôóíêö³¿ ( )iq x , 1, 2i = , íàëåæàòü ïðîñòîðó loc ( )BV+   íåïå-

ðåðâíèõ ñïðàâà ôóíêö³é ëîêàëüíî îáìåæåíî¿ íà   âàð³àö³¿. 
Äëÿ ð³âíÿííÿ (1) ââåäåìî êâàç³ïîõ³äí³ òàêèì ÷èíîì: 

 [1] [2]
0( ) ( ),        ( ) ( ) ( )y x y x y x p x y x′ ′′= = , 

 [3]
0 1( ) ( ( ) ( )) ( ) ( )y x p x y x p x y x′′ ′ ′= − . (2) 

Òîä³ çà äîïîìîãîþ âåêòîðà [1] [2] [3]( ) col ( ), ( ), ( ), ( )Y x y x y x y x y x= ( ) ð³âíÿííÿ 
(1) çâîäèòüñÿ äî äèôåðåíö³àëüíî¿ ñèñòåìè ïåðøîãî ïîðÿäêó 

 ( ) ( ) ( )Y x C x Y x′ ′= , (3) 
äå 

 
1

0

1

2

0 1 0 0

0 0 ( ) 0
( )

0 ( ) 0 1
( ) 0 0 0

p x
C x

p x
p x

−
′ =

−

. 

Íåõàé ( ) ( ) ( 0)s s sC x C x C x∆ = − −  – ñòðèáîê ìàòðèö³ ( )C x  ó òî÷ö³ sx , òîä³ 

 
1

2

0 0 0 0
0 0 0 0

( )
0 ( ) 0 0
( ) 0 0 0

s
s

s

C x
q x

q x

∆ = ∆
−∆

. 

Î÷åâèäíî, ùî äëÿ ñèñòåìè (3) âèêîíóºòüñÿ íåîáõ³äíà òà äîñòàòíÿ óìîâà 

êîðåêòíîñò³ [4], òîáòî x∀ ∈   2( ( )) 0C x∆ ≡ . 
Ñïðÿæåíîþ äî ñèñòåìè (3) º ñèñòåìà  

 ( ) ( ( )) ( )Z x C x Z x∗′ ′= − ⋅ ,  

äå 3 2 1( ) col ( ), ( ), ( ), ( )Z x z x z x z x z x= { } { } { }( ) , à ñèìâîë «∗ » îçíà÷àº åðì³òîâå 
ñïðÿæåííÿ (ó âèïàäêó ä³éñíîçíà÷íèõ åëåìåíò³â öÿ îïåðàö³ÿ ïåðåòâîðþºòü-
ñÿ ó çâè÷àéíå òðàíñïîíóâàííÿ). 

Ç³ ñïðÿæåíî¿ ñèñòåìè îäíîçíà÷íî âèçíà÷àþòüñÿ êâàç³ïîõ³äí³ ( )iz x{ } : 

 1 2
0( ) ( ),       ( ) ( ) ( )z x z x z x p x y x′ ′′= − ={ } { } , 

 {3}
0 1( ) ( ( ) ( )) ( ) ( )z x p x z x p x z x′′ ′ ′= − + . (4) 
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Íàäàë³ âèðàçè ( )iy x[ ]  òà ( )jz x{ } , , 1, 2, 3i j = , áóäåìî íàçèâàòè êâàç³ïî-
õ³äíèìè â ñåíñ³ âèõ³äíîãî òà ñïðÿæåíîãî êâàç³äèôåðåíö³àëüíèõ ð³âíÿíü â³ä-
ïîâ³äíî. 

Äëÿ ñèñòåìè (3) ºäèíèì ÷èíîì âèçíà÷àºòüñÿ ôóíäàìåíòàëüíà ìàòðèöÿ 
( , )B x α , çà äîïîìîãîþ ÿêî¿ ðîçâ’ÿçîê ñèñòåìè (3) çàïèñóºòüñÿ ÿê 

 ( ) ( , ) ( )Y x B x Y= α α . (5) 

Îñê³ëüêè ôóíäàìåíòàëüíà ìàòðèöÿ º ðîçâ’ÿçêîì ñèñòåìè (3) çà çì³ííîþ x , 
òî äëÿ íå¿ ñïðàâäæóºòüñÿ óìîâà ñòðèáêà ( , ) ( ) ( 0, )B x Ñ x B x∆ α = ∆ − α , òîáòî 

