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ОБЕРНЕНА ЗАДАЧА ДЛЯ ПАРАБОЛІЧНОГО РІВНЯННЯ ЗАГАЛЬНОГО 
ВИГЛЯДУ З НЕВІДОМИМ КОЕФІЦІЄНТОМ ТЕПЛОЄМНОСТІ 
 

Âèçíà÷åíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ äëÿ îäíî-
âèì³ðíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ çàãàëüíîãî âèãëÿäó ç íåâ³äîìèì êîåô³ö³ºí-
òîì òåïëîºìíîñò³ ó âèïàäêó êëàñè÷íèõ êðàéîâèõ óìîâ òà óìîâè ïåðåâèçíà-
÷åííÿ. 

 
Âñòóï ³ ôîðìóëþâàííÿ çàäà÷³. Â îáåðíåíèõ çàäà÷àõ ïðî âèçíà÷åííÿ 

ñòàðøîãî êîåô³ö³ºíòà â ïàðàáîë³÷íîìó ð³âíÿíí³ äðóãîãî ïîðÿäêó òðàäèö³é-
íèìè º çàäà÷³ ç íåâ³äîìèì êîåô³ö³ºíòîì ïðè äðóã³é ïîõ³äí³é çà ïðîñòîðîâè-
ìè çì³ííèìè [2]. Çàäà÷à çíàõîäæåííÿ çàëåæíîãî â³ä ÷àñó êîåô³ö³ºíòà ïðè 
äðóã³é ïîõ³äí³é xxu  ó ïàðàáîë³÷íîìó ð³âíÿíí³ çàãàëüíîãî âèãëÿäó ó âèïàäêó 
ëîêàëüíèõ óìîâ (êðàéîâèõ ³ ïåðåâèçíà÷åííÿ) áóëà äîñë³äæåíà â [2]. Ñåðåä 
ðîá³ò, ÿê³ ñòîñóþòüñÿ îáåðíåíèõ çàäà÷ ç íåâ³äîìèì êîåô³ö³ºíòîì ïðè ïîõ³ä-
í³é çà ÷àñîì ó ïàðàáîë³÷íîìó ð³âíÿíí³, ìîæíà âèä³ëèòè íàñòóïí³. Ó [4] 
âñòàíîâëåíî êîðåêòí³ñòü çàäà÷³ äëÿ ð³âíÿííÿ  

 ( ) ,       ( , ) (0, ,      n
tx u Lu g x t Q Tρ − = ∈ = Ω × Ω ⊂]  , 

ç íåâ³äîìèì êîåô³ö³ºíòîì ( )xρ  òà óìîâàìè  

 ( ,0) 0,     ( ) ( , ),    ( , ) 0, )uu x x u b x t x t T
N

∂= + σ = ∈ ∂Ω ×
∂

[ , 

 
0

( , ) ( ) ( ),         
T

u x w d x xτ τ τ = ∈ Ω∫ æ , 

äå L  – ð³âíîì³ðíî åë³ïòè÷íèé îïåðàòîð. Ó ðîáîò³ [1] äîñë³äæåíî äâ³ îáåð-
íåí³ çàäà÷³ äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ  

 ( ) ( , ) ( , ) ( , ),    ( , ) (0, ) (0, )t xx x Ta t u u b x t u c x t u f x t x t Q h T= + + + ∈ = × , 

ç íåâ³äîìèì êîåô³ö³ºíòîì ( )a t .  
Ó ö³é ïðàö³ ðîçãëÿíóòî îáåðíåíó çàäà÷ó äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ 

çàãàëüíîãî âèãëÿäó, â ÿêîìó íåâ³äîìèé êîåô³ö³ºíò, çàëåæíèé â³ä ÷àñó, çíà-
õîäèòüñÿ ïðè ïîõ³äí³é tu . ²íàêøå ðîçì³ùåííÿ íåâ³äîìîãî êîåô³ö³ºíòà â ð³â-
íÿíí³ ïðèçâåëî äî çì³íè ìåòîäèêè äîñë³äæåííÿ îáåðíåíî¿ çàäà÷³ ³ äî â³äì³í-
íèõ â³ä ðàí³øå âñòàíîâëåíèõ ðåçóëüòàò³â [2].  

Çà äîïîìîãîþ òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó ö³ëêîì íåïåðåðâ-
íîãî îïåðàòîðà îäåðæàíî óìîâè ³ñíóâàííÿ ðîçâ’ÿçêó äîñë³äæóâàíî¿ çàäà÷³. 
Ç óðàõóâàííÿì âëàñòèâîñòåé ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó 
âñòàíîâëåíî ºäèí³ñòü ðîçâ’ÿçêó.  

