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Áàãàòîïàðàìåòðè÷íié ñïåêòðàëüíié çàäà÷i ó ñêií÷åííîâèìiðíîìó äiéñíîìó
ãiëüáåðòîâîìó ïðîñòîði ñòàâèòüñÿ ó âiäïîâiäíiñòü âàðiàöiéíà çàäà÷à íà ìi-
íiìóì äåÿêîãî ôóíêöiîíàëà. Äîâåäåíî åêâiâàëåíòíiñòü ñïåêòðàëüíî¨ òà âàði-
àöiéíî¨ çàäà÷. Íà áàçi ãðàäi¹íòíî¨ ïðîöåäóðè çàïðîïîíîâàíî ÷èñåëüíèé àëãî-
ðèòì çíàõîäæåííÿ ¨¨ âëàñíèõ çíà÷åíü i âëàñíèõ âåêòîðiâ.

Óçàãàëüíåíi çàäà÷i íà âëàñíi çíà÷åííÿ T (λ)x = 0 ç îïåðàòîðíîçíà÷íîþ
ôóíêöi¹þ T : C → X(H) (X(H)� ìíîæèíà ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ,
ùî äiþòü ó ñêií÷åííîâèìiðíîìó ãiëüáåðòîâîìó ïðîñòîði H ), ÿêà ëiíiéíî àáî
íåëiíiéíî çàëåæèòü âiä äåêiëüêîõ ñïåêòðàëüíèõ ïàðàìåòðiâ λ, ìàþòü ñâî¨ì
äæåðåëîì êëàñè÷íèé àíàëiç. Çîêðåìà, âîíè âèíèêàþòü ïðè ðîçâ'ÿçóâàííi êðà-
éîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ìåòîäîì
âiäîêðåìëåííÿ çìiííèõ. Öèì çíà÷íîþ ìiðîþ ïîÿñíþ¹òüñÿ iíòåðåñ ÿê äî ðiçíèõ
àñïåêòiâ ñïåêòðàëüíî¨ òåîði¨, òàê i äî ÷èñåëüíèõ ìåòîäiâ ðîçâ'ÿçóâàííÿ òàêèõ
çàäà÷.

Äàíà ðîáîòà ¹ óçàãàëüíåííÿì ðåçóëüòàòiâ ðîáîòè [2] íà âèïàäîê áàãàòî-
ïàðàìåòðè÷íî¨ çàäà÷i íà âëàñíi çíà÷åííÿ. Áàãàòîïàðàìåòðè÷íà ñïåêòðàëüíà
çàäà÷à çàìiíÿ¹òüñÿ åêâiâàëåíòíîþ âàðiàöiéíîþ çàäà÷åþ íà ìiíiìóì äåÿêîãî
êâàäðàòè÷íîãî ôóíêöiîíàëà. Ó îñíîâi ÷èñåëüíîãî àëãîðèòìó ìiíiìiçàöi¨ ôóíê-
öiîíàëà ëåæèòü âàðiàíò ãðàäi¹íòíî¨ ïðîöåäóðè ÿê ìåòîä ÷èñåëüíîãî çíàõîä-
æåííÿ âëàñíîãî âåêòîðà, à íàáið âëàñíèõ çíà÷åíü çàäà÷i çíàõîäèòüñÿ îäíî-
çíà÷íî ç ñèñòåìè ëiíiéíèõ ðiâíÿíü, ïîáóäîâàíî¨ çà çíàéäåíèì íàáëèæåííÿì äî
âëàñíîãî âåêòîðà.

