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ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI ÐÎÇÂ'ßÇÊIÂ ÏÀÐÀÁÎËI×ÍÈÕ
ÂÀÐIÀÖIÉÍÈÕ ÍÅÐIÂÍÎÑÒÅÉ ÇI ÇÌIÍÍÈÌ ÑÒÅÏÅÍÅÌ
ÍÅËIÍIÉÍÎÑÒI

Ó îáìåæåíié îáëàñòi ðîçãëÿíóòî íåëiíiéíó ïàðàáîëi÷íó âàðiàöiéíó íåðiâíiñòü,
â ÿêié ñòåïiíü íåëiíiéíîñòi îäíîãî ç äîäàíêiâ ¹ ôóíêöi¹þ ïðîñòîðîâèõ çìiííèõ.
Âñòàíîâëåíî óìîâè iñíóâàííÿ, ¹äèíîñòi òà ñòàáiëiçàöi¨ ðîçâ'ÿçêó öi¹¨ íåðiâ-
íîñòi.

Âñòóï. Óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà áóëè ââåäåíi â ðîáîòi [9],
ïèòàííÿ ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ âàðiàöiéíèõ íåðiâíîñòåé â òàêèõ
ïðîñòîðàõ äîñëiäæóâàëèñü â ðîáîòi [4]. Ñêií÷åííiñòü ÷àñó ñòàáiëiçàöi¨ ðîçâ'ÿçêó
ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi ç ∆p(x) �ëàïëàñiàíîì âñòàíîâëåíà â ñòàòòi
[3]. Ó öié ïðàöi â îáìåæåíié öèëiíäðè÷íié îáëàñòi ðîçãëÿíóòî íåëiíiéíi ïàðà-
áîëi÷íi âàðiàöiéíi íåðiâíîñòi ç ïî÷àòêîâîþ óìîâîþ. Âèêîðèñòîâóþ÷è ìåòîäèêó
ðîáiò [1, 7], îòðèìó¹ìî iñíóâàííÿ, ¹äèíiñòü òà äåÿêi âëàñòèâîñòi ðîçâ'ÿçêiâ öèõ
íåðiâíîñòåé.

Íåõàé n ∈ N, T > 0� ôiêñîâàíi ÷èñëà, Ω ⊂ Rn � îáìåæåíà îáëàñòü ç
ìåæåþ ∂Ω ⊂ C1, Qt1,t2 = Ω × (t1, t2), 0 ≤ t1 < t2 ≤ T, Ωτ = {(x, t) : x ∈ Ω,
t = τ}, τ ∈ [0, T ], p ∈ (1, 2), q ∈ L∞(Ω),

1 < ess inf
x∈Ω

q(x) ≤ q(x) ≤ ess sup
x∈Ω

q(x) < +∞.

Ââàæàòèìåìî, ùî ìåæà ∂Ω îáëàñòi Ω ñêëàäà¹òüñÿ ç äâîõ êóñêîâî�ãëàäêèõ
ãiïåðïîâåðõîíü Γ1, Γ2 ( ∂Ω = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = ∅ ); ìîæëèâî, ìiðà îäíi¹¨ ç
íèõ äîðiâíþ¹ íóëåâi. ×åðåç X ïîçíà÷èìî ìíîæèíó òèõ ôóíêöié v ∈ W 1,p(Ω),
ÿêi äîðiâíþþòü íóëåâi íà Γ1.

Íåõàé Lq(x)(Ω)� óçàãàëüíåíèé ïðîñòið Ëåáåãà [9], òîáòî Lq(x)(Ω) =
{

z =

= z(x) :
∫

Ω

|z(x)|q(x)dx < +∞
}

. Âiäîìî, ùî öåé ïðîñòið ¹ áàíàõîâèì ïðîñòîðîì,

ÿêùî íà íüîìó îçíà÷èòè íîðìó çà äîïîìîãîþ ôîðìóëè ||z; Lq(x)(Ω)|| =

= inf
{

λ > 0 :
∫

Ω

|z(x)/λ|q(x)dx ≤ 1
}

. Òàê ñàìî îçíà÷èìî i ïðîñòið Lq(x)(Q0,T ).

Íåõàé V = X∩Lq(x)(Ω)∩L2(Ω). Òîäi V ⊂ L2(Ω) ⊂ V ∗. Îçíà÷èìî ïðîñòið
U òà ìíîæèíó K òàê:

U = Lp(0, T ; X) ∩ Lq(x)(Q0,T ) ∩ L2(Q0,T ),

K = {v : Ω → R | ψ1(x) ≤ v(x) ≤ ψ2(x) ìàéæå äëÿ âñiõ x ∈ Ω}.
×åðåç 〈·, ·〉, 〈〈·, ·〉〉 ïîçíà÷àòèìåìî ñêàëÿðíi äîáóòêè ìiæ ïðîñòîðàìè V ∗ i V
òà U∗ i U âiäïîâiäíî.

