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ОБЕРНЕНА ЗАДАЧА ДЛЯ ПАРАБОЛІЧНОГО   
РІВНЯННЯ ЗІ СЛАБКИМ ВИРОДЖЕННЯМ  
 

Âñòàíîâëåíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ äëÿ ïà-
ðàáîë³÷íîãî ð³âíÿííÿ ç êðàéîâèìè óìîâàìè äðóãîãî ðîäó. Íåâ³äîìèé êîåô³ö³-
ºíò, ùî çàëåæèòü â³ä ÷àñó, ïðÿìóº äî íóëÿ, ÿê ñòåïåíåâà ôóíêö³ÿ. Ðîçãëÿíó-
òî âèïàäîê ñëàáêîãî âèðîäæåííÿ. Ïðè äîâåäåíí³ âèêîðèñòîâóºòüñÿ òåîðåìà 
Øàóäåðà òà âëàñòèâîñò³ ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó. 

 
Âñòóï. Òåîð³ÿ îáåðíåíèõ çàäà÷ ó ïîð³âíÿíí³ ç òåîð³ºþ äèôåðåíö³àëüíèõ 

ð³âíÿíü, ÷àñòèíîþ ÿêî¿ âîíà º, ìàº íåäîâãó ³ñòîð³þ. Çàâäÿêè øèðîêîìó çà-
ñòîñóâàííþ ó ãàëóçÿõ ïðèðîäîêîðèñòóâàííÿ, ìåäèöèíè, åêîíîì³êè òà êîñ-
ì³÷íèõ äîñë³äæåíü, âîíà ïî÷àëà áóðõëèâî òà äèíàì³÷íî ðîçâèâàòèñÿ ç ïî-
÷àòêó 70-õ ðîê³â ìèíóëîãî ñòîë³òòÿ. Çàäà÷³ âèçíà÷åííÿ ñòàðøîãî êîåô³ö³ºí-
òà â ïàðàáîë³÷íîìó ð³âíÿíí³ äðóãîãî ïîðÿäêó º òèïîâèìè äëÿ òåîð³¿ îáåðíå-
íèõ çàäà÷. Ðîçãëÿäàëèñÿ âèïàäêè ðîçì³ùåííÿ öüîãî êîåô³ö³ºíòà ïðè ñòàð-
ø³é ïîõ³äí³é, ïðè ïîõ³äí³é çà ÷àñîì, à òàêîæ çàëåæí³ñòü â³ä ÷àñîâî¿ ³ ïðî-
ñòîðîâèõ çì³ííèõ. Îáåðíåí³ çàäà÷³ ç âèðîäæåííÿì ðîçãëÿäàëèñü ó ðîáîòàõ 
[1–3] äëÿ ð³âíÿíü ã³ïåðáîë³÷íîãî òà åë³ïòè÷íîãî òèï³â ç íåâ³äîìèì â³ëüíèì 
÷ëåíîì ³ ìîëîäøèì êîåô³ö³ºíòîì. Âèïàäîê ñëàáêîãî âèðîäæåííÿ äëÿ ð³â-
íÿííÿ òåïëîïðîâ³äíîñò³ ç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó ðîçãëÿäàâñÿ â 
ðîáîò³ [4]. Ìåòîþ ïðîïîíîâàíî¿ ðîáîòè º äîñë³äæåííÿ âïëèâó ìîëîäøèõ ³ 
â³ëüíîãî ÷ëåí³â íà ïîâåä³íêó ðîçâ’ÿçêó çàäà÷³.  

Ôîðìóëþâàííÿ çàäà÷³. Â îáëàñò³ ( , ) : 0 ,  0TQ x t x h t T≡ < < < <{ }  ðîç-
ãëÿíåìî ïàðàáîë³÷íå ð³âíÿííÿ  

 ( ) ( , ) ( , ) ( , ),       ( , )t xx x Tu a t u b x t u c x t u f x t x t Q= + + + ∈ , (1) 

ç íåâ³äîìèì êîåô³ö³ºíòîì ( ) 0,  (0, ]a t t T> ∈ , ïî÷àòêîâîþ óìîâîþ  

 ( ,0) ( ),           0,u x x x h= ϕ ∈ [ ] , (2) 

êðàéîâèìè óìîâàìè  

 1 2(0, ) ( ),       ( , ) ( ),       0,x xu t t u h t t t T= µ = µ ∈ [ ] , (3) 

òà óìîâîþ ïåðåâèçíà÷åííÿ  

 3(0, ) ( ),        [0, ]u t t t T= µ ∈ . (4) 

Çàì³íàìè ( , ) ( , )xu x t v x t≡ , 3
0

( , ) ( ) ( , )
x

u x t t v t d= µ + η η∫  çâåäåìî çàäà÷ó 

(1)–(4) äî çàäà÷³ ç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó:  

 ( ) ( , ) ( , ) ( , )t xx x xv a t v b x t v b x t c x t v= + + + +( )  

 3
0

( , ) ( ) ( , ) ( , ),      ( , )
x

x x Tc x t t v t d f x t x t Q + µ + η η + ∈ 
 ∫ , (5) 

 ( ,0) ( ),       0,v x x x h′= ϕ ∈ [ ] , (6) 

 1 2(0, ) ( ),         ( , ) ( ),         0,v t t v h t t t T= µ = µ ∈ [ ] , (7) 

 4( ) (0, ) ( ),         0,xa t v t t t T= µ ∈ [ ] , (8) 

äå 4 1 33( ) ( ) (0, ) ( ) (0, ) ( ) (0, )t t b t t c t t f t′µ ≡ − µ − µ −µ .  

