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ÓÄÊ 517.95  
 
Н. М. Гринців  
 
ОБЕРНЕНА ЗАДАЧА ДЛЯ РІВНЯННЯ ТЕПЛОПРОВІДНОСТІ  
З ВИРОДЖЕННЯМ В ОБЛАСТІ З ВІЛЬНОЮ МЕЖЕЮ  
 

Âñòàíîâëåíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ âèçíà-
÷åííÿ çàëåæíîãî â³ä ÷àñó êîåô³ö³ºíòà òåìïåðàòóðîïðîâ³äíîñò³, ÿêèé ó ïî-

÷àòêîâèé ìîìåíò ÷àñó ïåðåòâîðþºòüñÿ â íóëü, ÿê ñòåïåíåâà ôóíêö³ÿ tβ , 
0 1< β < , êîëè ÷àñòèíà ìåæ³ îáëàñò³ íåâ³äîìà.  

 
Â îáëàñò³ ç íåâ³äîìîþ ÷àñòèíîþ ìåæ³ ðîçãëÿäàºòüñÿ êðàéîâà çàäà÷à 

äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³ ç íåâ³äîìèì êîåô³ö³ºíòîì, ÿêèé ó ïî÷àòêî-

âèé ìîìåíò ÷àñó ïåðåòâîðþºòüñÿ â íóëü, ÿê ñòåïåíåâà ôóíêö³ÿ ,  0 1tβ < β < . 
Öÿ çàäà÷à º ïîºäíàííÿì äâîõ òèï³â çàäà÷: îáåðíåíî¿ çàäà÷³ ç âèðîäæåííÿì 
òà çàäà÷³ ç â³ëüíîþ ìåæåþ, ïðèêëàäîì ÿêî¿ º çàäà÷à Ñòåôàíà [6]. Òàê³ çàäà-
÷³ áóëè ïðåäìåòîì âèâ÷åííÿ áàãàòüîõ àâòîð³â. Òàê, îáåðíåí³ çàäà÷³ ç âèðîä-
æåííÿì äëÿ ð³âíÿíü åë³ïòè÷íîãî òà ã³ïåðáîë³÷íîãî òèï³â ðîçãëÿäàëèñü â [1, 
2]. Âèïàäîê ñëàáêîãî âèðîäæåííÿ äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ, êîëè ñòàð-

øèé êîåô³ö³ºíò ïðÿìóº äî íóëÿ, ÿê ñòåï³íü ,  0 1tβ < β < , â îáëàñò³ ç³ ñòàëè-
ìè ìåæàìè âèâ÷åíî â [4]. Óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó äëÿ îäíî-
âèì³ðíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ ç íåâ³äîìèì êîåô³ö³ºíòîì ïðè ñòàðø³é 
ïîõ³äí³é â îáëàñò³ ç â³ëüíîþ ìåæåþ âñòàíîâëåíî â [3].  

Ôîðìóëþâàííÿ çàäà÷³. Â îáëàñò³ ( , ) : 0 ( ),  0T x t x h t t TΩ = < < < <{ }  ç 

íåâ³äîìîþ ìåæåþ ( )x h t=  ðîçãëÿäàºìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ íåâ³-
äîìîãî êîåô³ö³ºíòà ( )a t  ó ð³âíÿíí³ òåïëîïðîâ³äíîñò³  

 ( ) ( , ),          ( , )t xx Tu a t u f x t x t= + ∈ Ω , (1) 

êîëè çàäàíî ïî÷àòêîâó óìîâó  

 ( ,0) ( ),           0 (0)u x x x h= ϕ ≤ ≤ , (2) 

êðàéîâ³ óìîâè  

 1 2(0, ) ( ),           ( ( ), ) ( ),        0u t t u h t t t t T= µ = µ ≤ ≤ , (3) 

òà óìîâè ïåðåâèçíà÷åííÿ  

 3( ) (0, ) ( ),          0xa t u t t t T= µ ≤ ≤ , (4) 

 
( )

4
0

( , ) ( ),        0
h t

u x t dx t t T= µ ≤ ≤∫ . (5) 

Çàì³íîþ çì³ííèõ ,  
( )
xy t t

h t
= =  çâåäåìî çàäà÷ó (1)–(5) äî îáåðíåíî¿ ñòîñîâ-

íî íåâ³äîìèõ ( ), ( ), ( , )a t h t v y t , äå ( , ) ( ( ), )v y t u yh t t= , â îáëàñò³ ç³ ñòàëèìè 

ìåæàìè ( , ) : 0 1,  0TQ y t y t T= < < < <{ } :  

 
2

( ) ( )
( ( ), ),         ( , )

( )( )
t yy y T

a t h t
v v yv f yh t t y t Q

h th t

′
= + + ∈ , (6) 

 ( ,0) ( (0)),           0 1v y yh y= ϕ ≤ ≤ , (7) 

 1 2(0, ) ( ),     (1, ) ( ),         0v t t v t t t T= µ = µ ≤ ≤ , (8) 

 3
( )

(0, ) ( ),          0
( ) y

a t
v t t t T

h t
= µ ≤ ≤ , (9) 

 
1

4
0

( ) ( , ) ( ),       0h t v y t dy t t T= µ ≤ ≤∫ . (10) 
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Îçíà÷åííÿ. Ï³ä ðîçâ’ÿçêîì çàäà÷³ (6)–(10) áóäåìî ðîçóì³òè òð³éêó 

ôóíêö³é ( ), ( ), ( , )a t h t v y t( ) ç êëàñó 1 2,1 1,00, 0, ( ) ( ),  ( )T TC T C T C Q C Q a t× × >[ ] [ ]  

0
0,  (0, ,  lim ( ) 0,  0 1,  ( ) 0,  0,

t
t T a t t h t t T−β

→+
> ∈ ∃ > < β < > ∈] [ ] , ùî çàäîâîëüíÿº 

ð³âíÿííÿ (6) òà óìîâè (7)–(10).  
Ïðèïóñòèìî, ùî âèêîíóºòüñÿ óìîâà  

(À1) 1 0, ,   1,2, 4,     ( ) 0,   1,2, 4,   0,i iC T i t i t Tµ ∈ = µ > = ∈[ ] [ ] , 

3 ( ) 0, ,    ( 0, ) 0, ),    ( , ) 0,   ( , ) 0, ) 0,t C T f C T f x t x t Tµ ∈ ∈ ∞ × ≥ ∈ ∞ ×[ ] [ [ ] [ [ ] ,  

00, ),    ( ) 0,    0, )C x xϕ ∈ ∞ ϕ ≥ ϕ > ∈ ∞[ [ .  