Íåõàé a1, . . . , an, b : Ω × (0, T ) × R × Rn → R, f : Ω × R → R, u0 :
Ω → R� äåÿêi íàïåðåä çàäàíi ôóíêöi¨, u : Ω × R → R� äåÿêà ôóíêöiÿ,
∇u = (ux1 , . . . , uxn). Òàì, äå öå íå âèêëèêàòèìå äâîçíà÷íîñòi, çàìiñòü f(x, t),
u0(x), ai(x, t, u(x, t),∇u(x, t)), i = 1, ..., n, b(x, t, u(x, t),∇u(x, t)), u(x, t) ïèñà-
òèìåìî ïðîñòî f, u0, ai(u,∇u), i = 1, ..., n, b(u,∇u), u, à çàìiñòü u(·, t)�
ïðîñòî u(t).
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Îçíà÷åííÿ. Ðîçâ'ÿçêîì ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi
∫

Q0,τ

[
vt(v − u) +

n∑

i=1

ai(u,∇u)(vxi
− uxi

) + b(u,∇u)(v − u)−

− f(v − u)

]
dxdt ≥ 1

2

∫

Ωτ

|v − u|2dx− 1
2

∫

Ω0

|v − u0|2dx (1)

íàçèâà¹òüñÿ ôóíêöiÿ u ∈ U ∩ C([0, T ];L2(Ω)), u(t) ∈ K ìàéæå äëÿ âñiõ
t ∈ (0, T ), ÿêà çàäîâîëüíÿ¹ (1) äëÿ âñiõ ÷èñåë τ ∈ (0, T ] òà âñiõ ôóíêöié
v ∈ U∩C([0, T ];L2(Ω)) òàêèõ, ùî vt ∈ U∗, v(t) ∈ K ìàéæå äëÿ âñiõ t ∈ (0, T ).

Ââàæàòèìåìî, ùî âèêîíóþòüñÿ òàêi óìîâè:
(AB): ai(x, t, s, ξ), i = 1, ..., n, b(x, t, s, ξ) Îçíà÷åíi íà Ω× (0, T )×R×Rn

i çàäîâîëüíÿþòü óìîâó Êàðàòåîäîði, òîáòî ¹ íåïåðåðâíèìè çà (s, ξ) ìàéæå äëÿ
âñiõ (x, t) ∈ Q0,T i âèìiðíèìè çà (x, t) äëÿ âñiõ (s, ξ) ∈ Rn+1; êðiì òîãî, ìàé-
æå äëÿ âñiõ (x, t) ∈ Q0,T i äëÿ âñiõ s, r ∈ R òà âñiõ ξ, η ∈ Rn âèêîíóþòüñÿ
îöiíêè:

n∑

i=1

(ai(x, t, s, ξ)− ai(x, t, r, η))(ξi − ηi) ≥ 0,

(b(x, t, s, ξ)− b(x, t, r, η))(s− r) ≥ 0,

n∑

i=1

ai(x, t, s, ξ)ξi ≥ a0

n∑

i=1

|ξi|p, a0 > 0,

b(x, t, s, ξ)s ≥ c0|s|2 + g0|s|q(x), c0 ∈ R, g0 > 0,

|ai(x, t, s, ξ)| ≤ a1|ξi|p−1, a1 > 0, i = 1, ..., n,

|b(x, t, s, ξ)| ≤ b1(|s|+ |s|q(x)−1), b1 > 0;

(F): f ∈ L2(Q0,T );
(Ψ ): ψ1, ψ2 ∈ L2(Ω), ψ1(x) ≤ 0 ≤ ψ2(x) ìàéæå äëÿ âñiõ x ∈ Ω;
(U): u0 ∈ L2(Ω), u0 ∈ K.

Òåîðåìà 1 (¹äèíiñòü ðîçâ'ÿçêó). Íåõàé êîåôiöi¹íòè íåðiâíîñòi (1) çàäî-
âîëüíÿþòü óìîâè (AB)�(U). Òîäi ïàðàáîëi÷íà âàðiàöiéíà íåðiâíiñòü (1) íå
ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.

Ä î â å ä å í í ÿ. Ïðèïóñêà¹ìî, ùî iñíóþòü ïðèíàéìíi äâà ðîçâ'ÿçêè u1,
u2 (u1 6= u2) íåðiâíîñòi (1). Ðîçãëÿäà¹ìî ñiì'þ çàäà÷

ηvη
t + vη = (u1 + u2)/2, vη(0) = u0, η > 0.

