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I. Ì. Ìåäâiäü

ÅËIÏÒÈ×ÍÀ ÂÀÐIÀÖIÉÍÀ ÍÅÐIÂÍIÑÒÜ
Â ÍÅÎÁÌÅÆÅÍÈÕ ÎÁËÀÑÒßÕ

Äîâåäåíî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó íåëiíiéíî¨ åëiïòè÷íî¨ âàðiàöiéíî¨ íå-
ðiâíîñòi â íåîáìåæåíié îáëàñòi áåç óìîâ íà íåñêií÷åííîñòi. Çîêðåìà, âèõiäíi
äàíi ìîæóòü íåîáìåæåíî çðîñòàòè íà íåñêií÷åííîñòi, à òàêîæ ðîçâ'ÿçîê
íåðiâíîñòi ¹ ¹äèíèì áåç âèìîã äî éîãî ïîâåäiíêè íà íåñêií÷åííîñòi.

Äîñëiäæåííÿ íåëiíiéíèõ åëiïòè÷íèõ i ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ áåç
óìîâ íà íåñêií÷åííîñòi ïî÷àëî àêòèâíî ðîçâèâàòèñü ç ñåðåäèíè 80�õ ðîêiâ
20 ñò. Áðåçiñ ó ïðàöi [5] âïåðøå ÷iòêî ñôîðìóëþâàâ ÿâèùå, êîëè îäíîçíà÷íà
ðîçâ'ÿçíiñòü çàäà÷i Êîøi íå çàëåæèòü âiä ïîâåäiíêè ðîçâ'ÿçêó íà íåñêií÷åí-
íîñòi. Àíàëîãi÷íi ðåçóëüòàòè äëÿ åëiïòè÷íèõ çàäà÷ áóëî îòðèìàíî â ðîáîòàõ
[3, 4, 6] òà iíøèõ. Îäíèì iç ìåòîäiâ äîñëiäæåííÿ êðàéîâèõ çàäà÷ ¹ âàðiàöiéíi
íåðiâíîñòi. Åëiïòè÷íèì âàðiàöiéíèì íåðiâíîñòÿì â íåîáìåæåíèõ îáëàñòÿõ îñ-
òàííiì ÷àñîì ïðèñâÿ÷åíî áàãàòî íîâèõ ïðàöü, ñåðåä ÿêèõ [7�12]. Îñíîâíîþ
ìåòîþ òàêèõ äîñëiäæåíü ¹ äîâåäåííÿ iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó íåðiâíî-
ñòi áåç óìîâ íà íåñêií÷åííîñòi àáî â ïåâíîìó êëàñi çðîñòàííÿ, àáî âèâ÷åííÿ
âëàñòèâîñòåé ðîçâ'ÿçêiâ íåðiâíîñòi.

Íàøîþ ìåòîþ ¹ âèâ÷åííÿ åëiïòè÷íèõ âàðiàöiéíèõ íåðiâíîñòåé ç êâàçiëi-
íiéíèìè åëiïòè÷íèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè ÷åòâåðòîãî ïîðÿäêó â
íåîáìåæåíèõ îáëàñòÿõ.

Íåõàé Ω� íåîáìåæåíà îáëàñòü â Rn; ∂Ω ∈ C1; BR = {x ∈ Rn : |x| < R}.
Ïðèïóñêà¹ìî, ùî BR ∩ Ω = ΩR ¹ ðåãóëÿðíîþ îáëàñòþ [1, c. 45] äëÿ êîæíîãî
R > 1, ∂ΩR = Γ1

R ∪ Γ2
R; Γ1

R = ∂Ω ∩ ∂ΩR; Γ2
R = ∂ΩR \ Γ1

R; ∂Ω = S1 ∪ S2, S1 ∩
S2 = ∅; ν � çîâíiøíÿ íîðìàëü äî îáëàñòi Ω. Ââåäåìî ïðîñòîðè (äëÿ êîæíîãî
R > 1 ):

H2
1 (ΩR) =

{
u : u ∈ H2(ΩR), u|Γ1

R
= 0,

∂u

∂ν

∣∣∣∣
Γ1

R

= 0
}

,

H2
0, 1(ΩR) =

{
u : u ∈ H2(ΩR), u|Γ1

R
= 0

}
,

H2
1, 0(ΩR) =

{
u : u ∈ H2(ΩR),

∂u

∂ν

∣∣∣∣
Γ1

R

= 0
}

,

H2
1,1(ΩR) =

{
u : u ∈ H2(ΩR), u|Γ1

R∩S1
= 0,

∂u

∂ν

∣∣∣∣
Γ1

R∩S2

= 0
}

.

