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REMARKS ON n -EQUIVALENCE OF KNOTS AND LINKS 
 

In this paper, we announce some new results concerning the relationship between 
Vassiliev knot invariants and canonical and classical genera of knots in a 3-space 
and study the behavior of finite order knot invariants under the special satellite 
operations. We also study n -equivalence of links in the sense of Kirk–Livingston 
in the context of satellite operations.  

 
1. Introduction. The relations of Vassiliev knot invariants, where knots 

are considered in a 3-space, to classical geometric knot invariants such as ge-
nera, signature, the Arf invariant, the 4-ball genus, cobordism have been 
studied by K. Y. Ng, T. Stanford, A. Stoimenow and the other authors (see 
[18, 24–27]).  

Let   be the set of oriented knots up to ambient isotopy (knot types) in 
3S  and let V  be the free abelian group freely generated by the set  . 

Denote by n  the subgroup of V  generated by all n -singular knots, 1n ≥ . 

The following decreasing sequence of abelian subgroups  

 1 2 3V ⊃ ⊃ ⊃ ⊃     

is called the Vassiliev–Goussarov filtration of V .  
Let H  be any abelian group and let :v H→  be a map. We use the sa-

me notation v  for the map :v H→  and its natural extension to the homo-
morphism :v V H→ . A Vassiliev invariant of type 0n ≥ , with values in an 
abelian group H , is a map :v H→  such that its linear extension :v V →  

H→  vanishes on the subgroup 1n+ . The smallest number m  for which v  

vanishes on 1m +  is called the order of the Vassiliev invariant v . Two knots 

are called n -equivalent if they cannot be distinguished by Vassiliev invari-
ants of order n≤ , the invariants taking values in any abelian group. A knot 
K  is called n -trivial if it is n -equivalent to a trivial knot O . We refer the 
reader to [1, 5, 7, 18, 23] for further definitions and the basic properties of 
Vassiliev knot invariants.  

In Section 2 of the present paper, we study relationship between the ca-
nonical and classical genera of knots, and Vassiliev invariants. We only outline 
the proof of the main results concerning this point. The complete proof of the 
assertions will be given in [20]. The results presented here are analogous to 
the ones of A. Stoimenow [24, 26] on the relationship between Vassiliev inva-
riants and the 4 -ball genus, the Tristram–Levin signature and the unknot-
ting number of knots. 

The role of essential tori and Seifert surfaces in the study of Vassiliev 
knot invariants have been discussed in the papers [8–10]. In [9], E. Kalfagianni 
and X.-S. Lin studied n -adjacency of knots for any n ∈  . It is known [8, 9] 
that n -adjacency of knots implies their n -equivalence. Kalfagianni and Lin 
also showed that the (classical) genus of knots can be considered as an 
obstruction for two knots to be n -adjacent. This is in some contrast with the 
results presented in the present paper concerning the relationship between 
the classical genus of knot and Vassiliev invariants.  

Let :Ls →   be a satellite operation defined by a two-component link 

L k t=   in 3S  [12]. G. Kuperberg has shown [12] that for each 0n ≥  if the 

knots K  and K′  are n -equivalent, then the satellite knots ( )Ls K  and ( )Ls K′  
are also n -equivalent. In Section 3, we show that if the winding number of 
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the knot k  in 3 \S t  is equal to zero, then the corresponding satellite opera-
tion :Ls →   sends the n -equivalent knots into ( 1)n + -equivalent ones 
(see also [21]). The proof of this assertion presented here is different from the 
one given in [21]. In particular, if the two-component link L k t=   that de-
fines a pattern L  for a satellite operation Ls  possesses a certain kind of sym-

metry, then the satellite map :Ls →   passes the n -equivalent knots into 
( 1)n + -equivalent ones (compare with [22]). In Section 3, we also discuss some 
questions concerning the NIC (non-invertible conjecture) for knots.  

In Section 4 we discuss the properties of the Kirk–Livingston invariants 
of links with respect to satellite operations.  

2. Genera of knots and Vassiliev invariants. The well known procedure 
given originally by Seifert [2] allows to construct for each link diagram L′  of 
a link L  in a canonical way a Seifert surface S  that is spanned by L . If L′  
is a knot diagram, the algorithm yields always a connected surface of a knot 
and its genus is called the genus of the diagram. The canonical genus ( )g K  of 
a knot is the minimal genus of all its diagrams. It is known that for a large 
class of knots K  the canonical genus ( )g K  is equal to its classical genus ( )g K  
(for example, for the class of homogeneous knots [3]). However, in general, the 
difference ( ) ( )g K g K−  can be arbitrarily large [17].  

Let K  be a knot embedded in the interior of a solid torus 3V S⊂ . We 
use the term “K  is n -trivial inside V ” if there is an embedding of K  in 
int ( )V  and a collection of 1n +  disjoint sets 1 1, , nC C +  of crossing discs, all 

containing inside V , such that for each 0 1m n< ≤ + , changing all crossings 
in any m  of these sets simultaneously along the corresponding discs, yields an 
unknotted curve that can be isotoped inside a 3-ball in int ( )V .  

