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Ç âèêîðèñòàííÿì ìîäåëi ëîêàëüíî ãðàäi¹íòíîãî äâîêîìïîíåíòíîãî òâåðäîãî
ðîç÷èíó äîñëiäæåíî âïëèâ äîìiøîê íà ÷àñòîòè âëàñíèõ êîëèâàíü øàðó çà
ðiçíèõ ãðàíè÷íèõ óìîâ íà éîãî ïîâåðõíÿõ.

Ðåàëüíi åëåìåíòè êîíñòðóêöié òà ïðèëàäiâ ïåðåáóâàþòü ó íàâêîëèøíüîìó
ñåðåäîâèùi, ÷àñòèíêè ÿêîãî ç ÷àñîì ïðîíèêàþòü â íèõ, çìiíþþ÷è ïðè öüîìó
åêñïëóàòàöiéíi âëàñòèâîñòi. Òîìó âàæëèâîãî çíà÷åííÿ íàáóâàþòü ïèòàííÿ ìà-
òåìàòè÷íîãî ìîäåëþâàííÿ òà äîñëiäæåííÿ âïëèâó äîìiøîê íà çàêîíîìiðíîñòi
ïåðåáiãó ïðîöåñiâ ðiçíî¨ ôiçè÷íî¨ ïðèðîäè. Ó äàíié ðîáîòi çàïðîïîíîâàíî ìåòî-
äèêó äîñëiäæåííÿ õâèëüîâèõ ïðîöåñiâ ó áàãàòîêîìïîíåíòíèõ ëîêàëüíî íåîäíî-
ðiäíèõ òâåðäèõ òiëàõ òà âèâ÷åíî âïëèâ äîìiøîê íà ÷àñòîòè âëàñíèõ êîëèâàíü
ïðóæíîãî äâîêîìïîíåíòíîãî øàðó.

Îá'¹êòîì äîñëiäæåííÿ ¹ äåôîðìiâíèé òâåðäèé ðîç÷èí, ÿêèé ñêëàäà¹òüñÿ
ç ïiäñèñòåì ñêåëåòó òà äîìiøîê. Çà âèçíà÷àëüíi ïðèéìà¹ìî ïðîöåñè äåôîðìó-
âàííÿ òà ìàñîïåðåíîñó. Äîñëiäæåííÿ öèõ ïðîöåñiâ áóäåìî ïðîâîäèòè íà îñíîâi
ìîäåëi ëîêàëüíî ãðàäi¹íòíî¨ ìåõàíîäèôóçi¨, ÿêà îïèñó¹ åôåêòè ïðèïîâåðõíåâî¨
íåîäíîðiäíîñòi çà îá'¹ìíîãî ïiäõîäó [2, 5].

ßêùî çà ðîçâ'ÿçóâàëüíi ôóíêöi¨ âèáðàòè âåêòîð ïåðåìiùåííÿ ~u, çáóðåííÿ
õiìi÷íèõ ïîòåíöiàëiâ ïiäñèñòåì ñêåëåòó η1 òà äîìiøîê η2, òî êëþ÷îâà ñèñòåìà
ðiâíÿíü ëîêàëüíî ãðàäi¹íòíî¨ ìåõàíîäèôóçi¨ áóäå ìàòè âèãëÿä [3, 5, 8]
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Òóò τ � ÷àñ; ρ∗ � ãóñòèíà êîíòèíóóìó öåíòðiâ ìàñ ó ïî÷àòêîâèé ìîìåíò
÷àñó; ~∇� âåêòîð�îïåðàòîð Ãàìiëüòîíà; a, λ, µ, αm, αk
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( k = 1, 2) � ñòàëi âåëè÷èíè. Çàçíà÷èìî, ùî ïåðøå ç ðiâíÿííü öi¹¨ ñèñòåìè
¹ ðiâíÿííÿì ðóõó, à äâà íàñòóïíèõ âiäïîâiäàþòü ðiâíÿííÿì çáåðåæåííÿ ìàñè
ïiäñèñòåì òâåðäîãî ðîç÷èíó.