Òîä³ çã³äíî ç ïðèïóùåííÿìè (A1) òà óìîâàìè (2), (5) îäåðæóºìî ³ñíóâàííÿ 
ºäèíîãî çíà÷åííÿ 0(0) 0h h= > , ùî çàäîâîëüíÿº ð³âíÿííÿ  

 
0

4
0

( ) (0)
h

x dxϕ = µ∫ . 

Çã³äíî ç ïðèíöèïîì ìàêñèìóìó [5] äëÿ ðîçâ’ÿçêó çàäà÷³ (6)–(8) ìàòèìåìî  

 
0

1 2 0
0, 0, 0,

( , ) min min ( ),  min ( ),  min ( ) 0,   ( , ) T
h T T

v y t x t t M y t Q≥ ϕ µ µ ≡ > ∈{ }
[ ] [ ] [ ]

, 

çâ³äêè ç óðàõóâàííÿì (10) îòðèìóºìî  

 
4

0,
1

0

max ( )
( ) ,      0,

T
t

h t H t T
M

µ
≤ ≡ < ∞ ∈[ ] [ ] . 

Çíàéäåìî îö³íêó ( , )v y t  çâåðõó. Âèêîðèñòîâóþ÷è ïðèíöèï ìàêñèìóìó, 
îäåðæóºìî  
 

0 1
1 2

0, 0, [0, ] [0, ] 0,
( , ) max max ( ),  max ( ),  max ( ),  max ( , )

h T T H T
v y t x t t f x t

×
≤ ϕ µ µ ≡{ }

[ ] [ ] [ ]
 

 1 ,      ( , ) TM y t Q≡ < ∞ ∈ , 
³ çã³äíî ç (10) ìàºìî  

 
4

0,
0

1

max ( )
( ) 0,       0,

T
t

h t H t T
M

µ
≥ ≡ > ∈[ ] [ ] . 

Îòæå,  

 0 10 ( , ) ,        ( , ) TM v y t M y t Q< ≤ ≤ < ∞ ∈ , (11) 

 0 10 ( ) ,            0,H h t H t T< ≤ ≤ < ∞ ∈ [ ] . (12) 

²ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³ (6)–(10).  
Òåîðåìà 1. Ïðè âèêîíàíí³ óìîâè (A1) òà óìîâ  

(A2) 1 ,0
0 0 10, ,    ( ) 0,    0, ,    ( 0, 0, )C h x x h f H H Tα′ϕ ∈ ϕ > ∈ ∈ ×[ ] [ ] [ ] [ ] ,  

3 3
0

(0,1),     ( ) 0,    (0, ,     lim ( ) 0
t

t t T t t−β

→+
α ∈ µ > ∈ ∃ µ >] ; 

(À3) 1 0 2(0) (0),    ( ) (0)hϕ = µ ϕ = µ ,  

ìîæíà âêàçàòè òàêå ÷èñëî 0 0: 0T T T< ≤ , ÿêå âèçíà÷àºòüñÿ âèõ³äíèìè 

äàíèìè, ùî ðîçâ’ÿçîê çàäà÷³ (6)–(10) ³ñíóº ïðè 00 1,  0y t T≤ ≤ ≤ ≤ .  

Ä î â å ä å í í ÿ. Ïîçíà÷èìî  

 
2( 2 )1( , , , ) exp

4 ( ) ( )2 ( ) ( )k
n

y n
G y t

tt

+∞

=−∞

− η +  η τ = − +  θ − θ τ π θ − θ τ 
∑ [ ][ ]

 

 
2

2
0

( 2 ) ( )
( 1) exp ,      ( ) ,    1, 2

4 ( ) ( ) ( )

t
k y n a

t d k
t h

+ η + τ + − − θ = τ = θ − θ τ  τ ∫[ ]
, 

äå ( , , , ),  1, 2kG y t kη τ = , – ôóíêö³ÿ Ãð³íà äëÿ ð³âíÿííÿ  
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2

( )

( )
t yy

a t
v v

h t
=  

ç êðàéîâèìè óìîâàìè (8) ïðè 1k =  òà óìîâàìè 1 2(0, ) ( ),  (1, ) ( )y yv t t v t t= µ = µ  

ïðè 2k = .  
Ïðÿìà çàäà÷à (6)–(8) ó âèïàäêó äîâ³ëüíèõ íåïåðåðâíèõ íà 0,T[ ] ôóíê-

ö³é ( ), ( ), ( )a t h t h t′  åêâ³âàëåíòíà ð³âíÿííþ  

 
1

0 1
0 0

( )
( , ) ( , ) ( , , , ) ( , )

( )

t
h

v y t v y t G y t v d d
h η

′η τ= + η τ η τ η τ
τ∫ ∫ , (13) 

äå 0 ( , )v y t  âèçíà÷àºòüñÿ ôîðìóëîþ  

 
1

0 1 0 1 12
0 0

( )
( , ) ( , , , 0) ( ) ( , ,0, ) ( )

( )

t
a

v y t G y t h d G y t d
h

η
τ= η ϕ η η + τ µ τ τ −
τ∫ ∫  

 
1

1 2 12
0 0 0

( )
( , ,1, ) ( ) ( , , , ) ( ( ), )

( )

t t
a

G y t d G y t f h d d
h

η
τ− τ µ τ τ + η τ η τ τ η τ
τ∫ ∫∫ . (14) 

Ââåäåìî ïîçíà÷åííÿ ( , ) ( , ),  ( ) ( )yy t v y t p t h t′ω = = . Òîä³ ç óìîâè (9) ìàòèìåìî  