In [20], we proved the following proposition.  
Proposition 2.1. For each n ∈   there is a non-trivial prime knot nK  of 

genus one which is essentially embedded in a standard solid torus V  and is n -
trivial inside V .  

To show this, we construct first for each n ∈   a non-trivial knot nK′  

which is essential and n -trivial inside the standard solid torus V , and then 
take its (untwisted) Whitehead double nK . Our approach uses the diagram-

matic technique and the insertions of geometric pure braid commutators in 
knot diagrams, as in [18, 19, 23]. The knot nK  can be considered as embedded 

inside the solid torus V . It follows from [12] that the knot nK  is also n -trivi-

al inside V . Moreover, nK  has genus equal to 1  and is prime. This follows 

directly from the results of [28]. ◊ 
 For 0 1i j k≤ < ≤ − , let ,i j kp P∈  be the pure braid that links i -th and 

j -th strands behind the others. Set  

, , , , , , ,ˆ 1 1 1
1 2 1 1 2 0 1 1 2 2 1 1 1n n n n n n n n n np p p p p p p p P− − −

− − − − − − += ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ∈  . 

Theorem 2.2 (Theorem 3.2 of [20]). For each composite knot K  with ge-
nus ( )g K g=  and any n ∈   there is a prime knot R  which is n -equivalent 
to K  and has the genus equal to g .  

Here we outline briefly the proof of the theorem. For the detailed proof 
of it see [20].  

Sketch of the p r o o f. We can restrict ourselves to the case 1 2K K #K=  

where 1K  and 2K  are the prime knots. Consider now a minimal Seifert 
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surface S  for K . We may assume that 1 2dS S # S= , where 1S  and 2S  are 

disjoint minimal Seifert surfaces for 1K  and 2K , respectively, and d  is a 

trivial band in the band sum 1 2dS S # S= . Our purpose now is to replace the 

band d  with the other one, say u , which is also trivial in the band sum S′ =  

1 2uS # S= , has the same ends as d  (i. e. 1 1 1d S u S a= =   and 2d S =  

2 2u S b= = ), and is specified by the condition that allows an application of a 

doubled one-branch 1nC + -move to S′∂  in some ball B . As a result, the surfa-

ces 1S  and 2S  are joined now by a “long” trivial band u  which intersects 

1 2 ( )S S  along the side 1 2 (a b , respectively), and such that u B  consists of 

2n +  parallel ribbons 1 2 2, , , nu u u +  that realize the double of the pure braid 

2 21n nP+ +⊂ .  

By isotoping u  in the ball B , we may achieve that the intersection of 
the resulting band v  and B  consists of 2n +  parallel ribbons 1 2 2, , , nv v v +  

that realize the double p′  of the pure braid ˆ ˆ 1
1 2n nn n P Pp p−

+ +⋅ ∈ ⊂ . Let np  de-

note the double of the pure braid ˆ 1 2n nn P Pp + +∈ ⊂  and let 1np +  denote the 

double of the pure braid ˆ 21 nn Pp ++ ∈ . To continue, we replace the geometric 

braid 2 4nn Pp +∈  in the box B  with a new geometric braid 2 41 nn Pp ++ ∈ . This 

move gives a new band w  joining the Seifert surfaces 1S  and 2S . As can be 

easily seen, this replacement is actually a doubled 1nC + -move on the knot K , 

thus the resulting knot R  is n -equivalent to K . Moreover, by our construc-

tion, we have 1 2wS S # S= , where S  is a Seifert surface for the knot R S= ∂  .  

It turns out that the knot R  is a non-trivial band sum of prime knots 1K  

and 2K . This follows from our construction and Theorem 1 of [6]. Now, by ap-
plying the result of D. Gabai [4] on the genus of band sum of two knots which 
are bounded by disjoint minimal Seifert surfaces, we obtain 1( ) ( )g R g K= +  

2( )g K+ . Therefore ( ) ( )g R g K= . ◊ 

In [20] we also established the following fact.  

Theorem 2.3. For every knot K  with genus ( )g K  and any n ∈   and 
( )m g K≥  there exists a prime knot R  which is n -equivalent to K  and has 

the genus ( )g R  equal to m .  

Here we present a shorter proof of this assertion.  
P r o o f . By Theorem 2.2, we may replace the knot K  with a knot L  

which is prime, n -equivalent to K  and has the same genus as the knot K  
does. Let nS  be a minimal (of minimal genus) Seifert surface for a knot nK  

that is positioned in a standard solid torus V , as before, and let S′  be a mini-
mal Seifert surface for the knot L . Moreover, let B  be a ball inside the solid 
torus V  such that an application of a doubled 1nC + -move to the knot nK  

inside this ball gives a trivial knot inside V . We may assume that the knot L  
intersects V∂  along a small arc c  only, which is positioned outside the ball B . 
We may assume also that V  and S′  are positioned in disjoint balls D  and 
D′ , respectively. Finally we take a non-trivial band sum of the surfaces S′  
and nS  with a band b , b nS S # S′= , in such a way that nb S b V c= ∂ =  . 

