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ÓÄÊ 539.3 
 
Ю. Д. Ковалев, Е. Н. Стативка 
 
ИЗГИБ ПЬЕЗОКЕРАМИЧЕСКОГО НЕОДНОРОДНОГО СЛОЯ 
ПРИ СКОЛЬЗЯЩЕЙ ЗАДЕЛКЕ ЕГО ТОРЦОВ 
 

Èññëåäóåòñÿ ýëåêòðîóïðóãîå ñîñòîÿíèå íåîäíîðîäíîãî ïüåçîêåðàìè÷åñêîãî 
ñëîÿ ïðè ñêîëüçÿùåé çàäåëêå åãî òîðöîâ â ñëó÷àå èçãèáà. Ãðàíè÷íàÿ çàäà÷à 
ñâåäåíà ê ñèñòåìå, ñîñòîÿùåé èç 12 ,  1,2,k k =  , èíòåãðî-äèôôåðåíöèàëüíûõ 

óðàâíåíèé. Ïîëó÷åíû âûðàæåíèÿ äëÿ âåëè÷èí, õàðàêòåðèçóþùèõ íàïðÿæåí-
íîå ñîñòîÿíèå íåîäíîðîäíîãî ñëîÿ. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ íàïðÿ-
æåíèé. 

 
Ñîâðåìåííûå òðåáîâàíèÿ ïî ýíåðãîñáåðåæåíèþ, ìèíèàòþðèçàöèè, 

àäàïòèâíîñòè ê êîìïüþòåðíûì ñèñòåìàì óïðàâëåíèÿ è êîíòðîëÿ âñå ÷àùå 
çàñòàâëÿþò ïðîèçâîäèòåëåé òåõíèêè è îáîðóäîâàíèÿ îáðàùàòüñÿ ê ïðîèç-
âîäèòåëÿì ïüåçîêåðàìèêè ñ öåëüþ ñîâìåñòíîãî ïîèñêà òåõ èëè èíûõ òåõíî-
ëîãè÷åñêèõ ðåøåíèé ñ ïîìîùüþ ïüåçîêåðàìèêè. Â ðåçóëüòàòå ïîÿâëÿþòñÿ 
íîâûå òèïû ïüåçîêåðàìèêè, ñîçäàþòñÿ íîâûå è ñîâåðøåíñòâóþòñÿ èçâåñò-
íûå ïüåçîêåðàìè÷åñêèå ýëåìåíòû è êîìïîíåíòû. Òàêèì îáðàçîì, ïüåçîêå-
ðàìèêà áëàãîäàðÿ ñâîèì óíèêàëüíûì ñâîéñòâàì íàõîäèò âñå áîëüøåå ïðè-
ìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ òåõíèêè è òåõíîëîãèè. 

Èçó÷åíèþ íàïðÿæåííîãî ñîñòîÿíèÿ òðàíñòðîïíîãî (èçîòðîïíîãî) ñëîÿ, 
îñëàáëåííîãî ñêâîçíûìè òóííåëüíûìè îòâåðñòèÿìè ïðè ñêîëüçÿùåé çàäåë-
êå òîðöîâ (ñèììåòðè÷íûé ñëó÷àé), ïîñâÿùåíû ðàáîòû [1, 3, 6]. Â íèõ ðåøå-
íèÿ êðàåâûõ çàäà÷ ñòðîÿòñÿ ñ ïîìîùüþ ïîëóîáðàòíîãî ìåòîäà È. È. Âîðî-
âè÷à. Èçãèá èçîòðîïíîãî ñëîÿ (ïîëóñëîÿ), îñëàáëåííîãî ñêâîçíûì íåêðóãî-
âûì îòâåðñòèåì, ðàññìîòðåí â [4]. Àíàëîãè÷íàÿ çàäà÷à äëÿ èçîòðîïíîãî 
ñëîÿ ñ êðóãîâûì îòâåðñòèåì èíûìè ìåòîäàìè ðåøåíà â [8, 9]. Â ðàáîòå [5] 
ðàññìîòðåí ðÿä çàäà÷ ýëåêòðîóïðóãîñòè äëÿ ñëîÿ ïðè ðàçëè÷íûõ ãðàíè÷-
íûõ óñëîâèÿõ íà åãî îñíîâàíèÿõ. Îáùèé ïîäõîä ê ðåøåíèþ ñìåøàííûõ çà-
äà÷ òåîðèè óïðóãîñòè è ýëåêòðîóïðóãîñòè äëÿ ñëîÿ, îñëàáëåííîãî ñêâîçíû-
ìè òóííåëüíûìè íåîäíîðîäíîñòÿìè, îòëè÷íûé îò [6], ïðåäëîæåí â [10]. Ñ 
èñïîëüçîâàíèåì ýòîãî ïîäõîäà â [11] ðàññìîòðåíà ñìåøàííàÿ êîñîñèììåò-
ðè÷íàÿ çàäà÷à ýëåêòðîóïðóãîñòè äëÿ ïüåçîêåðàìè÷åñêîãî ñëîÿ, îñëàáëåííî-
ãî ñêâîçíûì îòâåðñòèåì. Èññëåäîâàíèþ ÊÈÍ â îêðåñòíîñòè êîíöåíòðàòîðîâ 
íàïðÿæåíèé â òðåõìåðíîé ïîñòàíîâêå ïîñâÿùåíû ìîíîãðàôèè [2, 7]. 

