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ÓÄÊ 539.3 
 
В. В. Лобода, О. С. Філіпова 
 
КОНТАКТНА МОДЕЛЬ ЗОВНІШНЬОЇ ЕЛЕКТРОПРОНИКНОЇ МІЖФАЗНОЇ 
ТРІЩИНИ В П’ЄЗОЕЛЕКТРИЧНОМУ БІМАТЕРІАЛІ 
 

Ðîçãëÿíóòî á³ìàòåð³àëüíó ï’ºçîåëåêòðè÷íó ïëîùèíó ç äâîìà çîâí³øí³ìè 
ì³æôàçíèìè òð³ùèíàìè, íàâàíòàæåíèìè ñèñòåìîþ çîñåðåäæåíèõ ñèë. Äëÿ 
äîñë³äæåííÿ çàñòîñîâàíî êëàñè÷íó ìîäåëü äëÿ îáîõ òð³ùèí, à äëÿ ïðàâî¿ – 
ùå é êîíòàêòíó ìîäåëü. Â îñòàííüîìó âèïàäêó ïðîáëåìà çâåäåíà äî êîìá³-
íîâàíî¿ çàäà÷³ ë³í³éíîãî ñïðÿæåííÿ Ä³ð³õëå – Ð³ìàíà, ÿêà ðîçâ’ÿçàíà òî÷íî. 
Äîâæèíà çîíè êîíòàêòó âèçíà÷àºòüñÿ ç òðàíñöåíäåíòíîãî ð³âíÿííÿ, à äëÿ 
â³äïîâ³äíîãî êîåô³ö³ºíòà ³íòåíñèâíîñò³ íàïðóæåíü îäåðæàíî ïðîñòó àíàë³-
òè÷íó ôîðìóëó. Ïðîâåäåíî äîñë³äæåííÿ çàëåæíîñò³ äîâæèíè ä³ëÿíêè êîí-
òàêòó òà êîåô³ö³ºíòà ³íòåíñèâíîñò³ íàïðóæåíü â³ä ñï³ââ³äíîøåííÿ çîñåðåä-
æåíèõ ñèë ³ â³ä ðîçòàøóâàííÿ òî÷êè ¿õ ïðèêëàäåííÿ. 

 
Âñòóï. Ó çâ’ÿçêó ç àêòèâíèì âèêîðèñòàííÿì êîìïîçèòíèõ ìàòåð³àë³â 

ïðîáëåìà òð³ùèíè íà ìåæ³ ïîä³ëó äâîõ ìàòåð³àë³â º äîñèòü àêòóàëüíîþ. Â 
ë³òåðàòóð³ ³ñíóº äâ³ îñíîâí³ ìîäåë³ òð³ùèíè – îñöèëþþ÷à (â³äêðèòà) òà êîí-
òàêòíà. Ó ïåðø³é ìîäåë³ º íåäîë³ê: á³ëÿ âåðøèíè òð³ùèíè íàïðóæåííÿ ³ ïå-
ðåì³ùåííÿ áåðåã³â òð³ùèíè ìàþòü îñöèëþþ÷³ îñîáëèâîñò³ – öå ïðèçâîäèòü 
äî ô³çè÷íî íåðåàëüíèõ âçàºìîïðîíèêíåíü ìàòåð³àë³â. Òàêà ìîäåëü ïî÷àëà 
âèâ÷àòèñÿ ó ðîáîòàõ [7, 13]. 

Êîíòàêòíà ìîäåëü òð³ùèíè âïåðøå çàïðîïîíîâàíà â ðîáîò³ [8]. Äàë³ âî-
íà ç âèêîðèñòàííÿì òî÷íîãî àíàë³òè÷íîãî ï³äõîäó ðîçãëÿäàëàñü ó ðîáîòàõ 
[3, 6, 11, 12] òà ³íøèõ. Óðàõóâàííÿ òåïëîâîãî ïîòîêó çä³éñíþâàëîñü ó ðîáî-
òàõ [2, 9]. 

Ó çàïðîïîíîâàí³é ðîáîò³ ïîáóäîâàíî òî÷íèé ðîçâ’ÿçîê äëÿ á³ìàòåð³àëü-
íî¿ ï’ºçîåëåêòðè÷íî¿ ïëîùèíè ç äâîìà çîâí³øí³ìè ì³æôàçíèìè òð³ùèíàìè 
ç óðàõóâàííÿì çîíè êîíòàêòó â îäí³é ³ç íèõ. 

Ïîñòàíîâêà ïðîáëåìè ³ ïîáóäîâà îñíîâíèõ ñï³ââ³äíîøåíü. Ðîçãëÿäà-
ºìî äâ³ ð³çíîð³äí³ ï’ºçîåëåêòðè÷í³ 
ï³âïëîùèíè 3 0x ≥  ³ 3 0x ≤  ç õàðàê-

òåðèñòèêàìè (1)
ijklE  ³ (2)

ijklE  â³äïîâ³äíî, 

ÿê³ æîðñòêî ç÷åïëåí³ âçäîâæ â³äð³ç-
êà 1 ( , )L c a=  ë³í³¿ ïîä³ëó ìàòåð³àë³â 
(³íòåðôåéñó). Íà ÷àñòèí³ ³íòåðôåéñó, 
ùî çàëèøèëàñü, óòâîðèëèñü äâ³ çîâ-
í³øí³ òð³ùèíè 1x c<  ³ 1x a>  (ðèñ. 1).  