Â îáëàñò³ (0, ) (0, )TQ h T= ×  ðîçãëÿäàºìî ð³âíÿííÿ  

 ( ) ( , ) ( , ) ( , ) ( , )t xx xc t u a x t u b x t u d x t u f x t= + + +  (1) 

ç íåâ³äîìèì êîåô³ö³ºíòîì ( ) 0c t > , ïî÷àòêîâîþ óìîâîþ  

 ( ,0) ( ),         0,u x x x h= ϕ ∈ [ ] , (2) 

êðàéîâèìè óìîâàìè  

 1 2(0, ) ( ),          ( , ) ( ),       0,x xu t t u h t t t T= µ = µ ∈ [ ] , (3) 

òà óìîâîþ ïåðåâèçíà÷åííÿ âèãëÿäó  

 3(0, ) ( ),           0,u t t t T= µ ∈ [ ] . (4) 
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Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(A1) 2 1 1,0([0, ]),   ([0, ]),   1,2,3,   , , , ( )i TC h C T i a b d f C Qϕ ∈ µ ∈ = ∈ ;  

(A2) 1 3( ) 0,   0, ,   (0, ) ( ) (0, ) ( ) (0, ) 0x x h b t t d t t f t′′ϕ > ∈ µ + µ + >[ ] , 

 3 ( ) 0,    [0, ],    ( , ) 0,    ( , ) Tt t T a x t x t Q′µ > ∈ > ∈ ;  

(A3) 1 2 3(0) (0),    ( ) (0),      (0) (0)h′ ′ϕ = µ ϕ = µ ϕ = µ .  

Òåîðåìà 1. Ïðè âèêîíàíí³ óìîâ (A1)–(A3) ìîæíà âêàçàòè òàêå ÷èñëî 

0T , 00 T T< ≤ , ùî ðîçâ’ÿçîê 
0

2,1
0( ( ), ( , )) ( 0, ) ( )Tc t u x t C T C Q∈ ×[ ]  çàäà÷³ (1)–(4) 

³ñíóº.  
Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè (A2), (A3) òà óìîâà 

(A4) 2 1 2( 0, ),     ( 0, ),     1,2,3iH h H T i+ γ + γϕ ∈ µ ∈ =/[ ] [ ] , 
1, 2, , , ( ),   0 1Ta b d f H Qγ∈ < γ </ . 

Òîä³ ìîæíà âêàçàòè òàêå ÷èñëî 0T , 00 T T< ≤ , ùî ðîçâ’ÿçîê ( ( ), ( , ))c t u x t ∈ 

0

2 2 ,1 2
0( 0, ) ( )TH T H Qγ + γ + γ∈ ×/ /[ ]  çàäà÷³ (1)–(4) ³ñíóº.  

Òåîðåìà 3. Íåõàé ³ñíóº ðîçâ’ÿçîê 2 2 ,1 2( ( ), ( , )) ( 0, ) ( )Tc t u x t H T H Qγ + γ + γ∈ ×/ /[ ]  

çàäà÷³ (1)–(4). Òîä³, ÿêùî 3 ( ) 0t′µ ≠  íà 0,T[ ] , òî öåé ðîçâ’ÿçîê ºäèíèé.  

Ä î â å ä å í í ÿ  òåîðåìè 1. Çâåäåìî çàäà÷ó (1)–(4) äî ñèñòåìè ³íòåã-
ðàëüíèõ ð³âíÿíü. Äëÿ öüîãî çàô³êñóºìî äåÿêó òî÷êó ,  0,y y h∈ [ ] , ³ ïîäàìî 
ð³âíÿííÿ (1) ó âèãëÿä³  

 ( ) ( , ) ( , ) ( , ) ( , )t xx xx xc t u a y t u a x t a y t u b x t u= + − + +( )  

 ( , ) ( , )d x t u f x t+ + . (5) 

Ïðè â³äîì³é ôóíêö³¿ ( )c t  çíàõîäæåííÿ ðîçâ’ÿçêó çàäà÷³ (5), (2), (3) çâî-
äèòüñÿ äî ³íòåãðî-äèôåðåíö³àëüíîãî ð³âíÿííÿ  

 0 1( , ) ( , ) ( , )u x t u x t u x t= + , (6) 

äå  

 0 2 1 2
0 0

( , )
( , ) ( ) ( , , ,0; ) ( ) ( , , 0, ; )

( )

h t
a y

u x t G x t y d G x t y d
c

τ
= ϕ ξ ξ ξ − µ τ τ τ +

τ∫ ∫  

 2 2 2
0 0 0

( , ) ( , )
( ) ( , , , ; ) ( , , , ; )

( ) ( )

t t h
a y f

G x t h y d G x t y d d
c c

τ ξ τ+ µ τ τ τ + ξ τ ξ τ
τ τ∫ ∫ ∫ , 

 2
1

0 0

( , , , ; )
( , ) ( , ) ( , )

( )

t h G x t y
u x t a a y u

c ξξ
ξ τ

= ξ τ − τ +
τ∫ ∫ ( )[  

 ( , ) ( , )b u d u d dξ+ ξ τ + ξ τ ξ τ] , 

 
2

2
( 2 )1( , , , ; ) exp

4 ( , ) ( , )2 ( , ) ( , ) n

x nh
G x t y

t y yt y y

+∞

=−∞

− ξ +  ξ τ = − +  θ − θ τ π θ − θ τ 
∑ [ ][ ]

 

 
2

0

( , )( 2 )
exp ,               ( , )

4 ( , ) ( , ) ( )

t
a yx nh

t y d
t y y c

τ+ ξ +  + − θ = τ θ − θ τ τ  ∫[ ]
. 