1. Óçàãàëüíåíi âëàñíå çíà÷åííÿ òà âëàñíèé âåêòîð ëiíiéíî¨ áàãà-
òîïàðàìåòðè÷íî¨ ñïåêòðàëüíî¨ çàäà÷i. Íåõàé H = En � äiéñíèé ñêií÷åí-
íîâèìiðíèé ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì (·, ·) òà íîðìîþ || · ||,
à A, Bi : H → H , i = 1, 2, ... , n,� îáìåæåíi ëiíiéíi îïåðàòîðè. Áàãà-
òîïàðàìåòðè÷íà ëiíiéíà çàäà÷à íà âëàñíi çíà÷åííÿ, ÿêà àñîöiþ¹òüñÿ ç öèìè
îïåðàòîðàìè, ïîëÿãà¹ ó çíàõîäæåííi òàêîãî íàáîðó ñïåêòðàëüíèõ ïàðàìåòðiâ
λ = {λ1, ..., λn} ∈ Rn, ïðè ÿêîìó iñíó¹ íåòðèâiàëüíèé ðîçâ'ÿçîê x 6= 0 ðiâíÿííÿ

A x =
n∑

i=1

λiBix . (1)

Òàêèé íàáið ñïåêòðàëüíèõ ïàðàìåòðiâ λ íàçâåìî óçàãàëüíåíèì âëàñíèì
çíà÷åííÿì àáî âëàñíèì íàáîðîì, à ðîçâ'ÿçîê x� óçàãàëüíåíèì âëàñíèì âåêòî-
ðîì çàäà÷i (1). Óçàãàëüíåíå âëàñíå çíà÷åííÿ λ = {λ1, ..., λn} íàçâåìî ïðîñòèì

âëàñíèì çíà÷åííÿì çàäà÷i (1), ÿêùî R
(
A −

n∑

i=1

λiBi

)
∩Mλ = {0}, äå Mλ =

=
{ n∑

i=1

αiBix : αi ∈ R, x ∈ N
(
A −

n∑

i=1

λiBi

)}
. Òóò R(Tλ) òà N(Tλ)� âiä-

ïîâiäíî îáëàñòü çíà÷åíü i âëàñíèé ïiäïðîñòið îïåðàòîðà Tλ = A−
n∑

i=1

λiBi.
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Îòæå, íåõàé x∗ � âëàñíèé âåêòîð, ÿêîìó âiäïîâiäà¹ âëàñíèé íàáið ñïåê-
òðàëüíèõ ïàðàìåòðiâ λ∗ = {λ∗1, . . . , λ∗n}, òîáòî ñïðàâäæó¹òüñÿ ðiâíiñòü

Ax∗ =
n∑

i=1

λ∗i Bix
∗ . (2)

ßêùî ïîìíîæèòè ñêàëÿðíî îáèäâi ÷àñòèíè ñïiââiäíîøåííÿ (2) íà Bix
∗,

i = 1, ... , n, òî îòðèìà¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü âiäíîñíî λ∗ :

αi(x∗) =
n∑

j=1

βi j(x∗)λ∗j , i = 1, ... , n. (3)

Íàäàëi áóäåìî ââàæàòè, ùî β−1(x∗) iñíó¹ äëÿ áóäü�ÿêîãî x∗ (öå åêâiâàëåíòíî
òîìó, ùî äëÿ ∀x∗ ∈ H\{0} âåêòîðè Bix

∗, i = 1, ..., n, ¹ ëiíiéíî íåçàëåæíèìè).
Öèì ìè âèêëþ÷à¹ìî âèðîäæåíèé âèïàäîê, ó ÿêîìó Ax∗ = 0 i áóäü�ÿêèé íà-
áið ñêàëÿðiâ λ = {λ1, ..., λn} ¹ âëàñíèì. Îòæå, äëÿ âëàñíîãî âåêòîðà x∗ íàáið
âëàñíèõ çíà÷åíü λ∗ = {λ∗1, . . . , λ∗n} âèçíà÷à¹òüñÿ îäíîçíà÷íî ç ñèñòåìè (3).

Îñêiëüêè A, Bi, i = 1, ... , n, � îáìåæåíi îïåðàòîðè, òî β−1(x) iñíó¹
äëÿ âñiõ x ç äåÿêîãî îêîëó âëàñíîãî âåêòîðà x∗.