Ï³ä ðîçâ’ÿçêîì çàäà÷³ (5)–(8) ðîçóì³ºìî ïàðó ôóíêö³é ( ),  ( , )a t v x t( )  ç 

êëàñó 2,1 1,00, ( ) ( ),  ( ) 0,  (0,T TC T C Q C Q a t t T× > ∈[ ] ] , ÿêà çàäîâîëüíÿº ð³âíÿí-
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íÿ (5) òà óìîâè (6)–(8) ³ äëÿ ÿêî¿ ³ñíóº ãðàíèöÿ 
0

( )
lim 0
t

a t

tβ→+
> , äå 0 1< β <  – 

çàäàíå ÷èñëî.  
²ñíóâàííÿ ðîçâ’ÿçêó.  
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(i) 2 1 1,00, ,     0, ,    1,2,3,      , , ( )i TC h C T i b c f C Qϕ ∈ µ ∈ = ∈[ ] [ ] ;  

(ii) 4( ) 0,    0, ,    ( ) 0,    (0,x x h t t T′′ϕ > ∈ µ > ∈[ ] ] ,  

³ñíóº 4

0

( )
lim 0,    0 1
t

t
M

tβ→+

µ
≡ > < β < ; 

iii) 1 2 3(0) (0),       ( ) (0),       (0) (0)h′ ′ϕ = µ ϕ = µ ϕ = µ .  

Òîä³ ìîæíà âêàçàòè òàêå çíà÷åííÿ 0 0,  0t t T< ≤ , ÿêå âèçíà÷àºòüñÿ 

âèõ³äíèìè äàíèìè, ùî ðîçâ’ÿçîê çàäà÷³ (5)–(8) ³ñíóº ïðè 00, ,  0,x h t t∈ ∈[ ] [ ] .  
Ä î â å ä å í í ÿ. Çàñòîñóºìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó 

ö³ëêîì íåïåðåðâíîãî îïåðàòîðà äëÿ äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³ 
(5)–(8). Äëÿ öüîãî çâåäåìî öþ çàäà÷ó äî ñèñòåìè ð³âíÿíü ùîäî íåâ³äîìèõ 
ôóíêö³é ( ), ( , ), ( , )a t v x t w x t( ) , äå ( , ) ( , )xw x t v x t≡ . Ïîçíà÷èìî ÷åðåç 

( , , , )kG x t ξ τ  ôóíêö³¿ ¥ð³íà ïåðøî¿ ( 1)k =  òà äðóãî¿ ( 2)k =  êðàéîâèõ çàäà÷ 

äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³  
 3( ) ( , ) ( , ) ( )t xx x xv a t v f x t c x t t= + + µ . (9) 
Âîíè ìàþòü âèãëÿä  

 
2( 2 )1( , , , ) exp

4( ( ) ( ))2 ( ( ) ( ))
k

n

x nh
G x t

tt

∞

=−∞

− ξ +  ξ τ = − +  θ − θ τ π θ − θ τ
∑  

 
2( 2 )

( 1) exp ,         1,2
4( ( ) ( ))

k x nh
k

t
+ ξ + + − − = θ − θ τ 

, (10) 

äå 
0

( ) ( )
t

t a dθ = τ τ∫ .  

Ïðèïóñêàþ÷è, ùî ôóíêö³ÿ ( )a t  â³äîìà, ïðÿìó çàäà÷ó (5)–(7) çàì³íèìî 
åêâ³âàëåíòíîþ ñèñòåìîþ ³íòåãðàëüíèõ ð³âíÿíü  

 0 1
0 0

( , ) ( , ) ( , , , ) ( , ) ( , )
t h

v x t v x t G x t b w t= + ξ τ ξ τ ξ +
∫ ∫  

 
0

( , ) ( , ) ( , ) ( , ) ( , )b c v c v d d d
ξ

ξ ξ
+ ξ τ + ξ τ ξ τ + ξ τ η τ η ξ τ
∫( ) , (11) 

 0 1
0 0

( , ) ( , ) ( , , , ) ( , ) ( , )
t h

xw x t w x t G x t b w t= + ξ τ ξ τ ξ +
∫ ∫  

 
0

( , ) ( , ) ( , ) ( , ) ( , )b c v c v d d d
ξ

ξ ξ
+ ξ τ + ξ τ ξ τ + ξ τ η τ η ξ τ
∫( ) . (12) 

×åðåç 0 ( , )v x t  ïîçíà÷åíî ðîçâ’ÿçîê ð³âíÿííÿ (9) ç óìîâàìè (6), (7), ÿêèé ìàº 
âèãëÿä  

 0 1
0

( , ) ( , , , 0) ( )
h

v x t G x t d′= ξ ϕ ξ ξ +∫  

 1 1 1 2
0 0

( , ,0, ) ( ) ( ) ( , , , ) ( ) ( )
t t

G x t a d G x t h a dξ ξ+ τ τ µ τ τ − τ τ µ τ τ +∫ ∫  

 1 3
0 0

( , , , ) ( , ) ( , ) ( )
t h

G x t f c d dξ ξ+ ξ τ ξ τ + ξ τ µ τ ξ τ∫ ∫ ( ) . (13) 
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Âèðàç 0 ( , )w x t  îòðèìóºìî ç (13) äèôåðåíö³þâàííÿì òà ³íòåãðóâàííÿì ÷àñ-

òèíàìè ç çàñòîñóâàííÿì âëàñòèâîñòåé ôóíêö³¿ ¥ð³íà :  

 0 2
0

( , ) ( , , ,0) ( )
h

w x t G x t d′′= ξ ϕ ξ ξ −∫  

 2 21 2
0 0

( , ,0, ) ( ) ( , , , ) ( )
t t

G x t d G x t h d′ ′− τ τ τ + τ τ τ +µ µ∫ ∫  

 1 3
0 0

( , , , ) ( , ) ( , ) ( )
t h

xG x t f c d dξ ξ+ ξ τ ξ τ + ξ τ µ τ ξ τ∫ ∫ ( ) . (14) 

Ï³äñòàâëÿþ÷è (12) â (8), îòðèìóºìî ð³âíÿííÿ ùîäî ( )a t :   

 4 ( )
( ) ,           0,

(0, )
t

a t t T
w t
µ

= ∈ [ ] . (15) 