The resulting knot 1L  that bounds the surface S , will be a prime knot which 

is n -equivalent to K  and such that 1( ) ( ) 1g L g K= + . Finally, we use the 

induction on m  to construct the desired knot R . ◊  
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For the canonical genus of a knot we also established the following fact.  
Proposition 2.4. For each 1n >  there is a non-trivial and ( 1)n − -trivial 

knot nL  the canonical genus of which satisfies the inequality ( ) 4 4ng L n≤ − .  

The p r o o f  of this assertion is omitted here (see [20] for details). ◊ 
3. Vassiliev knot invariants and satellite operations. First recall the de-

finition of satellite operations for unframed knots in 3S  (see [12] and [21] for 

details). Fix an orientation on the sphere 3S . Let f  be the set of framed, 

oriented knots in 3S  considered up to (regular) isotopy. Let L  be a non-split 
oriented two-component link with the two unframed components k  and t . 
Suppose t  is unknotted. Then L  defines a pattern for the satellite operation 

: f f
Ls →   in the following way. For a knot fK ∈  define the satellite 

knot ( )Ls K  as the result of removing a tube around K  and a tube around t  

and gluing the two knot complements together to retain only k  so that the 
given longitude of K  (see [2]) is glued to the meridian of t  and vice versa. 

An equivalent definition of a satellite operation on (unframed) knots is 
the following. First take a diagram of a knot k  represented as the closure of a 
tangle T  with m  strands and positioned in a flat annulus C . Let B  be the 
rectangle in C  in which the tangle T  inhabits, B I I× . Deleting the tangle 
T  in C , we obtain a decomposition of k  into m  parallel arcs it , each of 

which lies in \C B  and has the ends in the set dom codomT T , i.e. on B∂ . 

Now, given a knot K  and any its diagram K′ , a diagram of the knot ( )Ls K  

can be obtained by cutting a diagram K′  to make a box B′ , putting the tan-
gle T  in the place of this box, replacing the remaining part of the diagram 
K′  by m  parallel copies of it and adding a number of twists of parallel arcs 

near the box, if needed, to compensate the framing of the knot diagram K′ . 
Here and below we shall assume that a knot diagram K′  has the blackboard 
framing. By definition, the winding number ( )w k  of the knot k  with respect 

to L  is the number lk( )k t, .  
Let n  be the quotient of the free abelian group V  by the subgroup 

1n+ . The universal Vassiliev invariant of order n  is the induced map 

:n nV →  . By Theorem 4 of [12], for each satellite operation Ls  and for 

every n  there exists an endomorphism , :
nL n ns →    so that n LV s =   

, n nLs V=   . It follows that for each n  we have the inclusion ( )L n ns ⊂  , 

and for any satellite operation Ls  and any Vassiliev invariant nv  of order n  

the composition n Lv s  is also an invariant of order n≤ . The homomorphism 

, nLs   descends to a homomorphism ˆ : / /1 1L n n n ns + +→    .  

Suppose that a knot diagram R′  is obtained from a knot diagram K′  by 
replacing the trivial braid 11n+  with a pure braid 1( )k np LCS P +∈  via a tangle 

map T . In the sequel, we shall assume that the knot diagrams R′  and K′  
have then the same (blackboard) framing.  

The following assertion was proved in [21]. Here we outline another proof 
of it.  

Theorem 3.1. Let L k t=   be a two-component link with components k  
and t  such that the component t  is unknotted and has zero framing, and 

( ) 0w k = . Let 1K  and 2K  be any two knots in 3S . If 1K  and 2K  are n -equi-

valent, then the satellite knots 1( )Ls K  and 2( )Ls K  are ( 1)n + -equivalent.  
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Sketch of the p r o o f. We may assume that a knot k  is represented 

in a standard solid torus 3Q ⊂   as the closure of some tangle T  positioned 
in a ball B Q⊂ .  

For the rational n -equivalence (i. e. n -equivalence defined by rational 
Vassiliev invariants) the assertion is a consequence of the more general fact 
that if the satellite operation Ls  satisfies the condition ( ) 0w k = , then the de-

scended endomorphism ˆ : 1 2 1 2L n n n ns + + + +→   / /  is trivial, the fact that fol-

lows from the proof of Theorem 2.2 of [21] (see also Remark 2.1 of [21]).  
In the case of invariants with arbitrary coefficients we argue as follows. 

