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ÓÄÊ 539.3 
 
В. С. Попович, Г. Ю. Гарматій, О. М. Вовк  
 
ТЕРМОПРУЖНИЙ СТАН ТЕРМОЧУТЛИВОГО ПРОСТОРУ ЗІ СФЕРИЧНОЮ 
ПОРОЖНИНОЮ ЗА УМОВ КОНВЕКТИВНО-ПРОМЕНЕВОГО ТЕПЛООБМІНУ 
 

Çíàéäåíî ðîçâ’ÿçîê íåñòàö³îíàðíî¿ çàäà÷³ òåïëîïðîâ³äíîñò³ äëÿ òåðìî÷óò-
ëèâîãî ïðîñòîðó ç³ ñôåðè÷íîþ ïîðîæíèíîþ, ÿêèé îáì³íþºòüñÿ òåïëîì øëÿ-
õîì êîíâåêòèâíî-ïðîìåíåâîãî òåïëîîáì³íó ç ñåðåäîâèùåì ïîñò³éíî¿ òåìïå-
ðàòóðè. Ïðîàíàë³çîâàíî âïëèâ òåðìî÷óòëèâîñò³ ìàòåð³àëó ïðîñòîðó íà âå-
ëè÷èíó òà õàðàêòåð ðîçïîä³ëó òåìïåðàòóðè, çóìîâëåíèõ íåþ íàïðóæåíü ³ 
ïåðåì³ùåíü ó âèïàäêàõ íàÿâíîñò³ é â³äñóòíîñò³ ñèëîâèõ íàâàíòàæåíü. 

 
 Íà ñó÷àñíîìó åòàï³ ðîçâèòêó íàóêè äîñë³äæåííþ òåìïåðàòóðíèõ íà-
ïðóæåíü ïðèä³ëÿºòüñÿ âñå á³ëüøå óâàãè, ùî ïîÿñíþºòüñÿ ïðàêòè÷íîþ íåîá-
õ³äí³ñòþ ðîçðàõóíê³â íà òåðìîì³öí³ñòü åëåìåíò³â êîíñòðóêö³é ó áóä³âíèöòâ³, 
òåïëîåíåðãåòèö³ òà ³íøèõ ãàëóçÿõ òåõí³êè, äå ïèòàííÿ ì³öíîñò³, ïîâ’ÿçàí³ ç 
ä³ºþ òåìïåðàòóðè, ìîæóòü ìàòè âèð³øàëüíå çíà÷åííÿ. Îñîáëèâî àêòóàëüíè-
ìè º òàê³ ðîçðàõóíêè íà îñíîâ³ ìàòåìàòè÷íèõ ìîäåëåé, ùî âðàõîâóþòü òåì-
ïåðàòóðíó çàëåæí³ñòü òåïëîâèõ ³ ìåõàí³÷íèõ õàðàêòåðèñòèê ìàòåð³àëó, îñ-
ê³ëüêè âîíè ñóòòºâî ï³äâèùóþòü ¿õ òî÷í³ñòü. Îãëÿäè òà àíàë³çè ìåòîä³â ðîç-
â’ÿçóâàííÿ çàäà÷ òåïëîïðîâ³äíîñò³ òà òåðìîïðóæíîñò³ íàâåäåíî, íàïðèêëàä, 
ó [1, 2, 3, 4, 7, 9]. 
 Ó ðîáîò³ [8] âèçíà÷åíî òåìïåðàòóðíå ïîëå ³ ñïðè÷èíåíèé íèì íàïðóæå-
íî-äåôîðìîâàíèé ñòàí òåðìî÷óòëèâîãî ïðîñòîðó ç³ ñôåðè÷íîþ ïîðîæíèíîþ 
ó âèïàäêó êîíâåêòèâíîãî òåïëîîáì³íó ÷åðåç ïîâåðõíþ ïîðîæíèíè, à òàêîæ 
ïðîàíàë³çîâàíî âïëèâ òåðìî÷óòëèâîñò³ ìàòåð³àëó ïðîñòîðó íà ðîçïîä³ëè 
òåìïåðàòóðè, íàïðóæåíü ³ ïåðåì³ùåíü ïðè â³äñóòíîñò³ íàâàíòàæåíü íà ïî-
âåðõí³ ïîðîæíèíè.  

Òóò ïîáóäîâàíî ðîçâ’ÿçîê àíàëîã³÷íî¿ çàäà÷³ òåïëîïðîâ³äíîñò³ çà óìîâ 
ñêëàäíîãî òåïëîîáì³íó ÷åðåç ïîâåðõíþ ïîðîæíèíè ç âèêîðèñòàííÿì àíàë³-
òèêî-÷èñëîâî¿ ìåòîäèêè [6] òà âèçíà÷åíî éîãî òåðìîïðóæíèé ñòàí. Ïðîâå-
äåíî ïîð³âíÿííÿ îòðèìàíèõ çíà÷åíü òåìïåðàòóðè ç ¿¿ çíà÷åííÿìè, çíàéäå-
íèìè ÷èñëîâèì ìåòîäîì, ó âèïàäêàõ êîíâåêòèâíîãî, ïðîìåíåâîãî òà êîíâåê-
òèâíî-ïðîìåíåâîãî òåïëîîáì³í³â. Äîñë³äæåíî âïëèâ òåðìî÷óòëèâîñò³ ìàòåð³-
àëó íà âåëè÷èíó òà õàðàêòåð ðîçïîä³ëó òåìïåðàòóðè ³ êîìïîíåíò çóìîâëå-
íîãî íåþ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó ïðè íàÿâíîñò³ òà â³äñóòíîñò³ ñè-
ëîâèõ íàâàíòàæåíü íà ïîâåðõí³ ïîðîæíèíè. 
 Ïîñòàíîâêà çàäà÷³. Ðîçãëÿíåìî çàäà÷ó ïðî âèçíà÷åííÿ íåñòàö³îíàðíîãî 
òåìïåðàòóðíîãî ïîëÿ t  òà çóìîâëåíîãî íèì íàïðóæåíî-äåôîðìîâàíîãî ñòà-
íó ïðîñòîðó ç³ ñôåðè÷íîþ ïîðîæíèíîþ, òåðìîìåõàí³÷í³ õàðàêòåðèñòèêè 
ìàòåð³àëó ÿêîãî º ôóíêö³ÿìè òåìïåðàòóðè. Íåõàé òàêèé ïðîñò³ð ìàº ïî÷àò-
êîâó ñòàëó òåìïåðàòóðó pt  ³, ïî÷èíàþ÷è ç ÷àñó 0τ = , ÷åðåç ïîâåðõíþ 