Íåõàé H̃2
R(ΩR) áóäå îäíèì iç ïðîñòîðiâ H2

0, 1(ΩR), H2
1, 0(ΩR), H2

1, 1(ΩR), à
V2(ΩR)� òàêèé çàìêíóòèé ïðîñòið, ùî H2

1 (ΩR) ⊂ V2(ΩR) ⊂ H̃2(ΩR). ×åðåç
V2, loc(Ω) ïîçíà÷èìî ïðîñòið òàêèõ ôóíêöié v, ùî v ∈ V2(ΩR) äëÿ êîæíîãî
R > 1, à ÷åðåç Lr

loc(Ω)� ïðîñòið òàêèõ ôóíêöié v, ùî v ∈ Lr(ΩR) äëÿ êîæ-
íîãî R > 1, äå r ∈ (1, +∞].

Ðîçãëÿíåìî â îáëàñòi Ω åëiïòè÷íó âàðiàöiéíó íåðiâíiñòü
∫

Ω

[ ∑

|α|=|β|62

aαβ(x)DαuDβ((v−u)ψ(x)) +
n∑

i=1

bi(x)|uxi |p−2uxi((v−u)ψ(x))xi +

+ c(x)|u|r−2u(v − u)ψ(x) −
∑

|α|62

fα(x)Dα((v − u)ψ(x))
]

dx > 0, (1)
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äå Dα =
∂|α|

∂xα1
1 . . . ∂xαn

n
, α = (α1, . . . αn), |α| = α1 + . . . + αn, αi ∈ N ∪ {0},

i = 1, ..., n.
Ïðèïóñêà¹ìî, ùî êîåôiöi¹íòè íåðiâíîñòi (1) çàäîâîëüíÿþòü óìîâè

(A): aαβ ∈ C(Ω), |α| = |β| 6 2;
∑

|α|,|β|=2

aαβ(x)ξαξβ > a0

∑

|α|=2

|ξα|2, a0 > 0, ∀x ∈ Ω,

∀ ξ ∈ R(n2+n)/2;∑

|α|,|β|=1

aαβ(x)ηαηβ > a0

∑

|α|=1

|ηα|2 ∀x ∈ Ω, ∀ η ∈ Rn;

a00(x) > a1 ∀x ∈ Ω, a1 > 0;

|aαβ(x)| 6 a0Rκ ∀x ∈ ΩR,∀R > 1, |α|, |β| = 2, κ > 0;

|aαβ(x)| 6 a0Rκ1 ∀x ∈ ΩR, ∀R > 1, |α|, |β| = 1, κ1 > 0;

(B): bi ∈ C(Ω), 0 < b0 6 bi(x) 6 b0Rκ2 ∀x ∈ ΩR, ∀R > 1,
i = 1, . . . , n, κ2 > 0;

(C): c ∈ L∞loc(Ω), c(x) > c0 > 0 ì.ñ. â Ω.

Íåõàé K� îïóêëà çàìêíåíà ìíîæèíà â V2, loc(Ω).
Îçíà÷åííÿ. Ôóíêöiþ u, ùî çàäîâîëüíÿ¹ âêëþ÷åííÿ u ∈ V2,loc(Ω)∩

∩Lr
loc(Ω), u ∈ K i íåðiâíiñòü (1) äëÿ âñiõ ψ ∈ C2

0 (Rn), ψ(x) > 0, x ∈ Rn,
i äëÿ âñiõ ôóíêöié v ∈ V2, loc(Ω) ∩ Lr

loc(Ω) òàêèõ, ùî v ∈ K, áóäåìî íàçèâàòè
ðîçâ'ÿçêîì íåðiâíîñòi (1).