Ìàòðèö³ åëåêòðîìåõàí³÷íèõ õàðàêòåðèñòèê ìàòåð³àë³â ìàþòü òàêèé 
ñåíñ: 

 

, ,  1,  2,  3,

, 1,  2,  3,      4,

, 1,  2,  3,      4,
, 4,

ijkl

lij
ijkl

ikl

il

C j k

e j k
E

e k j
j k

=
 = ==  = =

− ε = =

  

äå ijklC , lije , ijε  – ïðóæí³ ìîäóë³, ï’ºçîåëåêòðè÷í³ òà ä³åëåêòðè÷í³ êîíñòàí-

òè â³äïîâ³äíî. Ïîçíà÷èìî â³äêðèò³ ÷àñòèíè òð³ùèíè ÷åðåç 1(L x c= < , 

1 )x b>  ³ áóäåìî ââàæàòè, ùî á³ëÿ âåðøèíè 1x a=  ïðàâî¿ òð³ùèíè ìàº ì³ñ-

öå çîíà áåçôðèêö³éíîãî êîíòàêòó ¿¿ áåðåã³â 2 ( , )L a b= . Ñë³ä â³äçíà÷èòè, ùî 
ïîä³áíó çîíó êîíòàêòó òðåáà áóëî á âðàõóâàòè ³ á³ëÿ âåðøèíè ë³âî¿ òð³ùè-
íè, àëå âçàºìíèé âïëèâ çîí êîíòàêòó º ìàëèì àæ äî çíåõòóâàííÿ, òîìó ç 
âèñîêèì ñòóïåíåì òî÷íîñò³ ìîæíà ðîçãëÿäàòè êîæíó çîíó îêðåìî.,  
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Рис. 1 
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Ââàæàºìî, ùî âåñü ³íòåðôåéñ åëåêòðîïðîíèêíèé, òîáòî äëÿ ïîòåíö³àëó 
ϕ  åëåêòðè÷íîãî ïîëÿ 0ϕ =[ ] , 1 ( , )x ∈ − ∞ +∞ . Òóò ³ íàäàë³ êâàäðàòí³ äóæêè 

îçíà÷àþòü ñòðèáîê â³äïîâ³äíî¿ ôóíêö³¿ ïðè ïåðåõîä³ ÷åðåç ³íòåðôåéñ. 
Áàçóºìîñÿ íà âèðàçàõ äëÿ ïîõ³äíî¿ â³ä ïåðåì³ùåíü 1( )x′[v ]  ³ âåêòîðà 

íàïðóæåíü (1)
1( ,0)xt  ðîáîòè [10]:  

 1 1 1( ) ( ) ( )x x x+ −′ = −[v ] W W ,  (1) 

 (1)
1 1 1( ,0) ( ) ( )x x x+ −= −t GW GW ,  (2) 

äå  

 1 1 1 3 1 1( ) ( ) , ( ) , ( )x u x u x x′ ′ ′ ′= ϕ[v ] [ ] [ ] [ ] { } ,  

 (1) (1) (1) (1)
13 1 33 1 3 1( ,0), ( , 0), ( , 0)x x D x= σ σt { } ,  

1

3

4

( )

( ) ( )
( )

W z

z W z
W z

 
 =  
  

W  – àíàë³òè÷íà ó âñ³é ïëîùèí³, âêëþ÷àþ÷è æîðñòêî ç÷åïëåí³ 

ä³ëÿíêè ³íòåðôåéñó, âåêòîð-ôóíêö³ÿ êîìïëåêñíî¿ çì³ííî¿ 1 3z x ix= + ; 3D  – 

êîìïîíåíòà âåêòîðà åëåêòðè÷íî¿ ³íäóêö³¿. Á³ìàòåð³àëüíà ìàòðèöÿ G  ðîçì³-
ðó 3 3×  âèçíà÷àºòüñÿ ÷åðåç åëåêòðîìåõàí³÷í³ õàðàêòåðèñòèêè ï³âïëîùèí ³ 
ìàº òàêó ñòðóêòóðó: 

 
11 13 14 11 13 14

31 33 34 31 33 34

41 43 44 41 43 44

G G G ig g g

G G G g ig ig

G G G g ig ig

= =G ,  

ïðè÷îìó âñ³ ijg  ä³éñí³. 

Ââåäåìî íîâ³ âåêòîðè 

 (1)
1 1 1 3 1 3 1( ) ( ) , ( ) , ( ,0)x u x u x D x′ ′=S [ ] [ ] { } ,  

 (1) (1)
1 13 1 33 1 1( ) ( ,0), ( ,0), ( )x x x x′= σ σ ϕP [ ] { } .  