Îáåðíåíó çàäà÷ó (5)–(8) çâåäåíî äî åêâ³âàëåíòíî¿ ñèñòåìè ð³âíÿíü (11), 
(12), (15). Âñòàíîâèìî ³ñíóâàííÿ ðîçâ’ÿçêó ö³º¿ ñèñòåìè. Äëÿ öüîãî âèçíà÷è-
ìî àïð³îðí³ îö³íêè ðîçâ’ÿçêó ñèñòåìè. Îö³íèìî ôóíêö³¿ ( , )v x t  ³ ( , )w x t  
çâåðõó. Ïîäàìî ðîçâ’ÿçîê çàäà÷³ (5)–(7) ó âèãëÿä³  

 1
0 0

( , ) ( , ) ( , , , ) ( , ) ( , ) ( , )
t h

v x t v x t G x t b c v∗ ∗
ξ

= + ξ τ ξ τ + ξ τ ξ τ +
∫ ∫ ( )  

 
0

( , ) ( , )c v d d d
ξ

ξ
+ ξ τ η τ η ξ τ
∫ , (16) 

äå 1 ( , , , )G x t∗ ξ τ  – ôóíêö³ÿ ¥ð³íà äëÿ ð³âíÿííÿ  

 3( ) ( , ) ( , ) ( , ) ( )t xx x x xv a t v b x t v f x t c x t t∗ ∗ ∗= + + + µ  

ç óìîâàìè (7). Çà ïðèíöèïîì ìàêñèìóìó [5, ñ. 25]  

 ( , )         â      Tv x t M Q∗ ∗≤ < ∞ , (17) 

äå 

 1 2
0, 0, 0,

max max ( ) ,  max ( ) ,  max ( )
x h t T t T

M x t t∗

∈ ∈ ∈
′= ϕ µ µ

[ ] [ ] [ ]
{ , 

3max ( , ) ( , ) ( )
T

x x
Q

f x t c x t t+ µ } .  

Ââåäåìî òàê³ ïîçíà÷åííÿ:  

 
0, 0,

( ) max ( , ) ,         ( ) max ( , )
x h x h

V t v x t W t w x t
∈ ∈

≡ ≡
[ ] [ ]

. (18) 

Òîä³ ç (16) ìàºìî  

 1 1
0 0

( ) ( ) ( , , , )
t h

V t M C V d G x t d∗ ∗≤ + τ τ ξ τ ξ∫ ∫ , (19) 

äå 1C  – êîíñòàíòà, ùî âèçíà÷àºòüñÿ âèõ³äíèìè äàíèìè. Äëÿ òîãî ùîá îö³-

íèòè 1
0

( , , , )
h

G x t d∗ ξ τ ξ∫ , ðîçãëÿíåìî äîïîì³æíó çàäà÷ó  

 ˆ ˆˆ ( ) ( , ) ,           ( , )t xx x Ta t v b x t v x t Qv = + ∈ , 

 ˆ ˆ ˆ( ,0) 1,      0, ,         (0, ) 1,     ( , ) 1,     0,v x x h v t v h t t t= ∈ = = ∈[ ] [ ] . 

Ëåãêî ïåðåêîíàòèñÿ, ùî ðîçâ’ÿçêîì ö³º¿ çàäà÷³ º ˆ( , ) 1v x t ≡  Ç ³íøîãî áîêó,  
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 ˆ( , )v x t =  

 1 1
0 0 0

( 0) ( 0 ) ( ) ( ) ( ) 1
h t t

G x t d G x t a d G x t h a d∗ ∗ ∗
ξ ξ= , , ξ, ξ + , , , τ τ τ − , , , τ τ τ ≡∫ ∫ ∫ . 

Ç òîãî, ùî 1
0

( , ,0, ) ( ) 0
t

G x t a d∗
ξ τ τ τ ≥∫  òà 1

0

( , , , ) ( ) 0
t

G x t h a d∗
ξ− τ τ τ ≥∫ , âèïëèâàº 

îö³íêà 
0

( , , , 0) 1
h

G x t d∗ ξ ξ ≤∫ . Òîä³ ç (19) ìàºìî  

 1
0

( ) ( )
t

V t M C V d∗≤ + τ τ∫ . (20) 

Çàñòîñîâóþ÷è äî (20) ëåìó Ãðîíóîëëà, îòðèìóºìî  

 1( ) ,          0,V t M t T≤ < ∞ ∈ [ ] . 

Äëÿ ôóíêö³¿ ( , )v x t  ìàºìî îñòàòî÷íó îö³íêó  

 1( , ) ,          ( , ) Tv x t M x t Q≤ < ∞ ∈ , (21) 

äå 1M  – êîíñòàíòà, ùî âèçíà÷àºòüñÿ âèõ³äíèìè äàíèìè.  

Äëÿ îö³íêè ôóíêö³¿ ( , )w x t  ðîçãëÿíåìî âèðàçè (12) ³ (14). Ç òîãî, ùî 

2
0

( , , , ) 1
h

G x t dξ τ ξ =∫  òà ïðè 0t =  äðóãèé äîäàíîê âèðàçó (12) ³ âñ³, êð³ì ïåð-

øîãî, äîäàíêè âèðàçó (14) äîð³âíþþòü íóëåâ³, ðîáèìî âèñíîâîê, ùî ³ñíóº 
òàêå çíà÷åííÿ 1 1,  0t t T< ≤ , ùî  

 2 2 1 2 2
0 0 0

1 (0, , ,0) ( ) (0, ,0, ) ( ) (0, , , ) ( )
2

h t t

G t d G t d G t h d′′ ′ ′ξ ϕ ξ ξ ≥ τ µ τ τ − τ µ τ τ −∫ ∫ ∫  

 1 3
0 0

(0, , , ) ( , ) ( , ) ( ) ( , ) ( , ) ( , )
t h

xG t f c b w bξ ξ ξ
− ξ τ ξ τ + ξ τ µ τ + ξ τ ξ τ + ξ τ +
∫ ∫ (  

 1
0

( , ) ( , ) ( , ) ( , ) ,    0,c v c v d d d t t
ξ

ξ
+ ξ τ ξ τ + ξ τ η τ η ξ τ ∈
∫ [ ]) . (22) 