Âiäîìî [2, 8], ùî ïðè êîæíîìó ôiêñîâàíîìó η > 0 iñíó¹ ðîçâ'ÿçîê öi¹¨ çàäà÷i
� ôóíêöiÿ vη ∈ U ∩ C([0, T ];L2(Ω)), vη

t ∈ U, vη(t) ∈ K ìàéæå äëÿ âñiõ
t ∈ (0, T ), i, êðiì òîãî, vη → (u1 + u2)/2 ñëàáêî â U òà ñèëüíî â L2(Q0,T )
ïðè η → +0. Ïîêëàäà¹ìî â (1) ñïî÷àòêó u = u1, v = vη, ïîòiì u = u2,
v = vη, i äîäà¹ìî îòðèìàíi íåðiâíîñòi. Ïåðåéøîâøè äî ãðàíèöi ïðè η → +0
òà âèêîðèñòàâøè óìîâè òåîðåìè, îäåðæèìî îöiíêó

1
2

∫

Ωτ

|u1 − u2|2dx + c0

∫

Q0,τ

|u1 − u2|2dxdt ≤ 0, τ ∈ (0, T ),

ç ÿêî¨ âèïëèâà¹, ùî u1 = u2 ìàéæå ñêðiçü â Q0,T . Òåîðåìó äîâåäåíî. ♦

100



Òåîðåìà 2 (iñíóâàííÿ ðîçâ'ÿçêó). Íåõàé êîåôiöi¹íòè (1) çàäîâîëüíÿþòü
óìîâè (AB)�(U), i, êðiì òîãî, ìàéæå äëÿ âñiõ x ∈ Ω òà äëÿ âñiõ t1, t2 ∈
∈ (0, T ), (s, ξ) ∈ Rn+1 âèêîíóþòüñÿ îöiíêè

|ai(x, t1, s, ξ)− ai(x, t2, s, ξ)| ≤ h(|t1 − t2|)|ξi|p−1, i = 1, ..., n,

|b(x, t1, s, ξ)− b(x, t2, s, ξ)| ≤ µ(|t1 − t2|)(|s|+ |s|q(x)−1),

äå h, µ : R → R+ � íåïåðåðâíi ôóíêöi¨, h(0) = µ(0) = 0. Òîäi íåðiâíiñòü (1)
ìà¹ ðîçâ'ÿçîê u, äëÿ ÿêîãî âèêîíó¹òüñÿ îöiíêà

∫

Q0,T

[
n∑

i=1

|uxi |p + |u|2 + |u|q(x)

]
dxdt ≤ C1F, (2)

äå F =
∫

Ω

|u0|2dx +
∫

Q0,T

|f |2dxdt, ñòàëà C1 íå çàëåæèòü âiä f, u0, u.

Ä î â å ä å í í ÿ. Âèêîðèñòà¹ìî ìåòîä øòðàôó [7]. Ñiì'þ îïåðàòîðiâ
{A(t) : V → V ∗, t ∈ (0, T )} îçíà÷èìî ðiâíiñòþ

〈A(t)w, v〉=
∫

Ωt

[
n∑

i=1

ai(w,∇w)vxi + b(w,∇w)v

]
dx, w, v ∈ V, t ∈ (0, T ).

Íåõàé B : L2(Ω) → L2(Ω)� îïåðàòîð øòðàôó, ÿêèé äi¹ çà òàêèì ïðàâèëîì:
(Bw)(x) = −(w(x)−ψ1(x))−+(w(x)−ψ2(x))+, w ∈ L2(Ω). Îçíà÷èìî îïåðàòîð
A : U → U∗ òàê:

〈〈Aw, v〉〉 =

T∫

0

〈A(t)w(t), v(t)〉dt, w, v ∈ U.

Ðîçãëÿíåìî ñiì'þ çàäà÷ çi øòðàôîì

uk
t (t) + A(t)uk(t) + kBuk(t) = f(t), t ∈ (0, T ), (3)

uk|t=0 = u0, k = 1, 2, . . . . (4)

Âiäîìî, ùî äëÿ êîæíîãî k ∈ N iñíó¹ ðîçâ'ÿçîê çàäà÷i (3), (4) â ñåíñi ðîçïîäiëiâ
òàêèé, ùî uk ∈ U ∩ C([0, T ];L2(Ω)), uk

t ∈ U∗. Ïîìíîæèìî (3) ñêàëÿðíî íà
uk(t) òà ïðîiíòåãðó¹ìî çà t ∈ (0, τ), äå τ ∈ (0, T ]. Îäåðæèìî

τ∫

0

〈uk
t (t) + A(t)uk(t) + kBuk(t), uk(t)〉dt =

τ∫

0

〈f(t), uk(t)〉dt.

Âèêîðèñòîâóþ÷è óìîâè òåîðåìè, íåðiâíiñòü Þíãà òà ëåìó Ãðîíóîëà, ç îñòàí-
íüî¨ ðiâíîñòi îòðèìó¹ìî îöiíêè

sup
τ∈(0,T )

∫

Ωτ

|uk|2dx +
∫

Q0,T

[
n∑

i=1

|uk
xi
|p + |uk|2 + |uk|q(x)

]
dxdt ≤ C2F,

T∫

0

〈Buk(t), uk(t)〉dt ≤ C2F

k
, ||Auk;U∗|| ≤ C3, (5)
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äå C2, C3 íå çàëåæàòü âiä k. Öi îöiíêè òà òåîðåìà 5.9 [5, c. 20] ãàðàíòóþòü
iñíóâàííÿ òàêî¨ ïiäïîñëiäîâíîñòi {ukl}l∈N ⊂ {uk}k∈N, ùî

ukl −→
kl→∞

u ∗ −ñëàáêî â L∞(0, T ;L2(Ω)),

ukl −→
kl→∞

u ñëàáêî â U, Aukl −→
kl→∞

χ ñëàáêî â U∗.