Òîä³ ç îãëÿäó íà (1), (2) ìàºìî 

 1 1 1( ) ( ) ( )x x x+ −= −S MW MW ,  (3) 

 1 1 1( ) ( ) ( )x x x+ −= −P NW NW , (4) 
äå  

 
11 13 14

31 33 34

41 43 44

1 0 0

0 1 0 ,       

0 0 1

G G G

G G G

G G G

= =M N . 

Ââîäÿ÷è íîâó âåêòîð-ôóíêö³þ 

 3
1 3 4

3

( ), 0,
( )           ( ) ( ), ( ), ( )

( ), 0,

z x
z z R z R z R z

z x

>= = <

NW
R R

NW
{ } ,  

îòðèìàºìî 

 1 1
1 1 1 1( ) ( ),        ( ) ( )x x x x+ − + − − −= =W N R W N R . 

Òîä³ ç îãëÿäó íà (3), (4) çàïèøåìî 

 1 1 1( ) ( ) ( )x x x+ −= −P R R ,  (5) 

 1 1 1( ) ( ) ( )x x x+ −= −S QR QR ,  (6) 
äå  
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11 13 14

1
31 33 34

41 43 44

,          

iq q q

q iq q

q iq iq

−= =Q MN Q , 

ïðè÷îìó âñ³ ijq  – ä³éñí³. 

Ç³ ñï³ââ³äíîøåííÿ (5) âèïëèâàº, ùî ôóíêö³ÿ ( )zR  àíàë³òè÷íà íà òèõ 

ä³ëÿíêàõ ³íòåðôåéñó, íà ÿêèõ 1( ) 0x =P .  

Ç îãëÿäó íà òå, ùî 0′ϕ ≡[ ] , ç³ ñï³ââ³äíîøåííÿ (5) ìàºìî, ùî 4 1( )R x+ −  

4 1( ) 0R x−− ≡  äëÿ 1 ( , )x ∈ − ∞ + ∞ . Çâ³äñè âèïëèâàº, ùî 0
4 4( ) constR z R≡ = . 

Îäíàê, îñê³ëüêè íà íåñê³í÷åííîñò³ óñ³ ÷èííèêè äîð³âíþþòü íóëåâ³, òî 
0
4 0R = .  

Çàïèøåìî ñï³ââ³äíîøåííÿ (6) ó ðîçãîðíóòîìó âèãëÿä³ ç óðàõóâàííÿì 
òîãî, ùî 4 ( ) 0R x ≡ : 

 1 1 11 1 1 13 3 1 11 1 1 13 3 1( ) ( ) ( ) ( ) ( )u x iq R x q R x iq R x q R x+ + − −′ = + + −[ ] , 

 3 1 31 1 1 33 3 1 31 1 1 33 3 1( ) ( ) ( ) ( ) ( )u x q R x iq R x q R x iq R x+ + − −′ = + − +[ ] , 

 (1)
3 1 41 1 1 43 3 1 41 1 1 43 3 1( ,0) ( ) ( ) ( ) ( )D x q R x iq R x q R x iq R x+ + − −= + − +[ ] . (7) 

Êîìá³íóþ÷è ïåðøå òà äðóãå ç ð³âíÿíü (7), ìàºìî 

 3 1 1 1 1 1( ) ( ) ( ) ( )j j j j ju x im u x F x F x+ −′ ′+ = ϑ + γ[ ] [ ] [ ] , (8) 

äå 

 1 3( ) ( ) ( )j jF z R z iS R z= + , (9) 

31 33

11 13
j

q q
m

q q
= ± − , 31 11j

j
j

q m q+
γ = −

ϑ
, 33 13

31 11

j
j

j

q m q
S

q m q

+
=

−
 ( )j jS = − γ , 

31 11 ,         1,2j jq m q jϑ = − = . 

Ð³âíÿííÿ (5) ³ (9) äàäóòü 

 (1) (1)
13 33( ,0) ( ,0) ( ) ( )j j jx iS x F x F x+ −σ + σ = − .  (10) 

Êëàñè÷íà ìîäåëü òð³ùèíè. Ðîç-
ãëÿíåìî ñïî÷àòêó á³ëüø ïðîñòèé âè-
ïàäîê êëàñè÷íî¿ ìîäåë³ ïðàâî¿ òð³-
ùèíè. Â³í ìàº ì³ñöå, êîëè çîíà êîí-
òàêòó â³äñóòíÿ, òîáòî 2 0L =  ³ b a= . 
Êîíô³ãóðàö³ÿ îáëàñò³, ÿêà ïðèìèêàº 
äî çîíè ç÷åïëåííÿ, ïîêàçàíà äëÿ 
öüîãî âèïàäêó íà ðèñ. 2. 