Â ýòîé ðàáîòå ïðîäîëæåíû èññëåäîâàíèÿ ñîïðÿæåííûõ ýëåêòðîìåõàíè-
÷åñêèõ ïîëåé â ïüåçîàêòèâíîì íåîäíîðîäíîì ñëîå ïðè ñêîëüçÿùåé çàäåëêå 
åãî òîðöîâ è îòñóòñòâèè íà íèõ ýëåêòðîñòàòè÷åñêîãî ïîòåíöèàëà.  

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì íåîäíîðîäíûé ïüåçîêåðàìè÷åñêèé 
ñëîé 3 1 2,  ,h x h x x− ≤ ≤ − ∞ < < ∞ , â êîòîðûé áåç ïðåäâàðèòåëüíîãî íàòÿ-
æåíèÿ âêëååíî èëè âïàÿíî öèëèíäðè÷åñêîå âêëþ÷åíèå èç äðóãîãî ïüåçîêå-
ðàìè÷åñêîãî ìàòåðèàëà, îñëàáëåííûé ñêâîçíûì îòâåðñòèåì. Ïðè ýòîì íà-
ïðàâëÿþùèå öèëèíäðè÷åñêèõ ïîâåðõíîñòåé ïðåäñòàâëÿþò ñîáîé äîñòàòî÷íî 
ãëàäêèå çàìêíóòûå êîíòóðû ,  1,2jL j = . Äëÿ îïðåäåëåííîñòè ïîä êîíòóðîì 

1L  áóäåì ïîíèìàòü íàïðàâëÿþùèé êîíòóð öèëèíäðè÷åñêîé ïîâåðõíîñòè, 

îãðàíè÷èâàþùåé îòâåðñòèå, à ïîä êîíòóðîì 2L  – íàïðàâëÿþùèé êîíòóð 
ïîâåðõíîñòè ñïàÿ ïüåçîêåðàìè÷åñêîãî ñëîÿ è âêëþ÷åíèÿ. Ïóñòü íà ïîâåðõ-
íîñòè îòâåðñòèÿ äåéñòâóåò ïîâåðõíîñòíàÿ íàãðóçêà ( , , , )nN T Z D , ãäå ,N T , 

Z  – íîðìàëüíàÿ è êàñàòåëüíûå êîìïîíåíòû âåêòîðà íàïðÿæåíèÿ, nD  – 

íîðìàëüíàÿ êîìïîíåíòà âåêòîðà ýëåêòðè÷åñêîé èíäóêöèè, à íà áåñêîíå÷-
íîñòè íàãðóçêà îòñóòñòâóåò. Áóäåì ñ÷èòàòü, ÷òî êîìïîíåíòû çàäàííîé íà-
ãðóçêè ðàñêëàäûâàþòñÿ â ðÿäû Ôóðüå ïî êîîðäèíàòå 3x  íà ,h h−[ ] .  
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Îñíîâíûå ñîîòíîøåíèÿ. Ïîëíàÿ ñèñòåìà óðàâíåíèé, îïðåäåëÿþùàÿ 
ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è (ïðè îòñóòñòâèè â òåëå îáúåìíûõ ñèë è 
çàðÿäîâ), ñîñòîèò èç [5]: 

– óðàâíåíèé ðàâíîâåñèÿ (ïðåäïîëàãàåòñÿ ñóììèðîâàíèå ïî ïîâòîðÿ-
þùåìóñÿ èíäåêñó) 

 0,        ,        , 1,2,3j ij i
i

i j
x
∂∂ σ = ∂ = =

∂
;  (1) 

– óðàâíåíèé ýëåêòðîñòàòèêè 

 div 0,        ,        1,2,3i iD E i= = − ∂ ϕ = ; (2) 

– ñîîòíîøåíèÿ Êîøè 

 1 ( ),        , 1,2, 3
2ij i j j iu u i jε = ∂ + ∂ = ; (3) 

– óðàâíåíèé ñîñòîÿíèÿ ïðåäâàðèòåëüíî ïîëÿðèçîâàííîé â íàïðàâëå-
íèè îñè 3Ox  ïüåçîêåðàìèêè 

 11 11 11 12 22 13 33 31 3 23 44 23 15 2,        2c c c e E c e Eσ = ε + ε + ε − τ = ε − , 

 22 12 11 11 22 13 33 31 3 13 44 13 15 1,        2c c c e E c e Eσ = ε + ε + ε − τ = ε − , 

 33 13 11 22 33 33 33 3 12 11 12 12( ) ,         ( )c c e E c cσ = ε + ε + ε − τ = − ε , 

 1 11 1 15 13 2 11 2 15 232 ,            2S SD E e D E e= ε + ε = ε + ε , 

 3 33 3 31 11 22 33 33( )SD E e e= ε + ε + ε + ε . (4) 

Ñèñòåìó (1)–(4) íóæíî ðåøàòü ïðè ãðàíè÷íûõ óñëîâèÿõ íà òîðöàõ ñëîÿ 

3x h= ± : 

 3 1 2 13 1 2 23 1 2 1 2( , , ) ( , , ) ( , , ) ( , , ) 0u x x h x x h x x h x x h± = σ ± = σ ± = ϕ ± =  (5) 

è óñëîâèÿõ êîíòàêòà íà ãðàíèöå ðàçäåëà ñðåä. 
Â äàëüíåéøåì â êà÷åñòâå èñõîäíîé öåëåñîîáðàçíî èñïîëüçîâàòü ñèñòå-

ìó óðàâíåíèé ðàâíîâåñèÿ ñðåäû â ïåðåìåùåíèÿõ, êîòîðóþ ìîæíî ïîëó÷èòü 
èç ñîîòíîøåíèé (1)–(4): 