Íåõàé v ∈ U ∩ C([0, T ];L2(Ω)), vt ∈ U∗, v(t) ∈ K ìàéæå äëÿ âñiõ t ∈
(0, T ). Ðîçãëÿäà¹ìî (3) íà ïiäïîñëiäîâíîñòi {ukl}l∈N, ìíîæèìî ñêàëÿðíî íà
v(t)− ukl(t), iíòåãðó¹ìî çà t ∈ (0, τ), äå 0 < τ ≤ T, òà ïåðøèé äîäàíîê iíòåã-
ðó¹ìî ÷àñòèíàìè. Îñêiëüêè Bv(t) = 0 ìàéæå äëÿ âñiõ t ∈ (0, T ) i îïåðàòîð B
ìîíîòîííèé, òî

τ∫

0

〈vt(t)+A(t)ukl(t)−f(t), v(t)−ukl(t)〉dt ≥ 1
2

∫

Ωτ

|v−ukl |2dx−1
2

∫

Ω0

|v−u0|2dx. (6)

Âèêîðèñòîâóþ÷è (6) òà óìîâè òåîðåìè, òàê ñàìî, ÿê â [2, 4], âñòàíîâëþ¹ìî
ðiâíiñòü χ = Au i òå, ùî ç ïîñëiäîâíîñòi {ukl}l∈N ìîæíà âèäiëèòè ïiäïîñëiäîâ-
íiñòü (ÿêó çíîâó ïîçíà÷èìî ÷åðåç {ukl}l∈N ), çáiæíó â ïðîñòîði C([0, T ];L2(Ω)).

Âçÿâøè íèæíþ ãðàíèöþ ïðè kl →∞ ç îáîõ ÷àñòèí (6), îòðèìà¹ìî, ùî u
çàäîâîëüíÿ¹ íåðiâíiñòü (1). Ïîêàæåìî, ùî u(t) ∈ K ìàéæå äëÿ âñiõ t ∈ (0, T ).
Äëÿ öüîãî îçíà÷èìî ìíîæèíè

Ψ1 = {(x, t) ∈ Q0,T : u(x, t)− ψ1(x) ≥ 0},

Ψ2 = {(x, t) ∈ Q0,T : u(x, t)− ψ2(x) ≤ 0}.
Âèêîðèñòàâøè îöiíêè (5), ëåìó 5.3 [5, c. 20] òà ëåìó 4.1 [6, ñ. 98], îòðèìà¹ìî

∫

Q0,T

[|(u− ψ1)−|2 + |(u− ψ2)+|2]dxdt ≤

≤ lim
kl→∞

∫

Q0,T

[|(ukl − ψ1)−|2 + |(ukl − ψ2)+|2]dxdt =

= lim
kl→∞

∫

Q0,T

[(ukl − ψ1)−(ukl − ψ1)− + (ukl − ψ2)+(ukl − ψ2)+]dxdt =

= lim
kl→∞

{ ∫

Q0,T \Ψ1

(ukl − ψ1)−(ψ1 − ukl)dxdt +
∫

Q0,T \Ψ2

(ukl − ψ2)+(ukl − ψ2)dxdt

}
≤

≤ lim
kl→∞

{ ∫

Q0,T \Ψ1

−(ukl − ψ1)−ukldxdt +
∫

Q0,T \Ψ2

(ukl − ψ2)+ukldxdt

}
≤

≤ lim
kl→∞

∫

Q0,T

[−(ukl − ψ1)−ukl + (ukl − ψ2)+ukl ]dxdt =

= lim
kl→∞

∫

Q0,T

Buklukldxdt ≤ lim
kl→∞

C2

kl
= 0.

Îñòàííÿ îöiíêà äîâîäèòü, ùî u(t) ∈ K ìàéæå äëÿ âñiõ t ∈ (0, T ), à, îòæå,
ôóíêöiÿ u ¹ øóêàíèì ðîçâ'ÿçêîì íåðiâíîñòi (1). Òåîðåìó äîâåäåíî. ♦
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Ââàæàòèìåìî ñêðiçü äàëi, ùî Γ1 = ∂Ω, p ∈ (1, 2), p ≥ 2n

n + 2
. Òîäi X =

= W 1,p
0 (Ω) ⊂ L2(Ω), òîìó V = W 1,p

0 (Ω) ∩ Lq(x)(Ω), U = Lp(0, T ;W 1,p
0 (Ω))∩

∩Lq(x)(Q0,T ).
Çàóâàæåííÿ 1. Ïðè äîäàòêîâèõ óìîâàõ íà âèõiäíi äàíi çàäà÷i îäåðæèìî,