Ñèñòåìà ðiâíÿíü (1) ¹ íåëiíiéíîþ çà ðàõóíîê íåëiíiéíîñòi iìïóëüñó ìåõà-
íi÷íîãî ïîñòóïàëüíîãî ðóõó. Âiäîìî [1, 6], ùî ó òiëàõ, ÿêi ïåðåáóâàþòü ïiä äi¹þ
ïåðiîäè÷íîãî íàâàíòàæåííÿ i ïîâåäiíêà ÿêèõ îïèñó¹òüñÿ íåëiíiéíîþ ñèñòåìîþ
ðiâíÿíü, iñíóþòü êîëèâíi òà ïîâiëüíî çìiííi íà ïåðiîäi êîëèâàíü ñêëàäîâi ïîëiâ.
Òîìó ïðè äîñëiäæåííi õâèëüîâèõ ïðîöåñiâ ðîçâ'ÿçîê ϕ = {~u, η1, η2} ñèñòåìè
ðiâíÿíü (1) ïðèðîäíî ïîäàòè ó âèãëÿäi ñóìè ïîâiëüíî çìiííî¨ ç ÷àñîì ϕ̄ =
=
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}
òà êîëèâíî¨ ϕ̃ =

{
~̃u, η̃1, η̃2

}
ñêëàäîâèõ. Òàêå ïîäàííÿ, çàçâè÷àé,

ïðîâîäÿòü íà îñíîâi îïåðàöi¨ îñåðåäíåííÿ [1, 4, 6] íà ïåðiîäi êîëèâàíü τ0 :
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äå ~r � ðàäióñ�âåêòîð äîâiëüíî¨ òî÷êè òiëà, à

ϕ̃ (~r, t) = ϕ (~r, t)− ϕ̄ (~r, τ) . (2)
Ïðèéìåìî òàêîæ íàáëèæåííÿ, ùî çâè÷àéíî âèêîðèñòîâóþòüñÿ ïðè âèâ-

÷åííi íåëiíiéíèõ êîëèâàíü [7]
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, f ϕ ≈ f ϕ, f ϕ̃ ≈ 0, ϕ̃ ≈ 0. (3)

ßêùî çíåõòóâàòè îñåðåäíåíîþ ñêëàäîâîþ ñèëè iíåðöi¨, òî äëÿ îñåðåäíåíèõ
ñêëàäîâèõ ~u, η1, η2 iç ñèñòåìè ðiâíÿíü (1) îòðèìó¹ìî
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(

~∇ · ~u
)

+ (3λ + 2µ)
(
α1

m
~∇η1 + α2

m
~∇η2

)
= 0,

∂

∂τ

[
∇2η1 − κ1η1 − κ2η2 − κu

~∇ · ~u
]

= 0,

∂

∂τ

[
d1η1 + d2η2 + du

~∇ · ~u
]

= a∇2η1 +∇2η2. (4)

Òîäi äëÿ êîëèâíèõ ñêëàäîâèõ ðîçâ'ÿçêó ~̃u, η̃1, η̃2 íà îñíîâi ñïiââiäíîøåíü
(1)�(4) îäåðæó¹ìî òàêó íåëiíiéíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü:
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Îáìåæèìîñü íàäàëi äîñëiäæåííÿì õâèëü îñíîâíî¨ ãàðìîíiêè, à ïðè ðîç-
ãëÿäi îñåðåäíåíî¨ ñêëàäîâî¨ ðîçâ'ÿçêó � óñòàëåíèì ðåæèìîì. Ïðè öüîìó çà
âiäëiêîâèé ïðèéìåìî ñòàí íåîáìåæåíîãî ñåðåäîâèùà, ó ÿêîìó äåôîðìàöiÿ òà
çáóðåííÿ õiìi÷íèõ ïîòåíöiàëiâ âiäñóòíi. Çà òàêèõ ïðèïóùåíü ñèñòåìè ðiâíÿíü
(4) òà (5) íàáóâàþòü âèãëÿäó
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Ìåòîäèêà âèâ÷åííÿ õâèëüîâèõ ïðîöåñiâ ïîëÿãà¹ ó ïîñëiäîâíîìó âèçíà÷åííi
îñåðåäíåíèõ ñêëàäîâèõ ~u, η1, η2 íà îñíîâi ñèñòåìè (6), ïðè íàñòóïíîìó âèâ-
÷åííi êîëèâíèõ ñêëàäîâèõ ~̃u, η̃1, η̃2 øóêàíîãî ðîçâ'ÿçêó ç ñèñòåìè ðiâíÿíü çi
çìiííèìè êîåôiöi¹íòàìè (7).