 2 2 2 2
1 44 3 1 1 2 44 3 2 20,        0V u c u V u c u∇ + ∂ + ∂ θ = ∇ + ∂ + ∂ θ = , 

 2 2 2 2
44 3 33 3 3 3 1 1 2 2 15 33 3( ) 0c u c u c u u e e∇ + ∂ + ∂ ∂ + ∂ + ∇ ϕ + ∂ ϕ ={ } , 

 2 2 2 2
11 33 3 15 3 33 3 3 3 1 1 2 2( ) 0e u e u e u uε ∇ ϕ + ε ∂ ϕ − ∇ − ∂ − ∂ ∂ + ∂ ={ } , (6) 

ãäå 

 2 2 2
1 2 1 1 2 2 3 3 3,        ( )U u u c u e∇ = ∂ + ∂ θ = ∂ + ∂ + ∂ + ∂ ϕ , 

 11 12 11 12 13 44 15 31
1 1( ),    ( ),    ,    
2 2

U c c V c c c c c e e e= + = − = + = + . 

Áóäåì îïðåäåëÿòü êîñîñèììåòðè÷íîå îòíîñèòåëüíî ñðåäèííîé ïëîñêîñ-
òè ñëîÿ 3 0x =  ðåøåíèå. Ïðåäñòàâèì êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ è 
ïîòåíöèàë â âèäå 

 1 2 1 2 3 3 3 3
0 0

, , sin ,    , , cosk k k k k k
k k

u u u u x u u x
∞ ∞

= =

= γ ϕ = ϕ γ∑ ∑{ } { } { } { } , (7) 

çäåñü 2 1
2k
k

h
+γ = π . 

Ïðåäñòàâëåíèÿ (7) êîìïîíåíòîâ âåêòîðà ïåðåìåùåíèÿ àâòîìàòè÷åñêè 
óäîâëåòâîðÿþò óñëîâèÿì (5) íà òîðöàõ ñëîÿ. Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé èç 
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(6) ìîæíî ïîëó÷èòü 

 1 1 2 20,         0k k k k k kV u V u+ ∂ θ = + ∂ θ =æ æ , 

 13 3 14 23 3 240,       0k k k k k k k k
c eL u L L u L
U U

+ ϕ + γ θ = + ϕ + γ θ = , (8) 

ãäå  

 2 2 2 2 2 2 44
0 13 44 1 0,        ,        k k k

c
L c

V
= ∇ − γ µ = ∇ − γ δ µ =æ , 

 2 2 2 2
14 23 15 2 24 3 11,        k kL L e L= = ∇ − γ δ = γ δ − ε ∇ , 

 1 1 2 2 3( )k k k k k k kU u u cu eθ = ∂ + ∂ + γ + γ ϕ , 

 
2 2

1 33 2 33 3 33,        ,        c ce ec e
U U U

δ = − δ = − δ = ε + . 

Èíòåãðèðóÿ ñèñòåìó (8), íàõîäèì 

 
3

( ) ( ) (0)
1 2

1

2 2m m
k k k z k z k

m

u iu A i
=

− = ∂ Ω + ∂ Ω∑ , 

 
3 3

( ) ( ) ( ) ( )
3

1 1

,        ,        0,1,2,m m m m
k k k k k k

m m

u B D k
= =

= Ω ϕ = Ω =∑ ∑  .  (9) 

Çäåñü 

 ( ) ( ) 2 24
2 52 2

0

( )
,        m mk m

k k k m
m

Up
A B d

V

∗γ µ
= = γ µ − δ

µ − µ
( )

( )
,  

 ( ) 2 2
4 1 ,      1,2,3m

k k mD d m= γ δ − µ =( ) , 

 1 2 2 3 44 15 15 11
4 5 1 2,    ,    ,    

Sc e e
d d

c e c e c e c e
δ δ δ δ ε

δ = − δ = + = − = + . 

Ôóíêöèè ( )m
kΩ  – ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà  

2 2 2 ( ) 0,  0,1,2,3m
k m k m∇ − γ µ Ω = =( ) ; ,  1,2,3m mµ = , – êîðíè áèêóáè÷åñêîãî 

óðàâíåíèÿ [11]. Â äàëüíåéøåì èíäåêñ «1» ïðèäàäèì âåëè÷èíàì, îïèñûâàþ-
ùèì íàïðÿæåííî-äåôîðìèðóåìîå ñîñòîÿíèå ñëîÿ, à èíäåêñ «2» – âêëþ÷å-
íèÿ. 

Èíòåãðàëüíûå ïðåäñòàâëåíèÿ. Ìåòàãàðìîíè÷åñêèå ôóíêöèè, ñîäåðæà-
ùèåñÿ â (9), ðàçûñêèâàåì â âèäå 

 

1 2

( ) ( ) ( ) ( ) ( )
1 1 1 0 1 11 1 1 2 0 1 12 2( ) ( )m m m m m
k k k k k

L L

p K r ds p K r dsΩ = ζ γ µ + ζ γ µ∫ ∫ ( ) ( ) , 

 

2

( ) ( ) ( )
2 2 2 0 2 22 2( ) ,     0,1,2,3m m m
k k k

L

p K r ds mΩ = ζ γ µ =∫ ( ) .  (10) 

Çäåñü  

 (1) (1) (2)
11 1 12 2 22 2,             ,             r z r z r z= ζ − = ζ − = ζ − , 

 (1) (2)
11 12 21 22,           z x ix z x ix= + = + ,  

 1 11 12 1 2 21 22 2,       i L i Lζ = ξ + ξ ∈ ζ = ξ + ξ ∈ ,  

( )nK z  – ôóíêöèÿ Ìàêäîíàëüäà n -ãî ïîðÿäêà; jds  – ýëåìåíò äóãè êîíòóðà 

,  1,2jL j = ; ( )
1 1( )m
kp ζ , ( )