Let W  and W′  be the small regular neighborhoods of the knots 1K  and 2K , 

respectively, in 3S . The knot 1( )Ls K  is obtained by removing the solid torus 

W  and gluing the solid torus Q  to 3cl ( \ )S W  along Q∂  via a map f . Simi-

larly, the knot 2( )Ls K  is obtained by removing the solid torus W′  and gluing 

the solid torus Q  to 3cl ( \ )S W′  along Q∂  via a map f ′ . Let D  be a ball in-

side the solid torus W  where the tangle T  for a knot k  is inserted under the 

satellite operation Ls . Moreover, let D′  be a ball in the solid torus W′  where 

the tangle T  for the knot k  is inserted under a satellite operation Ls . Since 

1K  and 2K  are n -equivalent, they are related by a sequence of ( 1)n + -sin-

gular knots 1 2, , , sK K K . In other words, the knot 2K  can be obtained from 

the knot 1K  via generic homotopy 1 3:th S →  , where 1
0 1( )h S K=  and 

1
1 2( )h S K= , which passes through the ( 1)n + -singular knots 1 2, , , sK K K  

(and may be also through a finite number of knots with more than 1n +  sin-

gularities), so that 2 1
1

s
i

i

K K K
=

− = ∑  modulo 2n+ . We may assume without 

loss of generality that 2s = .  

Now, we can replace the homotopy th  with a homotopy 3:tH Q →   by 

thickening the knot 1( )th S  for each parameter t . Then the knot 2( )Ls K  can 

be obtained from the satellite knot 1( )Ls K  by a generic homotopy t tH j H′ =  , 

where :j k Q⊂  is the inclusion. We may adopt the homotopy tH′  in such a 
way that it passes the singularities (double points of the intermediate knots) 
out of the ball D W⊂ . Note also that the generic homotopy tH′  may be 

thought of a sequence of isotopies and Habiro’s 1nC + -moves.  

Since the winding number ( ( ))w f k  of the knot 1( ) ( )Lf k s K=  in W  is 

equal to zero, the knot 1( )Ls K  can be deformed via an appropriate generic 

homotopy tg  inside the solid torus W  (more precisely, by a finite number of 

crossing changes in the ball D ) to a knot 1
1( )R g S=  which is contained in 

some other ball U W⊂ . Similarly, the knot 2( )Ls K  can be homotoped inside 

the solid torus W′  by a finite number of crossing changes in the ball D′  so 
that he resulting knot 1

1( )g S′  is contained in a ball U W′ ′⊂ . It follows that 

the knot R  has the same type as the one of k . Combining the homotopy tH′  

with the homotopy tg  and with the ambient isotopy of 3 , we obtain a gene-

ric homotopy te  which deforms the knot 1
0 1( ) ( )Le S s K=  to the knot 1

1( )e S =  
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2( )Ls K=  and passes through a finite number of ( 2)n + -singular knots 1,R  , 

, pR  so that 2 1
1

( ) ( )
p

L L i
i

s K s K R
=

− = ∑  modulo 3n+ . It follows that the knots 

( )Ls K  and ( )Ls K′  have the same invariants of order 1n≤ +  with an arbitra-

ry group of coefficients. ◊  
For an oriented knot K  denote by K  the knot that is reverse of K . 

Moreover, for a two-component link L k t=   that defines a pattern for a 

satellite operation, put L k t′ =   and L k t=  .  

Corollary 3.1. Let L k t=   be a two-component link so that the compo-

nent t  is unknotted. Suppose that L L′=  or L L= . Let 1K  and 2K  be any 

two knots. If 1K  and 2K  are n -equivalent, then the satellite knots 1( )Ls K  and 

2( )Ls K  are ( 1)n + -equivalent.  

P r o o f. Under the assumption, we have ( ) 0w k =  in both the cases 

and the assertion follows. ◊  
Remark 3.1. The condition that L  possesses a kind of symmetry, as in 

Corollary 3.1, imposes some restrictions on the satellite operation Ls  (see [21]).  
An example of the link that possesses the symmetries described in Corol-

lary 3.1, is the well-known Whitehead link. The corresponding satellite opera-
tion is the Whitehead doubling of a knot (twisted or untwisted). On the other 

hand, it is known that the link 2
349  does not possess any such a symmetry (see 

[12]).  
Recall that for each integer 0n >  to the operation of inverting the knots 

in   there corresponds the involution s  on the graded group   of trivalent 
diagrams modulo STU -relations (see [1]). If D  is any trivalent diagram with 

m  external vertices, then we put ( ) ( 1)mS D D= − , where D  is the same tri-
valent diagram D  only with the orientation of the external circle reversed. 
The map :S →   can be extended linearly to the graded map :S →  
→  . The graded map :S →    descends obviously to the isomor-
phism :s →   of graded abelian groups. For each n  denote by :n ns →  

n→   the restriction of the map s  to the subgroup n ⊂  . Note also that 

for any trivalent diagram D  of degree n  with one external vertex we have 
( )ns D D=  in n , since each such a diagram is equal to zero in n .  