 ( , ) ( ( )) ( 0, )B x E C x B xα = + ∆ − α . (6) 

Ôóíäàìåíòàëüíà ìàòðèöÿ ñèñòåìè (3) ìàº òàêó ñòðóêòóðó [5]: 

 

3 2 1

[1] 3 [1] 2 [1] 1 [1]

[2] 3 [2] 2 [2] 1 [2]

[3] 3 [3] 2 [3] 1 [3]

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )
( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

K x K x K x K x

K x K x K x K x
B x

K x K x K x K x

K x K x K x K x

α α α α

α α α α
α =

α α α α

α α α α

{ } { } { }

{ } { } { }

{ } { } { }

{ } { } { }

, (7) 

äå ( , )K x α  – ôóíêö³ÿ Êîø³ ÊÄÐ (1) [4]; [ ] ( , )iK x α  – i -òà êâàç³ïîõ³äíà ôóíê-

ö³¿ Êîø³ ó ñåíñ³ âèõ³äíîãî ð³âíÿííÿ, ÿêà áåðåòüñÿ çà x ; ( , )jK x α{ }  – j -òà 
êâàç³ïîõ³äíà ôóíêö³¿ Êîø³ ó ñåíñ³ ñïðÿæåíîãî ð³âíÿííÿ, ÿêà áåðåòüñÿ çà α ; 

[ ] ( , )i jK x α{ }  – çì³øàíà êâàç³ïîõ³äíà ôóíêö³¿ Êîø³, ÿêà ñïåðøó áåðåòüñÿ çà 
x  ó ñåíñ³ âèõ³äíîãî ð³âíÿííÿ, à ïîò³ì – çà α  ó ñåíñ³ ñïðÿæåíîãî ð³âíÿííÿ. 

Ôóíêö³ÿ Êîø³ ( 0, )K x − α  áóäóºòüñÿ â êëàñè÷íîìó ðîçóì³íí³ äëÿ äèôå-

ðåíö³àëüíîãî ð³âíÿííÿ 0( ) 0p y′′ ′′ = . Ìîæíà ïåðåêîíàòèñÿ, ùî 

 1
0( 0, ) ( )( )( )

x

K x p t x t t dt−

α

− α = − − α∫ . 

Ôóíäàìåíòàëüíà ìàòðèöÿ, ùî â³äïîâ³äàº ð³âíÿííþ 0( ) 0p y′′ ′′ = , ìàº 

ñòðóêòóðó, àíàëîã³÷íó äî (7). Çíàéøîâøè êâàç³ïîõ³äí³ ôóíêö³¿ Êîø³ 
[ ] ( 0, ), , 0, ,3  i jK x i j− α = { } , çà ôîðìóëàìè (2), (4) (âðàõîâóþ÷è, ùî 

1( ) 0p x = ), áóäóºìî ìàòðèöþ ( 0, )B x − α . Âèêîðèñòàâøè ôîðìóëó (6), îäåð-
æóºìî ôîðìóëó äëÿ âèçíà÷åííÿ ôóíäàìåíòàëüíî¿ ìàòðèö³, ùî â³äïîâ³äàº 
êâàç³äèôåðåíö³àëüíîìó ð³âíÿííþ (1): 

 

2 1

4 3

1 4 1 3 1

2 2 2 2 1 2

1 ( , ) ( , )

0 1 ( , ) ( , )
( , )

0 1 ( , ) ( , )

( ) ( , ) 1 ( , )

x I x I x

I x I x
B x

I x x I x

x I x I x

− α α α

α α
α =

∆ + α ∆ − α + α ∆

−∆ − − α ∆ − α ∆ − α ∆

, 

äå 

1 1( )q x∆ = ∆ , 2 2 ( )q x∆ = ∆ , 1
1 0( , ) ( )( )( )

x

I x p t x t t dt−

α

α = − − α∫ , 

1 1 1
2 0 3 0 4 0( , ) ( )( ) ,    ( , ) ( )( ) ,    ( , ) ( )

x x x

I x p t x t dt I x p t t dt I x p t dt− − −

α α α

α = − α = − α α =∫ ∫ ∫ . 