ùî ðîçâ'ÿçîê íåðiâíîñòi (1) � ôóíêöiÿ u� çàäîâîëüíÿ¹ âêëàäåííÿ ut, Au ∈
∈ L2(Q0,T ). Òîìó ôóíêöiÿ u çàäîâîëüíÿòèìå ïàðàáîëi÷íó âàðiàöiéíó íåðiâ-
íiñòü ∫

Qt1,t2

(
ut −

n∑

i=1

(ai(u,∇u))xi
+ b(u,∇u)− f

)
(v − u)dxdt ≥ 0 (7)

äëÿ âñiõ t1, t2 ∈ (0, T ), t1 < t2, òà äëÿ âñiõ ôóíêöié v ∈ L2(Q0,T ), v(t) ∈ K
ìàéæå äëÿ âñiõ t ∈ (0, T ), à òàêîæ ïî÷àòêîâó óìîâó

u|t=0 = u0. (8)

Äiþ÷è òàê ñàìî, ÿê â ðîáîòi [1], âñòàíîâèìî äåÿêi âëàñòèâîñòi ðîçâ'ÿçêiâ
âàðiàöiéíî¨ íåðiâíîñòi (1).

Òåîðåìà 3 (ñêií÷åííiñòü ÷àñó ñòàáiëiçàöi¨ ðîçâ'ÿçêó). Íåõàé íåðiâíiñòü
(1) ìà¹ ðîçâ'ÿçîê u, ÿêèé çàäîâîëüíÿ¹ (7), (8), i ut, Au ∈ L2(Q0,T ). ßêùî
âèêîíóþòüñÿ óìîâè (AB), (Ψ ), (U), i, êðiì òîãî, c0 ≥ 0, f ≡ 0 òà
||u0; L2(Ω)|| > 0, òî iñíó¹ òàêèé äîñèòü âåëèêèé ìîìåíò ÷àñó t0, ùî

u(x, t) = 0 ïðè t ≥ t0, x ∈ Ω.

Ä î â å ä å í í ÿ. Âiçüìåìî â (7) v = 0 òà ïðîiíòåãðó¹ìî äðóãèé äîäàíîê
÷àñòèíàìè. Ïiñëÿ ïåðåòâîðåíü îòðèìà¹ìî íåðiâíiñòü

∫

Qt1,t2

utu dxdt + a0

∫

Qt1,t2

n∑

i=1

|uxi |p dxdt ≤ 0, 0 ≤ t1 < t2 ≤ T. (9)

Íåõàé y(t) =
∫

Ω

|u(x, t)|2dx, t ∈ (0, T ). Óìîâè òåîðåìè çàáåçïå÷óþòü âèêî-

íàííÿ ñïiââiäíîøåííÿ ||u;L2(Ω)|| ≤ C4||∇u; Lp(Ω)||. Òîìó ç (9) îòðèìó¹ìî, ùî
y′(t) + C5y

p
2 (t) ≤ 0, t ∈ (0, T ). Çâiäñè äëÿ τ ∈ (0, T ] îäåðæèìî îöiíêè

τ∫

0

y′(t)
y

p
2 (t)

dt + C5τ ≤ 0,

y1− p
2 (τ) ≤ y1− p

2 (0)− (2− p)C5τ

2
= ||u0; L2(Ω)||2−p − (2− p)C5τ

2
.

Âiçüìåìî t0 ≡ 2
C5(2− p)

· ||u0; L2(Ω)||2−p. Òîäi äëÿ âñiõ τ ≥ t0 îòðèìà¹ìî, ùî
y(τ) = 0. Îòæå, u = 0 ìàéæå ñêðiçü â Qt0,T . Òåîðåìó äîâåäåíî. ♦

Òåîðåìà 4 (ñêií÷åííiñòü øâèäêîñòi ïîøèðåííÿ çáóðåíü âiä ïî÷àòêîâî¨
óìîâè). Íåõàé íåðiâíiñòü (1) ìà¹ ðîçâ'ÿçîê u, ÿêèé çàäîâîëüíÿ¹ (7), (8), i
ut, Au ∈ L2(Q0,T ). ßêùî âèêîíóþòüñÿ óìîâè (AB), (Ψ ), (U), c0 ≥ 0, f ≡ 0,
||u0; L2(Ω)|| > 0 òà iñíóþòü òàêi x0 ∈ Ω, R0 > 0, ùî BR0(x0) ⊂ Ω, äå
BR0(x0)� êóëÿ â Rn ðàäióñà R0 ç öåíòðîì â x0, i

u0(x) = 0 ïðè x ∈ BR0(x0), (10)

òî äëÿ êîæíîãî R ∈ (0, R0) iñíó¹ òàêå äîñèòü ìàëå t0, ùî u(x, t) = 0 ïðè
t ∈ (0, t0), x ∈ BR(x0).
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Ä î â å ä å í í ÿ. Íåõàé R1 ∈ (0, R0)� äîâiëüíå ÷èñëî. Äëÿ êîæíîãî
t0 ∈ (0, T ] ç (7) îòðèìà¹ìî

t0∫

0

∫

BR1 (x0)

utu dxdt +

t0∫

0

∫

BR1 (x0)