Çðîáëåíå ïðèïóùåííÿ äîçâîëÿ¹ äëÿ x, áëèçüêèõ äî x∗, îá÷èñëèòè

αi(x) = ( Ax, Bix) , i = 1, ..., n, βij(x) = ( Bix, Bjx), i, j = 1, ..., n,

i çà αi(x) , i = 1, ... , n, òà βi j(x) , i, j = 1, ... , n, ïîáóäóâàòè âiäïîâiäíî
âåêòîð α(x) = {α1(x), α2(x) } òà ìàòðèöþ β(x) = {βij(x) }n

i,j=1, à íàáið ïà-
ðàìåòðiâ λ(x) = {λ1(x), ... , λn(x) } âèçíà÷èòè ÿê ðîçâ'ÿçîê ñèñòåìè α(x) =
= β(x) · Λ(x), òîáòî

λ(x) = β−1(x) · α (x). (4)
2. Âëàñíi âåêòîðè ÿê òî÷êè ìiíiìóìó. Ðîçãëÿíåìî òåïåð çàäà÷ó ïðî

çíàõîäæåííÿ òàêîãî íàáîðó ïàðàìåòðiâ λ(x) = {λ1(x), ... , λn(x) } i òàêèõ
âåêòîðiâ x, íà ÿêèõ ôóíêöiîíàë

F (x) =
1
2

∥∥∥∥∥Ax−
n∑

i=1

λi(x)Bix

∥∥∥∥∥

2

∀x ∈ H\{0} (5)

íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ, òîáòî

F (x) → inf, x ∈ U ⊂ H = Rn. (6)

Äîâåäåìî åêâiâàëåíòíiñòü çàäà÷ (1) òà (6).

Ëåìà 1. Êîæíèé âëàñíèé âåêòîð çàäà÷i (1) ¹ ñòàöiîíàðíîþ òî÷êîþ
ôóíêöiîíàëà (5) i, íàâïàêè, êîæíà ñòàöiîíàðíà òî÷êà ôóíêöiîíàëà (5) ¹
âëàñíèì âåêòîðîì çàäà÷i (1).

Ä î â å ä å í í ÿ. Íåõàé Tλx = Ax−
n∑

i=1

λi(x)Bix, òàê ùî F (x) =
1
2
‖Tλ x ‖2.

Ðîçãëÿíåìî ïðèðiñò ôóíêöiîíàëà F (x+h)−F (x) äëÿ äîâiëüíèõ x, x+h ∈ U,
äå U � äåÿêà îïóêëà ìíîæèíà ç En. Ïiñëÿ íåñêëàäíèõ âèêëàäîê îòðèìó¹ìî

F (x + h)− F (x) =
(

Tλx ,
[
Tλh −

n∑

i=1

dλi(x, h)Bix
] )

+

+
1
2

( [
Tλh −

n∑

i=1

dλi(x, h)Bix
]
,

[
Tλh −

n∑

i=1

dλi(x, h)Bix
] )

+ O(h3).

(7)
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Îòæå, äèôåðåíöiàë âiä F (x) çàïèøåòüñÿ ó âèãëÿäi dF (x, h) =
(
Tλx ,

[
Tλh−

−
n∑

i=1

dλi(x, h)Bix
] )

. Îñêiëüêè (Bix, Tλx) = αi(x) −
n∑

j=1

λi(x)βi j(x) = 0, òî

çâiäñè âèïëèâà¹, ùî
dF (x, h) = (Tλx , Tλh ), (8)

à òîìó äëÿ ãðàäi¹íòà ôóíêöiîíàëà (5) îòðèìó¹ìî çîáðàæåííÿ grad F (x) ≡
≡ ∇F (x) = T ∗λTλx. Îòæå, (∇F (x), x) = 2F (x), òàê, ùî ∇F (x) = 0 ⇔
⇔ F (x) = 0. Öå îçíà÷à¹, ùî âëàñíèé âåêòîð çàäà÷i (1) ¹ ñòàöiîíàðíîþ òî÷êîþ
ôóíêöiîíàëà (5) i, íàâïàêè. Ëåìó äîâåäåíî. ♦

Ëåìà 2. Ôóíêöiîíàë (5) ¹ îïóêëèì.