Òîä³  

 2 1
0,

1(0, ) min ( ) 0,       0,
2 x h

w t x M t t
∈

′′≥ ϕ ≡ > ∈
[ ]

[ ] . (23) 

Ç (23) âèïëèâàº îö³íêà çâåðõó äëÿ ôóíêö³¿ ( )a t :  

 4
1 1 1

2

( )
( ) ,        0,       0,

t
a t A t A t t

M
βµ

≤ ≤ > ∈ [ ] . (24) 

Âñòàíîâèìî îö³íêó ( , )w x t . Ïåðøèé äîäàíîê ç (14) îö³íþºìî âåëè÷è-

íîþ 
0,

max ( )
x h

x
∈

′′ϕ
[ ]

. Äëÿ îö³íêè äâîõ íàñòóïíèõ äîäàíê³â ç (14) âèêîðèñòîâóºìî 

ÿâíèé âèãëÿä ôóíêö³¿ ¥ð³íà òà â³äîìó îö³íêó [6, ñ. 12]:  

 3
2 2( , , , )

( ) ( )

C
G x t C

t
ξ τ ≤ +

θ − θ τ
, 

äå 2 3,  0C C >  – â³äîì³ ñòàë³. Äëÿ îö³íêè îñòàííüîãî äîäàíêà ç (14) ðîçãëÿíå-
ìî ³íòåãðàë  
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 1 1
0 0

( , , , )
t h

xI G x t d d≡ ξ τ ξ τ ≤∫ ∫  

 
2

4
0 0

( 2 )
2 exp

4( ( ) ( ))

t h

n

x nh
C x nh

t

∞

=−∞

− ξ +  ≤ − ξ + − +  θ − θ τ 
∑∫ ∫  

 
2

3/2

( 2 )
2 exp

4( ( ) ( )) ( ( ) ( ))

x nh d d
x nh

t t

+ ξ + ξ τ + + ξ + − θ − θ τ  θ − θ τ
, 

äå 4 0C >  – â³äîìà ñòàëà. Ðîçáèâàþ÷è îñòàíí³é ³íòåãðàë íà ñóìó äâîõ ³íòåã-

ðàë³â ³ ðîáëÿ÷è â³äïîâ³äíî çàì³íè çì³ííèõ 
2

2 ( ) ( )

x nh
z

t

− ξ +=
θ − θ τ

, 
2

2 ( ) ( )

x nh
z

t

+ ξ +=
θ − θ τ

, 

îäåðæèìî  

 

(2 1)

2 ( ) ( )
2

(2 1)

2 ( ) ( )

1 5
0 ( ) ( )

x h n

t

x h n

t

t
z

n

dI C z e dz
t

+ +
θ −θ τ

+ −
θ −θ τ

∞
−

=−∞

τ≤ =
θ − θ τ

∑∫ ∫  

 
2

5 5
0 0( ) ( ) ( ) ( )

t t
zd dC z e dz C

t t

+∞
−

−∞

τ τ= =
θ − θ τ θ − θ τ∫ ∫ ∫ . (25) 

Îòæå, ç (12) ìàºìî  

 6 7 8
0 0

( )
( )

( ) ( ) ( ) ( )

t t
W ddW t C C C

t t

τ ττ≤ + +
θ − θ τ θ − θ τ∫ ∫  

àáî, ïîçíà÷àþ÷è 1( ) ( ) 1W t W t≡ + ,  

 1
1 9 10

0

( )
( )

( ) ( )

t W
W t C C d

t

τ
≤ + τ

θ − θ τ∫ . 

Îñê³ëüêè 1

4

( )1
( ) ( )

W t
a t t

≤
µ

, ìàºìî  

 
2
1

1 9 11
40

( ) ( )
( )

( ) ( ) ( )

t a W d
W t C C

t

τ τ τ
≤ +

µ τ θ − θ τ∫ . (26) 

Ï³äíåñåìî äî êâàäðàòó îáèäâ³ ÷àñòèíè (26), âèêîðèñòîâóþ÷è íåð³âíîñò³ 
Êîø³ òà Êîø³ – Áóíÿêîâñüêîãî:  

 
4 2

2 2 2 1
1 9 11 2

40 0

( ) ( )
( ) 2 2

( ) ( ) ( ) ( ) ( )

t tW d a d
W t C C

t t

τ τ τ τ
≤ +

θ − θ τ µ τ θ − θ τ∫ ∫ . (27) 

Ç îö³íêè (24) ìàºìî 11( )
1

A
t tβ+θ ≤

β +
 àáî 

11 11

1

1
( )t t

A
β+β+ β + ≥ θ  

 
( ) . Ðîçãëÿíåìî 

íàñòóïíèé ³íòåãðàë ç (27):  

 
1

2

2 12 132
40 0 0

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

t t ta d a d a d
I C C

t t
t

β
β+

β

τ τ τ τ τ τ
≡ ≤ ≤

µ τ θ − θ τ τ θ − θ τ
θ τ θ − θ τ

∫ ∫ ∫
( )

. 

Çàñòîñîâóþ÷è çàì³íó çì³ííèõ 
( )
( )

z
t

θ τ=
θ

, îòðèìóºìî  

 
1

2( 1)
1 1

2 13 14 141 1
0 0

( )
(1 )1

dz dzI C t C C
z zz z

−β
β+

β β+ β+
≤ θ ≤ = π

−−
∫ ∫/

( ) . 
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Òîä³ íåð³âí³ñòü (27) íàáóâàº âèãëÿäó  

 
4

2 1
1 15 16

0

( )
( )

( ) ( )

t W d
W t C C

t

τ τ
≤ +

θ − θ τ∫ . 

Çâ³äñè îòðèìóºìî  

 
2
1

40

( ) ( )

( ) ( ) ( )

t a W d

t

σ σ σ
≤

µ σ θ − θ σ∫  

 
4
1

15 16
4 40 0 0

( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

t t W da d a d
C C

t t

σ τ τσ σ σ σ
≤ +

µ σ θ − θ σ µ σ θ − θ σ θ σ − θ τ∫ ∫ ∫ . 