Ðîçãëÿíåìî ôóíêöiþ ζR,s(x) = [hR(x)]s, s > 4, äå hR(x) = (R2 − |x|2)/R,
ÿêùî |x| 6 R, i hR(x) = 0, ÿêùî |x| > R. Çàóâàæèìî, ùî äëÿ ôóíêöi¨ ζR,s

ïðàâèëüíi òàêi îöiíêè:
∣∣∣∣
∂ζR,s(x)

∂xi

∣∣∣∣ 6 2s[hR(x)]s−1,

∣∣∣∣
∂2ζR,s(x)
∂xi∂xj

∣∣∣∣ 6 4s2[hR(x)]s−2

äëÿ âñiõ i, j = 1, . . . , n.

Ëåìà 1. Äëÿ êîæíî¨ ôóíêöi¨ u ∈ V2, loc(Ω) ïðàâèëüíà îöiíêà∫

ΩR

∑

|α|=1

|Dαu|2[hR(x)]s−2 dx 6 δ

∫

ΩR

∑

|α|=2

|Dαu|2[hR(x)]s dx +

+
(2s− 3)2

4δ

∫

ΩR

|u|2[hR(x)]s−4 dx, (2)

äå δ � áóäü�ÿêå ÷èñëî ç ïðîìiæêà (0, 1), R > 1.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C) i, êðiì òîãî,
p ∈ (2n/(n + 2), 2), r > 2, κ, κ1 ∈ [0, 1), κ2 ∈ [0, (p(n + 2) − 2n)/(2p)). Òîäi,
ÿêùî âèêîíó¹òüñÿ õî÷à á îäíà ç äâîõ óìîâ:

à) a1 6= 0;

á) r <

{
2n/(n− (4− 4κ)) , n > 4− 4κ,
2n/(n− (2− 2κ1)), n > 2− 2κ1,

òî íåðiâíiñòü (1) ìîæå ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Ä î â å ä å í í ÿ. Ïðèïóñòèìî, ùî íåðiâíiñòü (1) ìà¹ äâà ðîçâ'ÿçêè:
u(1), u(2). Çàïèøåìî íåðiâíiñòü (1) äëÿ êîæíîãî ç íèõ i ïîêëàäåìî v = (u(1)+
+u(2))/2. Äîäàâøè îòðèìàíi íåðiâíîñòi, çàïèøåìî
∫

Ω

[ ∑

|α|=|β|62

aαβ(x)DαuDβ(uψ(x))+
n∑

i=1

bi(x)
(|u(1)

xi
|p−2u(1)

xi
−|u(2)

xi
|p−2u(2)

xi

)
(uψ(x))xi+
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+ c(x)
(|u(1)|r−2u(1) − |u(2)|r−2u(2)

)
uψ(x)

]
dx > 0, (3)

äå u = u(1) − u(2), ψ = ζR,s(x) . Ðîçãëÿíåìî

I1 : =
∫

Ω

∑

|α|,|β|=2

aαβ(x)DαuDβ(uψ(x)) dx =
∫

Ω

[ ∑

|α|,|β|=2

aαβ(x)DαuDβuψ(x)+

+
∑

|α|,|β|=2

aαβ(x)Dαu
∑

0 < γ < β

Cγ
βDγuDβ−γψ +

∑

|α|,|β|=2

aαβ(x)DαuuDβψ(x)
]

dx,

äå Cγ
β = Cγ1

β1
Cγ2

β2
· · ·Cγn

βn
, β = (β1, . . . , βn), γ = (γ1, . . . , γn) (0 < γ < β îçíà÷à¹,

ùî 0 < γi < βi äëÿ i = 1, ..., n ). Çãiäíî ç (A) i ëåìîþ 1

I1 > (a0 − δ0)
∫

Ω

∑

|α|=2

|Dαu|2ψ(x) dx − µ1(δ0)R4κ

∫

Ω

|u|2[hR(x)]s−4 dx, δ0 > 0.

Çíîâó âèêîðèñòîâóþ÷è óìîâó (A), ëåãêî îòðèìàòè îöiíêó

I2 : =
∫

Ω

∑

|α|,|β|=1

aαβ(x)DαuDβ(uψ(x)) dx >

> (a0 − δ1)
∫

Ω

∑

|α|=1

|Dαu|2ψ(x) dx − µ2(δ1)R2κ1

∫

Ω

|u|2[hR(x)]s−2 dx, δ1 > 0.

Ç óìîâè (B) âèïëèâà¹, ùî

I3 : =
∫

Ω

n∑

i=1

bi(x)
(|u(1)

xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

)
uxiψ(x) dx>

> b0

∫

Ω

n∑

i=1

(|u(1)
xi
|p−2u(1)

xi
−|u(2)

xi
|p−2u(2)

xi

)
uxi [hR(x)]s dx.