1 2( )m
kp ζ , ( )

2 2( ),  0,1, 2,3m
kp mζ = , – íåèçâåñòíûå ïëîò-

íîñòè, ïðè÷åì (3) (2)
1 1k kp p= , (3) (2)

1 1k kp p=  , (3) (2)
2 2k kp p= .  
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Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ êîìïîíåíòîâ âåêòîðà íàïðÿæåíèé è íîð-
ìàëüíîé êîìïîíåíòû âåêòîðà ýëåêòðè÷åñêîé èíäóêöèè, äåéñòâóþùèõ íà 
ïîâåðõíîñòè îòâåðñòèÿ, ñïðàâåäëèâû ðàçëîæåíèÿ 

 3 3
0 0

sin ,        sink k k k
k k

N N x T T x
∞ ∞

= =

= γ = γ∑ ∑ , 

 ( )
3 3

0 0

cos ,        cosk
k k n n k

k k

Z Z x D D x
∞ ∞

= =

= γ = γ∑ ∑ . (11) 

Ãðàíè÷íûå óñëîâèÿ íà L  â êîìïëåêñíîé ôîðìå èìåþò âèä 

 2
11 22 22 11 12( ) ( 2 ) 2( )ie i N iTψσ + σ − σ − σ + σ = − , 

 13 23Re ( ) ,        0i
ne i Z D− ψ σ + σ = ={ } , (12) 

ãäå ψ  – óãîë ìåæäó âíåøíåé íîðìàëüþ ê ïîâåðõíîñòè îòâåðñòèÿ è 

îñüþ 1Ox .  
Óñëîâèÿ ñîïðÿæåíèÿ íà ãðàíèöå ðàçäåëà ñëîÿ è âêëþ÷åíèÿ èìåþò âèä 

 1 1 2 2 11 21 12 22,          N iT N iT u iu u iu− = − − = − , 

 31 32 1 2 1 2 1 2,      ,      ,      s s n nu u Z Z E E D D= = = = . (13) 

Äëÿ êîìïîíåíòîâ âåêòîðà íàïðÿæåíèÿ, íîðìàëüíîé êîìïîíåíòû âåêòî-
ðà ýëåêòðè÷åñêîé èíäóêöèè è êàñàòåëüíîé êîìïîíåíòû âåêòîðà ýëåêòðè÷åñ-
êîé íàïðÿæåííîñòè ñ ó÷åòîì (2)–(4), (9) è (10)–(12) ïîëó÷àåì âûðàæåíèÿ 

 
3 3

( ) ( ) ( ) 2 ( )
0

1 0

2( ) m m m m
k k k k k zz k

m m

N iT S A
= =

− = Ω + σ ∂ Ω∑ ∑  , 

 0 0
3 3

( ) ( ) ( ) ( ) ( )

0 0

Re ,      Rei im m k m m
k k z k n k z k

m m

Z e B D e Fψ ψ

= =

   = ∂ Ω = ∂ Ω   
   

∑ ∑ ,  

 0
3

( ) ( ) ( )

1

2Re ik m m
s k z k

m

E ie Dψ

=

 = − ∂ Ω 
 

∑ ,  (14) 

ãäå 

 (0) (0) (0) 2
44 15 08 ,      2 ,      ,      i

k k k k kA iV B ic F ie e ψ= − = γ = γ σ = −  , 

 ( ) ( ) ( )2 ( ) ( )
13 312 2 2m m m m m

k k k k k k kS UA c B e D= µ − γ − γ , 

 ( ) ( ) ( ) ( ) ( ) ( )
44 44 158 ,      2 2 2m m m m m m

k k k k k k kA VA B c A c B e D= − = γ + +  , 

 ( ) ( ) ( ) ( )
11 15 15 ,        1,2,3m S m m m

k k k k kF D e B e A m= − ε + + γ = . 

Ãðàíè÷íàÿ çàäà÷à (12), (13) ñ ó÷åòîì ïðåäñòàâëåíèé (10) è âûðàæåíèé 
(14) ïðåäåëüíûì ïåðåõîäîì íà 1L  è 2L  ñâîäèòñÿ ê ñèñòåìå, ñîñòîÿùåé èç 
äâåíàäöàòè ñèíãóëÿðíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ïðè êàæ-
äîì ôèêñèðîâàííîì k ): 

 
3 2

( ) ( ) ( ) ( )
1 1

0 1

0,       1,2

j

n n n n
k k jk jk j

n j L

q g q G ds
= =

 
− + = = 

 
∑ ∑ ∫   , 

 

2

3 2
( ) ( ) ( ) ( ) ( ) ( )

1, 3 3 2
0 1

0,    3, ,6

j

n n n n n n
j k jk jk jk j k k

n j L L

q g q G ds q G ds+
= =

  − + − = =    
∑ ∑ ∫ ∫     , 

 
( )( )3 2

( ) ( ) ( ) ( ) ( ) ( )1
1 7 7 7 7

010 1
j j

nn
jkn n n n n nk

k k k jk jk j jk j
jn j L L

dqdq
q g g q G ds G ds

ds ds= =

  − − + + =    
∑ ∑ ∫ ∫   

 1 1k kN iT= − , 
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( ) ( )3 2

1,( ) ( ) ( ) ( ) ( ) ( )
1, 8 8 8 8

020 1
j j

n n
j k jkn n n n n n

j k jk jk jk jk j jk j
jn j L L

dq dq
q g g q G ds G ds

ds ds
+

+
= =

  − − + + −   
∑ ∑ ∫ ∫   

 