−
n∑

i=1

∂ai(u,∇u)
∂xi

u dxdt +

+

t0∫

0

∫

BR1 (x0)

b(u,∇u)u dxdt ≤ 0. (11)

Ç òîãî, ùî âèêîíó¹òüñÿ óìîâà (AB), òà îöiíîê c0 ≥ 0, g0 > 0, äiñòà¹ìî,
ùî b(u,∇u)u ≥ c0|u|2 + g0|u|q(x) ≥ 0. Äî äðóãîãî äîäàíêà â íåðiâíîñòi
(11) çàñòîñîâó¹ìî ôîðìóëó Ãðiíà. Âðàõîâóþ÷è óìîâó (AB), ïiñëÿ íåñêëàäíèõ
ïåðåòâîðåíü ìàòèìåìî

1
2

∫

BR1 (x0)

|u(t0)|2dx + a0

t0∫

0

∫

BR1 (x0)

n∑

i=1

|uxi |pdxdt ≤

≤ 1
2

∫

BR1 (x0)

|u0|2dx +

t0∫

0

∫

∂BR1 (x0)

n∑

i=1

ai(u,∇u)u cos(ν, xi) dΓdt, (12)

äå ν � çîâíiøíÿ îäèíè÷íà íîðìàëü äî ∂BR1(x0). Ïîçíà÷èìî ïðàâó ÷àñòèíó

(12) ÷åðåç J. Ç (10) âèïëèâà¹, ùî J =

t0∫

0

∫

∂BR1 (x0)

n∑

i=1

ai(u,∇u)u cos(ν, xi) dΓdt.

Çðîçóìiëî, ùî äëÿ âñiõ α1, . . . , αn, β ≥ 0 âèêîíó¹òüñÿ îöiíêà

(α1 + . . . + αn)β ≤ (n max{α1, . . . , αn})β ≤ nβ(αβ
1 + . . . + αβ

n). (13)

Óìîâà (AB), íåðiâíîñòi Ãåëüäåðà i (13) äàþòü ìîæëèâiñòü îòðèìàòè
íàñòóïíó îöiíêó

J ≤ |J | ≤ a1

t0∫

0

∫

∂BR1 (x0)

n∑

i=1

|uxi |p−1 · |u| dΓdt ≤

≤ a1

( t0∫

0

∫

∂BR1 (x0)

(
n∑

i=1

|uxi |p−1

) p
p−1

dΓdt

) p−1
p

·
( t0∫

0

∫

∂BR1 (x0)

|u|p dΓdt

) 1
p

≤

≤ C6

( t0∫

0

∫

∂BR1 (x0)

n∑

i=1

|uxi |p dΓdt

) p−1
p

·
( t0∫

0

∫

∂BR1 (x0)

|u|p dΓdt

) 1
p

. (14)

Ïðîäîâæó¹ìî îöiíþâàòè J çâåðõó. Âiäîìî [1, c. 115], ùî äëÿ äîâiëüíîãî v ∈
∈ W 1,p(Ω) âèêîíó¹òüñÿ îöiíêà

||v||pLp(∂BR1 (x0))
≤ C7(||∇v||Lp(BR1 (x0)) + ||v||L2(BR1 (x0)))

λp · ||v||(1−λ)p
L2(BR1 (x0))

,

äå λ =
2 + (p− 2)n

2 + (p− 2)n + 2(p− 1)
, ñòàëà C7 íå çàëåæèòü âiä v. Âðàõîâóþ÷è îñ-

òàíí¹ ñïiââiäíîøåííÿ i îöiíêó (13), ìîæåìî çàïèñàòè íàñòóïíå:
( t0∫

0

∫

∂BR1 (x0)

|u|p dΓdt

) 1
p

≤
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≤ C8

( t0∫

0

(||∇u||Lp(BR1 (x0)) + ||u||L2(BR1 (x0)))
λp · ||u||(1−λ)p

L2(BR1 (x0))
dt

) 1
p

≤

≤ C9

( t0∫

0

(||∇u||λp
Lp(BR1 (x0))

+ ||u||λp
L2(BR1 (x0))

) · ||u||(1−λ)p
L2(BR1 (x0))

dt

) 1
p

≤

≤ C10

( t0∫

0

[( ∫

BR1 (x0)

n∑

i=1

|uxi
|p dx

)λ

·
( ∫

BR1 (x0)

|u|2 dx

) (1−λ)p
2

+

+

( ∫

BR1 (x0)

|u|2 dx

) p
2
]
dt

) 1
p

. (15)

Âðàõîâóþ÷è îöiíêè (14)�(15), íåðiâíiñòü (12) ïåðåòâîðèòüñÿ äî âèãëÿäó

1
2

∫

BR1 (x0)

|u(t0)|2dx + a0

t0∫

0

∫

BR1 (x0)

n∑

i=1

|uxi |pdxdt ≤

≤ C11

( t0∫

0

∫

∂BR1 (x0)

n∑

i=1

|uxi |p dΓdt

) p−1
p

·
( t0∫

0

[( ∫

BR1 (x0)

n∑

i=1

|uxi |p dx

)λ

×

×
( ∫

BR1 (x0)

|u|2 dx

) (1−λ)p
2

+

( ∫

BR1 (x0)

|u|2 dx

) p
2

]
dt

) 1
p

. (16)