 3 ( ) ( )
( ) ,        0,

(0, )
t h t

a t t T
t

µ
= ∈

ω
[ ] , (15) 

à ç óìîâè (10)  

 4
1

0

( )
( ) ,      0,

( , )

t
h t t T

v y t dy

µ
= ∈

∫
[ ] . (16) 

Ïðîäèôåðåíö³þâàâøè óìîâó (10) çà ÷àñîì, ³ç îäåðæàíî¿ ð³âíîñò³ çíàõîäèìî  

 4

1

0

( ) ( ) ( ) ( ( ), )p t t h t f yh t t dy


= µ − −′


∫  

 1
2

( )
(1, ) (0, ) ( ),     0,

( )
a t

t t t t T
h t

−
− ω − ω µ ∈


[ ]( ) . (17) 

Çàì³íèìî ³íòåãðî-äèôåðåíö³àëüíå ð³âíÿííÿ (13) ñèñòåìîþ ³íòåãðàëüíèõ ð³â-
íÿíü:  

 
1

0 1
0 0

( )
( , ) ( , ) ( , , , ) ( , ) ,   ( , )

( )

t

T
p

v y t v y t G y t d d y t Q
h

η τ= + η τ ω η τ η τ ∈
τ∫ ∫ , (18) 

 
1

0 1
0 0

( )
( , ) ( , ) ( , , , ) ( , ) ,    ( , )

( )

t

y y T
p

y t v y t G y t d d y t Q
h

η τω = + η τ ω η τ η τ ∈
τ∫ ∫ , (19) 

äå 0 ( , )v y t  âèçíà÷àºòüñÿ ð³âí³ñòþ (14), à  

 
1

0 0 2 0 2 1
0 0

( , ) ( , , ,0) ( ) ( , , 0, ) ( )
t

yv y t h G y t h d G y t d′ ′= η ϕ η η − τ µ τ τ +∫ ∫  

 
1

2 2 1
0 0 0

( , ,1, ) ( ) ( , , , ) ( ( ), )
t t

yG y t d G y t f h d d′+ τ µ τ τ + η τ η τ τ η τ∫ ∫ ∫ . (20) 

Òàêèì ÷èíîì, çàäà÷ó (6)–(10) çâåäåíî äî ñèñòåìè ð³âíÿíü (15)–(19) ç 
íåâ³äîìèìè ( ), ( ), ( ), ( , ), ( , )a t h t p t v y t y tω . Çàäà÷à (6)–(10) ³ ñèñòåìà (15)–(19) 

åêâ³âàëåíòí³ â òîìó ñåíñ³, ùî, ÿêùî ( ), ( ), ( , )a t h t v y t( ) º ðîçâ’ÿçêîì çàäà÷³ 

(6)–(10), òî ( ), ( ), ( ), ( , ), ( , )a t h t p t v y t y tω( )  º íåïåðåðâíèì ðîçâ’ÿçêîì ñèñòåìè 

(15)–(19). Ïðàâèëüíèì º ³ îáåðíåíå òâåðäæåííÿ: ÿêùî ( ), ( ), ( ), ( , )a t h t p t v y t( , 
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( , )y tω )º íåïåðåðâíèì ðîçâ’ÿçêîì ñèñòåìè (15)–(19), òî ôóíêö³¿ ( ), ( )a t h t( , 

( , )v y t ) º ðîçâ’ÿçêîì çàäà÷³ (6)–(10) ó ñåíñ³ íàâåäåíîãî âèùå îçíà÷åííÿ. Äëÿ 

öüîãî äîñòàòíüî äîâåñòè, ùî ö³ ôóíêö³¿ íàëåæàòü äî êëàñó 10, 0,C T C T× ×[ ] [ ]  
2,1 1,0( ) ( )T TC Q C Q×   ³ çàäîâîëüíÿþòü óìîâè (6)–(10).  

Îòæå, íåõàé 3 2( ), ( ), ( ), ( , ), ( , ) 0, ( )Ta t h t p t v y t y t C T C Qω ∈ ×[ ]( ) ( ) ( )  º ðîç-
â’ÿçêîì ñèñòåìè (15)–(19). Ïðèïóùåííÿ òåîðåìè äîçâîëÿþòü ïðîäèôåðåíö³-
þâàòè ð³âí³ñòü (18) çà y . Ïðàâ³ ÷àñòèíè îòðèìàíî¿ ð³âíîñò³ òà ð³âíîñò³ (19) 

ñï³âïàäàþòü, òîìó ( , ) ( , )yy t v y tω = . Íà ï³äñòàâ³ (18) ðîáèìî âèñíîâîê, ùî 

( , )v y t  ìàº ïîòð³áíó ãëàäê³ñòü, çàäîâîëüíÿº ð³âíÿííÿ  

 
2

( )( )
( ( ), )

( )( )
t yy y

yp ta t
v v v f yh t t

h th t
= + +  (21) 

³ óìîâè (7), (8) äëÿ äîâ³ëüíèõ íåïåðåðâíèõ íà 0,T[ ] ôóíêö³é ( ), ( ), ( )a t h t p t .  

Îñê³ëüêè 2,1 1,0( , ) ( ) ( )T Tv y t C Q C Q∈   ³ 1
4 ( ) 0,t C Tµ ∈ [ ] , òî 1( ) 0,h t C T∈ [ ] . 

Ïðîäèôåðåíö³þºìî ð³âí³ñòü (16) çà t , âèêîðèñòîâóþ÷è ïðè öüîìó ð³âíÿííÿ 
(21). Îäåðæèìî  

 
1

4
0

( ) (1, ) (0, )
( ) ( ) ( ) ( ( ), )

( )
y ya t v t v t

p t t h t f yh t t dy
h t

−
= µ − − +


∫

( )
 

 14 4
2

( ) ( ) ( ) ( )
( )

( ) ( )
p t t h t t

t
h t h t

−′µ µ 
+ − µ


. 