Çàñòîñó¹ìî îòðèìàíi ñïiââiäíîøåííÿ äëÿ äîñëiäæåííÿ âïëèâó äîìiøîê
íà âëàñíi ÷àñòîòè êîëèâàíü äåôîðìiâíîãî øàðó, ÿêèé ó äåêàðòîâié ñèñòåìi
êîîðäèíàò ( x, y, z ) çàéìà¹ îáëàñòü |x| ≤ l. Äëÿ îäíîâèìiðíîãî çà ïðîñòîðî-
âîþ êîîðäèíàòîþ x âèïàäêó, êîëè

~u = (u(x, τ), 0, 0) , ηk = ηk(x, τ), k = 1, 2,

ñèñòåìè (6) òà (7) íàáóäóòü âèãëÿäó
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∂ū

∂x
+ α1

mmη1 + α2
mmη2

]
∂2~̃u

∂τ2
,

∂2η̃1

∂x2
− κ1η̃1 − κ2η̃2 − κu

∂ũ
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Çàçíà÷èìî, ùî ñèñòåìà ðiâíÿíü (8) îïèñó¹ ñòàöiîíàðíèé ñòàí íàñè÷åíîãî äî-
ìiøêàìè äåôîðìiâíîãî òâåðäîãî øàðó ç óðàõóâàííÿì åôåêòiâ ïðèïîâåðõíåâî¨
íåîäíîðiäíîñòi [3, 5].

Ïðèéìåìî, ùî ìîæíà íåçàëåæíî ðåàëiçóâàòè êðàéîâi óìîâè äëÿ êîëèâíèõ
òà îñåðåäíåíèõ ñêëàäîâèõ ïîëiâ. Ââàæà¹ìî, ùî ái÷íi ïîâåðõíi øàðó âiëüíi âiä
ñòàëîãî çà ÷àñîì ñèëîâîãî íàâàíòàæåííÿ i íà íèõ çàäàíî ïîñòiéíi çíà÷åííÿ
õiìi÷íèõ ïîòåíöiàëiâ òâåðäîãî ðîç÷èíó, òîáòî

(λ + 2µ)
dū

dx
+ (3λ + 2µ)

(
α1

mη̄1 + α2
mη̄2

)
= 0,

η̄1 = η1a, η̄2 = η2a ïðè x = ±l. (10)
Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (8), (10) ç óðàõóâàííÿì óìîâè éîãî ñèìåòðè÷íîñòi
âiäíîñíî ñåðåäèííî¨ ïîâåðõíi øàðó ìà¹ âèãëÿä [3]
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Òóò Ak = αk
m

3λ + 2µ

λ + 2µ
(k = 1, 2) , ξ =

√
κ1 − aκ2 − κu(A1 − aA2).

Íàäàëi çíåõòó¹ìî çâ'ÿçàíiñòþ êîëèâíèõ ñêëàäîâèõ ðîçãëÿäóâàíèõ ïîëiâ.
Äëÿ óñòàëåíèõ êîëèâàíü ñêëàäîâó ũ âåêòîðà ïåðåìiùåííÿ ïîäàìî ó âèãëÿäi
ũ(x, τ) = u(x) exp( i ωτ). Òîäi äëÿ âèçíà÷åííÿ àìïëiòóäè u(x) íà îñíîâi (9),
(11) îòðèìó¹ìî ðiâíÿííÿ

d2u(x)
d x2

+ ζ2

(
1 + q

ch(ξ x)
ch(ξ l)

)
u(x) = 0, (12)

äå
ζ2 =

ω2
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[ρ∗ − (η2a + aη1a)γ],

γ =
κ2

ξ2

[
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+
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u
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q =
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ρ∗ − γ (η2a + aη1a)

[
ξ2
u

κ2
η1a + η2a

]
, ξ2

u = ξ2 + aκ2.