Äëÿ îöiíêè iíòåãðàëà I4 :=
∫

Ω

n∑

i=1

bi(x)
(|u(1)

xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

)
uψxi(x) dx

âèêîðèñòà¹ìî íåðiâíiñòü
(|ξ|p−2ξ − |η|p−2η

)
(ξ − η) 6 22−p|ξ − η|p, (4)

ÿêà ¹ ïðàâèëüíîþ äëÿ âñiõ ξ, η ∈ R i p ∈ (1, 2]. Òîäi

I4 > −δ2

∫

Ω

n∑

i=1

∣∣|u(1)
xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

∣∣p′ψ(x) dx −

− δ2

∫

Ω

|u|2ψ(x) dx− µ3(δ2)
∫

Ω

n∑

i=1

∣∣∣bi(x)ψxi(x)[ψ(x)]−1/p′−1/2
∣∣∣
2p/(2−p)

dx,

äå δ2 > 0, p′ = p/(p− 1).
Âðàõîâóþ÷è óìîâó (B) òà îöiíêó ôóíêöi¨ ψxi , îòðèìà¹ìî, ùî
∫

Ω

n∑

i=1

∣∣∣bi(x)ψxi(x)[ψ(x)]−1/p′−1/2
∣∣∣
2p/(2−p)

dx 6 µ4R
(2p(κ2−1))/(2−p)+s+n.
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Íà ïiäñòàâi íåðiâíîñòi (4) îòðèìó¹ìî
∣∣|u(1)

xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

∣∣p′ 6 22−puxi

(|u(1)
xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

)
.

Òîìó

I4 > −22−pδ2

∫

Ω

n∑

i=1

(|u(1)
xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

)
uxi

ψ(x) dx −

−δ2

∫

Ω

|u|2ψ(x) dx − µ5(δ2)R(2p(κ2−1))/(2−p)+s+n.

Çãiäíî ç (C) i íåðiâíiñòþ |ξ|p−2ξ − |η|p−2η)(ξ − η) > 22−r|ξ − η|r, ξ, η ∈ R,
r > 2, îäåðæèìî

I5 : =
∫

Ω

c(x)
(|u(1)|r−2u(1) − |u(2)|r−2u(2)

)
uψ(x) dx > c0

∫

Ω

|u|rψ(x) dx.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ I1, . . . , I5, ç (3) îòðèìà¹ìî íåðiâíiñòü
∫

Ω

[
(a0 − δ0)

∑

|α|=2

|Dαu|2 + (a0 − δ1)
∑

|α|=1

|Dαu|2 + a1u
2 +

+ (b0 − δ222−p)
n∑

i=1

bi(x)
(|u(1)

xi
|p−2u(1)

xi
− |u(2)

xi
|p−2u(2)

xi

)
uxi + c0|u|r

]
ψ(x) dx 6

6 µ1(δ0)R4κ

∫

Ω

|u|2[hR(x)]s−4 dx + µ2(δ1)R2κ1

∫

Ω

|u|2[hR(x)]s−2 dx +

+ µ5(δ2)R(2p(κ2−1))/(2−p)+s+n. (5)

Ó (5) âèáèðà¹ìî δ0 = δ1 = a0/2, δ2 = b02p−3.

Íåõàé âèêîíó¹òüñÿ óìîâà à) ç òâåðäæåííÿ òåîðåìè 1. Âðàõîâóþ÷è îöiíêó
|u|2 + |u|r > |u|q, q ∈ (2, r), ç (5) îòðèìà¹ìî íåðiâíiñòü

∫

Ω

|u|q[hR(x)]s dx 6 µ6R
4κ

∫

Ω

|u|2[hR(x)]s−4 dx +

+ µ7R
2κ1

∫

Ω

|u|2[hR(x)]s−2 dx + µ8R
(2p(κ2−1))/(2−p)+s+n. (6)

Îñêiëüêè

I6 : = µ6R
4κ

∫

Ω

|u|2[hR(x)]s−4 dx + µ7R
2κ1

∫

Ω

|u|2[hR(x)]s−2 dx 6

6 δ3

∫

Ω

|u|q[hR(x)]s dx + µ9(δ3)
(

R4κq/(q−2)