Ôiêñó¹ìî äîâiëüíå t1 ç ïðîìiæêó (t0, T ] i áåðåìî ñóïðåìóì çà âñiìà t0 ∈ (0, t1)

âiä îáîõ ÷àñòèí (16). Îñêiëüêè λ ∈ (0, 1), òî 1
λ
∈ (1, +∞) i òîäi ç íåðiâíîñòi

Ãåëüäåðà îòðèìó¹ìî, ùî
t1∫

0

zλ(t) dt ≤
( t1∫

0

zλ· 1λ (t)dt

)λ

·
( t1∫

0

1
1

1−λ dt

)1−λ

=

=

( t1∫

0

z(t) dt

)λ

·t1−λ
1 . Òîìó

1
2

sup
0<t0<t1

∫

BR1 (x0)

|u(t0)|2dx + a0

t1∫

0

∫

BR1 (x0)

n∑

i=1

|uxi |pdxdt ≤

≤ C11

( t1∫

0

∫

∂BR1 (x0)

n∑

i=1

|uxi |pdΓdt

) p−1
p

·
[( t1∫

0

∫

BR1 (x0)

n∑

i=1

|uxi |pdxdt

)λ

×

× sup
0<t0<t1

( ∫

BR1 (x0)

|u|2dx

) (1−λ)p
2

· t1−λ
1 + sup

0<t0<t1

( ∫

BR1 (x0)

|u|2dx

) p
2

· t1
] 1

p

, (17)

t1 ∈ (0, T ). Ââåäåìî ïîçíà÷åííÿ: g1, g2 : R+ → R+,

g1(R1)
def= sup

0<t0<t1

∫

BR1 (x0)

|u|2dx, g2(R1)
def=

t1∫

0

∫

BR1 (x0)

n∑

i=1

|uxi |pdxdt,
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R1 ∈ (0, R0). Î÷åâèäíî, ùî
t1∫

0

∫

∂BR1 (x0)

n∑

i=1

|uxi
|pdΓdt =

d

dR1

( t1∫

0

dt

R1∫

0

dr

∫

∂Br(x0)

n∑

i=1

|uxi
|pdΓ

)
= g′2.

Òåïåð çàïèøåìî (17), âèêîðèñòîâóþ÷è ââåäåíi ïîçíà÷åííÿ òà ñïiââiäíîøåííÿ.
Îòðèìà¹ìî

1
2
g1 + a0g2 ≤ C11g

′
2

p−1
p (gλ

2 g
(1−λ)p

2
1 t1−λ

1 + g
p
2
1 t1)

1
p . (18)

Äàëi áóäåìî ïåðåòâîðþâàòè ïðàâó ÷àñòèíó îñòàííüî¨ íåðiâíîñòi äî ïðîñòiøîãî
âèãëÿäó. Îñêiëüêè gi ≤ g1+g2, i = 1, 2, òî ïîêëàâøè tγ1

def= max{t1−λ
1 , t1}, γ > 0,

(g1 + g2)κ def= max{(g1 + g2)
(1−λ)p

2 +λ, (g1 + g2)
p
2 }, 0 < κ < 1, îäåðæèìî îöiíêó

(gλ
2 g

(1−λ)p
2

1 t1−λ
1 + g

p
2
1 t1)

1
p ≤ t

γ
p

1 (gλ
2 g

(1−λ)p
2

1 + g
p
2
1 )

1
p ≤ 2

1
p t

γ
p

1 (g1 + g2)
κ
p . Òîäi (18)

ìàòèìå âèãëÿä 1
2
g1+a0g2 ≤ 2

1
p C11g

′
2

p−1
p (g1+g2)

κ
p t

γ
p

1 . Âèêîðèñòàâøè íåðiâíiñòü

Þíãà, îòðèìà¹ìî g1 + 2a0g2 ≤ ε(g1 + g2) + C12g
′
2

p−1
p−κ t

γ
p−κ

1 , òîáòî (1 − ε)g1+

+(2a0 − ε)g2 ≤ C12g
′
2

p−1
p−κ t

γ
p−κ

1 . Çàôiêñóâàâøè äîñèòü ìàëå ε > 0, îäåðæèìî
C13g2 ≤ g′2

1
β t

µ
β

1 , äå µ =
γ

p− 1
> 0, β =

p− κ

p− 1
∈ (0, 1). Òîäi

Cβ
13t

−µ
1 − g−β

2 (R1)g′2(R1) ≤ 0. (19)

Íåõàé R ∈ (0, R0). Ïðîiíòåãðó¹ìî (19) çà R1 íà ïðîìiæêó (R,R0). Îòðèìà¹ìî

íàñòóïíi îöiíêè: Cβ
13t

−µ
1

R0∫

R

dR1 −
R0∫

R

g−β
2 (R1)g′2(R1) dR1 ≤ 0,

Cβ
13t

−µ
1 (R0 −R)− g1−β

2 (R0)
1− β

+
g1−β
2 (R)
1− β

≤ 0.