Ââåäåìî ïîçíà÷åííÿ ( , ) ( , ),  ( , ) ( , )x xxv x t u x t w x t u x t= = . Ð³âíÿííÿ ñòî-

ñîâíî ( )c t  çíàéäåìî ç (1), ïîêëàâøè â íüîìó 0x =  ³ ñêîðèñòàâøèñü óìîâà-
ìè (3), (4):  

 1 3

3

(0, ) (0, ) (0, ) ( ) (0, ) ( ) (0, )
( )

( )

a t w t b t t d t t f t
c t

t

+ µ + µ +
= ′µ

. (7) 
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Î÷åâèäíî, ùî  

 3
0 0

( , ) (0, ) ( , ) ( ) ( , )
x x

xu x t u t u x t dx t v x t dx= + = µ +∫ ∫ , 

 1
0 0

( , ) (0, ) ( , ) ( ) ( , )
x x

x xxv x t u t u x t dx t w x t dx= + = µ +∫ ∫ . (8) 

Ç âèãëÿäó ôóíêö³¿ 2G  ëåãêî âñòàíîâèòè, ùî 2 ( , , , ; )xx y x
G x t y =ξ τ =  

2 ( , , , ; )G x t xξξ= ξ τ . Òîä³ ç îçíà÷åííÿ ôóíêö³¿ ¥ð³íà îòðèìàºìî  

 2 2
( )

( , , , ; ) ( , , , ; )
( , )
c

G x t x G x t x
a xξξ τ

τξ τ = − ξ τ
τ

. 

Ç óðàõóâàííÿì âñòàíîâëåíèõ ñï³ââ³äíîøåíü îá÷èñëèìî  

 0 1( , ) ( , ) ( , )xx xxw x t u x t u x t= + , (9) 

äå  

 0 2 1 2
0 0

( , ) ( ) ( , , ,0; ) ( ) ( , ,0, ; )
h t

xxu x t G x t x d G x t x d′′ ′= ϕ ξ ξ ξ − µ τ τ τ +∫ ∫  

 2 2 2
0 0 0

( ) ( , , , ; ) ( , ) ( , , , ; )
( )

t t h
dG x t h x d f G x t x d
c ξ ξ

τ′+ µ τ τ τ − ξ τ ξ τ ξ
τ∫ ∫ ∫ , (10) 

 1 2
0 0

( , ) ( , ) ( , ) ( , ) ( , , , ; )
( )

t h

xx
du x t a a x w G x t x d
c ξξ

τ= ξ τ − τ ξ τ ξ τ ξ −
τ∫ ∫ ( )  

 
0 0

( , ) ( , ) ( , )
( )

t h
d d u d b v
c ξ ξ

τ− ξ τ + ξ τ + ξ τ +
τ∫ ∫ ( )[  

 2( , ) ( , , , ; )b w G x t x dξ+ ξ τ ξ τ ξ] . (11) 

Âèêîðèñòàâøè ð³âíîñò³ (8) â (11), îòðèìàºìî ñèñòåìó ³íòåãðàëüíèõ ð³â-
íÿíü (7), (9) ùîäî íåâ³äîìèõ c  òà w . Äî ö³º¿ ñèñòåìè çàñòîñóºìî òåîðåìó 
Øàóäåðà ïðî íåðóõîìó òî÷êó ö³ëêîì íåïåðåðâíîãî îïåðàòîðà. Ñïî÷àòêó 
âñòàíîâèìî àïð³îðí³ îö³íêè ðîçâ’ÿçê³â ñèñòåìè.  

Âèêîðèñòîâóþ÷è âèãëÿä ôóíêö³¿ ¥ð³íà 2G , ëåãêî ïåðåêîíàòèñü, ùî  

 2
0

( , , ,0; ) 1
h

G x t x dξ ξ =∫ . 

Òîä³ çã³äíî ç ïðèïóùåííÿìè òåîðåìè ìàºìî  

 2
0,

0

( ) ( , , ,0; ) min ( ) 0
h

x h
G x t x d x

∈
′′ ′′ϕ ξ ξ ξ ≥ ϕ >∫ [ ]

. 