 Â³äí³ìàþ÷è â³ä îñòàííüî¿ ð³âíîñò³ ð³âí³ñòü (17), îòðèìàºìî  

 4 ( )
( ) ( ) 0

( )
t

p t h t
h t
µ ′− =( ) , 

çâ³äêè, âðàõîâóþ÷è óìîâè òåîðåìè, ìàºìî, ùî ( ) ( )h t p t′ = . Âèêîðèñòîâóþ÷è 
öå â ð³âíÿíí³ (21), ìàòèìåìî ð³âíÿííÿ (6). Ï³ñëÿ öüîãî óìîâà (16) º åêâ³âà-
ëåíòíîþ óìîâ³ (10), à óìîâà (15) – óìîâ³ (9).  

Äëÿ äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó ñèñòåìè ð³âíÿíü (15)–(19) çàñòîñó-
ºìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó. Äëÿ öüîãî ñïî÷àòêó âñòàíîâèìî 
àïð³îðí³ îö³íêè ðîçâ’ÿçê³â ñèñòåìè.  

Ðîçãëÿíåìî ð³âíÿííÿ (19). Îñê³ëüêè 
1

2
0

( , , ,0) 1G y t dη η =∫ , òî çã³äíî ç óìî-

âîþ (A2) òåîðåìè îòðèìóºìî äîäàòí³ñòü ïåðøîãî äîäàíêà ç (20), âñ³ ³íø³ 
äîäàíêè ïðè 0t →  ïðÿìóþòü äî íóëÿ. Òàêèì ÷èíîì, ìîæíà âêàçàòè òàêå 
÷èñëî 1 10t t T: < ≤ , ùî  

 
1

0
2 0 2 1

0 0

( , , ,0) ( ) ( , ,0, ) ( )
2

th
G y t h d G y t d′ ′η ϕ η η ≥ τ µ τ τ −∫ ∫  

 
1

2 2 1
0 0 0

( , ,1, ) ( ) ( , , , ) ( ( ), )
t t

yG y t d G y t f h d d′− τ µ τ τ − η τ η τ τ η τ −∫ ∫ ∫  

 
1

1
0 0

( )
( , , , ) ( , )

( )

t

y
p

G y t d d
h

η τ− η τ ω η τ η τ
τ∫ ∫ , 

çâ³äêè  

 0 2 1
0,1

1( , ) min ( ) 0,         0,
2

y t yh M t t′ω ≥ ϕ ≡ > ∈
[ ]

[ ] . (22) 

Òîä³ ç (15), âðàõîâóþ÷è (12) òà óìîâó (A2) òåîðåìè, çíàõîäèìî  
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 3
1 1 1

2

( )
( ) ,          0,         0,

t
a t A t A t t

M
βµ

≤ ≤ > ∈ [ ] . (23) 

Ïîçíà÷èìî 
0,1

( ) max ( , )
y

W t y t
∈

= ω
[ ]

. Âèêîðèñòîâóþ÷è (23), ç (17) îòðèìóºìî  

 1 2 1( ) ( ),       0,p t C C t W t t tβ≤ + ∈ [ ] . (24) 
Âðàõîâóþ÷è (24) òà îö³íêè ôóíêö³é Ãð³íà  

 2 3
1( , , , ) 1

( ) ( )
G y t C

t
 η τ ≤ + 
 θ − θ τ

, 

 
1

4
1

0

( , , , )
( ) ( )

y

C
G y t d

t
η τ η ≤

θ − θ τ∫ , 

³ç (19) îòðèìóºìî  
 ( )W t ≤  

 
2

5 6 7 8
0 0 0

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

t t t
W WdC C C d C d

t t t

βτ τ ττ≤ + + τ + τ
θ − θ τ θ − θ τ θ − θ τ∫ ∫ ∫ . (25) 

Ââåäåìî ïîçíà÷åííÿ  

 0 min 0
0

( )
( ) ,         ( ) min ( )

t

a t
a t a t a

tβ ≤ τ ≤
= = τ . 

Òîä³  

 9

1 1
min0 0( ) ( ) ( )

t tCd d
t a t tβ+ β+

τ τ≤ ≤
θ − θ τ − τ

∫ ∫  

 
(1 ) 2

109
2

minmin 0 ( )( )

t C tC d
t a ta t t

−β

β
τ≤ =
− τ∫

/

/
. 

Âèêîðèñòîâóþ÷è îñòàííþ íåð³âí³ñòü ó (25), îäåðæóºìî  

 
(1 ) 2

11 12
5 2

min min 0

( )
( )

( ) ( )

tC t C W
W t C d

a t tt a t

−β

β
τ≤ + + τ +

− τ∫
/

/
 

 
2

13
2

min 0

( )

( )

tC W
d

tt a t

β

β
τ τ+ τ

− τ∫/
. (26) 

Ó íåð³âíîñò³ (26) çàì³íèìî t  íà σ  ³, äîìíîæèâøè ¿¿ íà 1
t − σ

, ïðî³íòåãðó-

ºìî çà σ  â³ä 0  äî t . Îòðèìàºìî  

 
1 2

11 12
5 2

min min0 0 0

2( ) ( )
2

( ) ( )

t tC t CW Wdd C t d
t a t a t t

σ−β

β
σ τσσ ≤ + + τ +

− σ σ − τσ − σ∫ ∫ ∫
/

/
 

 
2

13
2

min 0 0

( )

( )

tC Wd d
a t t

σ β

β
τ τσ+ τ

σ − τσ − σ∫ ∫/
. 