Let 1: ,  1n n n n n+
′ξ → ≥  / , be a map that “replaces the chords by 

double points” (see [7]). This map can be extended to a linear map :n n
′ξ →  

1n n+→  / . The map n
′ξ  descends to a monomorphism 1:n n n n+ξ →  / . 

Note that because the existence of Kontsevich integral over  , when tenso-

red with  , the monomorphism ,  1n nξ ≥ , becomes an isomorphism of the 

corresponding vector spaces.  

Remark 3.2. Let Ls  be a satellite operation defined by a pattern L k t=   

with ( )w k q= . Then, on the level of trivalent diagrams, for each n  to the sa-

tellite operation Ls  there corresponds the operation of q -cabling :q nϕ →  

n→   which satisfies the following identity: ˆ( ( )) ( )n q L qD s Dξ ϕ = ξ  for each 

trivalent diagram D  of degree n  (see [1] for the definition of the operation of 
q -cabling on n ).  
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We see from the above discussion and [21] that if L k t=   is a two-com-

ponent link defining the satellite operation :Ls →   with ( ) 0w k = , where 

t  is the unknotted component, then for any n -trivial knot K  the satellite 

knots ( )Ls K  and ( )Ls K  as well as the knots ( )Ls K  and ( )Ls K  cannot be dis-

tinguished by the invariants of order 1n≤ + . It is natural to ask the converse. 
More precisely, for a given n -trivial but not (rationally) ( 1)n + -trivial non-

invertible knot K  (if any exists), what conditions does the equality ( )Ls K =  

( )Ls K=  impose on the knot k ? The similar question can be asked in the 

situation when ( ) ( )L Ls K s K= . In the following we discuss the above two 
questions.  

Suppose the NIC is true for rational Vassiliev invariants. Let n  be the 
minimal order of rational Vassiliev invariant that can distinguish between 

some knot K  and its inverse K . Then, by the discussion in [19], there exists a 
trivalent diagram D  of order n  with the connected internal graph such that 

( )nD s D≠  in n n
′ = ⊗   . Conversely, if there exists a non-trivial, non-split 

trivalent diagram nD ′∈  such that ( )nD s D≠  then there is a non-invertible 

knot K  and a rational Vassiliev invariant v  of order n  so that v  can distin-
guish between the knot K  and its inverse [19]. Let m  be the minimal num-

ber for which there exists a non-split trivalent diagram D′  with m  external 
vertices so that ( )nD s D≠ .  

Theorem 3.2. Let K  be a ( 1)n − -trivial knot, 2n ≥ , such that K O− =  

( )n D= ξ  in 1nV +/ , where D  is a trivalent diagram, the internal graph of 

which has m  external vertices, K K≠  in 1nV +/ . Let Ls  be a satellite opera-

tion with the pattern L k t=   so that ( ) ( )L Ls K s K=  in 1nV +/ . Then ( ) 0w k = . 

P r o o f. First note that the knots , , ( )LK K s K  and ( )Ls K  are ( 1)n − -

trivial. It follows that the formal difference K K−  belongs to n . Let ( )w k =  

q= . By the above discussion, modulo 1n+ , we have the following equalities: 

( ) ( ) ( ) ( ) ( ) ( )L L L L L Ls K s K s K s K k k s K O s K O− = − − + = − − − . Passing to the 

map ˆ
Ls , we obtain the following ˆ ˆ ˆ( ) ( ) ( )L L Ls K K s K O s K O− = − − − =  

( ( )) ( ( )) ( ( ) ) ( )m
n q n n q n n n ns D D q s D D s= ξ ϕ − ξ ϕ = ξ ⋅ − + ξ ε − ε[ ][ ]( ) , where ε  deno-

tes the integral linear combination of trivalent diagrams with the number of 
external vertices 1m≤ − . By the definition of m , we have ( )nsε = ε  in n

′ , 

so ˆ ˆ ( )( ) ( ) 0m
L L n ns K O s K O q s D D− − − = ξ − =[ ] . Since nξ  is monomorphism, then 

( ) 0ns D D− =  or ( ) 0w k = . However, by the assumption, 0K K− ≠  and 

ˆ ( ) 0Ls K K− =  in 1n n+ / . It follows ( )nD s D≠ , so we have ( ) 0w k = , comple-

ting the proof. ◊ 
Theorem 3.3. Let K  be an ( 1)n − -trivial knot, 2n ≥ , such that K O− =  
( )n D= ξ  in 1nV +/ , where D  is a trivalent diagram, the internal graph of 

which has m  external vertices, and K K≠  in 1nV +/ . Let Ls  be a satellite 

operation with the pattern L k t=   such that ( ) ( )L Ls K s K=  in 1nV +/  and 

( )w k q= . Then the following equality in 1n n+ / : ( )m
n nk k q s D D− = ± ξ −[ ]  

holds.  
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P r o o f. First note that ( )Ls O k=  and ( )Ls O k=  in 1nV +/ . Moreover, 

the knots , , ( )LK K s K  and ( )Ls K  are ( 1)n − -trivial. Now the proof of the as-
sertion runs in the same way as the one of Theorem 2.2 of [21]. We have the 

following equalities in n  modulo 1n+ : 
   