Îñê³ëüêè ïðè 0t →  âñ³ äîäàíêè, êð³ì ïåðøîãî, â ð³âíîñò³ (10), ³ âñ³ äî-
äàíêè ç (11) ïðÿìóþòü äî íóëÿ, òî ³ñíóº òàêèé ïðîì³æîê 00,T[ ] , 00 T T< ≤ , 

íà ÿêîìó áóäå âèêîíóâàòèñÿ íåð³âí³ñòü  

 2 1 2
0 0

( ) (0, , ,0;0) ( ) (0, ,0, ;0)
h t

G t d G t d′′ ′ϕ ξ ξ ξ ≥ µ τ τ τ −∫ ∫  

 2 2
0 0 0

( ) (0, , , ; 0) ( , )
( )

t t h
dG t h d a
c

τ′− µ τ τ τ − ξ τ −
τ∫ ∫ ∫ (  

 2
0 0

(0, ) ( , ) (0, , , ;0) ( , ) ( , )
( )

t h
da w G t d f d u
cξξ ξ ξ

τ− τ ξ τ ξ τ ξ + ξ τ + ξ τ +
τ∫ ∫) [  

 2( , ) ( , ) ( , ) (0, , , ; 0)d b v b w G t dξ ξ+ ξ τ + ξ τ + ξ τ ξ τ ξ]( ) . 
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Òîä³ (0, ) 0w t ≥  íà 00,T[ ] , ³ ç (7) îòðèìóºìî îö³íêó  

 0 0( ) 0,        0,c t A t T≥ > ∈ [ ] . (12) 

Çâ³äñè ìàºìî  

 1
0

( , )
( , )

( )

t
a x

t x d M
c

τθ = τ ≤
τ∫ . 

Âñòàíîâèìî îö³íêó ( )c t  çâåðõó. Íåõàé 
0,

( ) max ( , )xx
x h

W t u x t
∈

=
[ ]

. Òîä³ ç (8) 

îòðèìàºìî  
 2( , ) ( )v x t M hW t≤ + , 

 3 4 5
0

( , ) ( , ) ( )
x

u x t M v x t dx M M W t≤ + ≤ +∫ . (13) 

Ç ð³âíÿííÿ (7) ìàòèìåìî  
 6 7( ) ( )c t M M W t≤ + . (14) 

Äëÿ ïåðøîãî äîäàíêà ç ôîðìóëè (10) (äëÿ 0 ( , )xxu x t ) ñïðàâäæóºòüñÿ îö³íêà 

 2
0,

0

( ) ( , , ,0; ) max ( )
h

x h
G x t x d x

∈
′′ ′′ϕ ξ ξ ξ ≤ ϕ∫ [ ]

. 

Ç îö³íîê ôóíêö³é ¥ð³íà [6, c. 12] â³äîìî, ùî  

 9
2 8( , , , ; )

( , ) ( , )

M
G x t x M

t x x
ξ τ ≤ +

θ − θ τ
. 

Òîìó  

 1 2 2 2
0 0

( ) ( , , 0, ; ) ( ) ( , , , ; )
t t

G x t x d G x t h x d′ ′µ τ τ τ + µ τ τ τ ≤∫ ∫  

 10 11
0 ( , ) ( , )

t
dM M

t x x
τ≤ +

θ − θ τ∫ . 

Çà íåð³âí³ñòþ  

 2
,exp ( )       0, ),       0,   0p

p qz qz C z p q− ≤ < ∞ ∀ ∈ ∞ ≥ >[ , (15) 

ìàºìî  

 2 ( , , , ; )G x t xξ ξ τ ≤  

 
2

3

( 2 )1 2 exp
4 ( , ) ( , )( , ) ( , ) n

x nh
x nh

t x xt x x

+∞

=−∞

− ξ +  ≤ − ξ + − +  θ − θ τ π θ − θ τ
∑ [ ][ ]

 

 
2( 2 )

2 exp
4 ( , ) ( , )

x nh
x nh

t x x
+ ξ +  + + ξ + − ≤ θ − θ τ [ ]

 

 
2

12 ( 2 )
exp

( , ) ( , ) 8 ( , ) ( , )
n

M x nh
t x x t x x

+∞

=−∞

− ξ +  ≤ − + θ − θ τ θ − θ τ 
∑ [ ]

 

 
2( 2 )

exp
8 ( , ) ( , )

x nh
t x x
+ ξ +  + − θ − θ τ [ ]

. 

Òîä³ ç îö³íêè ( )x tθ ,  çâåðõó îòðèìóºìî  

 2 13
0 0 0

( , ) ( , , , ; )
( ) ( ) ( , ) ( , )

t h t
d df G x t x d M
c c t x x

ξ ξ
τ τ− ξ τ ξ τ ξ ≤ ≤
τ τ θ − θ τ∫ ∫ ∫  

 14 15( , )M t x M≤ θ ≤ . 

Âðàõîâóþ÷è âñòàíîâëåí³ îö³íêè, ïðèõîäèìî äî íåð³âíîñò³  
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 0 16 17
0

( , )
( , ) ( , )

t

xx
du x t M M

t x x
τ≤ +

θ − θ τ∫ . 

Ïîìíîæèâøè òà ïîä³ëèâøè â îñòàííüîìó äîäàíêó â ï³ä³íòåãðàëüí³é 
÷àñòèí³ íà ( )c τ  ³ âèêîðèñòàâøè (14) òà îö³íêó ( , )x tθ  çâåðõó, îòðèìàºìî  

 6 7
0 16 17

0

( )
( , )

( ) ( , ) ( , )

t

xx

M M W
u x t M M d

c t x x

+ τ
≤ + τ ≤

τ θ − θ τ∫  

 18 19
0

( )

( ) ( , ) ( , )

t
W

M M d
c t x x

τ≤ + τ
τ θ − θ τ∫ . 