Çì³íþþ÷è ïîðÿäîê ³íòåãðóâàííÿ ó äâîõ îñòàíí³õ äîäàíêàõ ³ âðàõîâóþ÷è 
ð³âí³ñòü  

 
( )( )

t
d

tτ

σ = π
− σ σ − τ∫ , 

çíàõîäèìî  

 
0

( )
t

W
d

t

σ σ ≤
− σ∫  

 
1 2 2

215 16 17
14 2

min min min0 0

( )
( )

( ) ( ) ( )

t tC t C C tW
C t d W d

a t a t a t

−β β

β
τ≤ + + τ + τ τ

τ∫ ∫
/ /

/
. (27) 
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Ï³äíåñåìî îáèäâ³ ÷àñòèíè íåð³âíîñò³ (26) äî êâàäðàòó. Âèêîðèñòîâóþ÷è íå-
ð³âíîñò³ Êîø³ òà Êîø³ – Áóíÿêîâñüêîãî, çíàõîäèìî  

 
2 1 2 2

2 2 11 12
5

min min 0 0

2 2 ( )
( ) 2

( ) ( )

t tC t C W dW t C d
a t t tt a t

−β

β
τ τ≤ + + τ +

− τ − τ∫ ∫  

 
2 2 4
13

min 0 0

2 ( )

( )

t tC W dd
t tt a t

β

β
τ τ τ+ τ

− τ − τ∫ ∫ , 

çâ³äêè ìàºìî  

 
2 1 2 2

2 2 11 12
5 1 2

min min 0

2 4 ( )
( ) 2

( ) ( )

tC t C W
W t C d

a t tt a t

−β

β−
τ≤ + + τ +

− τ∫/
 

 
2 2 4
13

1 2
min 0

4 ( )

( )

tC W
d

tt a t

β

β−
τ τ+ τ

− τ∫/
. 

Â îñòàíí³é íåð³âíîñò³ çàì³íèìî t  íà σ  ³, äîìíîæèâøè íà 
t

βσ
− σ

, ïðî³íòåã-

ðóºìî ¿¿ çà σ  â³ä 0  äî t . Îòðèìàºìî  

 
1 21 22

1 2 22019
18

min min0 0

( )
( )

( ) ( )

t tC tC tW
d C t W d

a t a tt

β
β+σ σ σ ≤ + + τ τ +

− σ∫ ∫
//

/  

 
2 1 2

421

min 0

( )
( )

tC t
W d

a t

β+

+ τ τ∫
/

. (28) 

Ï³äñòàâëÿþ÷è (27) ³ (28) ó (26), çíàõîäèìî  

 
(1 ) 2 1 (1 ) 2 (3 ) 2

22 23 24 25
5 3/2

minmin min min

( )
( )( ) ( ) ( )

C t C t C t C t
W t C

a ta t a t a t

−β −β +β −β

≤ + + + + +
/ / /

 

 226 27
2 2

minmin 0 0

( )
( )

( )( )

t tC CW
d W d

a tt a tβ β
τ+ τ + τ τ +

τ∫ ∫/ /
 

 
(1 )/2 (3 1)/2

2 428 29
3/2 3/2

0 0min min

( ) ( )
( ) ( )

t tC t C t
W d W d

a t a t

−β β+

+ τ τ + τ τ∫ ∫ . (29) 

Âèêîðèñòàºìî òàêîæ íàñòóïí³ íåð³âíîñò³:  

 

1/2

42 4

00 0

( ) )( ) 1 ( )
tt t

W dW d t t W d
   τ ττ τ ≤ ≤ + τ τ   
   ∫∫ ∫ , 

 

1/2
2 2

/2
00 0

( )( ) ( )
)

tt t
WW W

dd t t t dββ β
 ττ τττ ≤ ≤ + τ ≤ ττ τ ∫∫ ∫  

 
4(3 )/2

0

( )
1

1

t
Wtt d

−β

β
 τ≤ + + τ − β τ ∫ . 

Òîä³ ç (29), âðàõîâóþ÷è îö³íêó ( )a t  çâåðõó, îäåðæóºìî  

 
(1 )/2 4

30 31 32
5 13/2 3/2

min 0min min

( )
( ) ,    0,

( ) ( ) ( )

tC C t C W
W t C d t t

a t a t a t

−β

β
τ≤ + + + τ ∈

τ∫ [ ] . (30) 

Ïîçíà÷èìî  

 
(1 )/2

30 31 32
5 3/2 3/2

min min min

( ) ,        ( )
( ) ( ) ( )

C C t C
t C t

a t a t a t

−β

Φ = + + Ψ = , (31) 

 
4

0

( ) ( )
( )

( )

t
t W

H t d
t β

Φ τ= + τ
Ψ τ∫ . (32) 
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Òîä³ ç (30) ìàºìî  

 
( )

( )
( )

W t
H t

t
≤

Ψ
. (33) 

Ïðîäèôåðåíö³þâàâøè (32) çà ÷àñîì, îòðèìàºìî  

 
4

4( ) ( )
( ) ( )

( )
t t

H t H t
t tβ

′Φ Ψ ′ ≤ + Ψ 
. (34) 

Îñòàííþ íåð³âí³ñòü ïîä³ëèìî íà 4 ( )H t  ³ ïðîäèôåðåíö³þºìî ¿¿ â³ä 0  äî t . 
Ìàòèìåìî  

 
4

3 3 4 4 5
0 0

( )( ) (0) ( ) ( )1 1 1 1 4
( ) (0) ( )3 (0) 3 ( ) ( ) (0) ( )

t t
t H

d d
tH H t H t H H β

′ Ψ τΦ Φ Φ τ τ− ≤ − + τ + τ
Ψ Ψ Ψ τ τ τ∫ ∫ , 

çâ³äêè  

 
4 4

3
3 5

0 0

( ) ( ) ( ) ( ) ( ) ( )
4 3 (0) 4

( ) ( ) 33 (0) ( )

t t
H t H t H t

H d d
tH H β

′  Φ τ τ Ψ τ Φ− τ + τ ≤ +  Ψ τ Ψτ τ  
∫ ∫ , (35) 

äå 
(0)

(0)
(0)

H
Φ=
Ψ

. Âèêîíàâøè â 
5

0

( ) ( )
( ) ( )

t
H

d
H

′Φ τ τ τ
Ψ τ τ∫  çàì³íó ( )Hσ = τ , îòðèìàºìî  

 
( ) 1

5 1 5
0 (0)

( ) ( ) ( ( ))
( ) ( ) ( ( ))

H tt

H

H H dd
H H

−

−

′Φ τ τ Φ σ στ =
Ψ τ τ Ψ σ σ∫ ∫ , 

äå 1( )H− σ  – ôóíêö³ÿ, îáåðíåíà äî ( )H t .  