0 ( ) ( ) ( )L L Ls K s K s K O= − = − −(  
   

( ) ( ) ( )L L Ls K O s O s O− − + −) ( ) . Again, passing to the quotient map ˆ
Ls  we ob-

tain the following  0 ( ) ( ) ( )m
n n n nq s D D k k s= ξ − + − + ξ ε − ε[ ] [ ] , where ε  deno-

tes the integral linear combination of trivalent diagrams with the number of 

external vertices 1m≤ −  and the term ( )k k−  is considered modulo 1n+ . By 

the definition of m , we have ( )nsε = ε  in n
′ , so ( )m

n nk k q D s D− = ± ξ −[ ] . 

This completes the proof. ◊ 
Now we indicate how relate the results stated in this section to the NIC.  
Remark 3.3. If for each n -trivial non-invertible knot K  there exists the 

pattern L k t=   for a satellite operation Ls  such that ( ) 0w k ≠  and ˆ ( )Ls K =  

ˆ ( )Ls K=  in 2 ,  0nV n+ ≥/ , then the NIC is false for rational Vassiliev inva-

riants.  
Moreover, if for each non-invertible n -trivial knot K  there exists a pat-

tern L k t=   for a satellite operation Ls  such that ( ) 0w k ≠  and k k=  and 

ˆ ˆ( ) ( )L Ls K s K=  in 2 ,  0nV n+ ≥/ , then the NIC is false for rational Vassiliev 

invariants.  
This is a direct consequence of Theorems 2.2 and 2.3 of [21] and the 

above discussion in this section.  

4. Kirk–Livingston invariants of links and satellite operations. In this 
section, we consider the oriented links in a 3-space up to the following two 
natural equivalence relations:  

1) ambient PL-isotopy of links in 3S  or 3 ;  
2) PL-isotopy, i. e. ambient isotopy plus birth and death of local knots.  
There are also at least two ways how to define the finite type invariants 

of links in 3S , which follow from the different notions of n -singular links. In 
the first (classical) case, the singularities of transverse type are considered 
between any two components of a link, including the self-intersections within 
the same component. The link invariants of finite type in this case have been 
studied by many authors (see, for example, [13]). In the second case, the 
singularities are allowed only within the same component of a link. This 
approach is due to P. Kirk and C. Livingston [11].  

Here we study invariants of finite type of in the sense of Kirk–Living-
ston. Let us recall the definition of them following [11] and [14]. Let   

(respectively, m ) denote the subspace of the space of all link maps 
1 1 3
1: mf S S →    where m  is arbitrary (respectively, all link maps 
1 1 3
1: mf S S →    with m  fixed), with only singularities being transver-

sal double points. Note that the only singularities of the same component are 

allowed here. Let m
n  (respectively, m

n≥ ) denote its subspace consisting 

of link maps with precisely (respectively, at least) n  singularities.  

Given an (ambient isotopy) invariant 0: mv G→  on embedding links, 

taking values in an abelian group G , it can be extended to m   inductive-
ly by the formula  

 ( ) ( ) ( )sv L v L v L+ −= − , 
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where , m
nL L+ − ∈   differ by a single crossing change, and 1

m
s nL +∈  is 

the intermediate link map with one more singular point, defined as in the ca-

se of knots (see [14]). If v  vanishes on 1
m
k+  for some k , then v  is called of 

finite type k  invariant in   or the Kirk–Livingston invariant of links. The 

minimal number k  for which v  vanishes on 1
m
k+  is called the order of the 

Kirk – Livingston invariant v . Two m -component links 1L  and 2L  are called 
then n -equivalent in the sense of Kirk–Livingston (or self-n -equivalent) if 
they cannot be distinguished by Kirk–Livingston invariants of order n≤ .  

For 1m =  the definitions of Kirk–Livingston invariants and the invari-
ants of finite type (Vassiliev invariants) for unframed knots coincide. For m ≥  

1≥  any type k  invariant in the classical setting (i. e. in the space   of all sin-

gular link maps) is a type k  invariant in   but not vice versa. For exam-

ple, the linking number lk and the generalized Sato–Levine invariant β  are 

the invariants of types 0 and 1 in   but of types 1 and 3, respectively, in 
  [11]. Moreover, all higher Milnor µ -invariants (except for lk) are not of fi-
nite type in the classical setting, since they are not well-defined on all links. 

Note that the type k  invariants 0: mv G→  taking values in an abelian 

group G  form an abelian group, denoted by m
kG . It is known [11] that 2

1G   

   and is conjectured that 2
1G  is not finitely generated for 1m > , in con-

trast to the situation with the Vassiliev link invariants in classical setting. For 
further definitions and the related discussion see also [11] and [14–16].  