1r r=  îáì³íþºòüñÿ òåïëîì ³ç ñåðåäîâèùåì ñòàëî¿ òåìïåðàòóðè rt , ÿêå çà-
ïîâíþº ïîðîæíèíó, øëÿõîì ïðîìåíåâî-êîíâåêòèâíîãî òåïëîîáì³íó. Êðàéîâà 
çàäà÷à äëÿ âèçíà÷åííÿ òåìïåðàòóðíîãî ïîëÿ ìàº âèãëÿä 

 2
2
1 ( ) ( )t

t tr t c t
r rr

ν
∂ ∂ ∂ λ = ∂ ∂ ∂τ 

, (1) 

 
1

4 4( ) ( ) ( ) 0t r r
r r

tt t t t t
r =

∂ λ − α − − σε − =  ∂
, (2) 

 lim p
r

t t
→∞

= , (3) 

 0 pt tτ= = , (4) 
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äå α  – êîåô³ö³ºíò òåïëîîáì³íó ÷åðåç ïîâåðõíþ 1r r= ; ( ), ( )tc t tν λ  – çàëåæ-

í³ â³ä òåìïåðàòóðè îá’ºìíà òåïëîºìí³ñòü ³ êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ ìà-
òåð³àëó ïðîñòîðó; σ  – ïîñò³éíà Ñòåôàíà – Áîëüöìàíà; ε  – ñòóï³íü ÷îðíîòè. 

 Ìåòîäèêà ðîçâ’ÿçóâàííÿ çàäà÷³ òåïëîïðîâ³äíîñò³. Âèáåðåìî çà â³äë³-
êîâó òåìïåðàòóðó äåÿêå ¿¿ çíà÷åííÿ 0t , à çà õàðàêòåðíèé ðîçì³ð – ðàä³óñ 

ïîðîæíèíè 1r . Ââåäåìî áåçðîçì³ðí³ òåìïåðàòóðó 
0

tT
t

=  ³ êîîðäèíàòó 
1

r
r

ρ =  

òà ïîäàìî õàðàêòåðèñòèêè ìàòåð³àëó ïðîñòîðó ó âèãëÿä³ 0( ) ( )t T∗χ = χ χ , äå 

âåëè÷èíè ç ³íäåêñîì «0» ìàþòü â³äïîâ³äí³ ðîçì³ðíîñò³, à âåëè÷èíè ç ³íäåê-
ñîì «∗ » º ôóíêö³ÿìè â³ä áåçðîçì³ðíî¿ òåìïåðàòóðè, ïðè÷îìó 0( )ptχ = χ , à, 

îòæå, ( ) 1pT∗χ = , äå 
0

p
p

t
T

t
= . Òîä³ çàäà÷à (1)–(4) íàáóäå âèãëÿäó 
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2
1 ( ) ( )
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T TT c T∗ ∗

ν
∂ ∂ ∂ ρ λ = ∂ρ ∂ρ ∂ ρ

, (5) 
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TT T T T T∗
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∂ λ − − − − =  ∂ρ
, (6) 

 lim pT T
ρ→∞

= , (7) 
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λ
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0
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t

t rσε
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λ
 – êðèòåð³é Ñòàðêà; 0
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Fo
a

r
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÷èñëî Ôóð’º, 0
0

0

ta
cν

λ
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r
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T
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= . 

 Äî çàäà÷³ (5)–(8) çàñòîñóºìî ïåðåòâîðåííÿ Ê³ðõãîôà 

 ( )

p

T

t
T

T dT∗θ = λ∫ , (9) 

â ðåçóëüòàò³ ÷îãî îòðèìàºìî êðàéîâó çàäà÷ó íà çì³ííó θ : 

 
2

2

( ) ( )1
Fo( )a∗

∂ θρ ∂ θρ=
∂∂ρ θ

, (10) 

 4 4

1
Bi ( ( ) ) Sk( ( ) ) 0r rT T T T

ρ=

∂θ − θ − − θ − =  ∂ρ
, (11) 

 0lim
ρ→∞

θ = , (12) 

 
Fo 0

0
=

θ = , (13) 