Äëÿ îö³íêè ³íòåãðàëà  

 2
0 0

( , ) ( , ) ( , ) ( , , , ; )
( )

t h
d a a x w G x t x d
c ξξ

τ ξ τ − τ ξ τ ξ τ ξ
τ∫ ∫ ( )  

îá÷èñëèìî 2 ( , , , ; )G x t xξξ ξ τ :  

 2 ( , , , ; )G x t xξξ ξ τ =  

 
2

3

( 2 )1 exp
4 ( , ) ( , )4 ( , ) ( , ) n

x nh
t x xt x x

∞

=−∞

− ξ +  = − − +  θ − θ τ π θ − θ τ
∑ [ ][ ]

 

 
2

5

( 2 ) 1exp
4 ( , ) ( , ) 8 ( , ) ( , )

x nh
t x x t x x

+ ξ +  + − + × θ − θ τ  π θ − θ τ[ ] [ ]
 

 
2

2 ( 2 )
( 2 ) exp

4 ( , ) ( , )
n

x nh
x nh

t x x

∞

=−∞

− ξ +  × − ξ + − +  θ − θ τ 
∑ [ ]

 

 
2

2 ( 2 )
( 2 ) exp

4 ( , ) ( , )
x nh

x nh
t x x
+ ξ +  + + ξ + − θ − θ τ [ ]

. (16) 

Çà íåð³âí³ñòþ (15) ìàºìî  

 
2

2

5

( 2 )1 ( 2 ) exp
4 ( , ) ( , )8 ( , ) ( , ) n

x nh
x nh

t x xt x x

∞

=−∞

− ξ +  − ξ + − +  θ − θ τ π θ − θ τ
∑ [ ][ ]

 

 
2

2 ( 2 )
( 2 ) exp

4 ( , ) ( , )
x nh

x nh
t x x
+ ξ +  + + ξ + − ≤ θ − θ τ [ ]

 

 
2

20

3

( 2 )
exp

8 ( , ) ( , )( , ) ( , ) n

M x nh
t x xt x x

∞

=−∞

− ξ +  ≤ − +  θ − θ τ θ − θ τ
∑ [ ][ ]

 

 
2( 2 )

exp
8 ( , ) ( , )

x nh
t x x
+ ξ +  + − θ − θ τ [ ]

. 

Òîìó  

 2
0

( , ) ( , ) ( , ) ( , , , ; )
h

a a x w G x t x dξξξ τ − τ ξ τ ξ τ ξ ≤∫ ( )  

 
2

21 3
0

( 2 )
( ) exp

8 ( , ) ( , )( , ) ( , )

h

n

x x nh
M W

t x xt x x

∞

=−∞

ξ − − ξ +  ≤ τ − +  θ − θ τ θ − θ τ
∑∫ [ ][ ]

 

 
2( 2 )

exp
8 ( , ) ( , )

x nh
d

t x x
+ ξ +  + − ξ θ − θ τ [ ]

. 
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Âèêîðèñòàºìî íåð³âí³ñòü (15) äëÿ îö³íêè ³íòåãðàëà  

 
2

3
0

( )
exp

8 ( , ) ( , )( , ) ( , )

h x x
t x xt x x

ξ − − ξ  − +  θ − θ τ θ − θ τ
∫ [ ][ ]

 

 
2

22( )
exp

8 ( , ) ( , ) ( , ) ( , )

Mx
d

t x x t x x

+ ξ  + − ξ ≤ θ − θ τ  θ − θ τ[ ]
. 

Îñê³ëüêè 2x x nh− ξ ≤ − ξ +  ³ 2x x nhξ − ≤ ξ + +  ïðè 1n ≥ , òî  

 
2

3
10

( 2 )
exp

8 ( , ) ( , )( , ) ( , )

h

n

x x nh
t x xt x x

∞

=

ξ − − ξ +  − +  θ − θ τ  θ − θ τ
∑∫ [ ][ ]

 

 
2( 2 )

exp
8 ( , ) ( , )

x nh
d

t x x
+ ξ +  + − ξ ≤ θ − θ τ [ ]

 

 
2

3
10

( 2 )1 ( 2 ) exp
8 ( , ) ( , )( , ) ( , )

h

n

x nh
x nh d

t x xt x x

∞

=

− ξ + ≤ − ξ + − ξ + θ − θ τ θ − θ τ
∑∫ [ ][ ]

 

 
2

3
10

( 2 )1 ( 2 ) exp
8 ( , ) ( , )( , ) ( , )

h

n

x nh
x nh d

t x xt x x

∞

=

+ ξ + + ξ + + − ξ θ − θ τ θ − θ τ
∑∫ [ ][ ]

. 