Ñêîðèñòàâøèñü îöiíêîþ (2) òà óìîâàìè òåîðåìè, çâiäñè îòðèìà¹ìî

g1−β
2 (R) ≤ g1−β

2 (R0)− C14t
−µ
1 (R0 −R) ≤

( ∫

Q0,T

n∑

i=1

|uxi |pdxdt

)1−β

−

− C14t
−µ
1 (R0 −R) ≤ ||u0; L2(Ω)||1−β − C14t

−µ
1 (R0 −R).

Òîìó, ÿêùî âèáðàòè t2 = (C14(R0 − R)/||u0; L2(Ω)||1−β)
1
µ , òî äëÿ t1 ∈ (0, t2]

âèêîíó¹òüñÿ íåðiâíiñòü g1−β
2 (R) ≤ 0, òîáòî u(x, t) = 0 â êóëi BR(x0), êîëè

t ≤ t2, R ∈ (0, R0). Òåîðåìó äîâåäåíî. ♦
Çàóâàæåííÿ 2. Íåõàé q1, q2 ∈ (1, +∞), îáëàñòü Ω çàäîâîëüíÿ¹ óìîâè:

Ω = Ω1 ∪ Ω2, Ω1 ∩ Ω2 = ∅. Íàéïðîñòiøèì ïðåäñòàâíèêîì ôóíêöi¨ b ç (1) ¹
òàêà ôóíêöiÿ: b(x, t, s, ξ) =

{
s + |s|q1−2s, x ∈ Ω1, t ∈ (0, T ), (s, ξ) ∈ Rn+1,

s + |s|q2−2s, x ∈ Ω2, t ∈ (0, T ), (s, ξ) ∈ Rn+1.
Ó öüîìó âèïàäêó (1) ìîäåëþ¹, çîêðåìà, ïîøèðåííÿ òåïëà â òiëi Ω, ÿêå

ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí Ω1,Ω2, ÿêi ìàþòü ðiçíi òåïëîâi âëàñòèâîñòi, çà
óìîâè iäåàëüíîãî êîíòàêòó íà ñòèêó Ω1 ç Ω2.

Âèñíîâêè. Ó ñòàòòi ðîçãëÿíóòî ïàðàáîëi÷íó âàðiàöiéíó íåðiâíiñòü, ñòå-
ïiíü íåëiíiéíîñòi îäíîãî ç äîäàíêiâ ÿêî¨ ¹ ôóíêöi¹þ âiä ïðîñòîðîâèõ çìií-
íèõ. Îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ íåðiâíîñòi. Ïðè äî-
äàòêîâèõ óìîâàõ íà öåé ðîçâ'ÿçîê äîâåäåíî, ùî ç äåÿêîãî ìîìåíòó ÷àñó âií
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ñòà¹ íóëüîâèì. Êðiì òîãî, ÿêùî ïðè t = 0 ðîçâ'ÿçîê âàðiàöiéíî¨ íåðiâíîñòi
äîðiâíþ¹ íóëåâi â äåÿêié êóëi, òî â ”ìåíøié� êóëi âií ùå ïåâíèé ÷àñ çàëèøà-
¹òüñÿ íóëüîâèì.
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ÍÅÊÎÒÎÐÛÅ ÑÂÎÉÑÒÂÀ ÐÅØÅÍÈÉ ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ
ÂÀÐÈÀÖÈÎÍÍÛÕ ÍÅÐÀÂÅÍÑÒÂ Ñ ÏÅÐÅÌÅÍÍÎÉ ÑÒÅÏÅÍÜÞ
ÍÅËÈÍÅÉÍÎÑÒÈ

Â îãðàíè÷åííîé îáëàñòè ðàññìîòðåíî íåëèíåéíîå ïàðàáîëè÷åñêîå âàðèàöèîííîå íå-
ðàâåíñòâî. Ñòåïåíü íåëèíåéíîñòè îäíîãî êîýôôèöèåíòà íåðàâåíñòâà ÿâëÿåòñÿ
ôóíêöèåé îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ,
åäèíñòâåííîñòè è ñòàáèëèçàöèè ðåøåíèÿ ýòîãî íåðàâåíñòâà.

SOME PROPERTIES OF THE SOLUTIONS OF A PARABOLIC
VARIATIONAL INEQUALITIES WITH VARIABLE EXPONENT
OF NONLINEARITY

We consider a nonlinear parabolic variational inequality with variable exponent of non-
linearity. Existance, uniqueness and stabilizations properties of the solutions this problem
are investigate.
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Ëüâiâ. íàö. óí-ò iì. Iâàíà Ôðàíêà, Ëüâiâ 06.07.05
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