äå ( )T θ  – âèðàç òåìïåðàòóðè ÷åðåç çì³ííó Ê³ðõãîôà, ÿêèé äëÿ êîíêðåòíî¿ 
òåìïåðàòóðíî¿ çàëåæíîñò³ êîåô³ö³ºíòà òåïëîïðîâ³äíîñò³ çíàõîäèòüñÿ ç ³í-
òåãðàëüíîãî ð³âíÿííÿ (9). 
 Äëÿ çíàõîäæåííÿ ðîçâ’ÿçêó íåë³í³éíî¿ çàäà÷³ (10)–(13) çàñòîñóºìî ìå-
òîä ïîñë³äîâíèõ íàáëèæåíü. Çà m -òå, 1,2,m =  , íàáëèæåííÿ ðîçâ’ÿçêó 
çàäà÷³ â³çüìåìî àíàë³òè÷íèé ðîçâ’ÿçîê òàêî¿ ë³í³éíî¿ çàäà÷³:  

 
2

2

( ) ( )
Fo

m m

m

∂ θ ρ ∂ θ ρ
=

∂∂ρ
, (14) 

 
1

Bi ( ) 0m
m m r

ρ=

∂θ − θ − θ = ∂ρ 
, (15) 
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 lim 0mρ→∞
θ = , (16) 

 
Fo 0

0
m

m =
θ = , (17) 

äå  

1Bi Bi= , 1Fo Fo= , 
1 4 4

1 1 1Bi (Fo ,1) Bi ( (Fo ,1)) Sk ( (Fo ,1))m m r m r m rT T T T∗ − ∗ ∗
− − −= θ − θ θ − + θ −[ ] [ ] [ ]{ } , 

( )
r

p

T

r t
T

T dT∗θ = λ∫ ,  1Fo ( (Fo ,1)) Fom ma∗ ∗
−= θ ,  2m ≥ ,  

Fo∗  – ìîìåíò ÷àñó, äëÿ ÿêîãî îá÷èñëþºìî çíà÷åííÿ òåìïåðàòóðè. 
 Ðîçâ’ÿçîê ö³º¿ çàäà÷³, çíàéäåíèé çà äîïîìîãîþ ³íòåãðàëüíîãî ïåðåòâî-
ðåííÿ Ëàïëàñà çà çì³ííîþ Fom , ìàº âèãëÿä 

 
Bi 1

erfc
(1 Bi ) 2 Fo

m r
m

m m

θ ρ −θ = −+ ρ 
  

 (1 Bi )( 1 (1 Bi ) Fo ) 1
erfc (1 Bi ) Fo

2 Fo
m m m

m m
m

e + ρ− + + ρ − − + +  
, (18) 

äå erfc 1 erfξ = − ξ ; erf ξ  – ³íòåãðàë éìîâ³ðíîñò³. 
 ßêùî, íàïðèêëàä, êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ ë³í³éíî çàëåæèòü â³ä 

òåìïåðàòóðè ( ) 1 ( )t pT k T T∗λ = + − , òî m -òå íàáëèæåííÿ òåìïåðàòóðè â ïðî-

ñòîð³ îá÷èñëþºòüñÿ çà ôîðìóëîþ 

 1( 1 2 1)m m pT k k T−= + θ − + . (19) 

 ×èñëîâå ðîçâ’ÿçóâàííÿ çàäà÷³ òåïëîïðîâ³äíîñò³. Êðàéîâó çàäà÷ó íà 
çì³ííó Ê³ðõãîôà (10)–(13) ðîçâ’ÿæåìî ÷èñåëüíèì ìåòîäîì. Ïðîñòîðîâó äèñ-
êðåòèçàö³þ çà çì³ííîþ ρ  ïðîâåäåìî ³íòåãðî-³íòåðïîëÿö³éíèì ìåòîäîì. Íà 

â³äð³çêó 1, nρ[ ]  îáëàñò³ çì³íè ρ  ââåäåìî ð³âíîì³ðíó ñ³òêó 1h iw ih= ρ = +{ , 

0, , ;  ( 1)ni n h n= = ρ − / } . Ïîçíà÷èìî 1 2 2i i h±ρ = ρ ±/ / , 2( , ,Fo)v ∂θρ θ = ρ
∂ρ

; 

1 2 1 2 1 2( , ,Fo)i i iv v± ± ±= ρ θ/ / / . Ð³âíÿííÿ (10) ïðî³íòåãðóºìî çà çì³ííîþ ρ  íà â³ä-

ð³çêó 1 2 1 2i i− +ρ ≤ ρ ≤ ρ/ / . Â ðåçóëüòàò³ öüîãî îòðèìàºìî, ùî 

 
1 2

1 2

2
1 2 1 2

1
Fo( )

i

i

i id v v
a

+

−

ρ

+ −∗
ρ

∂θρ ρ = −
∂θ∫

/

/ /

/

. (20) 

 ²íòåãðàë ó ð³âíîñò³ (20), ÿêèé ì³ñòèòü øóêàíó ôóíêö³þ θ , çàì³íèìî 
ë³í³éíèìè êîìá³íàö³ÿìè çíà÷åíü θ  ó âóçëàõ ñ³òêè: 

 
1 2

1 2

2 21 1
Fo Fo( ) ( )

i

i

i
i

i

d
d h

da a

+

−

ρ

∗ ∗
ρ

θ∂θρ ρ ≈ ρ
∂θ θ∫

/

/

. (21) 

Ç³íòåãðóâàâøè ñï³ââ³äíîøåííÿ 
2

( , ,Fo)v ρ θ∂θ =
∂ρ ρ

 íà â³äð³çêó 1,i i−ρ ρ[ ]  çà çì³í-

íîþ ρ , îòðèìàºìî 

 

1

1 2

( , ,Fo)i

i

i i
v

d

−

ρ

−
ρ

ρ θθ − θ = ρ
ρ∫ . (22) 
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Ïðèïóñòèâøè, ùî 1 2( , ,Fo) constiv v −ρ θ = =/  äëÿ 1,i i−ρ ∈ ρ ρ[ ] , ìàºìî 