Îñê³ëüêè 
( ) 1 4

1 5
(0) 0

( ( )) ( )
4 0

( ( ))

H t t

H

H d d
H

−

− β
Φ σ Ψ τσ + τ →
Ψ σ σ τ∫ ∫ , êîëè 0t → , òî ìîæíà 

âêàçàòè òàêå 2 2: 0t t T< ≤ , ùî  

 
( ) 1 4

3
21 5

(0) 0

( ( )) ( )
4 3 (0) 4 1,       0,

( ( ))

H t t

H

H dH d t t
H

−

− β
 Φ σ Ψ τσ− + τ ≥ ∈ Ψ σ σ τ ∫ ∫ [ ] . 

Òîä³ ç (35) âèïëèâàº íåð³âí³ñòü  

 
4

23

( ) ( ) ( )
,           0,

( ) 33 (0)

H t t H t
t t

tH

Φ≤ + ∈
Ψ

[ ] , 

àáî  

 4 3 3
2

3 ( )
( ) (0) (0) ( ),           0,

( )
t

H t H H H t t t
t

Φ≤ + ∈
Ψ

[ ] . 

Âèêîðèñòîâóþ÷è öå â (34), çíàõîäèìî  

 
4 3

3 3( ) ( ) 3 ( )
( ) (0) ( ) ( ) (0)

( )
t t t

H t H H t t H
t t tβ β

′Φ Ψ Ψ ′ ≤ + + Φ Ψ 
. 

Ïîìíîæèâøè îñòàííþ íåð³âí³ñòü íà 
4

3

0

( )
exp (0)

t

H d
β

 Ψ σ− σ σ ∫  ³ ïðî³íòåãðó-

âàâøè ¿¿, îòðèìàºìî  

 
3 4

3 3

0

( ) ( ) ( ) ( )
( ) 4 (0) exp (0)

( )

t t
t

H t H H d d
t β β

τ

 Φ Φ τ Ψ τ Ψ σ≤ + σ τ Ψ τ σ ∫ ∫ . 

Òîä³ ç (33) ìàºìî  
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4 3

3 3

0 0

( ) ( ) ( )
( ) ( ) 4 (0) ( ) exp (0)

t t

W t t H t H d d
β β

 Ψ σ Φ τ Ψ τ≤ Φ + Ψ σ τ σ τ ∫ ∫  

àáî ç óðàõóâàííÿì (31)  

 ( )W t ≤  

 
(1 )/2

30 31 33
5 34 53/2 3/2 6

min min0 0min min

exp
( ) ( )( ) ( )

t tC C t C dC C C
a t aa t a t

−β

β
σ ≤ + + + +   σ σ ∫ ∫  

 
(1 )/2

30 31
23/2 9/2

min min min

1 ,       0,
( ) ( ) ( )

C C
d t t

a a a

−β

β

τ + + τ ∈τ τ τ τ
[ ] . (36) 

²ç óìîâè ïåðåâèçíà÷åííÿ (15) çíàõîäèìî  

 35
min ( )

( )
C

a t
W t

≥  

àáî, âðàõîâóþ÷è (36), 

 min 35 5( )a t C C
≥ +


 

 
(1 )/2

30 31 33
34 53/2 3/2 6

min min0 0min min

exp
( ) ( )( ) ( )

t tC C t C dC C
a t aa t a t

−β

β
  σ+ + + +  σ σ  ∫ ∫  

 

1(1 )/2
30 31

3/2 9/2
min min min

1
( ) ( ) ( )

C C
d

a a a

−−β

β

τ + + τ τ τ τ τ 
, 

çâ³äêè  

 5 min 30 min( ) ( )C a t C a t+ +  

 
(1 )/2

31 33
34 56

min min min0 0

exp
( ) ( ) ( )

t tC t C dC C
a t a t a

−β

β
  σ+ + +  σ σ  ∫ ∫  

 
(1 )/2

30 31
35 23/2 9/2

min min min

1 0,   0,
( ) ( ) ( )

C C
d C t t

a a a

−β

β

τ + + τ − ≥ ∈τ τ τ τ
[ ] . (37) 

Îñê³ëüêè  

 
(1 )/2

31 33
34 56

min min min0 0

( ) exp
( ) ( ) ( )

t tC t C dK t C C
a t a t a

−β

β
  σ= + +  σ σ  ∫ ∫  

 
(1 )/2

30 31
3/2 9/2

min min min

1 0
( ) ( ) ( )

C C
d

a a a

−β

β

τ + + τ →τ τ τ τ
 

ïðè 0t → ,  òî ìîæíà âêàçàòè òàêå ÷èñëî 3 3: 0t t T< ≤ , ùî  

 35
3( ) ,         0,

2
C

K t t t≤ ∈ [ ] . 

Òîä³ ç íåð³âíîñò³ (37) çíàõîäèìî  

 35
5 min 30 min 3( ) ( ) 0,          0,

2
C

C a t C a t t t+ − ≥ ∈ [ ] , 

çâ³äêè  

 

22
30 30 35 5

min 0
5

2
( ) 0

2

C C C C
a t A

C

 − + +
≥ ≡ > 

 
 

àáî, âðàõîâóþ÷è ââåäåí³ ïîçíà÷åííÿ,  

 0 3( ) ,      0,a t A t t tβ≥ ∈ [ ] . (38) 
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Âèêîðèñòîâóþ÷è îñòàííþ îö³íêó â (36), îòðèìóºìî  

 3 3( , ) ,      0, ,      0,1y t M t t yω ≤ ∈ ∈[ ] [ ] , (39) 

³ çã³äíî ç (24)  

 4 3( ) ,         0,p t M t t≤ ∈ [ ] . (40) 

Òàêèì ÷èíîì, àïð³îðí³ îö³íêè ðîçâ’ÿçê³â ñèñòåìè (15)–(19) âñòàíîâëåíî.  

Äîâåäåìî ³ñíóâàííÿ ãðàíèö³ 
0

( )
lim 0
t

a t

tβ→+
> . Ïîçíà÷èìî 3

30

( )
( )

t
t

tβ

µ
µ = . Òîä³ 

ç óìîâè ïåðåâèçíà÷åííÿ (15) îòðèìóºìî  

 30
0

( ) ( )
( )

(0, )y

t h t
a t

v t

µ
= . 