∫

Ω

[hR(x)]s−4q/(q−2) dx +

+R2κ1q/(q−2)

∫

Ω

[hR(x)]s−2q/(q−2) dx

)
, δ3 > 0,
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òî ç (6) âèïëèâà¹ îöiíêà
∫

Ω

|u|q[hR(x)]s dx 6 µ10

(
R(4(κ−1)q)/(q−2)+s+n + R(2(κ1−1)q)/(q−2)+s+n

)
+

+ µ8R
(2(κ2−1)p)/(2−p)+s+n. (7)

Ó âèïàäêó, êîëè âèêîíó¹òüñÿ óìîâà á) ç òâåðäæåííÿ òåîðåìè 1, ðîçãëÿíå-
ìî òàêó îöiíêó I6 :

I6 6 δ4

∫

Ω

|u|r[hR(x)]s dx + µ11(δ4)
(

R4κr/(r−2)

∫

Ω

[hR(x)]s−4r/(r−2) dx +

+ R2κ1r/(r−2)

∫

Ω

[hR(x)]s−2r/(r−2) dx

)
6 δ4

∫

Ω

|u|r[hR(x)]s dx +

+ µ12

(
R(4(κ−1)r)/(r−2)+s+n + R(2(κ1−1)r)/(r−2)+s+n

)
, δ4 > 0.

Çâiäñè, âðàõîâóþ÷è (5), îòðèìà¹ìî íåðiâíiñòü
∫

Ω

|u|r[hR(x)]s dx 6 µ13

(
R(4(κ−1)r)/(r−2)+s+n + R(2(κ1−1)r)/(r−2)+s+n

)
+

+ µ14R
(2(κ2−1)p)/(2−p)+s+n. (8)

Ðîçãëÿíåìî îäíî÷àñíî äâà âèïàäêè à) i á). Íåõàé R0 > 1� äîâiëüíå
ôiêñîâàíå ÷èñëî i R > R0. Îñêiëüêè

∫

Ω

|u|q[hR(x)]s dx > (R−R0)s

∫

ΩR0

|u|q dx, q ∈ R,

òî ç (7) i (8) âèïëèâàþòü òàêi äâi îöiíêè:
∫

ΩR0

|u|γ(i) dx 6 µ15

(
R(4(κ−1)γ(i))/(γ(i)−2)+n + R(2(κ1−1)γ(i))/(γ(i)−2)+n +

+ R(2(κ2−1)p)/(2−p)+n
)(

R

R−R0

)s

, i = 0, 1, (9)

äå γ(i) = (1 − i)q + ir, i = 0, 1. Âèïàäêó à) âiäïîâiäà¹ íåðiâíiñòü ç (9) ïðè
i = 0, âèïàäêó á) � íåðiâíiñòü ç (9) ïðè i = 1. Çàóâàæèìî, ùî

lim
R→∞

(
R

R−R0

)s

= 1, lim
q→+2

4q(1− κ)
q − 2

= lim
q→+2

2q(1− κ1)
q − 2

= ∞.

Îòæå, íà ïiäñòàâi óìîâ òåîðåìè ëiâà ÷àñòèíà êîæíî¨ íåðiâíîñòi (9) ìîæå áóòè
çðîáëåíà ÿê çàâãîäíî ìàëîþ. Âðàõîâóþ÷è äîâiëüíiñòü R0, îòðèìà¹ìî òâåðä-
æåííÿ òåîðåìè. ♦

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C) i, êðiì òîãî,
p ∈ (2n/(n + 2), 2), r > 2, κ, κ1 ∈ [0, 1), κ2 ∈ [0, (p(n + 2) − 2n)/(2p)),
fα ∈ L2

loc(Ω) ïðè |α| 6 2. Òîäi, ÿêùî âèêîíó¹òüñÿ õî÷à á îäíà ç äâîõ óìîâ:
à) a1 6= 0;

á) r <

{
2n/(n− (4− 4κ)) , n > 4− 4κ,
2n/(n− (2− 2κ1)), n > 2− 2κ1,

òî iñíó¹ ðîçâ'ÿçîê íåðiâíîñòi (1).
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Ä î â å ä å í í ÿ. Ââåäåìî ôóíêöi¨

fk
α(x) =

{
fα(x), x ∈ Ωk+1,

0 , x ∈ Ω \ Ωk+1,
, |α| 6 2, k ∈ N.