Ðîçâ'ÿçîê ðiâíÿííÿ (12) ïîäàìî ó âèãëÿäi ðîçâèíåííÿ çà ìàëèì ïàðàìåòðîì
α = q/ ch(ξ l) << 1. Îáìåæèìîñü ïðè öüîìó ïåðøèì íàáëèæåííÿì u(x) =
= u0(x)+αu1(x). Òîäi äëÿ âèçíà÷åííÿ u0(x) òà u1(x) äiñòà¹ìî òàêi ðiâíÿííÿ:

d2u0(x)
d x2

+ ζ2u0(x) = 0,

d2u1(x)
d x2

+ ζ2u1(x) + ζ2 ch (ξ x) u0(x) = 0. (13)

Ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (13) áóäå

u0(x) = K0 cos(ζ x) + L0 sin(ζ x),

u1(x) = K1 cos(ζ x) + L1 sin(ζ x) + K0ζ [ V1(x) cos(ζ x) + V2 sin(ζ x)]+

+L0ζ [V3(x) cos(ζ x)− V1 sin(ζ x)]. (14)
Òóò

V1(x) = − 1
ξ2 + 4ζ2

[
ζ ch (ξ x) cos(2ζ x) +

ξ

2
sh (ξ x) sin(2ζ x)

]
,

V2(x) = − 1
2ξ

sh (ξ x)− 1
ξ2 + 4ζ2

[
ζ ch (ξ x) sin(2ζ x) +

ξ

2
sh (ξ x) cos(2ζ x)

]
,

V3(x) =
1
2ξ

sh (ξ x)− 1
ξ2 + 4ζ2

[
ζ ch (ξ x) sin(2ζ x) +

ξ

2
sh (ξ x) cos(2ζ x)

]
.

Âèêîðèñòîâóþ÷è ôîðìóëè (14) äëÿ u(x), îòðèìó¹ìî

u(x) = K{cos( ζ x) + qζ [ V1(x) cos( ζ x) + V2(x) sin(ζ x)]}+

+L{sin( ζ x) + qζ [ V3(x) cos( ζ x)− V1(x) sin(ζ x)]}, (15)
äå K = K0 + αK1, L = L0 + αL1 � äîâiëüíi êîíñòàíòè.

Âèïàäîê I. Êîëèâíà ñêëàäîâà ïåðåìiùåíü u(x) íà çîâíiøíiõ ïîâåðõíÿõ
øàðó x = ±l äîðiâíþ¹ íóëåâi, òîáòî

u(−l) = 0, u(l) = 0. (16)
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Íà îñíîâi ñïiââiäíîøåíü (15), (16) îäåðæó¹ìî ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü
äëÿ çíàõîäæåííÿ ñòàëèõ L òà K. �¨ íåòðèâiàëüíèé ðîçâ'ÿçîê iñíó¹, ÿêùî
âèçíà÷íèê öi¹¨ ñèñòåìè ðiâíÿíü äîðiâíþ¹ íóëåâi. Ó ðåçóëüòàòi äëÿ ëiíiéíîãî
çà α íàáëèæåííÿ îòðèìó¹ìî

(
1− 2αζ2

ξ2 + 4ζ2
ch(ξ l)

)
sin(2ζ l) +

4αζ3

ξ (ξ2 + 4ζ2)
sh(ξ l) cos(2ζ l) = 0. (17)

Íàäàëi îáìåæèìîñü ðîçãëÿäîì òîâñòèõ ïîðiâíÿíî ç îáëàñòþ ïðèïîâåð-
õíåâî¨ íåîäíîðiäíîñòi øàðiâ, äëÿ ÿêèõ ξ l >> 1. Òîäi õâèëüîâå ðiâíÿííÿ (17)
íàáóâà¹ âèãëÿäó

(
1− 2qζ2

ξ2 + 4ζ2

)
sin(2ζ l) +

4qζ3

ξ (ξ2 + 4ζ2)
cos(2ζ l) = 0. (18)

Îáìåæèìîñü òàêîæ ðîçãëÿäîì õâèëüîâèõ ÷èñåë, äëÿ ÿêèõ |ζ/ζ0 − 1| <<
<< 1, äå ζ0 ¹ õâèëüîâèì ÷èñëîì äëÿ áåçäîìiøêîâîãî øàðó òîâùèíè 2 l ïðè
íåõòóâàííi åôåêòàìè ïðèïîâåðõíåâî¨ íåîäíîðiäíîñòi. Âðàõîâóþ÷è, ùî ζ0 ¹
ðîçâ'ÿçêîì ðiâíÿííÿ sin (2ζ0l) = 0, äëÿ ζ îòðèìó¹ìî

ζ(n) = ζ0

(
1− q(πn)2

2 (ξ l)2 + (πn)2 (3q + ξl(2− q))

)
, n ∈ N.