²ç (19) òà óìîâ òåîðåìè âèïëèâàº, ùî  

 
1

0 2 0 0
0 0

0

lim (0, ) lim (0, , ,0) ( ) (0)y
t t

v t h G t h d h
→+ →+

′ ′= η ϕ η η = ϕ∫ . 

Îòæå,  

 30
0

0 0

(0)( )
lim lim ( ) 0

(0)t t

a t
a t

tβ→+ →+

µ
= = >′ϕ

. 

Îçíà÷èìî ìíîæèíó 

 
0

3 2
0( ), ( ), ( ), ( , ), ( , ) 0, ( ) :TN a t h t p t v y t y t C T C Q= ω ∈ ×[ ]( ) ( ) ( ){  

 0 1 0 1 4
( )

0 ,  0 ( ) ,  ( )
a t

A A H h t H p t M
tβ

< ≤ ≤ < ∞ < ≤ ≤ < ∞ ≤ < ∞ , 

 0 1 30 ( , ) ,  ( , )M v y t M y t M< ≤ ≤ < ∞ ω ≤ < ∞} , 

äå 0 1 2 3min , ,T t t t= { } . Ñèñòåìó (15)–(19) ïîäàìî ó âèãëÿä³ îïåðàòîðíîãî 

ð³âíÿííÿ  

 w Pw= , 

äå ( ), ( ), ( ), ( , ), ( , )w a t h t p t v y t y t= ω( ) , à îïåðàòîð P  âèçíà÷àºòüñÿ ïðàâèìè 

÷àñòèíàìè ð³âíÿíü (15)–(19). Î÷åâèäíî, ùî ìíîæèíà N  çàäîâîëüíÿº óìîâè 
òåîðåìè Øàóäåðà. Îñê³ëüêè  

 3 1 3 2 1 2
1 2 1 3 2

2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

(0, ) (0, )y y

t t h t h t
a t a t h t t

v t v t
µ − µ −

− = + µ +  

 
2 1

3 1 1
1 2

(0, ) (0, )
( ) ( )

(0, ) (0, )
y y

y y

v t v t
t h t

v t v t

−
+ µ , 

òî êîìïàêòí³ñòü îïåðàòîðà P  äîâîäèòüñÿ àíàëîã³÷íî, ÿê ó [4] ³ [7]. Òàêèì 
÷èíîì, çã³äíî ç òåîðåìîþ Øàóäåðà ³ñíóº ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (15)–
(19), à, îòæå, ³ ðîçâ’ÿçîê çàäà÷³ (6)–(10) ïðè 00, ,  0,1t T y∈ ∈[ ] [ ] . ◊ 

ªäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (6)–(10).  
Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(Á1) 1,0 ( 0, ) 0, )f C T∈ ∞ ×[ [ ] ;  

(Á2) 0( ) 0,  [0, ),  ( ) 0,  1,2, 4,  0,        ix x t i t Tϕ ≥ ϕ > ∈ ∞ µ > = ∈ [ ] , 

( , ) 0,     ( , ) ( 0, ) 0, )f x t x t T≥ ∈ ∞ ×[ [ ] ;  

(Á3) 3
3

0

( )
( ) 0,     (0, ],     lim 0

t

t
t t T

tβ→+

µ
µ > ∈ ∃ > .  

Òîä³ ðîçâ’ÿçîê çàäà÷³ (6)–(10) ºäèíèé.  
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Ä î â å ä å í í ÿ. Íåõàé ( ), ( ), ( , ) ,  1, 2i i ia t h t v y t i =( ) , – äâà ðîçâ’ÿçêè 

çàäà÷³ (6)–(10). Ïîçíà÷èìî 
2

( ) ( )
( ),  ( ),  1,2

( )( )
i i

i i
ii

a t h t
r t q t i

h th t

′
= = = . Òîä³ ð³çíèö³ 

1 2 1 2 1 2( ) ( ) ( ), ( ) ( ) ( ), ( , ) ( , ) ( , )  r t r t r t q t q t q t v y t v y t v y t= − = − = −  çàäîâîëüíÿþòü 
óìîâè  

 2 2 1 1( ) ( ) ( ) ( )t yy y yy yv r t v q t yv r t v q t yv= + + + +  

 1 2( ( ), ) ( ( ), ),      ( , ) Tf yh t t f yh t t y t Q+ − ∈ , (41) 

 ( ,0) 0,             0,1v y y= ∈ [ ] , (42) 

 (0, ) (1, ) 0,           0,v t v t t T= = ∈ [ ] , (43) 

 1 2 3
1 2

1 1( ) (0, ) ( ) (0, ) ( ) ,      0,
( ) ( )y yr t v t r t v t t t T

h t h t
 = − + µ − ∈ 
 

[ ] , (44) 

 
1

4
1 20

1 1( , ) ( ) ,       0,
( ) ( )

v y t dy t t T
h t h t

 = µ − ∈ 
 ∫ [ ] . (45) 

Âèêîðèñòîâóþ÷è ââåäåí³ ïîçíà÷åííÿ, âèðàçèìî ( )ih t  ÷åðåç ( )iq t :  

 
0

( ) (0) exp ( ) ,      1,2
t

i i ih t h q d i
 = τ τ = 
 ∫ . 

Çã³äíî ç óìîâîþ (Á2) òåîðåìè 1 2 0(0) (0)h h h= = . Òîä³  

 1 2
1 2 0 0 0

1 1 1 exp ( ) exp ( ) ,   1, 2
( ) ( )

t t

k k k
k q d k q d k

h t h t h

    − = − τ τ − − τ τ =    
    

∫ ∫ . 