Ðîçãëÿíåìî îïåðàòîð
A(v) =

∑

|α|=|β|62

| − 1|αDα(aαβ(x)Dβv)−

−
n∑

i=1

(
bi(x)|vxi

|p−2vxi

)
xi

+ c(x)|v|r−2v, v∈V2, loc(Ω) ∩ Lr
loc(Ω).

Çâàæàþ÷è íà óìîâè (A), (B), (C), íåâàæêî ïîêàçàòè, ùî îïåðàòîð A�
ïñåâäîìîíîòîííèé i êîåðöèòèâíèé. Âèêîðèñòîâóþ÷è äîâåäåííÿ òåîðåìè 5.2
[2, ñ. 385], ëåãêî áà÷èòè, ùî iñíó¹ ðîçâ'ÿçîê uk íåðiâíîñòi (1) â îáëàñòi Ωk+1

ç ôóíêöi¹þ fk
α. Ïðîäîâæèìî uk íóëåì â Ω\Ωk+1 i çáåðåæåìî çà íåþ òå ñàìå

ïîçíà÷åííÿ. Êîæíà ç ôóíêöié uk çàäîâîëüíÿ¹ íåðiâíiñòü
∫

Ω

[ ∑

|α|=|β|62

aαβ(x)DαukDβ((v−uk)ψ(x))+
n∑

i=1

bi(x)|uk
xi
|p−2uk

xi
((v−uk)ψ(x))xi

+

+ c(x)|uk|r−2uk(v − uk)ψ(x) −
∑

|α|62

fk
α(x)Dα((v − uk)ψ(x))

]
dx > 0 (10)

∀ψ ∈ C2
0 (Rn), ψ(x) > 0, ∀ v ∈ V2, loc(Ω) ∩ Lr

loc(Ω), v ∈ K.
Íåõàé R > 1� äîâiëüíå ôiêñîâàíå ÷èñëî, k > R. Çàïèøåìî íåðiâíiñòü

(10) äëÿ ôóíêöi¨ um, m > R, äîäàìî öþ íåðiâíiñòü äî (10) i âèáåðåìî v =
= (uk + um)/2, ψ(x) = ζR,s(x). Â ðåçóëüòàòi îòðèìà¹ìî íåðiâíiñòü
∫

Ω

[ ∑

|α|=|β|62

aαβ(x)Dαuk,mDβ(uk,mζR,s(x))+
n∑

i=1

bi(x)
(|uk

xi
|p−2uk

xi
− |um

xi
|p−2um

xi

)×

×(uk,mζR,s(x))xi + c(x)
(|uk|r−2uk − |um|r−2um

)
uk,mζR,s(x)

]
dx 6

6
∫

Ω

∑

|α|62

(
fk

α(x)− fm
α (x)

)
Dα(uk,mζR,s(x)) dx, (11)

äå uk,m = uk − um.
Àíàëîãi÷íî, ÿê ïðè äîâåäåííi òåîðåìè 1, iç (11) îòðèìà¹ìî íåðiâíiñòü

∫

Ω

[
(a0 − δ5)

∑

|α|=2

|Dαuk,m|2 + (a0 − δ6)
∑

|α|=1

|Dαuk,m|2 + a1|uk,m|2 +

+ (b0 − δ722−p)
n∑

i=1

(|uk
xi
|p−2uk

xi
− |um

xi
|p−2um

xi

)
uk,m

xi
+ c0|uk,m|r

]
ζR,s(x) dx 6

6 µ16(δ5)R4κ

∫

Ω

|uk,m|2[hR(x)]s−4 dx + µ17(δ6)R2κ1

∫

Ω

|uk,m|2[hR(x)]s−2 dx +

+ µ18(δ7)R(2p(κ2−1))/(2−p)+s+n +
∫

Ω

∑

|α|62

(
fk

α(x)− fm
α (x)

)
Dα(uk,mζR,s(x)) dx,

(12)
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äå δ5, δ6, δ7 > 0. Íåõàé âèêîíó¹òüñÿ óìîâà à) ç òâåðäæåííÿ òåîðåìè 2. Âèêî-
ðèñòîâóþ÷è ëåìó 1, ëåãêî îòðèìàòè òàêó îöiíêó:

I7 : =
∫

Ω

∑

|α|62

(
fk

α(x)− fm
α (x)

)
Dα(uk,mζR,s(x)) dx =

=
∫

Ω

[ ∑

|α|=2

(
fk

α(x)− fm
α (x)

)
Dαuk,mζR,s(x) +

+
∑

|α|=2

(
fk

α(x)− fm
α (x)

)(
Dα′′uk,mDα′ζR,s(x) + Dα′uk,mDα′′ζR,s(x)

)
+

+
∑

|α|=2

(
fk

α(x)− fm
α (x)

)
uk,mDαζR,s(x) +

∑

|α|=1

(
fk

α(x)− fm
α (x)

)
Dαuk,mζR,s(x) +

+
∑

|α|=1

(
fk

α(x)− fm
α (x)

)
uk,mDαζR,s(x) +

(
fk
0 (x)− fm

0 (x)
)

uk,mζR,s(x)
]

dx 6

6 δ8

∫

Ω

∑

|α|62

∣∣Dαuk,m
∣∣2ζR,s(x) dx +

+ µ19(δ8)
∫

Ω

∑

|α|62

(
fk

α(x)− fm
α (x)

)2(
hs

R(x) + hs−2
R (x) + hs−4

R (x)
)
dx, δ8 > 0.

ßêùî âèêîíó¹òüñÿ óìîâà á) ç òâåðäæåííÿ òåîðåìè 2, òîäi îöiíèìî I7

òàêèì ÷èíîì:
I7 6 δ9

∫

Ω

[
|uk,m|rζR,s(x) +

+
∑

0<|α|62

∣∣Dαuk,m
∣∣2ζR,s(x) + |uk,m|2(hs−2

R (x) + hs−4
R (x)

)]
dx + µ20(δ9)×

×
∫

Ω

[ ∑

0<|α|62

(
fk

α(x)−fm
α (x)

)2(
hs

R(x)+hs−2
R (x)

)
+

(
fk
0 (x)−fm

0 (x)
)r/(r−1)

ζR,s(x)
]
dx,

äå δ9 > 0.

Âðàõîâóþ÷è íåðiâíiñòü |uk,m|2 + |uk,m|r > |uk,m|q, q ∈ (2, r) i îöiíêè
iíòåãðàëà I7, iç (12) îòðèìà¹ìî äâi íåðiâíîñòi, ÿêi îïèñóþòü âèïàäêè à) i
á) ç òâåðäæåííÿ òåîðåìè 2 âiäïîâiäíî:

∫

Ω

[ ∑

0<|α|62

∣∣Dαuk,m
∣∣2 +

n∑

i=1

(|uk
xi
|p−2uk

xi
− |um

xi
|p−2um

xi

)
uk,m

xi
+

+ (1− i)
(|uk,m|2 + |uk,m|q) + |uk,m|r

]
ζR,s(x) dx 6

6 µ21(1− i)
(
R(4(κ−1)q)/(q−2)+s+n+R(2(κ1−1)q)/(q−2)+s+n

)
+

+µ22i
(
R(4(κ−1)r)/(r−2)+s+n + R(2(κ1−1)r)/(r−2)+s+n

)
+µ23R

(2(κ2−1)p)/(2−p)+s+n+

+µ24R
s

∫

ΩR

[ ∑

0<|α|62

∣∣fk
α(x)− fm

α (x)
∣∣2 + (1− i)

∣∣fk
0 (x)− fm

0 (x)
∣∣2+
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+ i
∣∣fk

0 (x)− fm
0 (x)

∣∣r/(r−1)
]

dx, i = 0, 1. (13)

Òóò i íàäàëi, äëÿ âèïàäêó à) áåðåìî i = 0, äëÿ âèïàäêó á) � i = 1. Íåõàé
R > R0 > 1. Òîäi ç (13) âèïëèâàþòü îöiíêè

∫

ΩR0

[ ∑

0<|α|62

∣∣Dαuk,m
∣∣2 + (1− i)|uk,m|2 + |uk,m|r

]
dx 6

6 µ25

(
R

R−R0

)s[
(1− i)