2 2

( )
( ) ( ) ( )3
3 83 2 83 2

2
0

n
n n nk
k k k

L L

dq
q G ds G ds

ds


− − =


∫ ∫  , 

 

2

3 2
( ) ( ) ( ) ( )

9 3 93 2
1 1

0

j

n n n n
jk jk j k k

n j L L

q G ds q G ds
= =

 + =  
∑ ∑ ∫ ∫ , (15) 

ãäå  

 01 01( ) ( ) ( ) ( )
11 4 01 1 21 4 01 1Re ( ) ,      Re ( )i in n n n

k k k kg e l B g e l Fψ ψ= ψ = ψ{ } { } ,  

 ( ) ( )
3 4 022 ( )n n
jk jkg l A= ψ , 02( ) ( )

4 4 02Re ( )in n
jk jkg e l Bψ= ψ { } , 

 02( ) ( )
5 4 02Re ( )in n
jk jkg e l Fψ= ψ{ } ,  ( ) ( ) ( )

7 7 01 1 6 01 5 01, ( ) ( )n n n
k k kg g A l l= σ ψ ψ{ } { } , 

 ( ) ( ) ( )
8 8 02 6 01 5 01, ( ), ( ) ,      0,1n n n
jk jk jkg g A l l n= σ ψ ψ ={ } { } , 

 01(2) (2) (3)
11 4 01 1 1Re ( )i

k k kg e l B Bψ= ψ + { ( )} ,  

 01(3) (2) (3)
11 4 01 1 1Re ( )i

k k kg ie l B Bψ= ψ − { ( )} , 

 01(2) (2) (3)
21 4 01 1 1Re ( )i

k k kg e l F Fψ= ψ +{ ( )} , 

 01(3) (2) (3)
21 4 01 1 1Re ( )i

k k kg ie l F Fψ= ψ −{ ( )} , 

 (2) (2) (2) (3)
7 7 01 1 1 6 01 5 01, ( ), ( )k k k kg g A A l l= σ + ψ ψ { } ( ){ } , 

 (3) (3) (2) (3)
7 7 01 1 1 6 01 5 01, ( ), ( )k k k kg g i A A l l= σ − ψ ψ { } ( ){ } , 

 02(2) (2) (3) (2) (2) (3)
3 4 02 4 4 022 ( ) ,         Re ( )i
jk jk jk jk jk jkg l A A g e l B Bψ= ψ + = ψ + ( ) { ( )} , 

 02(3) (2) (3) (3) (2) (3)
3 4 02 4 4 022 ( ) ,        Re ( )i
jk jk jk jk jk jkg il A A g ie l B Bψ= ψ − = ψ − ( ) { ( )} , 

 02(2) (2) (3)
5 4 02Re ( )i
jk jk jkg e l F Fψ= ψ +{ ( )} ,  

 02(3) (2) (3)
5 4 02Re ( )i
jk jk jkg ie l F Fψ= ψ −{ ( )} , 

 02 02(1) (1) (2) (2) (3)
6 4 02 6 4 02Re ( ) ,       Re ( )i i
jk jk jk jk jkg ie l D g ie l D Dψ ψ= ψ = ψ +{ } { ( )} , 

 02(3) (2) (3)
6 4 02Re ( )i
jk jk jkg e l D Dψ= − ψ −{ ( )} , 

 (2) (2) (2) (3)
8 8 02 6 01 5 01, ( ), ( )jk jk jk jkg g A A l l= σ + ψ ψ { } ( ){ } , 

 (3) (3) (2) (3)
8 8 02 6 01 5 01, ( ), ( )jk jk jk jkg g i A A l l= σ − ψ ψ { } ( ){ } , 

 01( ) ( ) ( )
1 1 6 1 10Re in n n
jk k k jG e B L rψ= µ{ ( )} , 

 01( ) ( ) ( )
2 1 6 1 10Re ,    0,1in n n
jk k k jG e F L r nψ= µ ={ ( )} , 

 01(2) (2) (2) (3) (3)
1 1 6 1 10 1 6 1 10Re i
jk k k j k k jG e B L r B L rψ= µ + µ [ ]{ ( ) ( ) } , 

 01(3) (2) (2) (3) (3)
1 1 6 1 10 1 6 1 10Re i
jk k k j k k jG ie B L r B L rψ= µ − µ [ ]{ ( ) ( ) } , 

 01(2) (2) (2) (3) (3)
2 1 6 1 10 1 6 1 10Re i
jk k k j k k jG e F L r F L rψ= µ + µ[ ]{ ( ) ( ) } , 

 01(3) (2) (2) (3) (3)
2 1 6 1 10 1 6 1 10Re i
jk k k j k k jG ie F L r F L rψ= µ − µ[ ]{ ( ) ( ) } , 

 ( ) ( ) ( ) ( ) ( ) ( )
3 1 6 1 20 33 2 6 2 2202 2        n n n n n n
j k k j k kH A L r H A L r= µ = µ( ), ( ) , 

 ( )02 02( ) ( ) ( ) ( ) ( )
4 1 6 1 20 43 2 6 2 220,      i inn n n n n
j k k j k kH e B L r H e B L rψ ψ= µ = µ ( ) ( ) , 
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 02 02( ) ( ) ( ) ( ) ( ) ( )
5 1 6 1 20 53 2 6 2 220,                       i in n n n n n
j k k j k kH e F L r H e F L rψ ψ= µ = µ( ) ( ) , 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
7 01 1 7 1 10 1 0 1 10 7 01 1 8 1 10,    n n n n n n n n
j k k j k k j j k k jH A L r S K r H A L r= σ µ + µ = σ µ  ( ) ( ) ( ) , 