 

1

1 1 2 2

i

i

i i i
d

v

−

ρ

− −
ρ

ρθ − θ =
ρ∫/ , (23) 

çâ³äêè íàáëèæåíå çíà÷åííÿ 

 1
1 2 1

i i
i i iv

h
−

− −
θ − θ

≈ ρ ρ/ . (24) 

Ï³äñòàâèâøè (21), (24) ó ð³âí³ñòü (20), îòðèìàºìî òàêó ñèñòåìó çâè÷àéíèõ 
äèôåðåíö³àëüíèõ ð³âíÿíü:  

 ∗
+ + − −

θ
= θ θ − θ ρ − θ − θ ρ

+
2 2

1 1 2 1 1 22 2
1( ) ( ) ( )

Fo (1 )
i

i i i i i i i

d
a

d h ih
/ /[ ] , (25) 

ÿêà º ð³çíèöåâèì àíàëîãîì ð³âíÿííÿ (10) ó òî÷êàõ ,  1, , 1i i nρ = − . 
 Àíàëîã³÷íî àïðîêñèìóºìî êðàéîâó óìîâó (11). Ïðè öüîìó ð³âíÿííÿ (10) 
³íòåãðóºìî çà çì³ííîþ ρ  íà â³äð³çêó 0 1 2ρ ≤ ρ ≤ ρ / , äå 0 1 21,  1 2hρ = ρ = +/ / . 

Â ðåçóëüòàò³ çíàõîäèìî, ùî 

 
1 2

0

2
1 2 0

1
Fo( )

d v v
a

ρ

∗
ρ

∂θρ ρ = −
∂θ∫

/

/ , 

äå 
0 0

2 4 4
0 0 Bi ( ) Sk ( )r rv T T T T

ρ=ρ ρ=ρ
≈ ρ θ − + θ −[ ]( ) ( ) , 21 0

1 2 1 2v
h

θ − θ
≈ ρ/ / . 

 Ïîêëàâøè 

 
1 2

0

2
2 0 0

0

1
Fo Fo( ) 2 ( )

h d
d

da a

ρ

∗ ∗
ρ

ρ θ∂θρ ρ ≈
∂θ θ∫

/

, 

îòðèìóºìî ð³çíèöåâèé àíàëîã êðàéîâî¿ óìîâè (11): 

 2 40
0 1 0 1 2 0 0

2 1( ) ( ) Bi ( ( ) ) Sk ( )
Fo r r

d
a T T T T

d h h
∗θ = θ θ − θ ρ − θ − − θ − / ]( ) . (26) 

 Äëÿ ïîáóäîâè ð³çíèöåâîãî àíàëîãó êðàéîâî¿ óìîâè (12) ðîçãëÿíåìî 
óìîâó 

 0
nρ=ρ

∂θ =
∂ρ

.  (27) 

Ç³íòåãðóâàâøè ð³âíÿííÿ (10) íà â³äð³çêó 1 2n n−ρ ≤ ρ ≤ ρ/ , çíàõîäèìî, ùî 

 

1 2

2
1 2

1
Fo( )

n

n

n nd v v
a

−

ρ

−∗
ρ

∂θρ ρ = −
∂θ∫ /

/

, 

äå 21
1 2 1 20,  n n

n n nv v
h

−
− −

θ − θ
= = ρ/ / . 

 Ïîêëàâøè 

 

1 2

2
21

Fo Fo( ) 2 ( )

n

n

n n

n

h d
d

da a
−

ρ

∗ ∗
ρ

ρ θ∂θρ ρ ≈
∂θ θ∫

/

, 

îòðèìóºìî ð³çíèöåâèé àíàëîã êðàéîâî¿ óìîâè (12) ó âèãëÿä³ 

 2
1 1 22 2

2( ) ( )
Fo (1 )
n

n n n n

d
a

d h nh
∗

− −
θ

= − θ θ − θ ρ
+ / . 
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 Îòæå, ïîáóäîâàíà ³íòåãðî-³íòåðïîëÿö³éíèì ìåòîäîì íàï³âäèñêðåòíà 
ìàòåìàòè÷íà ìîäåëü íåë³í³éíî¿ çàäà÷³ òåïëîïðîâ³äíîñò³ (10)–(13) ìàº âèãëÿä 
çàäà÷³ Êîø³ äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü: 

 2 4 40 0
1 0 1 2 0 0

2 ( ) 1 ( ) Bi ( ( ) ) Sk ( )
Fo r r

d a
T T T T

d h h

∗θ θ  = θ − θ ρ − θ − − θ −  / ( ) , 

 2 2
1 1 2 1 1 22 2

( )
( ) ( ) ,    1, , 1

Fo (1 )
i i

i i i i i i

d a
i n

d h ih

∗

+ + − −
θ θ

= θ − θ ρ − θ − θ ρ = −
+

/ /[ ] , 

 2
1 1 22 2

2 ( )
( )

Fo (1 )
n n

n n n

d a
d h nh

∗

− −
θ θ

= − θ − θ ρ
+ / , 

 (0) 0iθ = , (28) 

äå 0( )T θ  – íåë³í³éíèé âèðàç òåìïåðàòóðè ÷åðåç çì³ííó Ê³ðõãîôà, ÿêèé äëÿ 

êîíêðåòíî¿ çàëåæíîñò³ êîåô³ö³ºíòà òåïëîïðîâ³äíîñò³ â³ä òåìïåðàòóðè çíà-

õîäèìî ç (9); ( )ia∗ θ  – â³äîìà çàëåæí³ñòü êîåô³ö³ºíòà òåìïåðàòóðîïðîâ³ä-
íîñò³ â³ä çì³ííî¿ Ê³ðõãîôà. 
 Ðîçâ’ÿçîê çàäà÷³ (28) çíàõîäèìî çà äîïîìîãîþ ôîðìóë äèôåðåíö³þâàííÿ 
íàçàä (ìåòîäè Ã³ðà ç³ ñòð³÷êîâîþ ñòðóêòóðîþ ìàòðèö³ ßêîá³, ÿêà îá÷èñëþ-
ºòüñÿ ÷èñåëüíèì äèôåðåíö³þâàííÿì). 