Ï³ñëÿ çì³íè ïîðÿäêó ³íòåãðóâàííÿ â îñòàííüîìó ³íòåãðàë³, âèêîðèñòîâóþ÷è 
ð³âí³ñòü  

 
( )

( ( ) ( ))( ( ) ( ))

t
a d

tτ

σ σ = π
θ − θ σ θ σ − θ τ∫ , 

ïðèõîäèìî äî íåð³âíîñò³  

 
2 4
1 1

17 18
40 0

( ) ( ) ( )

( ) ( ) ( )

t ta W d W d
C C

t β

σ σ σ τ τ
≤ +

µ σ θ − θ σ τ∫ ∫ . (28) 

Îòæå, ç (26) çà äîïîìîãîþ (28) ìàºìî  

 
4
1

1 19 20
0

( )
( )

t W d
W t C C

β

τ τ
≤ +

τ∫ . 

Ïîçíà÷èìî 
4
1

19 20
0

( )
( )

t W d
L t C C

β

τ τ
≡ +

τ∫ . Òîä³ 
4 4
1

20 20

( ) ( )
( )

W t L t
L t C C

t tβ β
′ = ≤ . ²í-

òåãðóþ÷è, ç ö³º¿ íåð³âíîñò³ îòðèìàºìî  

 120
3 3
19

1 1
13 3 ( )

C
t

C L t
−β− ≤

− β
, 

ùî ïðèâîäèòü äî îö³íêè  

 
3

19
23 13

19 20

1
( ) ,        0,

1 3

C
L t t t

C C t −β

− β
≤ ∈

− β −
[ ] , (29) 

äå ÷èñëî 2 2,  0t t T< ≤ , çàäîâîëüíÿº óìîâó 3 1
19 20 21 3 0C C t −β− β − > . Âðàõîâó-

þ÷è òå, ùî 1( ) ( )W t L t≤ , îòðèìàºìî îö³íêó  

 3 2( , ) ,       0, ,        0,w x t M t t x h≤ ∈ ∈[ ] [ ] , (30) 

ùî äàº ìîæëèâ³ñòü îö³íèòè ôóíêö³þ ( )a t  çíèçó:  

 4
0 0 2

3

( )
( ) ,        0,        0,

t
a t A t A t t

M
βµ

≥ ≥ > ∈ [ ] . (31) 

Äîâåäåìî ³ñíóâàííÿ 
0

( )
lim
t

a t

tβ→+
. Ç òîãî, ùî ³ñíóþòü ãðàíèö³ 4

0

( )
lim 0
t

t

tβ→+

µ
>  

³ 2
0

0

lim (0, , ,0) ( ) (0)
h

t
G t d

→+
′′ ′′ξ ϕ ξ ξ = ϕ∫ , âèïëèâàº  

 4

0 0

( )( )
lim lim 0

(0)(0, )t t

ta t M
t t w tβ β→+ →+

µ
= = >′′ϕ

. 

Îö³íêè ðîçâ’ÿçê³â ñèñòåìè ð³âíÿíü (11), (12), (15) îòðèìàíî. Çàïèøåìî 
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ñèñòåìó ð³âíÿíü (11), (12), (15) â îïåðàòîðíîìó âèãëÿä³  

 Pχ = χ , (32) 

äå 1 2 3( , , ),  ( , , )v w a P P P Pχ = = , îïåðàòîðè 1 2 3, ,P P P  âèçíà÷àþòüñÿ ïðàâèìè 
÷àñòèíàìè ð³âíÿíü (11), (12), (15). Îçíà÷èìî ìíîæèíó  

0 0 0( , ), ( , ), ( ) ( ) ( ) 0, :t tN v x t w x t a t C Q C Q C t
= ∈ × ×


[ ]( )  

 1 3 0 1
( )

( , ) ,  ( , ) ,  
a t

v x t M w x t M A A
tβ

≤ ≤ ≤ ≤ 

, 

äå 0 1 2min ,t t t= { } . Çã³äíî ç îòðèìàíèìè îö³íêàìè (21), (30), (24), (31) îïåðà-

òîð P  ïåðåâîäèòü ìíîæèíó N  â ñåáå. Ïîêàæåìî, ùî îïåðàòîð P  ö³ëêîì 
íåïåðåðâíèé íà N.  Íà ï³äñòàâ³ òåîðåìè Àðöåëà – Àñêîë³ äëÿ öüîãî ñë³ä 
âñòàíîâèòè, ùî äëÿ äîâ³ëüíîãî 0ε >  ³ñíóº òàêå 0δ > , ùî  

 2 2 1 1 3 2 3 1( , ) ( , ) ,       ( ) ( )i iP x t P x t P t P t− < ε − < ε  

  ( , ), ( , ), ( ) ,         1,2v x t w x t a t N i∀ ∈ =( ) , (33) 

ÿêùî 2 1 2 1,  t t x x− < δ − < δ , äå 
01 1 2 2( , ),  ( , ) tx t x t Q∈ . Ç òîãî, ùî 3 ( )P a t =  

( )a t=  òà 0 1
( )a t

A A
tβ≤ ≤  äëÿ âñ³õ ( )a t N∈ , ðîáèìî âèñíîâîê, ùî äëÿ äîâ³ëü-

íîãî 0ε >  ³ñíóº äîñèòü ìàëå çíà÷åííÿ 0t∗ > , äëÿ ÿêîãî âèêîíóºòüñÿ íåð³â-
í³ñòü  

 3 ( ) ,       0 ,        ( , ), ( , ), ( )P a t t t v x t w x t a t N∗< ε ≤ ≤ ∀ ∈( ) . 