Âèêîíàºìî çàì³íè 
2

8 ( , ) ( , )

x nh
z

t x x

− ξ +=
θ − θ τ[ ]

 ³ 
2

8 ( , ) ( , )

x nh
z

t x x

+ ξ +=
θ − θ τ[ ]

 â³äïîâ³äíî 

ó ïåðøîìó òà äðóãîìó ³íòåãðàëàõ. Òîä³  

 
2

3
10

( 2 )
exp

8 ( , ) ( , )( , ) ( , )

h

n

x x nh
t x xt x x

∞

=

ξ − − ξ +  − +  θ − θ τ θ − θ τ
∑∫ [ ][ ]

 

 
2( 2 )

exp
8 ( , ) ( , )

x nh
d

t x x
+ ξ +  + − ξ ≤ θ − θ τ [ ]

 

 

2
8 ( , ) ( , )

(2 1)

8 ( , ) ( , )

223

1

exp ( )
( , ) ( , )

x nh
t x x

x n h

t x x

n

M
z z dz

t x x

+
θ −θ τ

+ −
θ −θ τ

∞

=


≤ − +
θ − θ τ


∑ ∫
[ ]

[ ]

 

 

(2 1)

8 ( , ) ( , )

2
8 ( , ) ( , )

2 23exp ( )
( , ) ( , )

x n h

t x x

x nh
t x x

M
z z dz

t x x

+ +
θ −θ τ

+
θ −θ τ


+ − ≤
 θ − θ τ


∫
[ ]

[ ]

. 

Àíàëîã³÷íî ïðè 2x nh xξ − ≤ − ξ −  äëÿ äîâ³ëüíîãî 1n ≥  ìàºìî  

 
21

3
0

( 2 )
exp

8 ( , ) ( , )( , ) ( , )

h

n

x x nh
t x xt x x

−

=−∞

ξ − − ξ +  − +  θ − θ τ θ − θ τ
∑∫ [ ][ ]

 

 
2

23( 2 )
exp

8 ( , ) ( , ) ( , ) ( , )

Mx nh
d

t x x t x x

+ ξ +  + − ξ ≤ θ − θ τ  θ − θ τ[ ]
. 

Âðàõîâóþ÷è âñ³ îòðèìàí³ îö³íêè, âñòàíîâëþºìî  

 24
2

0

( )
( , ) ( , ) ( , ) ( , , , ; )

( , ) ( , )

h M W
a a x w G x t x d

t x x
ξξ

τ
ξ τ − τ ξ τ ξ τ ξ ≤

θ − θ τ∫ ( ) , 
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çâ³äêè ìàºìî  

 2
0 0

( , ) ( , ) ( , ) ( , , , ; )
( )

t h
d a a x w G x t x d
c ξξ

τ ξ τ − τ ξ τ ξ τ ξ ≤
τ∫ ∫ ( )  

 24
0

( )

( ) ( , ) ( , )

t
W

M d
c t x x

τ≤ τ
τ θ − θ τ∫ . 

Äëÿ îö³íêè äðóãîãî äîäàíêà â 1 ( , )xxu x t  ñêîðèñòàºìîñü (13) ³ âñòàíîâëå-

íîþ âèùå îö³íêîþ äëÿ 2 ( , , , ; )G x t xξ ξ τ :  

 
0 0

( , ) ( , ) ( , )
( )

t h
d d u d b v
c ξ ξ

τ− ξ τ + ξ τ + ξ τ +
τ∫ ∫ [ ( )  

 2 25
0

( , ) ( , , , ; )
( ) ( , ) ( , )

t
db w G x t x d M

c t x xξ
τ+ ξ τ ξ τ ξ ≤ +

τ θ − θ τ∫]  

 26 27 26
0 0

( ) ( )

( ) ( , ) ( , ) ( ) ( , ) ( , )

t t
W W

M d M M d
c t x x c t x x

τ τ+ τ ≤ + τ
τ θ − θ τ τ θ − θ τ∫ ∫ . 

Òîä³  

 1 28 29
0

( )
( , )

( ) ( , ) ( , )

t

xx
W

u x t M M d
c t x x

τ≤ + τ
τ θ − θ τ∫ . 

Îòæå,  

 
030 31

0

( )
( , ) ,       ( , )

( ) ( , ) ( , )

t

xx T
W

u x t M M d x t Q
c t x x

τ≤ + τ ∈
τ θ − θ τ∫ , 

çâ³äêè, ââ³âøè ïîçíà÷åííÿ 0
0

( )
( )

t
dt
c

τθ =
τ∫ , îòðèìóºìî íåð³âí³ñòü  

 30 32
0 00

( )
( )

( ) ( ) ( )

t
W

W t M M d
c t

τ≤ + τ
τ θ − θ τ∫ . 