 ( ) ( ) ( ) ( ) ( )
8 02 1 7 1 20 1 0 1 20
n n n n n
j k k j k k jH A L r S K r= σ µ + µ ( ) ( ) , 

 ( ) ( ) ( ) ( ) ( )
83 02 2 7 2 220 2 0 2 220
n n n n n

k k k kH A L r S K r= σ µ + µ ( ) ( ) , 

 ( ) ( ) ( )
8 02 1 8 1 20
n n n
j k k jH A L r= σ µ  ( ) ,  ( ) ( ) ( )

83 02 2 8 2 220 ,    0,1,2,3n n n
k kH A L r n= σ µ =  ( ) , 

 02( ) ( ) ( )
6 1 6 1 20

in n n
j k k jH ie D L rψ= µ( ) ,  ( ) ( ) ( )

9 1 0 1 20 ,   1,2n n n
j k k jH B K r j= µ =( ) , 

 02( ) ( ) ( )
63 2 6 2 220

in n n
k kH ie D L rψ= µ( ) ,  ( ) ( ) ( )

93 2 0 2 220 ,    1,2,3n n n
k kH B K r n= µ =( ) , 

 ( ) ( )n n
tk tG H=  ,  (2) (2) (3)Retk t tG H H= +{ }   ,  

 (3) (2) (3)Retk t tG i H H= −{ ( )}   ,  4, 5,6= , 

 ( ) ( )n n
tk tG H=  , (2) (2) (3)

tk t tG H H= +   ,  (3) (2) (3)
tk t tG i H H= −( )   ,  3,7,8,9= , 

 ( ) ( )n n
tk tG H= 

  , (2) (2) (3)
tk t tG H H= +  

   ,  

 (3) (2) (3) ,    1, 2,3tk t tG i H H t= − =  ( )   , 7,8= , 

 
0

4 0( ) ,
2

iel
− ψπψ = −  

02

5 0( ) ,
2

iiel
− ψπψ = −  

02
0

6 0( ) ,
2

ie k
l

− ψπ
ψ = −


 0,1n = , 

 0 0
2

2
6 1 7 2

0
( ) ( ),       ( ) ( )

2 4 2( )

i
i i e kL r e K r L r e K r

− ψ
− α − α ∗γ γγ = − γ γ = γ −

ζ − ζ


, 

 0
8 0

0 0
,        ,        

2( )

i d dieL k k
ds ds

− ψ ψ ψ= − = =
ζ − ζ

  . 

Íåèçâåñòíûå ïëîòíîñòè â ñèñòåìå (15) ñâÿçàíû ñ ïëîòíîñòÿìè èíòåã-
ðàëüíûõ ïðåäñòàâëåíèé (10) ñëåäóþùèìè ñîîòíîøåíèÿìè:  

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 1 3 2,           ,          ,      0,1n n n n n n
k k k k k kq p q p q p n= = = = , 

(2) (2) (3) (2) (2) (3) (2) (2) (3)
1 1 1 1 2 2 2 3 3,            ,          k k k k k k k k kp q iq p q iq p q iq= + = + = + . 

Ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ. Â êà÷åñòâå ïðèìåðà ðàññìîò-
ðèì íåîäíîðîäíûé ïüåçîêåðàìè÷åñêèé ñëîé, èçãîòîâëåííûé èç ìàòåðèàëà 
PZT-4, âêëþ÷åíèå êîòîðîãî èçãîòîâëåíî èç ìàòåðèàëà PXE-5.  

Íàïðàâëÿþùèå öèëèíäðè÷åñêèõ ïîâåðõíîñòåé ìîãóò áûòü âûáðàíû â 
âèäå ýëëèïñà (êðóãà): 

– äëÿ ñêâîçíîãî îòâåðñòèÿ 

 1 11 11 1 11 12 12 1 12 1:    cos ,   cos ,   0 2L R d R dξ = ϕ + ξ = ϕ + ≤ ϕ ≤ π ; 

– äëÿ âêëþ÷åíèÿ 

 2 21 21 2 21 22 22 2 22 2:    cos ,    cos ,    0 2L R d R dξ = ϕ + ξ = ϕ + ≤ ϕ ≤ π . 

Ïóñòü íà ïîâåðõíîñòè îòâåðñòèÿ äåéñòâóåò íàãðóçêà 1 3N Px= − , 

constP = .  
Ïðè ÷èñëåííîé ðåàëèçàöèè àëãîðèòìà ñèñòåìà èíòåãðî-äèôôåðåíöè-

àëüíûõ óðàâíåíèé ìåòîäîì ìåõàíè÷åñêèõ êâàäðàòóð ñâîäåíà ê ñèñòåìå ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. 