Êîëè ,  1,2it t i∗> = , äîâåäåííÿ íåð³âíîñòåé (33) ïðîâîäèòüñÿ àíàëîã³÷íî äî 

íåâèðîäæåíîãî âèïàäêó [6, c. 27]. Îòæå, îïåðàòîð P  ö³ëêîì íåïåðåðâíèé íà 
N.  Çà òåîðåìîþ Øàóäåðà ðîçâ’ÿçîê ñèñòåìè (11), (12), (15) ³ñíóº. Çà åêâ³-
âàëåíòí³ñòþ ñèñòåìè (11), (12), (15) òà çàäà÷³ (5)–(8) îäåðæóºìî òâåðäæåííÿ 
òåîðåìè ³ñíóâàííÿ ïðè 00,t t∈ [ ] , äå ÷èñëî 0 0,  0t t T≤ ≤ , âèçíà÷àºòüñÿ âè-

õ³äíèìè äàíèìè çàäà÷³. ◊ 
Çàóâàæåííÿ. Ç äîâåäåííÿ òåîðåìè 1 âèïëèâàº, ùî çâóæåííÿ ÷àñîâîãî 

ïðîì³æêó, íà ÿêîìó ³ñíóº ðîçâ’ÿçîê, â³äáóâàºòüñÿ ïðè îòðèìàíí³ îö³íêè 
ôóíêö³¿ ( , )w x t . Çðîáèâøè á³ëüø æîðñòê³ ïðèïóùåííÿ íà âèõ³äí³ äàí³, ìî-

æåìî îòðèìàòè ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³ (5)–(8) â óñ³é îáëàñò³ TQ . Ïîäà-
ìî ð³âíÿííÿ (5) ó âèãëÿä³  

 ( ) ( , ) ( , ) ( , ) ( , ) ( , )t xx x x x xv a t v b x t v b x t c x t v c x t u f x t= + + + + +( ) . 

Äèôåðåíö³þþ÷è öå ð³âíÿííÿ çà x , îòðèìàºìî çàäà÷ó ùîäî ôóíêö³¿ ( , )w x t :  

 ( ) ( , ) 2 ( , ) ( , )t xx x xw a t w b x t w b x t c x t w= + + + +( )  

 ( , ) 2 ( , ) ( , ) ( , ),      ( , )xx x xx xx Tb x t c x t v c x t u f x t x t Q+ + + + ∈( ) , 

 ( ,0) ( ),         0,w x x x h′′= ϕ ∈ [ ] , 

 11( ) (0, ) (0, ) (0, ) ( ) (0, ) (0, ) ( )x xa t w t b t w t t b t c t t′+ = − + µ −µ ( )  

 3(0, ) ( ) (0, )x xc t t f t− µ − , 

 22( ) ( , ) ( , ) ( , ) ( ) ( , ) ( , ) ( )x xa t w h t b h t w h t t b h t c h t t′+ = − + µ −µ ( )  

 3( , ) ( ) ( , )x xc h t t f h t− µ − . 
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Ïîâòîðþþ÷è ñõåìó äîâåäåííÿ òåîðåìè 1 ³ çàñòîñîâóþ÷è ì³ðêóâàííÿ, 
íàâåäåí³ â [5, ñ. 25], äîâîäèìî òàêó òåîðåìó.  

Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(i) 2 1 2,00, ,    0, ,   1,2,3,    , , ( )i TC h C T i b c f C Qϕ ∈ µ ∈ = ∈[ ] [ ] ;  

(ii) 4( ) 0,     ( ) 0,      0, ,     ( ) 0,     (0,x x x h t t T′′ ′ϕ > ϕ ≥ ∈ µ > ∈[ ] ] , 
 1 2( ) 0,     ( ) 0,     (0, ) 0,     ( , ) 0t t b t b h tµ ≥ µ ≥ < > , 

 1 1 3( ) (0, ) (0, ) ( ) (0, ) ( ) (0, ) 0x x xt b t c t t c t t f t′µ − + µ − µ − <( ) , 

 1 2 3( ) ( , ) ( , ) ( ) ( , ) ( ) ( , ) 0,    0,x x xt b h t c h t t c h t t f h t t T′µ − + µ − µ − > ∈ [ ]( ) , 

 ( , ) 0,   ( , ) 0,   ( , ) 0,   ( , ) 2 ( , ) 0,   ( , ) ,x xx xx xx x Tf x t f x t c x t b x t c x t x t Q≥ ≥ ≥ + ≥ ∈  

 ³ñíóº 4

0

( )
lim 0,       0 1
t

t
M

tβ→+

µ
≡ > < β < ; 

(iii) 1 2 3(0) (0),      ( ) (0),      (0) (0)h′ ′ϕ = µ ϕ = µ ϕ = µ .  

Òîä³ ðîçâ’ÿçîê çàäà÷³ (5)–(8) ³ñíóº ïðè 0,  0,x h t T∈ ∈[ ], [ ] .  

3. ªäèí³ñòü ðîçâ’ÿçêó.  

Òåîðåìà 3. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(i) 3 1 2,00, ,     0, ,    1,2,3,     , , ( )i TC h C T i b c f C Qϕ ∈ µ ∈ = ∈[ ] [ ] ;  

(ii) 4 ( )
0,      (0, ,       0 1

t
t T

tβ

µ
≠ ∈ < β <] .  

Òîä³ ðîçâ’ÿçîê ( ), ( , )a t v x t( )  çàäà÷³ (5)–(8) ç êëàñó 2,10, ( )TC T C Q× [ ]  
1,0 ( )TC Q  ºäèíèé.  