Âèáåðåìî òî÷êè 1 2 3 4s s s s sx x x x x+ + + +< < < < ⊂   ³ ïîêëàäåìî 1sx x += , 

sxα = . Òîä³ ç (5) ³ (6) îäåðæèìî â³äïîâ³äíî 
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 1 1( ) ( , ) ( )s s s sY x B x x Y x+ += , (8) 

 1 1 1( , ) ( ( )) ( 0, )s s s s sB x x E C x B x x+ + += + ∆ − . (9) 

Êîëè 2 1,  s sx x x+ += α = , îäåðæèìî  

 2 2 1 1( ) ( , ) ( )s s s sY x B x x Y x+ + + += .  

Ìàòðèöÿ ( , )B x α , ÿê ³ â êëàñè÷íîìó âèïàäêó, ìàº âëàñòèâ³ñòü ãàðìî-
í³÷íîñò³ [2]: 

 1 1 1 1 1 1          ( , ) ( , ) ( , )i i i i i i i i ix x x B x x B x x B x x− + + − + −∀ < < ⊂ ⋅ = ,  

òîìó ñïðàâäæóºòüñÿ ôîðìóëà  

 2 2( ) ( , ) ( )s s s sY x B x x Y x+ += . (10) 

Çàóâàæèìî, ùî â ðîçãëÿäóâàíîìó âèïàäêó ìàòðèöþ 2( , )s sB x x+  ïîòð³á-

íî îá÷èñëþâàòè ÿê äîáóòîê ìàòðèöü 2 1 1( , ) ( , )s s s sB x x B x x+ + +⋅ . 
Àíàëîã³÷íèìè ì³ðêóâàííÿìè îäåðæèìî 

 3 3( ) ( , ) ( )s s s sY x B x x Y x+ += , (11) 

 4 4( ) ( , ) ( )s s s sY x B x x Y x+ += . (12) 

Ðîçïèñàâøè ïîåëåìåíòíî ôîðìóëè (8), (10)–(12) ³ âèïèñàâøè ïåðø³ 
ðÿäêè îäåðæàíèõ ñèñòåì, ä³ñòàíåìî òàêó ñèñòåìó: 

 11 12 [1] 13 [2] 14 [3]
1 1, 1, 1, 1,s s s s s s s s s s s s sy b y b y b y b y+ + + + += + + + , 

 11 12 [1] 13 [2] 14 [3]
2 2, 2, 2, 2,s s s s s s s s s s s s sy b y b y b y b y+ + + + += + + + , 

 11 12 [1] 13 [2] 14 [3]
3 3, 3, 3, 3,s s s s s s s s s s s s sy b y b y b y b y+ + + + += + + + , 

 11 12 [1] 13 [2] 14 [3]
4 4, 4, 4, 4,s s s s s s s s s s s s sy b y b y b y b y+ + + + += + + + , (13) 

äå 1
,

j
s k sb +  – åëåìåíòè ïåðøîãî ðÿäêà ìàòðèö³ ( , ),  , 1, , 4s k sB x x k j+ =  ; [ ]i

sy =  

[ ] ( ),  0, ,3i
sy x i= =  . 

Óòâîðèìî âèçíà÷íèê 

 

11 12 13 14
1 1, 1, 1, 1,

11 12 13 14
2 2, 2, 2, 2,

11 12 13 14
3 3, 3, 3, 3,

11 12 13 14
4 4, 4, 4, 4,

1 0 0 0s

s s s s s s s s s

s s s s s s s s ss

s s s s s s s s s

s s s s s s s s s

y

y b b b b

y b b b b

y b b b b

y b b b b

+ + + + +

+ + + + +

+ + + + +

+ + + + +

∆ = . 