Óìîâè íà ³íòåðôåéñ³ ìàþòü âèãëÿä 

 1 1 3 3 13 13 33 33,       ,       ,       u u u u+ − + − + − + −= = σ = σ σ = σ ,  

 3 3 1,       ,            ( , )D D x c a+ − + −ϕ = ϕ = ∈ ; (11) 

 13 1 1 33 2 1( ),       ( )P x d P x d± ±σ = δ − σ = δ − , 

 3 3 1,       ,           ( , )D D x c a+ − + −ϕ = ϕ = ∉ . (12) 

Âðàõîâóþ÷è òå, ùî ôóíêö³¿ ( )zW , ( )zR  ³ ( )jF z  ïîáóäîâàíî ç óðàõóâàí-

íÿì íåïåðåðâíîñò³ íàïðóæåíü ïðè ïåðåõîä³ ÷åðåç ³íòåðôåéñ, ³ çàäîâîëüíÿ-
þ÷è çà äîïîìîãîþ ñï³ââ³äíîøåíü (8), (10) óìîâè (11), (12), îòðèìóºìî çàäà÷ó 
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Рис. 2 
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ë³í³éíîãî ñïðÿæåííÿ äëÿ ôóíêö³¿ 1( )F z : 

 1 1 1 1 1 1( ) ( ) 0,          ( , )F x F x x c a+ −+ γ = ∈ , 

 1 1 1 1 1 1( ) ( ) ( ),        ( , )F x F x g x x c a+ −− = ∉ ,  (13) 

äå 1 1 1 2 1( ) ( ) ( )g x P iS P x d= + δ − . 
Çàóâàæèìî, ùî ç³ ñï³ââ³äíîøåíü (8), (10) òóò âèêîðèñòàíî ëèøå ð³âíÿí-

íÿ ç ³íäåêñîì 1j = , ÿêèõ äîñòàòíüî äëÿ ïðîâåäåííÿ íàñòóïíîãî àíàë³çó.  
Íà îñíîâ³ [3] ðîçâ’ÿçîê çàäà÷³ (13) ç óðàõóâàííÿì íóëüîâèõ óìîâ äëÿ 

ôóíêö³¿ 1( )F z  íà íåñê³í÷åííîñò³ ìàº âèãëÿä 

 1
( , )

( )( )
( )

2 ( )( )x c a

g tX z
F z dt

i X t t z+
∉

=
π −∫ , 

äå 0.5 0.5( ) ( ) ( )i iX z z c z a− + ε − − ε= − − , 1ln
2

γ
ε =

π
. 

Îá÷èñëèâøè îñòàíí³é ³íòåãðàë, îòðèìàºìî  

 1 1 2
1

( )
( )

2 ( )( )

P iS PX z
F z

i X d d z+

+
=

π −
. (14) 

Âèêîðèñòîâóþ÷è ôîðìóëó (8) ³ âðàõîâóþ÷è óìîâè 1 1 1 1( ) ( )F x F x+ −= =  

1 1( )F x=  äëÿ 1 ( , )x c a∉ , îòðèìóºìî òàêèé âèðàç äëÿ ñòðèáêà ïîõ³äíî¿ â³ä 
ïåðåì³ùåíü ïðè ïåðåõîä³ ÷åðåç ³íòåðôåéñ:  

 3 1 1 1 1 1 1 1( ) ( ) (1 ) ( )u x im u x F x′ ′+ = ϑ + γ =[ ] [ ]  

 1 1 1 2
1 1

( )
(1 )

2 ( )( )

X x P iS P
i X d d x+

+
= ϑ + γ

π −
. (15) 

Àíàë³ç öüîãî ñï³ââ³äíîøåííÿ ïîêàçóº, ùî ïðè 1 0x a→ +  ïðàâà 
÷àñòèíà (15) çì³íþº çíàê íåñê³í÷åííó ê³ëüê³ñòü ðàç³â, òîáòî äëÿ òàêî¿ ìîäåë³ 
òð³ùèíè ìàº ì³ñöå äîáðå â³äîìà îñöèëþþ÷à îñîáëèâ³ñòü [13], ùî õàðàêòåðè-
çóºòüñÿ ô³çè÷íî íåðåàëüíèì âçàºìîïðîíèêíåííÿì ìàòåð³àë³â. 
 Êîíòàêòíà ìîäåëü òð³ùèíè. Ïîâåðíåìîñü òåïåð äî êîíòàêòíî¿ ìîäåë³, 
ÿêà ñôîðìóëüîâàíà íà ïî÷àòêó ñòàòò³ ³ çîáðàæåíà íà ðèñ. 1. Öÿ ìîäåëü äî-
çâîëÿº óñóíóòè îñöèëÿö³þ á³ëÿ ïðàâî¿ âåðøèíè òà âèçíà÷èòè ðåàëüíå ïîëî-
æåííÿ òî÷êè b . 

Óìîâè íà ³íòåðôåéñ³ ó öüîìó âèïàäêó, êð³ì ñï³ââ³äíîøåíü (11), âêëþ-
÷àþòü: 

 13 3 1 20,       0,                    u x L±σ = = ∈[ ] ,  (16) 

 13 1 1 33 2 1( ),      ( )P x d P x d± ±σ = δ − σ = δ − ,  

 1,       ,                 D D x L+ − + −ϕ = ϕ = ∈ . (17) 

Çàäîâîëüíÿþ÷è çà äîïîìîãîþ ñï³ââ³äíîøåíü (7), (10) óñ³ íåîáõ³äí³ ãðà-
íè÷í³ óìîâè ç (11), (16), (17), îäåðæóºìî 