Ç ëåìè 2 2 1. .  [6, c. 22] ìàºìî  

 2
30 32 0 33( ) 2 exp ( )W t M M t M≤ π θ ≤( )  

àáî  

 
033( , ) ,       ( , ) Tw x t M x t Q≤ ∈ . (17) 

Òîä³ ç (14) îòðèìóºìî  

 6 7 33 1 0( ) ,        0,c t M M M A t T≤ + = < ∞ ∈ [ ] . (18) 

Ó âñòàíîâëåíèõ îö³íêàõ ,  1, ,33iM i =  , – â³äîì³ âåëè÷èíè.  
Ðîçãëÿíåìî ñèñòåìó ð³âíÿíü (7), (9) ÿê îïåðàòîðíå ð³âíÿííÿ  

 Pω = ω , 

äå 1 2( ( ), ( , )),  ( , )c t w x t P P Pω = = , ³ îïåðàòîðè 1 2,P P  âèçíà÷àþòüñÿ ð³âíÿííÿ-

ìè (7), (9) â³äïîâ³äíî. Íåõàé 
00 0 1( , ) ( 0, ) ( ) : 0 ( )TN c w C T C Q A c t A= ∈ × < ≤ ≤[ ]{ , 

33( , )w x t M≤ } . Ç îãëÿäó íà àïð³îðí³ îö³íêè (12), (17), (18) îïåðàòîð P  ïå-

ðåâîäèòü ìíîæèíó N  ó ñåáå. Êîìïàêòí³ñòü îïåðàòîðà âèãëÿäó P  âñòàíîâ-
ëåíî â [6, c. 27]. Çàñòîñîâóþ÷è òåîðåìó Øàóäåðà äî îïåðàòîðà P , îòðèìó-
ºìî ³ñíóâàííÿ íåïåðåðâíîãî ðîçâ’ÿçêó ñèñòåìè ð³âíÿíü (7), (9).  
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Çàóâàæåííÿ. ²ñíóâàííÿ ðîçâ’ÿçêó îòðèìàíî íà çâóæåíîìó ïðîì³æêó 
÷àñó. Âèõîäÿ÷è ç ôîðìóë (9)–(11), âñòàíîâèòè çíàê (0, )w t  íà âñüîìó ïðî-

ì³æêó ÷àñó íåìîæëèâî. Ïðîòå, ÿêùî ïðèïóñòèòè ( ),  ( )b b t d d t= =  ó ð³âíÿí-
í³ (1), òî âäàºòüñÿ âñòàíîâèòè çíàê ôóíêö³¿ ( , )w x t  íà âñüîìó ïðîì³æêó ÷à-

ñó. Ä³éñíî, ÿêùî ó öüîìó âèïàäêó çàïèñàòè çàäà÷ó äëÿ xxw u= :  

 ( ) ( , ) 2 ( , ) ( ) ( , ) ( ) ( , )t xx x x xx xxc t w a x t w a x t b t w a x t d t w f x t= + + + + +( ) ( ) , 

 ( ,0) ( ),w x x′′= ϕ  

 1 1(0, ) (0, ) (0, ) ( ) (0, ) ( ) ( ) ( ) ( ) (0, )x x xa t w t a t b t w t c t t d t t f t′+ + = µ − µ −( ) , 

 2 2( , ) ( , ) ( , ) ( ) ( , ) ( ) ( ) ( ) ( ) ( , )x x xa h t w h t a h t b t w h t c t t d t t f h t′+ + = µ − µ −( ) , 

³ ñêîðèñòàòèñü íàñë³äêîì ç ïðèíöèïó ìàêñèìóìó [3, c. 24], òî ïðè âèêîíàíí³ 
óìîâ  

 1 2( ) 0,      ( , ) 0,     ( ) 0,     ( ) 0x a x t t t′′ ′ ′ϕ ≥ > µ ≤ µ ≥ , 

 1 2( ) ( ) (0, ) 0,   ( ) ( ) ( , ) 0,      ( , ) 0x x xxd t t f t d t t f h t f x tµ + ≥ µ + ≤ ≥  

ìàºìî  

 ( , ) 0,       ( , ) Tw x t x t Q≥ ∈ . 

Îòæå, ç (7) îòðèìóºìî îö³íêó (12) íà âñüîìó ïðîì³æêó ÷àñó, à, îòæå, é 
³ñíóâàííÿ ðîçâ’ÿçêó íà âñüîìó ïðîì³æêó ÷àñó. ◊ 

Ä î â å ä å í í ÿ  òåîðåìè 2. Ïðèïóñòèìî, ùî ³ñíóº íåïåðåðâíèé ðîç-

â’ÿçîê 
0

2,1
0( ( ), ( , )) ( 0, ) ( )

T
c t u x t C T C Q∈ ×[ ]  çàäà÷³ (1)–(4). Ïîêàæåìî, ùî, ÿêùî 

óìîâè òåîðåìè âèêîíóþòüñÿ, òî ðîçâ’ÿçîê áóäå íàëåæàòè êëàñó 2
0( 0, )H Tγ ×/ [ ]  

0

2 ,1 2 ( )TH Q+ γ + γ× / . Òîä³ çà âëàñòèâîñòÿìè òåïëîâèõ ïîòåíö³àë³â [5] ç (9), (10) 