Âðàõîâóþ÷è ë³í³éíó çàëåæí³ñòü ì³æ ñòîâïöÿìè öüîãî âèçíà÷íèêà, îäåðæóº-
ìî, ùî 0s∆ = . Ðîçêëàäàþ÷è âèçíà÷íèê çà åëåìåíòàìè ïåðøîãî ñòîâïöÿ, 
îòðèìàºìî ï’ÿòèòî÷êîâó ðåêóðåíòíó ôîðìóëó  

 ,0 ,1 1 ,2 2 ,3 3 ,4 4 0s s s s s s s s s sy y y y y+ + + +∆ ⋅ + ∆ ⋅ + ∆ ⋅ + ∆ ⋅ + ∆ ⋅ = , (14) 

äå ,s i∆ , 0, , 4i =  , – àëãåáðà¿÷íå äîïîâíåííÿ äî åëåìåíòà ïåðøîãî ñòîâïöÿ 

âèçíà÷íèêà s∆ , ÿêèé ðîçì³ùåíèé â i -ìó ðÿäêó. 
Çàóâàæèìî, ùî îäåðæàíà ôîðìóëà º íå íàáëèæåíîþ, à òî÷íîþ, åêâ³âà-

ëåíòíîþ ÊÄÐ (1). Äîâ³ëüíèé ÷àñòêîâèé ðîçâ’ÿçîê ÊÄÐ (1), îá÷èñëåíèé ó äå-
ÿê³é êîíêðåòí³é òî÷ö³, ñï³âïàäàº ç³ çíà÷åííÿì, îòðèìàíèì çà äîïîìîãîþ åê-
â³âàëåíòíî¿ ðåêóðåíòíî¿ ôîðìóëè (14). Îòæå, îäåðæàëè äèñêðåòíå çîáðà-
æåííÿ ðîçâ’ÿçêó óçàãàëüíåíîãî êâàç³äèôåðåíö³àëüíîãî ð³âíÿííÿ. 
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Äëÿ ÊÄÐ (1) ïîñòàâèìî çàäà÷ó Êîø³ ç óìîâàìè 

 ( )
0 0( ) ,        0, ,3iy x y i= =  . (15) 

Òîä³ äëÿ ñèñòåìè (3) ðîçãëÿíåìî â³äïîâ³äíó çàäà÷ó Êîø³ ç óìîâîþ  

 0 0( )Y x Y= . 

 Çàäà÷³ (1), (15) â³äïîâ³äàº ïî÷àòêîâà çàäà÷à äëÿ åêâ³âàëåíòíî¿ ðåêó-
ðåíòíî¿ ôîðìóëè ³ç äåÿêèìè ïî÷àòêîâèìè çíà÷åííÿìè 0 1 2 3, , ,y y y y , ÿê³ îá-

÷èñëþþòüñÿ çà ôîðìóëàìè (13). 
 Ïðî³ëþñòðóºìî çàñòîñóâàííÿ îäåðæàíèõ ðåçóëüòàò³â íà ïðèêëàä³. Ðîç-
ãëÿíåìî çâè÷àéíå äèôåðåíö³àëüíå ð³âíÿííÿ 

 (4) 5 4 0y y y′′− + = . (16) 

Ñïî÷àòêó îòðèìàºìî åêâ³âàëåíòíó ðåêóðåíòíó ôîðìóëó äëÿ öüîãî ð³â-
íÿííÿ, çàñòîñóâàâøè êâàç³ïîõ³äí³ 

 [1] [2] [3]( ) ( ),      ( ) ( ),      ( ) ( ) 5 ( )y x y x y x y x y x y x y x′ ′′ ′′′ ′= = = − . 

Çà äîïîìîãîþ âåêòîðà [1] [2] [3]( ) col ( ), ( ), ( ), ( )Y x y x y x y x y x= ( ) êâàç³äèôåðåí-
ö³àëüíå ð³âíÿííÿ (16) çâåäåìî äî òàêî¿ ñèñòåìè: 

 
[1] [1]

[2] [2]

[3] [3]

( ) ( )0 1 0 0

( ) ( )0 0 1 0

0 5 0 1( ) ( )

4 0 0 0( ) ( )

y x y x

y x y x

y x y x

y x y x

′

= ⋅

−

. (17) 

Êâàç³ïîõ³äí³ â ñåíñ³ ñïðÿæåíîãî ð³âíÿííÿ áóäåìî îá÷èñëþâàòè çà ôîð-
ìóëàìè 

 1 2 3( ) ( ),      ( ) ( ),      ( ) ( ) 5 ( )z x z x z x z x z x z x z x′ ′′ ′′′ ′= − = = − +{ } { } { } . 