 1 1 1 1 1 1 1( ) ( ) 0,        F x F x x L+ −+ γ = ∈ ,  (18) 

 1 1 1 2Re ( ) 0,                  F x x L± = ∈ ,  (19) 

 1 1 1 1 1 1( ) ( ) ( ),      F x F x g x x L+ −− = ∈ .  (20) 
 Îòðèìàíà çàäà÷à ë³í³éíîãî ñïðÿæåííÿ º êîìá³íîâàíîþ êðàéîâîþ çàäà-
÷åþ Ä³ð³õëå – Ð³ìàíà. Òàêîãî ðîäó çàäà÷³ ðîçãëÿäàëèñÿ ó ðîáîòàõ [1, 5] (â 
îñòàíí³é ðîáîò³ – ñòîñîâíî äî ïðîáëåì âçàºìîä³¿ øòàìïà ç ïðóæíîþ ï³âïëî-
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ùèíîþ). Çàñòîñîâóþ÷è ìåòîäèêó, âèêëàäåíó â öèõ ðîáîòàõ, ìàºìî òàêèé 
ðîçâ’ÿçîê çàäà÷³: 

 0
1

( )
( ) ( ),

2 ( )

X z
F z G z

i d z
=

π −
 (21) 

äå 

 1 1 2 1 1 2

0 0

( )
( ) Re Im

( )( ) ( )

P iS P P iS PY z
G z i

Y dX d X d+ +

+ +   = +      
, 

 
( )

0( ) ,          ( )
( )( )

i zz a ieY z X z
z b z c z a

ψ−= =
− − −

, 

 
( )( ) 1( ) 2 ln ,    ln

2( )( ) ( )( )

b a z c
z

b c z a a c z b

− −ψ = ε ε = γ
π− − + − −

. 

Ç óðàõóâàííÿì òîãî, ùî 1 1 1 1 1 1( ) ( ) ( )F x F x F x+ −= =  äëÿ 1 ( , )x c b∉ , íà îñ-
íîâ³ ôîðìóëè (8) îäåðæóºìî  

 0 1
3 1 1 1 1 1 1 1

1

( )
( ) ( ) (1 ) ( )

2 ( )

X x
u x im u x G x

i d x
′ ′+ = ϑ + γ

π −
[ ] [ ] . (22) 

 Íåñêëàäíèé àíàë³òè÷íèé àíàë³ç ïîêàçóº, ùî ïðè b a→  ñï³ââ³äíîøåííÿ 
(21), (22) çâîäÿòüñÿ äî ôîðìóë (14), (15) îñöèëÿö³éíî¿ ìîäåë³, ùî ñâ³ä÷èòü 
ïðî ïðàâèëüí³ñòü ðåçóëüòàò³â, îòðèìàíèõ äëÿ êîíòàêòíî¿ ìîäåë³. 

Ðîçãëÿíåìî äàë³ âèçíà÷åííÿ ðåàëüíî¿ äîâæèíè çîíè êîíòàêòó, à òàêîæ 
êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü. 
 Ðîçâ’ÿçîê (21) ìàòåìàòè÷íî ïðàâèëüíèé äëÿ áóäü-ÿêîãî ïîëîæåííÿ òî÷-
êè b . Îäíàê â³í áóäå ô³çè÷íî êîðåêòíèì, ÿêùî áóäóòü âèêîíàí³ òàê³ äîäàò-
êîâ³ óìîâè: 

 (1)
33 1 1 2( ,0) 0,         x x Lσ ≤ ∈ , 

 3 1 1( ) 0,           u x x b≥ ≥[ ] . 

Ç àíàë³çó ðîçâ’ÿçêó (21) âèïëèâàº, ùî ö³ óìîâè áóäóòü âèêîíàí³, ÿêùî òð³-

ùèíà â òî÷ö³ b  çàêðèâàºòüñÿ ïëàâíî, òîáòî, êîëè 1 3 1 0
( ) 0

x b
x b u x

→ +
′− →[ ] . 

Áåðó÷è äî óâàãè, ùî ( ) 0bψ = , òà âèêîðèñòîâóþ÷è ôîðìóëó (22), îòðèìóºìî 
òàêå ð³âíÿííÿ: 

 1 1 2

0

Re 0
( )

P iS P

X d+

+  =  
. 

Âèêîðèñòîâóþ÷è âèðàçè äëÿ 0 ( )X d+  ³ â³äîêðåìëþþ÷è ä³éñíó ÷àñòèíó, 

îñòàííº ð³âíÿííÿ ïåðåïèøåìî ó âèãëÿä³ 

 2
1

1
tg ( )

P
d S

P
ψ ={ } , (23) 

äå  

 ( ) 2 ln
(1 ) 1 1 (1 )

d λψ = ε
+ λ − χ + − + λ χ

, (24) 

ïðè÷îìó a c
d c

−χ =
−

, b a
a c

−λ =
−

. 

