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СИНТЕЗ УПРАВЛЕНИЯ С НАПЕРЕД ЗАДАННЫМ СПЕКТРОМ 
В СТАЦИОНАРНОМ ИНТЕГРО-ДИФФЕРЕНЦИАЛЬНОМ СКАЛЯРНОМ 
УРАВНЕНИИ n -ГО ПОРЯДКА 
 

Ðàññìàòðèâàåòñÿ çàäà÷à âûáîðà îäíîìåðíîãî óïðàâëåíèÿ â ñòàöèîíàðíîì èí-
òåãðî-äèôôåðåíöèàëüíîì ñêàëÿðíîì óðàâíåíèè n -ãî ïîðÿäêà, êîãäà íàïåðåä 
çàäàííûé ñïåêòð îáðàçóåòñÿ èç îäíîãî ÷èñëà µ  êðàòíîñòè n . 

 
Ïîñòàíîâêà çàäà÷è. Ïóñòü çàäàíî óðàâíåíèå 

 ( ) ( 1) ( 2)
1 2 0 ( )n n n

n n nz a z a z a z a z u t− −
− −

′+ + + + + = , (1) 

ãäå ( ) ( ) ( )
t

u t g t t t dt
−∞

′ ′ ′= − ϑ∫  – âûõîäíîé ñèãíàë ðåãóëÿòîðà; 1 2b z b z′ϑ = + +  

( 1)n
nb z −+ +  – âõîäíîé ñèãíàë ðåãóëÿòîðà; ( )g t t′−  – ñêàëÿð (èìïóëüñíàÿ 

ïåðåõîäíàÿ ôóíêöèÿ ðåãóëÿòîðà). Äîïóñòèì òàêæå, ÷òî çàðàíåå çàäàí 
ñïåêòð  , , ,

n

µ µ µ . 

 Òðåáóåòñÿ ïîñòðîèòü ìàòðèöó-ñòðîêó 1 2( , , , )nb b b b=   òàê, ÷òîáû ðå-

øåíèå óðàâíåíèÿ (1) èìåëî âèä 

 2 1
0 1 2 1

t n
nz e c c t c t c tµ −

−= + + + +( ) , (2) 

ãäå ,  0, , 1ic i n= − , – ïðîèçâîëüíûå ïîñòîÿííûå, ïðè÷åì äîëæíû áûòü 
âûïîëíåíû ñëåäóþùèå óñëîâèÿ: 

à) õîòÿ áû îäèí èç êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà îäíîðîäíîé 
÷àñòè óðàâíåíèÿ (1) íå ðàâåí µ; 

á) ïåðåäàòî÷íàÿ ôóíêöèÿ ðåãóëÿòîðà 
0

( ) ( ) exp ( )w g s s ds
∞

λ = −λ∫  óäîâëåò-

âîðÿåò óñëîâèÿì 

 
0

( ) ( ) exp ( ) 0w g s s dx
∞

µ = −µ ≠∫ ,  

 
0

( )
( 1) ( ) exp ( ) 0,     1, , 1

i
i i

i

d w
g s s s ds i n

d

∞

λ =µ

λ = − −λ = = −
λ ∫  . 

Ðåøåíèå çàäà÷è. Óðàâíåíèå (1) ïðè íîâûõ íåèçâåñòíûõ 1 2,  x z x z′= = , 
( 1),  n

nx z −=  ýêâèâàëåíòíî ñèñòåìå [1] 

 ( ) ( )
t

x Ax B g t t bx t dt
−∞

′ ′ ′= + −∫ , (3) 

ãäå  

 

1

2

1

0 1 2 1

0 1 0 0 0
0 0 1 0 0

,     ,    
0 0 0 1 0

1
n

n n

x
x

A x B
x

a a a a x
−

−

= = =

− − − −




      



. (4) 

Òîãäà ëåãêî çàìåòèòü, ÷òî ïîñòàâëåííàÿ çàäà÷à ïðèâîäèòñÿ ê ñëåäóþùåìó: 
ïîñòðîèòü ìàòðèöó-ñòðîêó 1 2( , , , )nb b b b=   è ïðåîáðàçîâàíèå  
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 x Ky=   (5) 

ñ íåâûðîæäåííîé ìàòðèöåé K  òàê, ÷òîáû ñèñòåìà (3) áûëà ïðèâåäåíà ê 
âèäó 

 ,    1, , ,           t
i i i iy y i n y c eµ= µ = ⇒ = ⇒   

 1 2 1 2  ,    ( , , , ) ,    ( , , , )t
n ny ce y y y y c c c cµ⇒ = = =   . (6) 