Let L  and L′  be two oriented m -component links with the components 

1, , mK K  ( 1, , mK K′ ′ , respectively) and let ( , )Q k , where k  is a knot in a 

standard solid torus Q , be a pattern for a satellite operation (see Section 3 
and [21]). We shall denote this satellite operation by Qs . We shall represent 

the knot k  as a closure of some tangle T  inside the solid torus Q . Let B  de-
note a ball in Q  where T  inhabits. For a fixed i , let us consider a small re-

gular neighborhood W  ( W′ , respectively) of the component iK  ( iK′ , respecti-

vely), which does not intersect the other components of the link L  (L′ , re-
spectively). Replace in W  the component iK  with the knot ( )Q is K . Similarly, 

replace in W′  the component iK′  with the knot ( )Q is K′ . Denote by i QL ,  and 

i QL ,
′  the resulting m -component links. As before, we shall use the notation f  

for the embedding that glues the solid torus Q  to 3cl ( \ )W  under the sa-

tellite operation Qs . We have the following  

Theorem 4.1. If the links L  and L′  are self- n -equivalent, then the links 

i QL ,  and i QL ,
′  are also n -equivalent in the sense of Kirk–Livingston. More-

over, if the winding number of the knot k  in Q  is zero, then the links i QL ,  

and i QL ,
′  are self- ( 1)n + -equivalent.  

P r o o f. Consider the link L  as the image of an embedding 1:g S   
3

mS →  , where each jS  is a circle and ( )i if S K= . Since the links L  

and L′  are self-n -equivalent, they are related by a finite number of singular 

links, say 1 1, , m
s nL L ≥ +∈  , where all singularities are within the same 

components. This means that the link L′  is obtained from the link L  via a 
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generic homotopy 3
1:t mh S … S →    with the singularities (double 

points) on each stage t  as described above. We thus have 1 1( )mh S S =   

L′= . Now consider instead of 3
1:t mh S S →    the homotopy 1:tH S   

3
1 1i i mS Q S S− + →        where the i -th component of L  is repla-

ced with a thin solid torus W  around this component. Then the link ,i QL′  can 

be obtained from i QL ,  via the generic homotopy tH  so that 0 1(H S   

1 1 ,)i i i m i QS S S S L− + =       and 1 1 1 1( i i iH S S S S− +       

,)m i QS L′=  . We may assume that there are a finite number of singulari-

ties in each intermediate link 1( )t i mH S S S      and every such a 

singularity is within the same component. More precisely, under this homoto-

py, there are intermediate singular links 1 1, , m
t nR R +∈   and, may be, the 

links with more than 1n +  singularities, so that modulo 2
m
n+  we have in 

( )m  the following: , ,
1

t

i Q i Q j
j

L L R
=

′ − = ∑ . Note that the expression 
1

t

j
j

R
=
∑  

for the formal difference , ,i Q i QL L′ −  gives in return a bigger number of inter-

mediate ( 1)n + -singular links than the one for the formal difference L L′ −  

considered before. It follows that the links i QL ,  and ,i QL′  are related by a fi-

nite number of k -singular links, where 1k n≥ + , with the type of singulari-
ties described above. This proves the first part of the assertion.  

To prove the second part of the assertion, we argue in the same way as 
before, and in the proof of Theorem 3.1. The condition ( ) 0w k =  in Q  allows 
us, as in the proof of Theorem 3.1, to deform the component 1( )Qs K  via an 

appropriate generic homotopy tg  inside the solid torus W  to a knot 1( )iR g S=  
which is contained in a ball B W⊂ . Actually we perform a finite number of 
crossing changes in the ball ( )f B  to achieve this. Combining the homotopy tH  

with the homotopy tg  and with the ambient isotopy, we obtain a generic ho-

motopy 3
1:t me S S →    which connects the links ,i QL′  and i QL ,  and 

for each fixed value of t  the immersion te  has only a finite number of 

double points. We can adopt the homotopy te  in such a way that it passes 

through a finite number of intermediate ( 2)n + -singular links 1, , sL L  and, 

may be, the links with more than 2n +  singularities, where each such singu-

larity is within the same component. It follows that the links ,i QL′  and i QL ,  

differ in ( )m  by a finite number of k -singular links with 2k n≥ + , 

, , 2
m

i Q i Q nL L ≥ +
′ − ∈  , thus they have the same Kirk–Livingston invariants of 

order 1n≤ + . ◊ 
To the best of our knowledge, up to now, there is no combinatorial or 

algebraic description of self-n -equivalence for links in 3S  in any of the two 
cases (that is, for equivalence relations on links defined by an ambient or PL-
isotopy of links).  