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ’ÿçê³â ð³âíÿííÿ (16) óòâîðþþòü ôóíêö³¿ 
2 2

1 2 3 4( ) ,  ( ) ,  ( ) ,  ( )x x x xy x e y x e y x e y x e− −= = = = . Ôóíêö³þ Êîø³ äëÿ ð³âíÿí-
íÿ (16) çíàõîäèìî çà ôîðìóëîþ [3] 

 

1 2 3 4

[1] [1] [1] [1]
1 2 3 4

[2] [2] [2] [2]
1 2 3 4

1 2 3 4

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )1( , )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

y y y y

y y y y
K x

W y y y y

y x y x y x y x

α α α α

α α α α
α =

α α α α α
, 

äå ( )W α  – êâàç³âðîíñê³àí [4] ð³âíÿííÿ (16): 

 

1 2 3 4

[1] [1] [1] [1]
1 2 3 4

[2] [2] [2] [2]
1 2 3 4

[3] [3] [3] [3]
1 2 3 4

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

y y y y

y y y y
W

y y y y

y y y y

α α α α

α α α α
α =

α α α α

α α α α

. 

Îñòàòî÷íî ôóíêö³ÿ Êîø³ ð³âíÿííÿ (16) ìàº âèãëÿä 

 ( ) 2( ) 2( )1 1 1 1( , )
6 6 12 12

x x x xK x e e e e−α − −α −α − −αα = − + + − . 

Çàóâàæèìî, ùî îäåðæàíà ôóíêö³ÿ Êîø³ ñï³âïàäàº ç ôóíêö³ºþ Êîø³, çíàé-
äåíîþ êëàñè÷íèì ñïîñîáîì. 

Âèáåðåìî òî÷êè 1 2 3 4s s s s sx x x x x+ + + +< < < < ⊂  . Äëÿ çðó÷íîñò³ ââà-

æàòèìåìî, ùî ö³ òî÷êè ð³âíîâ³ääàëåí³ îäíà â³ä îäíî¿ íà â³äñòàíü h , òîáòî 
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1s i s ih x x+ + += − , 0, , 3i =  . Îñê³ëüêè ôóíêö³ÿ Êîø³ òà ¿¿ êâàç³ïîõ³äí³ â 

òî÷êàõ 1( , )s i s ix x+ + + , 0, , 3i =  , íå çàëåæàòü â³ä i  (çàëåæàòü ò³ëüêè â³ä h ), 

òî é ôóíäàìåíòàëüíà ìàòðèöÿ ( , )B x α  ð³âíÿííÿ (16) ó öèõ òî÷êàõ íå çàëå-
æèòü â³ä i , òîìó ñïðàâäæóºòüñÿ ôîðìóëà 

 1( , ) ( , ),       2,3, 4k
s k s s sB x x B x x k+ += = . (18) 

Çíàéøîâøè åëåìåíòè ìàòðèöü ( , ),  1, , 4s k sB x x k+ =  , òà îá÷èñëèâøè êî-

åô³ö³ºíòè ,s i∆ , 0, , 4i =  , ó ôîðìóë³ (14), îäåðæèìî åêâ³âàëåíòíó (òî÷íó) 

ôîðìóëó äëÿ ð³âíÿííÿ (16): 

 2 2 3 3
4 3 2( ) 2h h h h h h h h

s s sy e e e e y e e e e y− − − −
+ + +− + + + + + + + + −( )  

 2 2
1 0h h h h

s se e e e y y− −
+− + + + + =( ) . (19) 

Îòæå, êâàç³äèôåðåíö³àëüíå ð³âíÿííÿ (16) åêâ³âàëåíòíå äåÿê³é äèñêðåò-
í³é ðåêóðåíòí³é ôîðìóë³ (19). 

Ïîêàæåìî, ÿê åêâ³âàëåíòíó ðåêóðåíòíó ôîðìóëó ìîæíà âèêîðèñòîâó-
âàòè äëÿ íàáëèæåíîãî ðîçâ’ÿçóâàííÿ êâàç³äèôåðåíö³àëüíèõ ð³âíÿíü. 

Äëÿ ð³âíÿííÿ (16) ïîñòàâèìî çàäà÷ó Êîø³ ç óìîâàìè 

 (0) 0,      (0) 0,      (0) 1,      (0) 1y y y y′ ′′ ′′′= = = = . (20) 

Ðîçâ’ÿçêîì çàäà÷³ (16), (20) áóäå ôóíêö³ÿ  

 2 21 1 1( )
3 4 12

x x xy x e e e−= − + + . (21) 

Çíàéäåìî íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (16), (20).  
Äëÿ ñèñòåìè (17) ìàºìî 

 

11 13 14

21 22 24

31 33

42 43 44

( ) ,      
5

4

ij

c x c c
c c x c

C x c
c x c x

x c c c

= ∈

−

 .  