 Ìàòðèöó K  ïðåäñòàâèì â ôîðìå 

 ( )K K t= χ , (7) 

ãäå ( )tχ  – ìàòðèöà ïðåîáðàçîâàíèÿ ê äèàãîíàëüíîìó âèäó ñèñòåìû 

 ( )Jη = µ η , 

ìàòðèöà êîòîðîé ïðåäñòàâëÿåò ñîáîé êëåòêó Æîðäàíà. 
 Êàê ïîêàçàíî â ðàáîòå [1], ( ) exp ( )mt tχ = Γ , ãäå mΓ  – ìàòðèöà ñäâèãà 

ïîðÿäêà m  (òîãî æå ïîðÿäêà, ÷òî è êëåòêà Æîðäàíà ( )J λ ).  
 Â ñèëó (5)–(7) îáùåå ðåøåíèå ñèñòåìû (3) ìîæíî ïðåäñòàâèòü êàê  

 ( ) tx K t e Cµ= χ . (8) 

 Äèôôåðåíöèðóÿ (8), ïîëó÷èì 

 ( ) ( ) ( ) tx t K t t e Cµ= χ + χ µ ( ) . (9) 

 Ïîäñòàâèâ (8) è (9) â (3), èìååì 

 ( ) ( ) ( ) ( ) ( )
t

t t tK t t e C AK t e C B g t t bK t e dt C
′µ µ µ

−∞

′ ′ ′χ + χ µ = χ + − χ∫( ) . 

Óìíîæàÿ îáå ñòîðîíû ïîñëåäíåãî ñîîòíîøåíèÿ íà te−µ , à òàêæå ó÷èòûâàÿ, 
÷òî C  – ñòîëáåö èç ïðîèçâîëüíûõ ïîñòîÿííûõ, ïîëó÷èì 

 ( )( ) ( ) ( ) ( ) ( )
t

t tK t t AK t B g t t bK t e dt
′µ −

−∞

′ ′ ′χ + χ µ = χ + − χ∫( ) . 

Âûïîëíèâ â èíòåãðàëå çàìåíó ïåðåìåííîé t t s′− = , èìååì  

 
0

( ) ( ) ( ) ( ) ( ) sK t t AK t B g s bK t s e ds
∞

−µχ + χ µ = χ + χ −∫( ) . 

Óìíîæèâ îáå ñòîðîíû ýòîãî âûðàæåíèÿ ñïðàâà íà 1( )t−χ , ïîëó÷èì 

 1 1

0

( ) ( ) ( ) ( ) ( ) sK t t E AK B g s bK t s t e ds
∞

− − −µχ χ + µ = + χ − χ∫( ) . (10) 

Ó÷èòûâàÿ, ÷òî [1] 

 1( ) ( ) ( ) ( ) ( ),         ( ) ( ) nt s t s s t t t−χ − = χ χ − = χ − χ χ χ = Γ , 

âûðàæåíèå (10) ïðèíèìàåò âèä 

 
0

( ) ( ) ( ) s
nK E AK B g s bK s e ds

∞
−µΓ + µ = + χ −∫ , 

èëè îêîí÷àòåëüíî  

 
0

( ) ( ) ( ) sKJ AK B g s bK s e ds
∞

−µµ = + χ −∫ . (11) 

Ïóñòü 1 2( , , , )nK K K K=  . Ïîñêîëüêó [1] 
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, 

òî (11) ðàñïàäàåòñÿ íà ñëåäóþùèå ïîäñèñòåìû: 

 1 1 1
0

( ) sK AK B g s bK e ds
∞

−µµ = + ∫ , 

 1 2 2 1 2
0

( ) ( ) sK K AK B g s b sK K e ds
∞

−µ+ µ = + − +∫ , 

 
2

2 3 3 1 2 3
0

( )
2!

ssK K AK B g s b K sK K e ds
∞

−µ + µ = + − + 
 ∫ , 

  , 

 
1 2

1 1 2
0

( ) ( )
( )

( 1) ! ( 2) !

n n

n n n
s s

K K AK B g s b K K
n n

∞ − −

−
− −+ µ = + + + + − −∫   

 1( ) s
n ns K K e ds−µ

−
+ − + 

, 

êîòîðûå ñîãëàñíî óñëîâèþ á) çàäà÷è ïðèâîäÿòñÿ ê ñëåäóþùåìó îêîí÷àòåëü-
íîìó âèäó: 

 

1 1 1 1 1

1 2 2 2 1 2 2

2 3 3 3 2 3 3

1 1

( ) , ( ) ,
( ) , ( ) ,
( ) , ( ) ,
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K K AK Bw bK K K A Bw b K
K K AK Bw bK K K A Bw b K