Ð³âíÿííÿ (23) º òðàíñöåíäåíòíèì ð³âíÿííÿì äëÿ âèçíà÷åííÿ â³äíîñíî¿ 
äîâæèíè îáëàñò³ êîíòàêòó λ . Ó âèïàäêó ìàëèõ λ , ââàæàþ÷è, ùî 1 1+ λ ≈ , 

îäåðæóºìî ( ) ln
4(1 )

d λψ ≈ ε
− χ

 ³ ð³âíÿííÿ (23) äîïóñêàº òàêèé íàáëèæåíèé 

ðîçâ’ÿçîê: 
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 2
0 0 1

1

14(1 ) exp arc tg
P

S n
P

   λ ≈ λ = − χ + π   ε    
 , (25) 

äå 0, 1, 2,n = ± ±  , ïðè÷îìó n  ïîòð³áíî âèáèðàòè òàê, ùîá 0λ  áóëî íàé-

á³ëüøèì êîðåíåì ð³âíÿííÿ (23) ³ç ïðîì³æêó (0,1) . 
Çíàéäåìî òåïåð êîåô³ö³ºíòè ³íòåíñèâíîñò³ íàïðóæåíü (Ê²Í), êîòð³ âè-

çíà÷àþòü ìîæëèâ³ñòü ðîçâèòêó òð³ùèíè. Ó âèïàäêó êîíòàêòíî¿ ìîäåë³ òà-
êèì Ê²Í º 

 (1)
2 1 13 1

0
lim 2 ( ) ( ,0)

x a
k a x x

→ −
= π − σ . (26) 

Ìàþ÷è íà óâàç³, ùî 1
1 1 11 1( ) ( )F x F x− − += −γ  äëÿ 1 1x L∈ , ç ôîðìóëè (10) 

îòðèìàºìî 

 (1) 1
13 1

1
1 1 1 1

1
( ,0) Re ( ) ,        x F x x L+γ +

σ = ∈
γ

{ } . 

Âèêîðèñòîâóþ÷è ôîðìóëó (21), à òàêîæ âðàõîâóþ÷è, ùî  

 1 1( ) ( )
1 1,         i x i xe e x L

∗ψ ψ= γ ∈ ,  

ïðèõîäèìî äî âèðàçó 

 
( )

1
1

1

( )
(1)
13 1 1 1 1

1 1 1

1
( ,0) Re ( ) ,    

2 ( )( )

i xex G x x L
i d x x c a x

∗ψ
+γ +  σ = ∈ γ π − − − 

, 

äå 

1
1

1 1

( )( )
( ) 2 ln

( )( ) ( )( )

b a x c
x

b c a x a c b x
∗ − −

ψ = ε
− − + − −

. 

Ï³äñòàâëÿþ÷è îñòàííþ ôîðìóëó äëÿ (1)
13 1( , 0)xσ  ó (26) ³ âðàõîâóþ÷è, ùî 

( ) 0a∗ψ = , ìàºìî 

 1 1 1 2

01

2

1
Im

( )2 ( ) ( )

P iS P
k

X da c d a +

+ γ + =   πγ − −
. (27) 

Çâ³äñè ç óðàõóâàííÿì ð³âíÿííÿ (23) ï³ñëÿ íåñêëàäíèõ ïåðåòâîðåíü îòðè-
ìàºìî  

 2 2 21
1 21

1

2

1
( )( )2

d ck P S P
a c d a

+ γ −= − +
− −πγ

. 

Àíàë³ç ðåçóëüòàò³â. Ç ìåòîþ ïî-
ð³âíÿííÿ ðåçóëüòàò³â, îòðèìàíèõ çà äî-
ïîìîãîþ äâîõ ìîäåëåé ì³æôàçíî¿ òð³-
ùèíè, íà ðèñ. 3 íàâåäåíî ãðàô³êè 

3 1( )u x′[ ] , îòðèìàí³ äëÿ îñöèëÿö³éíî¿ ìî-
äåë³ íà ï³äñòàâ³ ôîðìóëè (15) (êðèâà 1) 
³ äëÿ êîíòàêòíî¿ ìîäåë³ ïðè 0λ = λ =  

0.0291194=  íà ï³äñòàâ³ ôîðìóëè (22) 
(êðèâà 2). Ðîçðàõóíêè âèêîíàíî äëÿ âè-
ïàäêó, êîëè âåðõí³é ìàòåð³àë PZT–4, à 
íèæí³é – PZT–5 (õàðàêòåðèñòèêè ìà-
òåð³àë³â íàâåäåíî ó òàáë. 1) ïðè 1c = − , 

1a = , 2d = , 1 50P = Í/ì, 2 1P = − Í/ì. 
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Рис. 3 
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 Таблиця 1 