Òîäi äëÿ âëàñíèõ ÷àñòîò ìà¹ìî ñïiââiäíîøåííÿ

ω
(n)
1 = ζ0

(
1− q(πn)2

2 (ξ l)2 + (πn)2 (3q + ξl(2− q))

)
×

× c1√
1− γ (η2a + aη1a ) /ρ∗

, n ∈ N, (19)

äå c1 =
√

(λ + 2µ) /ρ∗ � øâèäêiñòü ïîøèðåííÿ ïîçäîâæíüî¨ ïðóæíî¨ õâèëi â
îäíîðiäíîìó ñåðåäîâèùi.

Âèïàäîê II. Àìïëiòóäà êîëèâíî¨ ñêëàäîâî¨ ïåðåìiùåíü u(x) íà ïîâåðõíÿõ
øàðó x = ±l çàäîâîëüíÿ¹ óìîâè u(−l) = 0 , u′(l) = 0.

Ó öüîìó âèïàäêó õâèëüîâå ðiâíÿííÿ áóäå òàêèì:

cos( 2ζ l)− qζ

ξ
sin(2ζ l) = 0.

Âiäïîâiäíèì ðiâíÿííÿì òåîði¨ ïðóæíîñòi ¹ cos( 2ζ0l) = 0. Çà ïðèéíÿòîãî âèùå
íàáëèæåííÿ äëÿ ζ(n) òà ω(n) îòðèìà¹ìî

ζ(n) =
π (2n + 1)

4l

(
1− q

2 ξ l + q

)
, n ∈ N,

ω(n) =
π (2n + 1)

4l

(
1− q

2 ξ l + q

)
c1√

1− γ (η2a + aη1a) /ρ∗
, n ∈ N. (20)

Âèïàäîê III. Àìïëiòóäà êîëèâíî¨ ñêëàäîâî¨ ïåðåìiùåíü u(x) íà ïîâåðõíÿõ
øàðó x = ±l çàäîâîëüíÿ¹ óìîâàì u′(±l) = 0.

Äëÿ ðîçãëÿäóâàíîãî âèïàäêó ζ òà ζ0 ¹ ðîçâ'ÿçêàìè òàêèõ ðiâíÿíü:
(

1 +
2qζ2

ξ2 + 4ζ2

)
sin(2ζ l) + qζ

[
1
ξ

+
ξ

ξ2 + 4ζ2

]
cos(2ζ l) = 0,

sin( 2ζ0l) = 0.
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Çà âêàçàíèõ âèùå íàáëèæåíü äëÿ ζ(n) çíàõîäèìî

ζ(n) = ζ0

(
1− q

[
2(ξ l)2 + (πn)2

]

2(ξ l)2 [ξ l + q] + (πn)2[ξ l(2 + q) + 3q]

)
, n ∈ N.

Òîäi âëàñíi ÷àñòîòè êîëèâàíü òàêîãî øàðó âèçíà÷àþòüñÿ iç ôîðìóëè

ω(n) =
πn

2l

(
1− q

(
2(ξ l)2 + (πn)2

)

2(ξ l)2 (ξ l + q) + (πn)2 (ξ l(2 + q) + 3q)

)
×

× c1√
1− γ (η2a + aη1a) /ρ∗

, n ∈ N. (21)

Çàçíà÷èìî, ùî ìíîæíèê c1/
√

1− γ (η2a + aη1a) /ρ∗ ó ñïiââiäíîøåííÿõ (19)�
(21) äîçâîëÿ¹ âðàõîâóâàòè âïëèâ äîìiøîê íà ÷àñòîòè âëàñíèõ êîëèâàíü øàðó
çà ðiçíèõ ãðàíè÷íèõ óìîâ íà éîãî ïîâåðõíÿõ.
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ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ íà åãî ïîâåðõíîñòÿõ.

ON THE INFLUENCE OF ADMIXTURE ON LAYER
NORMAL MODE FREQUENCIES

On the base of locally gradient binary solid solution model the influence of admixture
on layer normal mode frequencies for different boundary conditions on its surface are
investigated.
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