âñòàíîâëþºìî, ùî 
0

, 2
0 ( )xx Tu H Qγ γ∈ /  ³ 

0

, 2 ( )Tw H Qγ γ∈ / . Çâ³äñè âèïëèâàº, ùî 

2
0( ) ( 0, )c t H Tγ∈ / [ ] . Àíàëîã³÷íî ç (8) îòðèìóºìî, ùî 

0

2 ,1 2 ( )Tu H Q+ γ + γ∈ / . ◊ 

Ä î â å ä å í í ÿ  òåîðåìè 3. Ïðèïóñòèìî, ùî ³ñíóþòü äâà ðîçâ’ÿçêè 

1 1( ( ), ( , ))c t u x t  ³ 2 2( ( ), ( , ))c t u x t  ç êëàñó 2 2 ,1 2( 0, ) ( )TH T H Qγ + γ + γ×/ /[ ]  çàäà÷³ (1)–(4). 

Íåõàé 1 2 1 2( ) ( ) ( ),  ( , ) ( , ) ( , )c t c t c t u x t u x t u x t≡ − ≡ − . Çàïèøåìî çàäà÷ó äëÿ 

( ( ) ( ))c t u x t, , :  

 1 2( ) ( , ) ( , ) ( , ) ( ) ,    ( , )t xx x t Tc t u a x t u b x t u d x t u c t u x t Q= + + − ∈ , (19) 

 ( ,0) 0,          0,u x x h= ∈ [ ] , (20) 

 (0, ) ( , ) 0,          [0, ]x xu t u h t t T= = ∈ , (21) 

 (0, ) 0,           [0, ]u t t T= ∈ . (22) 

Çà äîïîìîãîþ ôóíêö³¿ ¥ð³íà 2G  çàïèøåìî ðîçâ’ÿçîê çàäà÷³ (19)–(21):  

 2
2

10 0

( ) ( , )
( , ) ( , , , )

( )

t h c u
u x t G x t d d

c
ττ ξ τ

= − ξ τ ξ τ
τ∫ ∫ . (23) 

Ç (19), ïîêëàâøè 0x = , îòðèìàºìî ð³âíÿííÿ  

 3( ) ( ) (0, ) (0, ) 0xxc t t a t u t′µ − = . 

Îá÷èñëèìî ïîõ³äíó â³ä ( , )u x t  (23) ³ ï³äñòàâèìî â öå ð³âíÿííÿ:  
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 3 2 2
10 0

( )
( ) ( ) (0, ) (0, , , ) ( , ) 0

( )

t h

xx
c

c t t a t d G t u d
c τ

τ′µ + τ ξ τ ξ τ ξ =
τ∫ ∫  . (24) 

Òîä³ ç òîãî, ùî 2 ,1 2
2 ( )Tu H Q+ γ + γ∈ / , ³ ç âëàñòèâîñòåé îá’ºìíèõ òåïëîâèõ ïî-

òåíö³àë³â [3, c. 318] âèïëèâàº, ùî ÿäðî  

 2 2
1 0

1( , ) (0, , , ) ( , )
( )

h

xxt G t u d
c ττ = ξ τ ξ τ ξ

τ ∫K   

³íòåãðàëüíîãî ð³âíÿííÿ (24) ìàº ³íòåãðîâíó îñîáëèâ³ñòü:  

 
1 2

( , )
( )

Ct
t −γτ ≤

− τ
K / . 

Òîä³ ð³âíÿííÿ (24) ìàº ºäèíèé ðîçâ’ÿçîê ( ) 0c t ≡  íà 0,T[ ] , à, îòæå, é 

( , ) 0u x t ≡ . Òîìó 1 2( ) ( )c t c t=  ³ 1 2( , ) ( , )u x t u x t= , ùî é äîâîäèòü ºäèí³ñòü ðîç-

â’ÿçêó çàäà÷³. ◊ 
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ОБРАТНАЯ ЗАДАЧА ДЛЯ ПАРАБОЛИЧЕСКОГО УРАВНЕНИЯ ОБЩЕГО ВИДА 
С НЕИЗВЕСТНЫМ КОЭФФИЦИЕНТОМ ТЕПЛОЕМКОСТИ  
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è äëÿ îäíîìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ îáùåãî âèäà ñ íåèçâåñòíûì êîýô-
ôèöèåíòîì òåïëîåìêîñòè â ñëó÷àå êëàññè÷åñêèõ êðàåâûõ óñëîâèé è óñëîâèÿ ïåðå-
îïðåäåëåíèÿ.  
 
INVERSE PROBLEM FOR GENERAL PARABOLIC EQUATION 
WITH UNKNOWN THERMAL CAPACITY COEFFICIENT 
 
We establish conditions for existence and uniqueness of solution to the inverse problem 
for one-dimensional parabolic equation of general type with unknown thermal capacity 
coefficient in the case of classic boundary conditions and condition of overdetermi-
nation.  
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