Recently S. Melikhov and D. Repovš [15, 16] have defined for each inte-
ger 0k ≥  an equivalence relation, called k -quasi-isotopy, on the set of orien-

ted links in 3 , as follows:  
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Definition 4.1 (Melikhov and Repovš [16]). Let k  be any nonnegative 

integer. A PL-map 1 1 3
1: mf S S →    with precisely one double point 

1( ) ( ),  , if p f q p q S= ∈ , is called a strong k -quasi-embedding, if in addition to 

the singleton 0 ( )B f p= { }  there is a sequence of closed PL 3-balls 1B ⊂ ⊂  

kB⊂  in the complement C  to all other components 1,  jS j i≠ , such that each 

1nB + , where 0 n k≤ ≤ , contains the f -image of an arc 1
n iJ S⊂  such that 

1( )n nJ f B−⊃ . Also, all PL embeddings 1 1 3
1: mf S S →    are to be 

thought of as contained in the class of strong k -quasi-embeddings.  
If the above balls nB  are replaced with arbitrary compact polyhedra 

3
nP ⊂  , where 0 ( )P f p= { } , such that each inclusion 1( )n n nP f J P +⊂  indu-

ces trivial homomorphism of fundamental groups, then f  is called a k -quasi-

embedding. Replacing in the definition of k -quasi-embedding the induced ho-
momorphism of fundamental groups by the induced homomorphism of the 
first homology groups, one obtains the definition of a week k -quasi-embedding.  

Definition 4.2 (Melikhov and Repovš [16]). Let 1 1 3
0 1 1, : mf f S S →    

be two links. We say that they are (weekly, strongly) k -quasi-isotopic, if they 
are PL-homotopic through maps tf  with at most single transversal self-

intersections of the components, all of which are (weak, strong) k -quasi-em-
beddings.  

In this setting, 0-quasi-isotopy coincides with the certain link homotopy, 
whereas 1-quasi-isotopy does not follow from the link concordance. Note also 
that the notion of n -quasi-isotopy for links was expected to give a geometric 
characterization of the classes of links that are indistinguishable by Kirk – Li-
vingston invariants of order n≤ , well defined up to PL-isotopy.  

For each 0n > , let ,0
m
n  denote the subspace of m

n  consisting of 

the link maps   such that all singularities of   are contained in a ball B  such 

that 1( )B−  is an arc. The link maps , m
n

′ ∈   are called geometrically k -

equivalent [16] if they are homotopic in the space 1,
m m
n n k+  , where 

,
m
i k  for 0,  0k i> > , is the space of all links maps with i  singularities 

which are geometrically ( 1)k − -equivalent to a link map in ,0
m
i .  

Note that geometric n -equivalence of two links implies that they have 
the same Kirk – Livingston invariants of order n≤ , well defined for PL-
isotopy. Moreover, if two links are n -quasi-isotopic, then they are geometric 
n -equivalent (see [14], Theorem 2.2 and the discussion below the proof of this 
theorem).  

We do not know whether there exist counterparts of Theorem 4.1 for n -
quasi-isotopy and geometric n -equivalence (for the discussion on a weak n -
quasi-isotopy concerning this subject see [16]).  
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ДО n -ЕКВІВАЛЕНТНОСТІ ВУЗЛІВ І ЛІНКІВ 
 
Îïèñàíî íîâ³ ñï³ââ³äíîøåííÿ ì³æ ³íâàð³àíòàìè Âàñèëüºâà òà êàíîí³÷íèì ³ êëà-
ñè÷íèì ðîäàìè âóçë³â ó òðèâèì³ðíîìó ïðîñòîð³. Äîñë³äæóºòüñÿ òàêîæ ïîâåä³íêà 
³íâàð³àíò³â ñê³í÷åííîãî òèïó âóçë³â ïðè ä³¿ íà âóçëàõ ñïåö³àëüíèõ ñàòåë³òíèõ 
îïåðàö³é. Êð³ì òîãî, âèâ÷àºòüñÿ n -åêâ³âàëåíòí³ñòü ë³íê³â ó ñåíñ³ Ê³ðêà – Ë³â³í´-
ñòîíà â êîíòåêñò³ ñàòåë³òíèõ îïåðàö³é.  
 
К n -ЭКВИВАЛЕНТНОСТИ УЗЛОВ И ЗАЦЕПЛЕНИЙ  
 
Îïèñàíû íîâûå ñîîòíîøåíèÿ ìåæäó èíâàðèàíòàìè Âàñèëüåâà è êàíîíè÷íûì è 
êëàññè÷åñêèì ðîäàìè óçëîâ â òðåõìåðíîì ïðîñòðàíñòâå. Èññëåäóåòñÿ òàêæå 
ïîâåäåíèå èíâàðèàíòîâ êîíå÷íîãî òèïà óçëîâ ïðè äåéñòâèè íà óçëàõ ñïåöèàëüíûõ 
ñàòåëèòíûõ îïåðàöèé. Êðîìå òîãî, èçó÷àåòñÿ n -ýêâèâàëåíòíîñòü çàöåïëåíèé â 
ñìûñëå Êèðêà – Ëèâèíãñòîíà â êîíòåêñòå ñàòåëèòíûõ îïåðàöèé.  
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