Äëÿ õàðàêòåðèñòèêè íàïðÿæåííîãî ñîñòîÿíèÿ íà ãðàíèöå ðàçäåëà ìà-
òåðèàëîâ è íà êîíòóðå îòâåðñòèÿ ïðîèçâîäèëè ðàñ÷åò íàïðÿæåíèÿ 

 2 2
11 22 12sin cos 2 cos sinθθσ = σ θ + σ θ − σ θ θ , (16) 

ïðè÷åì ñî ñòîðîíû ïüåçîêåðàìè÷åñêîãî ñëîÿ θ = ψ − π , à ñî ñòîðîíû âêëþ-

÷åíèÿ θ = ψ . 
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Ïîñëåäîâàòåëüíîñòü âû÷èñëåíèé òàêîâà: ñíà÷àëà ÷èñëåííî ðåøàëè ñèñ-
òåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (15), ïîñëå ÷åãî îïðåäåëÿëè 

êîýôôèöèåíòû Ôóðüå êîìïîíåíò òåíçîðà íàïðÿæåíèé ( )k
ijσ , à çàòåì ïî 

ôîðìóëàì (16) ðàññ÷èòûâàëè èñêîìûå íàïðÿæåíèÿ íà ãðàíèöå ðàçäåëà ìà-
òåðèàëîâ ñî ñòîðîíû âêëþ÷åíèÿ è ñî ñòîðîíû ïüåçîêåðàìè÷åñêîãî ñëîÿ, à 
òàêæå íà ïîâåðõíîñòè ñêâîçíîãî îòâåðñòèÿ.  

Ïóñòü äëÿ îïðåäåëåííîñòè êîíòóð 1L  íàõîäèòñÿ ñïðàâà îò îñè 1Ox , à 

êîíòóð 2L  – ñëåâà. Îáîçíà÷èì ÷åðåç xl  ðàññòîÿíèå ìåæäó öåíòðàìè îòâåð-

ñòèÿ è âêëþ÷åíèÿ â ñëó÷àå, êîãäà èõ öåíòðû ðàñïîëîæåíû íà îñè 1Ox : 

11 21 12 22 ( 0)xl d d d d= + = = . 

Íà ðèñ. 1–8 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæíî-
ãî íàïðÿæåíèÿ Pθθσ /  â ñëó÷àå, êîãäà ðàäèóñû ñêâîçíîãî îòâåðñòèÿ è âêëþ-

÷åíèÿ ðàâíû åäèíèöå ( 11 12 21 22 1R R R R R= = = = = ) ïðè 2h =  (ðèñ. 1–4) è 

ïðè 4h =  (ðèñ. 5–8). 
Íà ðèñ. 1, 5 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæ-

íîãî íàïðÿæåíèÿ Pθθσ /  âäîëü «òîëùèííîé» êîîðäèíàòû äëÿ îòâåðñòèÿ â 

òî÷êå 1ϕ = π . Êðèâûå 1–4 ñîîòâåòñòâóþò çíà÷åíèÿì 2.25, 2.75, 3.5, 5.0xl R =/ . 
Òî÷êàìè âäîëü êðèâîé 4 íàíåñåíû ðåçóëüòàòû òî÷íîãî ðåøåíèÿ, ïîëó÷åí-
íîãî ìåòîäîì ðÿäîâ äëÿ ñëîÿ, îñëàáëåííîãî îäíèì ñêâîçíûì êðóãîâûì îò-
âåðñòèåì. 
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 Рис. 1  Рис. 2 

Íà ðèñ. 2, 6 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæíî-
ãî íàïðÿæåíèÿ Pθθσ /  ïî êîíòóðó, îãðàíè÷èâàþùåìó îòâåðñòèå â ïëîñêîñòè 

3 1.8x =  (ðèñ. 2) è 3 3.8x =  (ðèñ. 6). Êðèâûå 1–6 ñîîòâåòñòâóþò çíà÷åíèÿì 

2.25, 2.5, 2.75, 3.00, 3.50 12.00xl R =/ . 
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 Рис. 3  Рис. 4 
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Íà ðèñ. 3, 4, 7, 8 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî 
îêðóæíîãî íàïðÿæåíèÿ Pθθσ /  ïî êîíòóðó, îãðàíè÷èâàþùåìó âêëþ÷åíèå â 

ïëîñêîñòè 3 1.8x =  (ðèñ. 3, 4) è 3 3.8x =  (ðèñ. 7, 8) ñî ñòîðîíû âêëþ÷åíèÿ 
(ðèñ. 3, 7) è ñî ñòîðîíû ñëîÿ (ðèñ. 4, 8). Êðèâûå 1–6 íà ðèñ. 3, 4, 7, 8 ñîîò-
âåòñòâóþò çíà÷åíèÿì 2.25,  2.5,  2.75,  3.00,  3.50,  17.00xl R =/ . 
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 Рис. 5 Рис. 6 
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 Рис. 7 Рис. 8 

Íà ðèñ. 9–14 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæ-
íîãî íàïðÿæåíèÿ Pθθσ /  â ñëó÷àå, êîãäà ðàäèóñ ñêâîçíîãî îòâåðñòèÿ ðàâåí 

åäèíèöå ( 11 12 1R R R= = = ), à âêëþ÷åíèå ïðåäñòàâëÿåò ñîáîé ýëëèïñ ( 21R =  

221,  0.5R= = ) ïðè 2h =  (ðèñ. 9, 11, 12) è 4h =  (ðèñ. 10, 13, 14). 
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 Рис. 9 Рис. 10 

Íà ðèñ. 9, 10 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæ-
íîãî íàïðÿæåíèÿ Pθθσ /  ïî êîíòóðó, îãðàíè÷èâàþùåìó îòâåðñòèå â ïëîñ-

êîñòè 3 1.8x =  (ðèñ. 9) è 3 3.8x =  (ðèñ. 10). Êðèâûå 1–6 íà ðèñ. 9, 10 ñîîò-

âåòñòâóþò çíà÷åíèÿì 2.25,  2.5,  2.75,  3.00,  3.50,  12.00xl R =/ . 
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 Рис. 11 Рис. 12 
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 Рис. 13  Рис. 14 

Íà ðèñ. 11–14 ïðèâåäåíû ýïþðû ðàñïðåäåëåíèÿ îòíîñèòåëüíîãî îêðóæ-
íîãî íàïðÿæåíèÿ Pθθσ /  ïî êîíòóðó, îãðàíè÷èâàþùåìó âêëþ÷åíèå â ïëîñ-

êîñòè 3 1.8x =  (ðèñ. 11, 12) è 3 3.8x =  (ðèñ. 13, 14) ñî ñòîðîíû âêëþ÷åíèÿ 
(ðèñ. 11, 13) è ñî ñòîðîíû ñëîÿ (ðèñ. 12, 14). Êðèâûå 1–6 íà ðèñ. 11–14 ñîîò-
âåòñòâóþò çíà÷åíèÿì 2.25,  2.5,  2.75,  3.00,  3.50,  17.00xl R =/ . 