Ùîá îäåðæàòè ð³âíÿííÿ, íàáëèæåíå äî ð³âíÿííÿ (16), çàñòîñóºìî òàê 
çâàíó D-àïðîêñèìàö³þ, çàïðîïîíîâàíó â ðîáîò³ [1]. Íåõàé ïîòð³áíî çíàéòè 
çíà÷åííÿ ðîçâ’ÿçêó ð³âíÿííÿ (16) ó äåÿê³é òî÷ö³ Nx . Òîä³ â³äð³çîê 0, Nx[ ]  
ðîçáèâàºìî íà n  ð³âíèõ ÷àñòèí: 

 0 1 10 ... ...s s n Nx x x x x x+≡ < < < < < < ≡ . 

Ïîçíà÷èìî äîâæèíó â³äð³çêà 1,s sx x +[ ]  ÷åðåç h , Nx
h

n
= . Åëåìåíòè 32 ( )c x =  

415 ,  ( ) 4x c x x= = −  ìàòðèö³ ( )C x  àïðîêñèìóºìî òàêèìè ôóíêö³ÿìè: 

 32 32 41 41 1( ) ( ) 5 ,     ( ) ( ) 4 ,     [ , )n n
s s s s s sc x c x x c x c x x x x x += = = = − ∈ . 

Âðàõóâàâøè, ùî 32( ) 5n
sc x h∆ = , 41( ) 4n

sc x h∆ = − , äëÿ ñèñòåìè (17) îäåðæèìî 
íàáëèæåíó ñèñòåìó 

 
[1] [1]

[2] [2]
1

[3] [3]

1

0 1 0 0
0 0 1 0

0 5 ( ) 0 1

4 ( ) 0 0 0

n n
n

n n
s

sn n
n

n n
s

s

y y

y y
h x x

y y

y yh x x

=

=

′

δ −= ⋅

− δ −

∑

∑

, (22) 

äå ( )sx xδ −  – ôóíêö³ÿ Ä³ðàêà ç íîñ³ºì ó òî÷ö³ sx .  
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Òîä³ äëÿ (16) íàáëèæåíå ð³âíÿííÿ áóäå ìàòè âèãëÿä (1): 

 (4)

1 1

( ) 5 ( ) ( ) 4 ( ) ( ) 0
n n

n s n s n
s s

y x h x x y x h x x y x
= =

′ ′− δ − + δ − = 
 ∑ ∑ . (23) 

Îñê³ëüêè äëÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ (4) 0y =  ôóíêö³ÿ Êîø³ 
3( )

( , )
3 !

x
K x

− αα = , òî äëÿ ñèñòåìè (22) çã³äíî ç ôîðìóëîþ (9), âðàõîâóþ÷è, 

ùî 1s sx x h+ − = , ôóíäàìåíòàëüíà ìàòðèöÿ áóäå  

 

2 3

2

1
2 3

3 2 4

1
2 6

0 1
2( , )
50 5 1 5
2
24 4 2 1
3

s s

h hh

hh
B x x

h h h h

h h h h

+ =
+ +

− − − −

. 

Çíà÷åííÿ 1( , )s sB x x+  íå çàëåæèòü â³ä s , òîìó ñïðàâäæóºòüñÿ ôîðìóëà 
(18). Îá÷èñëèìî êîåô³ö³ºíòè åêâ³âàëåíòíî¿ ðåêóðåíòíî¿ ôîðìóëè äëÿ ð³â-
íÿííÿ (23): 

 6 8 10
,0

5 25
3 48s h h h∆ = + + , 

 6 8 10 12 14
,1

35 39 215 254
3 4 144 72s h h h h h ∆ = − + + + − 

 
, 

 6 8 10 12 14 16
,2

539 815 25 1256 20
24 72 6 144s h h h h h h∆ = + + + + + , 

 6 8 10 12 14
,3

35 39 215 254
3 4 144 72s h h h h h ∆ = − + + + − 

 
, 

 6 8 10
,4

5 25
3 48s h h h∆ = + + . 