 Íàïðóæåíî-äåôîðìîâàíèé ñòàí ïðîñòîðó ç³ ñôåðè÷íîþ ïîðîæíèíîþ, 
ùî ïåðåáóâàº ó öåíòðàëüíî-ñèìåòðè÷íîìó òåìïåðàòóðíîìó ïîë³ ïðè ñòàëî-
ìó òèñêó 1p  íà ïîâåðõí³ 1ρ =  âèçíà÷àºòüñÿ â³äì³ííîþ â³ä íóëÿ áåçðîçì³ð-

íîþ ðàä³àëüíîþ êîìïîíåíòîþ ïåðåì³ùåííÿ 1 0 0u u r t= α/ , ÷åðåç ÿêó âèðà-

æàþòüñÿ áåçðîçì³ðí³ ðàä³àëüíå 0 0 02r G tρσ = σ α/  ³ êîëîâå 0 0 02G tϕ ϕϕσ = σ α/  

íàïðóæåííÿ: 

 ( ) (1 ( )) 2 ( ) (1 ( )) ( )u uG T T T T T∗
ρ

∂ σ = − ν + ν − − ν Φ  ∂ρ ρ
, (29) 

 ( ) ( ) (1 ( )) ( )u uG T T T T∗
ϕ

∂ σ = ν + − − ν Φ  ∂ρ ρ
, (30) 

ÿê³ çàäîâîëüíÿþòü ð³âíÿííÿ ð³âíîâàãè  

 
2( )

0ρ ρ ϕ∂σ σ − σ
+ =

∂ρ ρ
, (31) 

äå 
1 ( )

( ) ( )
1 ( )

p

T

t
T

T
T T dT

T
∗ ∗+ νΦ = α

− ν ∫ ; 
( )

( )
1 2 ( )

G T
G T

T

∗
=

− ν
; ( ), ( ), ( )T G T Tα ν  – â³äïîâ³ä-

íî çàëåæí³ â³ä òåìïåðàòóðè êîåô³ö³ºíò ë³í³éíîãî ðîçøèðåííÿ, ìîäóëü çñóâó 

òà êîåô³ö³ºíò Ïóàññîíà ìàòåð³àëó ïîäàí³ ó âèãëÿä³ 0( ) ( )t T∗χ = χ χ . 

 Ï³äñòàâèâøè ñï³ââ³äíîøåííÿ (29), (30) ó ð³âíÿííÿ (31), îòðèìàºìî äè-
ôåðåíö³àëüíå ð³âíÿííÿ äëÿ âèçíà÷åííÿ u  [8]: 

 2
2

( )1 ( ) ( ) 2 ( ) ( )
T u uu T m T T

∗
∗∂Φ∂ ∂ ∂   ρ = − ψ + − Φ   ∂ρ ∂ρ ∂ρ ∂ρ ρ   ρ

, (32) 

äå 
1 ( )

( ) ln ( )
1 2 ( )

T
T G T

T
∗ − ν∂   ψ =   ∂ρ − ν  

, 

( )
( )

1 2 ( )
( )

1 ( )
( )

1 2 ( )

T
G T

T
m T

T
G T

T

∗

∗

ν∂   ∂ρ − ν =
− ν∂   ∂ρ − ν 

. 

 Ðîçâ’ÿçîê ð³âíÿííÿ (32) ïîáóäóºìî ìåòîäîì çáóðåííÿ. Íà â³äì³íó â³ä 
[8], äåùî ïî-³íøîìó ïåðåãðóïóºìî ÷ëåíè â ïðàâ³é ÷àñòèí³ ð³âíÿííÿ (32) ³ ïî-
ðÿä ç íèì ðîçãëÿíåìî äèôåðåíö³àëüíå ð³âíÿííÿ ç³ çì³ííèìè êîåô³ö³ºíòàìè 
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 2
2

( )1 ( ) ( ) ( ) 2 ( )
T u uu T T m T

∗
∗∂Φ∂ ∂ ∂   ρ = + Φ − εψ +   ∂ρ ∂ρ ∂ρ ∂ρ ρ   ρ

, (33) 

ÿêå ïðè 1ε =  çá³ãàºòüñÿ ç (32). 
Ðîçâ’ÿçîê ð³âíÿííÿ (33) ïîäàìî ó âèãëÿä³ ðîçâèíåííÿ çà ñòåïåíÿìè ïà-

ðàìåòðà ε : 

 
0

( ,Fo)k
k

k

u u
∞

=
= ε ρ∑ . (34) 

Ï³äñòàâèâøè (34) ó ð³âíÿííÿ (33) ³ ïðèð³âíÿâøè ÷ëåíè ïðè îäíàêîâèõ ñòå-
ïåíÿõ ε , îòðèìàºìî  

äèôåðåíö³àëüíå ð³âíÿííÿ äëÿ çíàõîäæåííÿ ñêëàäîâî¿ 0u  ïåðåì³ùåííÿ u : 

 2
02

( )1 ( ) ( ) ( )
T

u T T
∗

∗∂Φ∂ ∂ ρ = + ψ Φ ∂ρ ∂ρ ∂ρ ρ
 (35) 

³ ðåêóðåíòíó ïîñë³äîâí³ñòü äèôåðåíö³àëüíèõ ð³âíÿíü äëÿ çíàõîäæåííÿ 
k -¿ ñêëàäîâî¿ ku , 1k ≥ :  

 2
12

1 ( ) ( , Fo)k ku f −
∂ ∂ ρ = − ρ ∂ρ ∂ρ ρ

,  (36) 

äå 1 1
1( ,Fo) ( ) 2 ( ) ( )k k

k

u u
f T m T T∗− −

−
∂ ρ = ψ + − Φ ∂ρ ρ 

. 