Ä î â å ä å í í ÿ. Ïðèïóñòèìî, ùî ( ), ( , ) ,  1,2i ia t v x t i =( ) , – äâà ðîç-

â’ÿçêè çàäà÷³ (5)–(8). Äëÿ ¿õíüî¿ ð³çíèö³ 1 2( ) ( ) ( )a t a t a t= − , 1( , ) ( , )v x t v x t= −  

2 ( , )v x t−  îòðèìóºìî çàäà÷ó  

 1( ) ( , ) ( , ) ( , )t xx x xv a t v b x t v b x t c x t v= + + + +( )  

 2
0

( , ) ( , ) ( ) ,        ( , )
x

x xx Tc x t v t d a t v x t Q+ η η + ∈∫ , (34) 

 ( ,0) 0,           0,v x x h= ∈ [ ] , (35) 

 (0, ) ( , ) 0,        0,v t v h t t T= = ∈ [ ] , (36) 

 1 2( ) (0, ) ( ) (0, ),         0,x xa t v t a t v t t T= − ∈ [ ] . (37) 

Çà äîïîìîãîþ ôóíêö³¿ ¥ð³íà (1)
1 ( , , , )G x t ξ τ  äëÿ ð³âíÿííÿ 1( )t xxv a t v=  çàäà÷ó 

(34)–(36) çâåäåìî äî ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü  

 (1)
1

0 0

( , ) ( , , , ) ( , ) ( , ) ( , ) ( , ) ( , )
t h

v x t G x t b w b c vξ
= ξ τ ξ τ ξ τ + ξ τ + ξ τ ξ τ +
∫ ∫ ( )  

 2
0

( , ) ( , ) ( ) ( , )c v d a v d d
ξ

ξ ξξ
+ ξ τ η τ η + τ ξ τ ξ τ
∫ , (38) 

 (1)
1

0 0

( , ) ( , , , ) ( , ) ( , ) ( , ) ( , ) ( , )
t h

xw x t G x t b w b c vξ
= ξ τ ξ τ ξ τ + ξ τ + ξ τ ξ τ +
∫ ∫ ( )  

 2
0

( , ) ( , ) ( ) ( , )c v d a v d d
ξ

ξ ξξ
+ ξ τ η τ η + τ ξ τ ξ τ
∫ . (39) 
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Ï³äñòàâèìî (39) â óìîâó (37):  

 (1)
2 1 1

0 0

( ) (0, ) ( ) (0, , , ) ( , ) ( , ) ( , )
t h

x xa t v t a t G t b w bξ
= − ξ τ ξ τ ξ τ + ξ τ +
∫ ∫ (  

 2
0

( , ) ( , ) ( , ) ( , ) ( ) ( , )c v c v d a v d d
ξ

ξ ξξ
+ ξ τ ξ τ + ξ τ η τ η + τ ξ τ ξ τ
∫) . (40) 

Ïîäàìî îòðèìàíó ñèñòåìó ð³âíÿíü (38)–(40), ÿêà åêâ³âàëåíòíà çàäà÷³ 
(34)–(37), ó âèãëÿä³  

 11 12 13
0 0 0 0 0

( ) ( , ) ( ) ( , , ) ( , ) ( , , ) ( , )
t t h t h

a t t a d t v d d t w d d= τ τ τ + ξ τ ξ τ ξ τ + ξ τ ξ τ ξ τ∫ ∫ ∫ ∫ ∫K K K , 

 21 22
0 0 0

( , ) ( , , ) ( ) ( , , , ) ( , )
t t h

v x t x t a d x t v d d= τ τ τ + ξ τ ξ τ ξ τ +∫ ∫ ∫K K  

 23
0 0

( , , , ) ( , )
t h

x t w d d+ ξ τ ξ τ ξ τ∫ ∫ K , 

 31 32
0 0 0

( , ) ( , , , ) ( ) ( , , , ) ( , )
t t h

w x t x t a d x t v d d= ξ τ τ τ + ξ τ ξ τ ξ τ +∫ ∫ ∫K K  

 33
0 0

( , , , ) ( , )
t h

x t w d d+ ξ τ ξ τ ξ τ∫ ∫ K . 

Âñòàíîâèìî ³íòåãðîâí³ñòü ÿäåð ,  , 1,2,3ij i j =K . Ðîçâ’ÿçîê 2 ( , )v x t  çàäà÷³ 

(5)–(7) ïîäàìî çà äîïîìîãîþ ôîðìóëè (11) òà ôóíêö³¿ ¥ð³íà (2)
1 ( , , , )G x t ξ τ . 

Çíàéäåìî 2 ( , )xxv x t :  

 (2)
2 02 1 2

0 0

( , ) ( , ) ( , , , ) ( , ) ( , ) ( , )
t h

xx xx xxv x t v x t d G x t b v bξ ξ
= + τ ξ τ ξ τ ξ τ + ξ τ +
∫ ∫ (  

 2 2
0

( , ) ( , ) ( , ) ( , )c v c v d d
ξ

ξ
+ ξ τ ξ τ + ξ τ η τ η ξ
∫) , (41) 

äå  

 (2) (2)
02 1 1 1

0 0

( , ) ( , , , 0) ( ) ( , ,0, ) ( ) (0, )
h t

xxv x t G x t d G x t fξ ξ
′′′ ′= ξ ϕ ξ ξ + τ µ τ − τ −∫ ∫ (  

 (2)
3 1 2

0

(0, ) ( ) ( , , , ) ( , ) ( )
t

c d G x t h f hξ ξ ξ
′− τ µ τ τ + τ τ − µ τ +∫) (  

 (2)
3 1 3

0 0

( , ) ( ) ( , , , ) ( , ) ( , ) ( )
t h

c h d G x t f c d dξ ξ ξξ ξξ+ τ µ τ τ − ξ τ ξ τ + ξ τ µ τ ξ τ∫ ∫) ( ) . 

Âèêîðèñòîâóþ÷è âëàñòèâ³ñòü ôóíêö³¿ ¥ð³íà (2) (2)
1 1( , , , ) ( , , , )xxG x t G x tξξ ξ τ = ξ τ , 

ïðî³íòåãðóºìî ÷àñòèíàìè âèðàç (41):  

 (2) (2)
2 1 1 1

0 0

( , ) ( , , , 0) ( ) ( , , 0, ) ( ) (0, )
h t

xxv x t G x t d G x t fξ ξ
′′′ ′= ξ ϕ ξ ξ + τ µ τ − τ −∫ ∫ [  

 3 2 1(0, ) ( ) (0, ) (0, ) (0, ) (0, ) ( )c b v b c dξ ξ ξ− τ µ τ − τ τ − τ + τ µ τ τ +]( )  

 (2)
1 2 3 2

0

( , , , ) ( , ) ( ) ( , ) ( ) ( , ) ( , )
t

G x t h f h c h b h v hξ ξ ξ ξ
′+ τ τ − µ τ + τ µ τ + τ τ +∫ [  
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 (2)
2 1