Çâ³äñè, âðàõîâóþ÷è ð³âí³ñòü  

 
1

( )

0

( )x y y x ye e x y e d+ τ −− = − τ∫ , 

îòðèìóºìî  

 
1 2

1 1
( ) ( )k kh t h t

− =  

 
1 1

2
0 0 0 0

( ) exp ( ) ( ) ,     1,2
t

k
k q d k q q d d k
h

 = − τ τ − σ τ ++ τ τ σ = 
 ∫ ∫ ∫ ( ) . (46) 

Çà äîïîìîãîþ ôóíêö³¿ Ãð³íà 1 ( , , , )G y t∗ η τ  äëÿ ð³âíÿííÿ  

 2
22

2

( )
( )

( )
t yy y

a t
v v yq t v

h t
= +  

ðîçâ’ÿçîê çàäà÷³ (41)–(43) ïîäàìî ó âèãëÿä³  

 
1

1 1 1 1
0 0

( , ) ( , , , ) ( ) ( ) ( ( ), )
t

v y t G y t r v q v f h∗
ηη η= η τ τ + τ η + η τ τ −∫ ∫ [  

 2( ( ), ) ,            ( , ) Tf h d d y t Q− η τ τ η τ ∈] . (47) 

²ç óìîâè (44) ç óðàõóâàííÿì (46) çíàõîäèìî  
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1 1

3
1 2

0 0 0 0

( )
( ) (0, ) ( ) exp ( ) ( )

t

y

t
r t v t q d q q d d

h
µ  = − τ τ − σ τ + τ τ σ − 

 ∫ ∫ ∫ ( )  

 2 ( ) (0, ),           0,r t t t T− ω ∈ [ ] , (48) 

äå ( )y tω ,  çã³äíî ç (47) âèçíà÷àºòüñÿ çà ôîðìóëîþ  

 
1

1 1 1 1
0 0

( , ) ( , , , ) ( ) ( ) ( ( ), )
t

yy t G y t r v q v f h∗
ηη ηω = η τ τ + τ η + η τ τ −∫ ∫ [  

 2( ( ), ) ,        ( , ) Tf h d d y t Q− η τ τ η τ ∈] . (49) 

Îñê³ëüêè ( ), ( ), ( , ) ,  1, 2i i ia t h t v y t i =( ) , – ðîçâ’ÿçêè çàäà÷³ (6)–(10), òî äëÿ 

( ),  1, 2iq t i = , ñïðàâäæóþòüñÿ ð³âíîñò³, àíàëîã³÷í³ äî (17):  

 
1

4

2 0

( )1( ) ( ( ), ) ( ) (1, ) (0, )
( ) ( )i i i i i

i

t
q t f yh t t dy r t t t

t h t
µ = − − ω − ω µ  ∫ ( ) , 

äå i iyvω = . Â³äí³ìåìî ö³ ð³âíîñò³, âèêîðèñòîâóþ÷è (46). Îòðèìàºìî  

 
1 1

4
2

2 0 0 0 0

( )
( ) ( ) exp ( ) ( )

( )

tt
q t q d q q d d

t h

′µ  = − τ τ − σ τ + τ τ σ − µ  ∫ ∫ ∫ ( )  

 
1

1
1 2

2 20

( )1 ( ( ), ) ( ( ), ) (1, ) (0, )
( ) ( )

r t
f yh t t f yh t t dy t t

t t
− − − ω − ω −

µ µ∫ ( ) ( )  

 2 2
2

( )
(1, ) (0, )

( )
r t

t t
t

− ω − ω
µ

( ) . (50) 

Ïðèïóùåííÿ òåîðåìè çàáåçïå÷óþòü ïðàâèëüí³ñòü ð³âíîñòåé 

 1 2( ( ), ) ( ( ), )f yh t t f yh t t− =  

 
1

1 2 2 1 2
0

( ) ( ) ( ) ( ( ) ( )) ,xy h t h t f y h t h t h t t d= − + σ − σ∫( ) ( ( ) ) , (51) 

 
1 1

1 2 0 2
0 0 0

( ) ( ) ( ) exp ( ( ) ( ))
t

h t h t h q d q q d d
 − = τ τ σ τ + τ τ σ 
 ∫ ∫ ∫ . (52) 

Âèêîðèñòîâóþ÷è (51), (52), (49) ó (48), (50), îäåðæèìî ñèñòåìó îäíîð³ä-
íèõ ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó ñòîñîâíî ( ),  ( )r t q t  ç ÿä-
ðàìè, ùî ìàþòü ³íòåãðîâí³ îñîáëèâîñò³. Ç ºäèíîñò³ ðîçâ’ÿçêó òàêèõ ñèñòåì 
çíàõîäèìî, ùî ( ) 0,  ( ) 0,  0,r t q t t T≡ ≡ ∈ [ ] . Ïîâåðòàþ÷èñü äî ôóíêö³é 

( ),  ( )i ia t h t , 1, 2i = , îòðèìóºìî 1 2 1 2( ) ( ),  ( ) ( ),  [0, ]a t a t h t h t t T≡ ≡ ∈ . Âðàõîâó-

þ÷è öå â çàäà÷³ (41)–(43), îäåðæóºìî 1 2( , ) ( , ),  ( , ) Tv y t v y t y t Q≡ ∈ , ùî é 

çàâåðøóº äîâåäåííÿ òåîðåìè. ◊ 
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ОБРАТНАЯ ЗАДАЧА СО СВОБОДНОЙ ГРАНИЦЕЙ ДЛЯ УРАВНЕНИЯ 
ТЕПЛОПРОВОДНОСТИ С ВЫРОЖДЕНИЕМ  
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è îïðåäåëåíèÿ çàâèñèìîãî îò âðåìåíè êîýôôèöèåíòà òåìïåðàòóðîïðîâîäíîñòè, 
ïðåâðàùàþùåãîñÿ â íà÷àëüíûé ìîìåíò âðåìåíè â íóëü, êàê ñòåïåííàÿ ôóíêöèÿ 

,  0 1tβ < β < , â îáëàñòè ñ íåèçâåñòíîé ÷àñòüþ ãðàíèöû.  
 
INVERSE PROBLEM FOR DEGENERATED HEAT CONDUCTION 
EQUATION IN FREE BOUNDARY DOMAIN  
 
We have established conditions of existence and uniqueness of solution to the inverse 
problem for a degenerated heat conduction equation with unknown time-dependent 
thermal diffusivity which vanishes at the initial moment as a power of time 

,  0 1tβ < β < , when a part of boundary of the domain is unknown.  
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