 Âðàõîâóþ÷è ñêàçàíå, ðîçâ’ÿçîê ð³âíÿííÿ (32) çàïèøåìî ÿê 

 
0

( ,Fo)k
k

u u
∞

=

= ρ∑ , (37) 

äå 0 , ku u  º ðîçâ’ÿçêàìè ð³âíÿíü (35), (36) ³ â³äïîâ³äíî ìàþòü âèãëÿä 

 −= ρ + ρ + ρ − ρ + ρ ρ2
0 10 20 3 0( ( ) ( ) 3) ( ) 3u c c H H H/ / , (38) 

 − − −= ρ + ρ + ρ − ρ ρ2 1 1
1 2 3 0( ( ) 3) ( ) 3k k

k k ku c c H H/ / . (39) 

Òóò ikc , 1, 2i = , – ñòàë³ ³íòåãðóâàííÿ, 2

1

( ) ( ,Fo)H d
ρ

∗ρ = ξ Φ ξ ξ∫ , 

1

( ) ( ) ( , Fo)m
mH T d

ρ
∗ρ = ξ ψ Φ ξ ξ∫ , ( 1)

1
1

( ) ( , Fo)k m
m kH f d

ρ
−

−ρ = ξ ξ ξ∫ . 

 Âðàõîâóþ÷è ïîäàííÿ (34), òåìïåðàòóðí³ íàïðóæåííÿ îá÷èñëþºìî çà 
ôîðìóëàìè 

 
0 0

,        k k
k k

∞ ∞

ρ ρ ϕ ϕ
= =

σ = σ σ = σ∑ ∑ , (40) 

äå ñêëàäîâ³ òåìïåðàòóðíèõ íàïðóæåíü ìàþòü âèãëÿä 

 3
0 10 0 20 3( ) ( )( ( ) 3) 2 ( ( ) ( ) 3)G T T c H c H H∗ −

ρσ = ν + ρ − ρ + ρ − ρ/ /[ ], (41) 

 3
0 10 0 20 3( ) ( )( ( ) 3) ( ( ) ( ) 3) ( )G T T c H c H H T∗ − ∗

ϕσ = ν + ρ + ρ + ρ − ρ − Φ/ /[ ] ,(42) 

 ( 1) 3 ( 1)
1 0 2 3( ) ( ) ( ) 3 2 ( ) 3k k

k k kG T T c H c H∗ − − −
ρσ = ν − ρ − ρ + ρ( ) ( )/ /[ ] , (43) 

 ( 1) 3 ( 1)
1 0 2 3( ) ( ) ( ) 3 ( ) 3k k

k k kG T T c H c H∗ − − −
ϕσ = ν − ρ + ρ + ρ/ /[ ]( ) ( ) , (44) 

ïðè÷îìó 
1 ( )

( )
1 2 ( )

T
T

T
+ νν =
− ν

. 
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 Ñòàë³ ³íòåãðóâàííÿ ,  1,2ikc i = , âèçíà÷àºìî ç óìîâ, ùî íà ïîâåðõí³ 

ïîðîæíèíè 1ρ =  ä³º òèñê 1p , à íà áåçìåæíîñò³ íàïðóæåííÿ çàíèêàþòü:  

 1 01
,          , 0limk k k kpρ ρ ϕρ= ρ→∞

σ = − δ σ σ ={ } , (45) 

äå 1 1 0 0 0(2 )tp p G t= α/ , 0kδ  – ñèìâîë Êðîíåêåðà. 

 Âèìàãàþ÷è, ùîá ñêëàäîâ³ íàïðóæåíü (41)–(44) çàäîâîëüíÿëè óìîâè (45), 

âðàõîâóþ÷è ïðè öüîìó, ùî lim ( ) 0T∗

ρ→∞
Φ = , çíàõîäèìî 

 1
10 0 1 0

1 1( ) ,          ( )
3 3

k
kc H c H −

ρ=∞ ρ=∞
= − ρ = ρ , 

 101
20 2 11 1

1

1( ) ,       ( )
2 22 ( )

k k

cp
c T c c T

G T∗ ρ= ρ=
ρ=

= + ν = ν . 