0 0

( , ) ( , ) ( ) ( , , , ) ( , )
t h

b h c h d G x t fξ ξ ξξ


+ τ + τ µ τ τ − ξ τ ξ τ +


∫ ∫]( )  

 3 2 2
0

( , ) ( ) ( , ) ( , ) 2 ( , ) ( , )c v d b c v
ξ

ξξ ξξ ξ
 + ξ τ µ τ + η τ η + ξ τ + ξ τ ξ τ + 
 ∫ ( )  

 2 22 ( , ) ( , ) ( , ) ( , ) ( , )b c v b v d dξ ξ ξξ


+ ξ τ + ξ τ ξ τ + ξ τ ξ τ ξ τ


( )  

àáî  

 (2)
2 1 2

0 0

( , ) ( , ) ( , , , ) ( , ) ( , )
t h

xxv x t v x t G x t v b d dξ ξξ= − ξ τ ξ τ ξ τ ξ τ∫ ∫ . (42) 

Ïîçíà÷èìî 
4

1

( , ) i
i

v x t R
=

≡ ∑  Îö³íèìî êîæåí äîäàíîê öüîãî âèðàçó. Ç òîãî, ùî 

(2) (2)
1 2( , , , 0) ( , , ,0)G x t G x tξ < ξ  òà (2)

2
0

( , , ,0) 1
h

G x t dξ ξ =∫ , äëÿ äîäàíêà 1R  çàïè-

øåìî  

 (2)
1 2 21

0,
0

max ( ) ( , , ,0)
h

x h
R x G x t d C

∈
′′′≤ ϕ ξ ξ ≤∫[ ]

. 

Äëÿ îö³íêè äðóãîãî äîäàíêà âèêîðèñòàºìî âèãëÿä ôóíêö³¿ ¥ð³íà:  

 (2)
2 22 1

0

( , ,0, )
t

R C G x t dξ≤ τ τ ≤∫  

 
2

24
23 1 1 3/2 1 1

0

( 2 )2
exp

t

n

C x nhx nh
C d

t t

+∞

β+ β+ β+ β+
=−∞

++  ≤ − τ 
 − τ − τ

∑∫ ( )
. 

Âðàõîâóþ÷è çàì³íó çì³ííèõ z
t
τ=  òà íåð³âí³ñòü  

 
111 1 ,       0,1 ,        (0,1)

1
x x
x

β+−≤ ≤ + β ∈ β ∈
−

[ ] , 

îòðèìàºìî  

 
1 2

25 26
2 (3 1)/2 3/2 1

0

( 2 )1 2 exp
(1 ) (1 )n

C C x nh
R x nh dz

t z t z

+∞

β+ β+
=−∞

+ ≤ + − 
 − −

∑∫ . 

Çâîäÿ÷è îñòàíí³é ³íòåãðàë äî ³íòåãðàëà éìîâ³ðíîñò³ òà âèêîðèñòîâóþ÷è éîãî 
âëàñòèâîñò³, ïðèõîäèìî äî îö³íêè  

 27
2

C
R

tβ≤ . 

Àíàëîã³÷íî îòðèìóºòüñÿ îö³íêà äëÿ 3R . Äëÿ 4R  âèêîðèñòàºìî îö³íêó (25):  

 (2)
4 28 1 29

2 20 0 0

( , , , )
( ) ( )

t h t
dR C G x t d d C

t
ξ

τ≤ ξ τ ξ τ ≤ ≤
θ − θ τ∫ ∫ ∫  

 
1
2

30 311 1
0

t
dC C t

t

−β

β+ β+

τ≤ ≤
− τ

∫ . 
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Îòæå, äëÿ ( , )v x t  ìàºìî òàêó îö³íêó:  

 32( , )
C

v x t
tβ≤ . (43) 

Ç îö³íêè 4R  âèïëèâàº, ùî ÿäðî ð³âíÿííÿ (42) ìàº ñëàáêó îñîáëèâ³ñòü. 

Òîä³ ç (42) ³ (43) îòðèìàºìî îö³íêó äëÿ 2 ( , )xxv x t :  

 33
2 ( , )xx

C
v x t

tβ≤ . (44) 

Çâ³äñè âèïëèâàº, ùî ÿäðà ñèñòåìè (38)–(40) ìàþòü ³íòåãðîâíó îñîáëè-
â³ñòü, òîìó çà âëàñòèâîñòÿìè ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó 
ñèñòåìà ìàº ò³ëüêè òðèâ³àëüíèé ðîçâ’ÿçîê ( ) 0,  ( , ) 0,  ( , ) 0a t v x t w x t≡ ≡ ≡ , 

0, ,  0,x h t T∈ ∈[ ] [ ] . Òåîðåìó äîâåäåíî. ◊ 
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ОБРАТНАЯ ЗАДАЧА ДЛЯ ПАРАБОЛИЧЕСКОГО УРАВНЕНИЯ 
СО СЛАБЫМ ВЫРОЖДЕНИЕМ 
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé 
çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ãðàíè÷íûìè óñëîâèÿìè âòîðîãî ðîäà. 
Íåèçâåñòíûé êîýôôèöèåíò, çàâèñÿùèé îò âðåìåíè, ñòðåìèòñÿ ê íóëþ êàê 
ñòåïåííàÿ ôóíêöèÿ. Ðàññìîòðåí ñëó÷àé ñëàáîãî âûðîæäåíèÿ. Ïðè äîêàçàòåëüñòâå 
èñïîëüçîâàëàñü òåîðåìà Øàóäåðà è ñâîéñòâà èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà 
âòîðîãî ðîäà.  
 
INVERSE PROBLEM FOR WEAKLY DEGENERATE PARABOLIC EQUATION 
 
The conditions of existence and uniqueness of the solution to the inverse problem for a 
parabolic equation with the second-kind boundary conditions are established. The un-
known time-dependent coefficient tends to zero as a power function. In the proof the 
Schauder fixed-point theorem and properties of the Volterra integral equations of the 
second kind are used.  
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