(
R(4(κ−1)q)/(q−2)+n + R(2(κ1−1)q)/(q−2)+n

)
+

+ i
(
R(4(κ−1)r)/(r−2)+n + R(2(κ1−1)r)/(r−2)+n

)
+ R(2(κ2−1)p)/(2−p)+n +

+
∫

ΩR

( ∑

0<|α|62

∣∣fk
α(x)− fm

α (x)
∣∣2 + (1− i)

∣∣fk
0 (x)− fm

0 (x)
∣∣2 +

+ i
∣∣fk

0 (x)− fm
0 (x)

∣∣r/(r−1)
)

dx

]
, i = 0, 1. (14)

Îñêiëüêè lim
q→+2

q/(q − 2) = +∞, òî ç óìîâ òåîðåìè 2 âèïëèâà¹, ùî iñíó¹ òàêå

q0 ∈ (2, r), ùî 4(κ− 1)γ1(i)
γ1(i)− 2

+ n < 0,
2(κ1 − 1)γ1(i)

γ1(i)− 2
+ n < 0, i = 0, 1, äå

γ1(i) = (1− i)q0 + ir, i = 0, 1 i, êðiì òîãî, 2(κ2 − 1)p
2− p

+ n < 0. Íåõàé ε > 0�
äîâiëüíå ôiêñîâàíå ÷èñëî. Iñíó¹ òàêå R1, R1 > R0, ùî

µ25

(
R1

R1 −R0

)s[
(1− i)

(
R

(4(κ−1)q)/(q−2)+n
1 + R

(2(κ1−1)q)/(q−2)+n
1

)
+

+ i
(
R

(4(κ−1)r)/(r−2)+n
1 + R

(2(κ1−1)r)/(r−2)+n
1

)
+ R

(2(κ2−1)p)/(2−p)+n
1

]
<

ε

3
,

i = 0, 1. Îñêiëüêè ïîñëiäîâíiñòü {fk
α} ôóíäàìåíòàëüíà â ïðîñòîði L2(ΩR1),

|α| 6 2, òî iñíó¹ òàêå k0 ∈ N, ùî äëÿ âñiõ k, m > k0

µ25

(
R1

R1 −R0

)s ∫

ΩR1

∑

|α|62

∣∣fk
α(x)− fm

α (x)
∣∣2 dx <

ε

3
,

µ25

(
R1

R1 −R0

)s ∫

ΩR1

∣∣fk
0 (x)− fm

0 (x)
∣∣r/(r−1)

dx <
ε

3
.

Îòæå, ç (14) âèïëèâà¹, ùî ïîñëiäîâíiñòü {uk} ôóíäàìåíòàëüíà â ïðîñòîði
V2(ΩR0) ∩ Lr(ΩR0). Îñêiëüêè R0 äîâiëüíå, òî uk → u ñèëüíî â V2, loc(Ω)∩
∩Lr

loc(Ω) ïðè k →∞. Ïåðåéøîâøè â (13) äî ãðàíèöi ïðè k →∞, îòðèìà¹ìî
òâåðäæåííÿ òåîðåìè. ♦
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ÝËËÈÏÒÈ×ÅÑÊÎÅ ÂÀÐÈÀÖÈÎÍÍÎÅ ÍÅÐÀÂÅÍÑÒÂÎ
Â ÍÅÎÃÐÀÍÈ×ÅÍÍÛÕ ÎÁËÀÑÒßÕ

Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íåëèíåéíîãî ýëëèïòè÷åñêîãî
âàðèàöèîííîãî íåðàâåíñòâà â íåîãðàíè÷åííîé îáëàñòè áåç óñëîâèé íà áåñêîíå÷íîñ-
òè. Â ÷àñòíîñòè, èñõîäíûå äàííûå ìîãóò íåîãðàíè÷åííî âîçðàñòàòü, à òàêæå
ðåøåíèå åäèíñòâåííî áåç òðåáîâàíèé ê åãî ïîâåäåíèþ íà áåñêîíå÷íîñòè.

ELLIPTIC VARIATIONAL INEQUALITY IN UNBOUNDED DOMAINS

It is proved the existence and uniqueness of a solution for some nonlinear elliptic varia-
tional inequality in an unbounded domain without conditions at the infinity. In particular,
the growth of the data at the infinity need not to be limited and a solution of the inequality
is unique without any restriction of its behavior at the infinity.

Îäåðæàíî
Ëüâiâ. íàö. óí-ò iì. Iâàíà Ôðàíêà, Ëüâiâ 23.09.05

116