 ×èñëîâ³ äîñë³äæåííÿ. Íà îñíîâ³ îòðèìàíèõ ðîçâ’ÿçê³â ïðîâåäåíî ÷èñ-
ëîâ³ äîñë³äæåííÿ òåìïåðàòóðíîãî ïîëÿ ³ íàïðóæåíü ó òåðìî÷óòëèâîìó ïðî-
ñòîð³ ç³ ñôåðè÷íîþ ïîðîæíèíîþ. Çà ìàòåð³àë âèáðàíî ñòàëü 15Õ1Ì1Ô ç òà-
êèìè çàëåæíîñòÿìè òåïëîô³çè÷íèõ ³ ìåõàí³÷íèõ õàðàêòåðèñòèê â³ä òåìïå-
ðàòóðè:  
 ( ) 42.31 0.0087t t tλ = − [Âò/(ì ⋅ K)], ( ) 403.5608 0.54594c t t= + [Äæ/(êã ⋅ K)], 

 7841ρ = [êã/ì3],  3 2 6( ) (10.6429 7.24 10 3.4102 ) 10t t t t− −α = + ⋅ − ⋅ [K-1], 

 4 7 2 11( ) (2.17573 5.2 10 4.6271 10 ) 10E T t t− −= − ⋅ − ⋅ ⋅ [Ïà],  

 4 8 2( ) 0.31863 0.3 10 7.126 10t t t− −ν = + ⋅ + ⋅ . 

 Ïðè ïîäàíí³ õàðàêòåðèñòèê ó âèãëÿä³ 0( ) ( )t T∗χ = χ χ  çà îïîðíó òåìïå-

ðàòóðó 0t  âçÿòî òåìïåðàòóðó ñåðåäîâèùà ïîðîæíèíè 873Krt = . Ïî÷àòêî-

âà òåìïåðàòóðà ïðîñòîðó ïðèéíÿòà ð³âíîþ 293K .  

Ðîçðàõóíêè ðîçïîä³ë³â áåçðîçì³ðíèõ òåìïåðàòóðíîãî ïîëÿ T , ïåðåì³-
ùåííÿ u  ³ êîìïîíåíò³â òåíçîðà íàïðóæåíü ρ ϕσ σ,  ïðîâåäåíî äëÿ âèïàäê³â 

êîíâåêòèâíîãî, ïðîìåíåâîãî ³ êîíâåêòèâíî-ïðîìåíåâîãî òåïëîîáì³í³â (â³äïî-
â³äíî ðèñ. 1, 2, 4, 6). Íà ðèñ. 3, 5, 7 íàâåäåíî ðîçïîä³ëè ïåðåì³ùåíü ³ íàïðó-
æåíü ïðè íàÿâíîñò³ òà â³äñóòíîñò³ ñèëîâîãî íàâàíòàæåííÿ 1p  íà ïîâåðõí³ 
ïîðîæíèíè äëÿ âèïàäêó êîíâåêòèâíî-ïðîìåíåâîãî òåïëîîáì³íó. Øòðèõîâ³ 
ë³í³¿ íà öèõ ðèñóíêàõ – â³äïîâ³äí³ ðîçïîä³ëè ó âèïàäêó íåòåðìî÷óòëèâîãî 
ìàòåð³àëó, õàðàêòåðèñòèêè ÿêîãî äîð³âíþþòü îïîðíèì çíà÷åííÿì 0χ . 

Â³äíîñíà ïîõèáêà ì³æ çíà÷åííÿìè òåìïåðàòóðè, îòðèìàíèìè ìåòîäîì 
ïîñë³äîâíèõ íàáëèæåíü ³ ÷èñåëüíèì ìåòîäîì, íå ïåðåâèùóâàëà 2%. 

Ç ãðàô³ê³â, íàâåäåíèõ íà ðèñ. 1, 
âèäíî, ùî ç â³ääàëåííÿì â³ä ïîðîæíèíè 
âçäîâæ ðàä³óñà òåìïåðàòóðà ïðÿìóº äî 
ïî÷àòêîâî¿ pT . Ïðîâåäåí³ îá÷èñëåííÿ ïî-

êàçóþòü, ùî ìàêñèìàëüíà ðîçá³æí³ñòü 
ì³æ çíà÷åííÿìè òåìïåðàòóðè â òåðìî-
÷óòëèâîìó ³ íåòåðìî÷óòëèâîìó ïðîñòîðàõ 
ñïîñòåð³ãàºòüñÿ ïðè êîíâåêòèâíî-ïðîìå-
íåâîìó òåïëîîáì³í³ òà ñòàíîâèòü ïðè-
áëèçíî 2%. Òåïëîô³çè÷í³ õàðàêòåðèñòèêè 
â çàäàíîìó ä³àïàçîí³ òåìïåðàòóð çì³íþ-
þòüñÿ òàê: ( )t tλ  íà 11%, ( )c t  íà 48%. 

Çà ôîðìóëàìè (37)–(39), (40)–(44) îá÷èñëåíî êîìïîíåíòè âåêòîðà ïåðå-
ì³ùåííÿ u  ³ òåíçîðà íàïðóæåíü ,ρ ϕσ σ . Äëÿ ïðàêòè÷íèõ ðîçðàõóíê³â 

âàæëèâèì º îá÷èñëåííÿ äåê³ëüêîõ ïåðøèõ ÷ëåí³â ðÿä³â (37), (40). ×èñëîâ³ 
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Рис. 1 
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äîñë³äæåííÿ ïîêàçàëè, ùî ïðîâåäåíå ïåðåãðóïóâàííÿ ÷ëåí³â ó ïðàâ³é 
÷àñòèí³ ð³âíÿííÿ (32) (á³ëüø âäàëèé âèá³ð íóëüîâîãî íàáëèæåííÿ) ïðèâåëî 
äî ïîêðàùåííÿ çá³æíîñò³ ðÿä³â (37), (40). Ç ï’ÿòè çíàéäåíèõ ó äàíîìó 
âèïàäêó íàáëèæåíü ïðèáëèçíî 90–95% ñóìàðíèõ âåëè÷èí ïåðåì³ùåííÿ ³ 
íàïðóæåíü äàþòü íóëüîâå ³ ïåðøå íàáëèæåííÿ. 