Âûâîäû. Ïî ðåçóëüòàòàì ÷èñëåííîãî èññëåäîâàíèÿ ìîæíî ñäåëàòü 
ñëåäóþùèå âûâîäû: 

– îòíîñèòåëüíîå îêðóæíîå íàïðÿæåíèå Pθθσ /  íà êîíòóðå ñêâîçíîãî îò-

âåðñòèÿ ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå â òî÷êå 1ϕ = π . Òàêèì îáðàçîì, 
çà ñ÷åò ïðèñóòñòâèÿ â ñëîå âêëþ÷åíèÿ èç äðóãîãî ïüåçîêåðàìè÷åñêîãî ìàòå-
ðèàëà íàáëþäàåòñÿ ýôôåêò óïðî÷íåíèÿ â áëèæàéøåé ê âêëþ÷åíèþ òî÷êå 
êîíòóðà ñêâîçíîãî îòâåðñòèÿ. Ýôôåêò ïðèñóòñòâèÿ â ñëîå âêëþ÷åíèÿ ïåðå-
ñòàåò ñêàçûâàòüñÿ ïðè 12.00xl R =/ . Îòíîñèòåëüíîå îêðóæíîå íàïðÿæåíèå 

Pθθσ /  íà êîíòóðå ñêâîçíîãî îòâåðñòèÿ â ýòîì ñëó÷àå ñòàíîâèòñÿ ïîñòîÿí-

íûì; 
– ïðè óâåëè÷åíèè òîëùèíû ñëîÿ ïðîèñõîäèò ðîñò îòíîñèòåëüíîãî 

îêðóæíîãî íàïðÿæåíèÿ Pθθσ /  íà êîíòóðå ñêâîçíîãî îòâåðñòèÿ; 

– îòíîñèòåëüíîå îêðóæíîå íàïðÿæåíèå Pθθσ /  íà êîíòóðå âêëþ÷åíèÿ 

ïðèíèìàåò ìàêñèìàëüíîå çíà÷åíèå â òî÷êå 2 0ϕ =  êàê ñî ñòîðîíû âêëþ÷å-
íèÿ, òàê è ñî ñòîðîíû ñëîÿ; 

– ýôôåêò ïðèñóòñòâèÿ â ñëîå ñêâîçíîãî îòâåðñòèÿ ïåðåñòàåò ñêàçûâàòü-
ñÿ ïðè 17.00xl R =/ , â ýòîì ñëó÷àå îòíîñèòåëüíîå îêðóæíîå íàïðÿæåíèå 

Pθθσ /  íà êîíòóðå âêëþ÷åíèÿ êàê ñî ñòîðîíû ñëîÿ, òàê è ñî ñòîðîíû âêëþ-

÷åíèÿ ñòàíîâèòñÿ ðàâíûì íóëþ. 
Òàêèì îáðàçîì, ñ óìåíüøåíèåì ðàññòîÿíèÿ ìåæäó öåíòðàìè îòâåðñòèÿ 

è âêëþ÷åíèÿ ïðîèñõîäèò ðîñò âçàèìíîãî âëèÿíèÿ äâóõ êîíöåíòðàòîðîâ íà-
ïðÿæåíèé äðóã íà äðóãà. 
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ЗГИН П’ЄЗОКЕРАМІЧНОГО НЕОДНОРІДНОГО ШАРУ ПРИ КОВЗНОМУ 
ЗАЩЕМЛЕННІ ЙОГО ТОРЦІВ 
 
Äîñë³äæóºòüñÿ åëåêòðîïðóæíèé ñòàí íåîäíîð³äíîãî ï’ºçîêåðàì³÷íîãî øàðó ïðè 
êîâçíîìó çàùåìëåíí³ éîãî òîðö³â ó âèïàäêó çãèíó. Êðàéîâà çàäà÷à çâåäåíà äî ñèñ-
òåìè, ÿêà ñêëàäàºòüñÿ ç 12 ,  1,2,k k =  , ³íòåãðî-äèôåðåíö³àëüíèõ ð³âíÿíü. Îòðè-

ìàíî âèðàçè äëÿ âåëè÷èí, ùî õàðàêòåðèçóþòü íàïðóæåíèé ñòàí íåîäíîð³äíîãî 
øàðó. Íàâåäåíî ðåçóëüòàòè ðîçðàõóíê³â íàïðóæåíü. 
 
BEND OF INHOMOGENEOUS LAYER WITH SLIDING SEAL OF ITS ENDS  
 
The electroelastic state of inhomogeneous piezoceramic layer with sliding seal of its ends 
in the case of bend is studied. The boundary-value problem is reduced to a system, 
which consists of 12 ,  1,2,k k =  , integral and differential equations. The expressions 

for stresses, which characterize the stress state of inhomogeneous layer, are found. The 
results of calculations of characteristic stresses are presented. 
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