Îòæå, åêâ³âàëåíòíà ðåêóðåíòíà ôîðìóëà äëÿ ð³âíÿííÿ (23) ìàº âèãëÿä 

 2 4 2 4 6
4 3 2

2 8 54 5 6 10
3 3 3s s sy h h y h h h y+ + +

   − + − + + + + −   
   

 

 2 4
1

24 5 0
3 s sh h y y+

 − + − + = 
 

 (24) 

Äëÿ ñèñòåìè (22) âèêîíóþòüñÿ âñ³ óìîâè òåîðåìè, äîâåäåíî¿ â [2], îòæå, 
ðîçâ’ÿçîê ö³º¿ ñèñòåìè áóäå íàáëèæåíèì ðîçâ’ÿçêîì ñèñòåìè (17), à çíà÷èòü, 
ðîçâ’ÿçîê ðåêóðåíòíî¿ ôîðìóëè (24) áóäå íàáëèæåíèì ðîçâ’ÿçêîì êâàç³äè-
ôåðåíö³àëüíîãî ð³âíÿííÿ (16).  

Ïî÷àòêîâ³ çíà÷åííÿ 0 1 2 3, , ,y y y y  äëÿ ðåêóðåíòíî¿ ôîðìóëè (24) îá÷èñ-

ëþºìî çà ôîðìóëàìè (13) äëÿ êîæíîãî 
êîíêðåòíîãî çíà÷åííÿ h . Îñê³ëüêè âíà-
ñë³äîê àïðîêñèìàö³¿ îäåðæàíî, ïî ñóò³, 
ð³çíèöåâó ñõåìó, òî äîö³ëüíî ïîð³âíÿòè 
çàïðîïîíîâàíèé âèùå ìåòîä ³ç ìåòîäîì 
ð³çíèöåâèõ ñõåì. Ó òàáë. 1 íàâåäåíî íà-
áëèæåí³ çíà÷åííÿ ðîçâ’ÿçêó ð³âíÿííÿ (16) 
ó òî÷ö³ 1x = , îäåðæàí³ çà äîïîìîãîþ åêâ³âàëåíòíî¿ ôîðìóëè (24) äëÿ ð³â-
íÿííÿ (23) (ÅÔ) òà ìåòîäîì ð³çíèöåâèõ ñõåì (ÌÐÑ).  

Òî÷íå çíà÷åííÿ ðîçâ’ÿçêó – (1) 0.952448022182669y = . 

 Таблиця 1  
h  ÅÔ ÌÐÑ 

100 0.9524051 0.9470478 
200 0.9524368 0.9497682 
500 0.9524461 0.9513810 
1000 0.9524468 0.9519147 
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ЭКВИВАЛЕНТНАЯ РЕКУРРЕНТНАЯ ФОРМУЛА ДЛЯ ОБОБЩЕННОГО 
КВАЗИДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ 4-ГО ПОРЯДКА 
 
Äëÿ îáîáùåííîãî êâàçèäèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ïîñòðî-
åíà ôóíäàìåíòàëüíàÿ ìàòðèöà è âûâåäåíà ýêâèâàëåíòíàÿ ðåêóððåíòíàÿ ôîðìó-
ëà. Ïðèâåäåí èëëþñòðàòèâíûé ïðèìåð ïîëó÷åíèÿ ýêâèâàëåíòíîé ðåêóððåíòíîé 
ôîðìóëû äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè. Ïîêàçàíî, êàê ïîëó÷åííûå ðåçóëüòàòû ìîæíî ïðèìåíÿòü äëÿ ïðè-
áëèæåííîãî ðåøåíèÿ (êâàçè)äèôôåðåíöèàëüíûõ óðàâíåíèé è ñîîòâåòñòâóþùèõ 
çàäà÷ Êîøè. 
 
EQUIVALENT RECURRENT FORMULA FOR 4-ORDER 
QUASI-DIFFERENTIAL EQUATIONS 
 
The fundamental matrix for 4-order generalized quazi-differential equations is con-
structed. The equivalent recurrent formula for such equations is obtained. The equiva-
lent recurrent formula is verified by an illustrative example. The approximate method 
for solving the quazi-differential equations with the help of equivalent recurrent formu-
la is considered. 
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