 PZT 4 PZT 5 Îðòîòðîïíèé ìàòåð³àë 

11C , H/ì2 13.9 ⋅1010 12.1 ⋅1010 5.88 ⋅1010 

13C , H/ì2 7.43 ⋅1010 7.52 ⋅1010 1.47 ⋅1010 

33C , H/ì2 11.3 ⋅1010 11.1 ⋅1010 5.88 ⋅1010 

44C , H/ì2 2.56 ⋅1010 2.11 ⋅1010 2.21 ⋅1010 

31e , ñì/ì2 -6.98 -5.4 0 

33e , ñì/ì2 13.84 15.8 0 

15e , ñì/ì2 13.44 12.3 0 

11ε , Ô/ì 60.1 ⋅10-10 81.07 ⋅10-10 0.885 ⋅10-10 

33ε , Ô/ì 54.7 ⋅10-10 73.46 ⋅10-10 0.8856 ⋅10-10 
 

 Íàäàë³ ÷èñëîâèé àíàë³ç âèêîíàíî äëÿ êîíòàêòíî¿ ìîäåë³ ì³æôàçíî¿ òð³-
ùèíè. Ó òàáë. 2–5 äëÿ 1c = − , 1a = , 2 1P = −  ³ ð³çíèõ d  íàâåäåíî çíà÷åííÿ 

â³äíîñíèõ äîâæèí îáëàñò³ êîíòàêòó 0λ  çàëåæíî â³ä âåëè÷èíè 1P . Òóò ³ íà-

äàë³ çíà÷åííÿ âñ³õ âåëè÷èí íàâåäåíî â ì³æíàðîäí³é ñèñòåì³ îäèíèöü Ñ². 
 Âèáèðàëè á³ìàòåð³àëè, ñêëàäåí³ ç êîìïîíåíò, õàðàêòåðèñòèêè ÿêèõ íà-
âåäåíî â òàáë. 1. Ðåçóëüòàòè îá÷èñëåíü äëÿ á³ìàòåð³àëó PZT–4/PZT–5, äëÿ 
ÿêîãî 1.0328γ = , 0.0051ε = , ì³ñòÿòü òàáë. 2 ³ 3, à äëÿ á³ìàòåð³àëó PZT–4/îð-

òîòðîïíèé ìàòåð³àë, äëÿ ÿêîãî 0.7986γ = , 0.0358ε = − , – òàáë. 4 ³ 5. 
 

 Таблиця 2 

0λ  (äëÿ á³ìàòåð³àëó PZT–4/PZT–5) 

    1

2

P
P

 

d a
a c

−
−

 

100 10 5 2 1 0 

0.25 8.51 ⋅10-266 2.23 ⋅10-258 2.76 ⋅10-250 3.73 ⋅10-228 3.96 ⋅10-201 1.01 ⋅10-133 
0.5 1.42 ⋅10-265 3.72 ⋅10-258 4.59 ⋅10-250 6.22 ⋅10-228 6.61 ⋅10-201 1.67 ⋅10-133 
1 2.13 ⋅10-265 5.57 ⋅10-258 6.89 ⋅10-250 9.33 ⋅10-228 9.91 ⋅10-201 2.52 ⋅10-133 
2 2.84 ⋅10-265 7.43 ⋅10-258 9.19 ⋅10-250 1.24 ⋅10-227 1.32 ⋅10-200 3.36 ⋅10-133 

  
 

 Таблиця 3 

0λ  (äëÿ á³ìàòåð³àëó PZT–4/PZT–5) 

   1

2

P
P

 

d a
a c

−
−

 

-1 -2 -5 -10 -100 

0.25 2.56 ⋅10-66 2.72 ⋅10-39 3.68 ⋅10-17 4.54 ⋅10-9 9.9 ⋅10-2 
0.5 4.26 ⋅10-66 4.53 ⋅10-39 6.13 ⋅10-17 7.57 ⋅10-9 1.77 ⋅10-1 
1 6.39 ⋅10-66 6.79 ⋅10-39 9.19 ⋅10-17 1.14 ⋅10-8 2.91 ⋅10-1 
2 8.52 ⋅10-66 9.05 ⋅10-39 1.23 ⋅10-16 1.51 ⋅10-8 4.3 ⋅10-1 
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 Таблиця 4 

0λ  (äëÿ á³ìàòåð³àëó PZT–4/îðòîòðîïíèé ìàòåð³àë ) 

   1

2

P
P

 

d a
a c

−
−

 

100 10 5 2 1 0 

0.25 1.55 ⋅10-1 4.62 ⋅10-2 3.25 ⋅10-3 1.95 ⋅10-6 2.49 ⋅10-10 6.91 ⋅10-20 
0.5 4.81 ⋅10-1 7.94 ⋅10-2 5.43 ⋅10-3 3.25 ⋅10-6 4.08 ⋅10-10 1.15 ⋅10-19 
1 9.62 ⋅10-1 1.24 ⋅10-1 8.17 ⋅10-3 4.88 ⋅10-6 6.12 ⋅10-10 1.73 ⋅10-19 
2 1.89 ⋅10-1 1.73 ⋅10-1 1.09 ⋅10-2 6.51 ⋅10-6 8.16 ⋅10-10 2.31 ⋅10-19 
 
 
 Таблиця 5 

0λ (äëÿ á³ìàòåð³àëó PZT–4/îðòîòðîïíèé ìàòåð³àë ) 

    1

2

P
P

 

d a
a c

−
−

 

-1 -2 -5 -10 -100 

0.25 1.94 ⋅10-29 2.44 ⋅10-33 1.46 ⋅10-36 9.59 ⋅10-38 7.88 ⋅10-39 
0.5 3.23 ⋅10-29 4.06 ⋅10-33 2.43 ⋅10-36 1.6 ⋅10-37 1.31 ⋅10-38 
1 4.85 ⋅10-29 6.09 ⋅10-33 3.65 ⋅10-36 2.4 ⋅10-37 1.97 ⋅10-38 
2 6.46 ⋅10-29 8.12 ⋅10-33 4.86 ⋅10-36 3.2 ⋅10-37 2.63 ⋅10-38 
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 Рис. 4 Рис. 5 

Íà ðèñ. 4, 5 çîáðàæåíî çíà÷åííÿ Ê²Í 2k  äëÿ á³ìàòåð³àë³â PZT–4/PZT–
5 ³ PZT–4/îðòîòðîïíèé ìàòåð³àë â³äïîâ³äíî.  