K K AK Bw bK K K A Bw b K− −

µ = + µ µ = + µ
+ µ = + µ + µ = + µ
+ µ = + µ + µ = + µ⇒ ⇒

+ µ = + µ + µ = + µ
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[ ]
[ ]
[ ]

[ ]

 

 

1

2 1

3 2

1

( ) 0,
( ) ,
( ) ,

( ) ,n n

U E K
U E K K
U E K K

U E K K −

µ − µ =
µ − µ =
µ − µ =⇒

µ − µ =


[ ]
[ ]
[ ]

[ ]

 (12) 

ãäå 

 ( ) ( )U A Bw bµ = + µ . (13) 

Èç ñèñòåìû óðàâíåíèé (12) ñëåäóåò, ÷òî 1K  ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì 

ìàòðèöû ( )U µ , ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ µ   êðàòíîñòè n . 

 Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû ( )U µ  èìååò âèä [3]: 

 1 2
1 2 1( ) ( ) ( )n n n

n n n nE U a w b a w b− −
− − −λ − µ = λ + λ − µ + λ − µ + +[ ( ) ( )  

 1 2 0 1( ) ( ) ( )na w b a w b+ λ − µ + − µ = λ − µ]( ) ( ) , (14) 

ãäå 

 1 1 2 2 2( ) ( )n n n n n
n nC C− −λ − µ = λ − λ µ + λ µ − + −µ , (15) 

 
( 1)( 2) ( 1)

,         1, ,
!

m
n

n n n n m
C m n

m
− − − += =  . 

Ïðèðàâíèâàÿ ñîîòâåòñòâóþùèå êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïå-
íÿõ λ  â ìíîãî÷ëåíàõ (14) è (15), ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî 

1 2( , , , )nb b b b=   [4]: 
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( )

( )

 

èáî ( ) 0w µ ≠  ñîãëàñíî óñëîâèþ á) çàäà÷è. 
 Îáúåäèíÿÿ ïîëó÷åííûå âûðàæåíèÿ, íàéäåì, ÷òî  

 1 2 1 0
1( , , , , ) ( )
( )

n
n nb b b b b a

e−= = − −µ
µ

 [( ) , 

 1 1 2 2 1
1 2 1( ) , , ,  ( )n n

n n n n na C a C a C− −
− −− −µ − µ + −µ ]( ) ( ) ( ) . (16) 

Ñòîëáöû ìàòðèöû 1 2( , , , )nK K K K=   îïðåäåëÿþòñÿ èç ðåêóððåíòíûõ ñîîò-

íîøåíèé (12). 
Èñõîäÿ èç óñëîâèÿ á) çàäà÷è, ïåðåäàòî÷íóþ ôóíêöèþ ðåãóëÿòîðà ìîæ-

íî îïðåäåëèòü êàê  

 1 2( ) ( )nw p p= α + α − µ , (17) 

ãäå 0,  1,2i iα ≠ = , – ïðîèçâîëüíûå ïîñòîÿííûå. 
 Òîãäà ñîãëàñíî (17) âûðàæåíèå (16) îêîí÷àòåëüíî ïðèíèìàåò âèä 

 1 1
1 2 1 0 1

1

1( , , , , ) ( ) ,  ( )n n n
n n nb b b b b a a C − −

−= = − −µ − −µ
α

 [( ) ( ) , 

 1 1 2 2 1
1 2 1( ) , , ,  ( )n n

n n n n na C a C a C− −
− −− −µ − µ + −µ ]( ) ( ) ( ) . 

Äëÿ ðåøåíèÿ àíàëîãè÷íîé (1) íåñòàöèîíàðíîé çàäà÷è ìîæíî âîñïîëüçî-
âàòüñÿ ìåòîäàìè, èçëîæåííûìè â [1]. Ïðè ýòîì åå íóëåâîå ïðèáëèæåíèå ñî-
âïàäåò ñ ðåçóëüòàòîì, ïîëó÷åííûì â íàñòîÿùåé ðàáîòå, à ïðèáëèæåíèÿ ïî-
ðÿäêà 0,1,2,m =   áóäóò èìåòü àñèìïòîòè÷åñêèé õàðàêòåð [2]. 
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SYNTHESIS OF CONTROL WITH PREASSIGNED SPECTRUM 
IN STATIONARY INTEGRO-DIFFERENTIAL SCALAR n -TH DEGREE EQUATION 
 
The problem of univariate control selection in stationary integro-differential scalar 
n -th degree equation, when preassigned spectrum is generated from one number of µ  
multiplicity of n , is considered. 
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