Ç íàâåäåíèõ ãðàô³ê³â íà ðèñ. 2 âèäíî, ùî ó âèïàäêó òåðìî÷óòëèâîãî 
ìàòåð³àëó ïåðåì³ùåííÿ u  ïðèéìàº íà ïîâåðõí³ ïîðîæíèíè â³ä’ºìí³ çíà÷åí-
íÿ, à ç â³ääàëåííÿì â³ä íå¿ óçäîâæ ðàä³óñà çì³íþº çíàê, ïðèáëèçíî ïðè 

1.7ρ =  (äëÿ Fo 1= ) äîñÿãàº ìàêñèìóìó ³ ìîíîòîííî ñïàäàº. Äëÿ íåòåðìî-
÷óòëèâîãî ìàòåð³àëó íà ïîâåðõí³ ïîðîæíèíè ïåðåì³ùåííÿ ïðèéìàþòü íó-
ëüîâ³ çíà÷åííÿ. Íà ðèñ. 3 ïîêàçàíî ðîçïîä³ëè ïåðåì³ùåíü ó òåðìî÷óòëèâîìó 
³ íåòåðìî÷óòëèâîìó ïðîñòîðàõ ïðè ¿õ êîíâåêòèâíî-ïðîìåíåâîìó íàãð³âàíí³ 
çà â³äñóòíîñò³ ( 1 0p = ) òà íàÿâíîñò³ ( =1 0.1p ) òèñêó íà ïîâåðõí³ ñôåðè÷íî¿ 
ïîðîæíèíè. Íàÿâí³ñòü òèñêó çì³íþº ÿê³ñíî òà ê³ëüê³ñíî êàðòèíó ðîçïîä³ëó 
ïåðåì³ùåíü. 
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 Рис. 6 Рис. 7 

ßê áà÷èìî ç íàâåäåíèõ ãðàô³ê³â íà ðèñ. 4, ç â³ääàëåííÿì â³ä ïîðîæíèíè 
âçäîâæ ðàä³óñà ðàä³àëüí³ íàïðóæåííÿ ρσ  çðîñòàþòü çà àáñîëþòíîþ âåëè-

÷èíîþ, äîñÿãàþòü ìàêñèìóìó ïðè 1.5ρ =  ³ äàëüøå ìîíîòîííî ñïàäàþòü, 

ïðÿìóþ÷è äî íóëÿ. Ïðè íàÿâíîñò³ òèñêó (ðèñ. 5) íàïðóæåííÿ ρσ  äîñÿãàþòü 

ñâîãî ìàêñèìàëüíîãî çíà÷åííÿ áëèæ÷å ( 1.3ρ = ) äî ïîâåðõí³ ïîðîæíèíè. 
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Êîëîâ³ íàïðóæåííÿ º ìàêñèìàëüíèìè çà àáñîëþòíîþ âåëè÷èíîþ íà ïî-
âåðõí³ ïîðîæíèíè, ç â³ääàëåííÿì â³ä íå¿ ìîíîòîííî ñïàäàþòü, çì³íþþ÷è 
ñâ³é çíàê íà ïðîòèëåæíèé ïðè ρ → ∞  (ðèñ. 6). Íàâàíòàæåííÿ òèñêîì 1p =  

0.1=  ïîâåðõí³ ïîðîæíèíè ïðèçâîäèòü äî ÿê³ñíî¿ ³ ê³ëüê³ñíî¿ çì³íè ðîçïî-
ä³ëó êîëîâèõ íàïðóæåíü (ðèñ. 7). 
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ТЕРМОНАПРЯЖЕННОЕ СОСТОЯНИЕ ТЕРМОЧУВСТВИТЕЛЬНОГО ПРОСТРАНСТВА СО 
СФЕРИЧЕСКОЙ ПОЛОСТЬЮ ПРИ УСЛОВИЯХ КОНВЕКТИВНО-ЛУЧИСТОГО ТЕПЛООБМЕНА 
 
Íàéäåíî ðåøåíèå íåñòàöèîíàðíîé çàäà÷è òåïëîïðîâîäíîñòè äëÿ òåðìî÷óâñòâè-
òåëüíîãî ïðîñòðàíñòâà ñî ñôåðè÷åñêîé ïîëîñòüþ, êîòîðîå îáìåíèâàåòñÿ òåïëîì 
ïóòåì êîíâåêòèâíî-ëó÷èñòîãî òåïëîîáìåíà ñî ñðåäîé ïîñòîÿííîé òåìïåðàòóðû. 
Ïðîàíàëèçèðîâàíî âëèÿíèå òåðìî÷óâñòâèòåëüíîñòè ìàòåðèàëà ïðîñòðàíñòâà íà 
âåëè÷èíó è õàðàêòåð ðàñïðåäåëåíèÿ òåìïåðàòóðû, îáóñëîâëåííûõ åþ íàïðÿæå-
íèé è ïåðåìåùåíèé â ñëó÷àÿõ íàëè÷èÿ è îòñóòñòâèÿ ñèëîâûõ íàãðóçîê. 
 
THERMOELASTIC STATE OF THERMOSENSITIVE SPACE WITH SPHERICAL 
CAVITY UNDER CONVECTIVE-RADIANT HEAT EXCHANGE 
 
The solution of non-stationary heat conductivity problem for thermosensitive space 
with spherical cavity with convective-radiant heat exchange with an medium of con-
stant temperature is found. The influence of thermosensitive space material on the size 
and character of distribution of temperature and pressure, caused by it in the cases of 
presence and absence of force loading, is analyzed.  
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