Ç îòðèìàíèõ ðåçóëüòàò³â âèïëèâàº, ùî çñóâíå íàâàíòàæåííÿ 1P  ³ñòîòíî 

âïëèâàº ÿê íà äîâæèíó çîíè êîíòàêòó, òàê ³ íà Ê²Í 2k . Ïðè öüîìó âèäíî, 

ùî äëÿ äåÿêèõ çíà÷åíü 1 2P P/  äîâæèíè çîí êîíòàêòó ñòàþòü ïîð³âíÿííèìè ç 

äîâæèíîþ ä³ëÿíêè ç÷åïëåííÿ ,c a[ ] . Ö³êàâî, ùî âèíèêíåííÿ òàêî¿ ñèòóàö³¿ 

âèçíà÷àºòüñÿ çíàêîì á³ìàòåð³àëüíî¿ êîíñòàíòè ε  ³, ÿêùî äëÿ 0ε >  (òàáë. 2, 
3) âåëèêà çîíà êîíòàêòó âèíèêàº ïðè 1 2 0P P </ , òî äëÿ 0ε < , íàâïàêè, ïðè 

1 2 0P P >/ . Ñë³ä òàêîæ â³äì³òèòè, ùî äîâæèíà çîíè êîíòàêòó òà âåëè÷èíà 2k  
çàëåæàòü òàêîæ â³ä òî÷êè ïðèêëàäàííÿ çîñåðåäæåíèõ ñèë, àëå öÿ çàëåæ-
í³ñòü íå º ñóòòºâîþ. 
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КОНТАКТНАЯ МОДЕЛЬ ВНЕШНЕЙ ЭЛЕКТРОПРОНИКАЮЩЕЙ МЕЖФАЗНОЙ 
ТРЕЩИНЫ В ПЬЕЗОЭЛЕКТРИЧЕСКОМ БИМАТЕРИАЛЕ 
 
Ðàññìîòðåíà áèìàòåðèàëüíàÿ ïüåçîýëåêòðè÷åñêàÿ ïëîñêîñòü ñ äâóìÿ êðàåâûìè 
ìåæôàçíûìè òðåùèíàìè, íàãðóæåííûìè ñèñòåìîé ñîñðåäîòî÷åííûõ ñèë. Ðàñ-
ñìîòðåíà êëàññè÷åñêàÿ ìîäåëü äëÿ îáåèõ òðåùèí, à äëÿ êðàåâîé – åùå è êîí-
òàêòíàÿ ìîäåëü. Â ïîñëåäíåì ñëó÷àå ïðîáëåìà ñâåäåíà ê êîìáèíèðîâàííîé çàäà÷å 
ëèíåéíîãî ñîïðÿæåíèÿ Äèðèõëå – Ðèìàíà è ðåøåíà òî÷íî. Äëèíà çîíû êîíòàêòà 
îïðåäåëÿåòñÿ èç òðàíñöåíäåíòíîãî óðàâíåíèÿ, à äëÿ ñîîòâåòñòâóþùåãî êîýôôè-
öèåíòà èíòåíñèâíîñòè íàïðÿæåíèé ïîëó÷åíà ïðîñòàÿ àíàëèòè÷åñêàÿ ôîðìóëà. 
Ïðîâåäåíû èññëåäîâàíèÿ çàâèñèìîñòè äëèíû çîíû êîíòàêòà è êîýôôèöèåíòà èí-
òåíñèâíîñòè íàïðÿæåíèé îò îòíîøåíèÿ ñîñðåäîòî÷åííûõ ñèë è îò ðàñïîëîæå-
íèÿ òî÷êè èõ ïðèëîæåíèÿ. 
 
CONTACT MODEL FOR EXTERNAL ELECTRO-PERMEABLE INTERFACE 
CRACK IN PIEZOELECTRIC BIMATERIAL 
 
The piezoelectric bimaterial plane with two external interface cracks loaded by a system 
of concentrated forces is considered. The classical model is considered for both cracks, 
and for the right one – also a contact model. In the last case the problem was reduced to 
the combined problem of the linear relationship of Dirichlet – Riemann, which was 
solved exactly. The length of contact zone can be determined from the transcendental 
equation, and the simple formula for the corresponding stress intensity factor was 
obtained. Analysis of the dependence of the length of a contact zone and stress intensity 
factor upon a ratio of the concentrated forces and a point of their application was 
carried out. 
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