Ä î â å ä å í í ÿ. Çãiäíî ç îçíà÷åííÿì [1, ñ. 88] ç ôîðìóëè (7) äëÿ äðóãîãî
äèôåðåíöiàëà ôóíêöiîíàëà (5) îòðèìó¹ìî çîáðàæåííÿ

d2F (x, h) ≡ (F ′′(x)h, h) =

∥∥∥∥∥ Tλh −
n∑

i=1

dλi(x, h)Bix

∥∥∥∥∥

2

. (9)

Îñêiëüêè d2F (x, h) ≥ 0 äëÿ âñiõ x, h 6= 0, òî ôóíêöiîíàë F (x) ¹ îïóêëèì
[1, ñ. 173]. Ëåìó äîâåäåíî. ♦

Òåïåð íà îñíîâi ëåì 1 òà 2 ñïðàâäæó¹òüñÿ òàêà

Ëåìà 3. Êîæíèé âëàñíèé âåêòîð çàäà÷i (1) ¹ òî÷êîþ ìiíiìóìó ôóíê-
öiîíàëà (5) i, íàâïàêè, êîæíà òî÷êà ìiíiìóìó ôóíêöiîíàëà (5) ¹ âëàñíèì
âåêòîðîì çàäà÷i (1).

Ä î â å ä å í í ÿ. Ç ëåìè 1 âèïëèâà¹, ùî êîæíèé âëàñíèé âåêòîð çàäà÷i
(1) ¹ ñòàöiîíàðíîþ òî÷êîþ ôóíêöiîíàëà (5) i, íàâïàêè. Ïîêàæåìî òåïåð, ùî
ñòàöiîíàðíà òî÷êà ¹ ìiíiìóìîì ôóíêöiîíàëà (5). Äiéñíî, íåõàé λ∗ = {λ∗1, ..., λ∗n}
òà x∗ � âëàñíèé íàáið òà âëàñíèé âåêòîð çàäà÷i (1). Òîäi Tλ∗x

∗ = 0 i ç ôîðìóëè
ñêií÷åííèõ ïðèðîñòiâ äëÿ F (x) : F (x∗+h)−F (x∗) = (∇F (x∗), h)+

1
2
(F ′′(x∗+

+θh)h, h), 0 < θ < 1, âðàõîâóþ÷è ðiâíiñòü ∇F (x) = 0 (ëåìà 1) òà íåðiâíiñòü
(9) (ëåìà 2), îòðèìó¹ìî, ùî F (x∗ + h)− F (x∗) ≥ 0, òîáòî F (x∗ + h) ≥ F (x∗).
Öå îçíà÷à¹, ùî x∗ ¹ òî÷êîþ ìiíiìóìó ôóíêöiîíàëà F (x). Ëåìó äîâåäåíî. ♦

Òàêèì ÷èíîì, ðîçâ'ÿçóâàííÿ çàäà÷i (1) åêâiâàëåíòíå çíàõîäæåííþ ñòàöiî-
íàðíèõ òî÷îê ôóíêöiîíàëà (5), ÿêi ¹ éîãî òî÷êàìè ìiíiìóìó.

3. ×èñåëüíèé àëãîðèòì. Öåé ðåçóëüòàò äîçâîëÿ¹ ïîáóäóâàòè ãðàäi¹íò-
íó ïðîöåäóðó ÿê ìåòîä ÷èñåëüíîãî çíàõîäæåííÿ âëàñíîãî âåêòîðà ó âèãëÿäi

xk+1 = xk − γ(xk)∇F (xk) , k = 0, 1, 2, ..., (10)

äå êîíñòàíòà γ(xk) íà êîæíîìó êðîöi âèçíà÷à¹òüñÿ ç óìîâè ìiíiìóìó ôóíêöi-
îíàëà (5) â íàïðÿìêó (10). Òàêèì ÷èíîì, ç íåîáõiäíî¨ óìîâè ìiíiìóìó ôóíêöiî-

íàëà ∂F

∂γ
= 0 çíàõîäèìî, ùî γ(xk)=

(∇F (xk),∇F (xk))
(TΛ∇F (xk), TΛ∇F (xk))

=
‖∇F (xk) ‖2
‖TΛ∇F (xk)‖2 .

Îòæå, iòåðàöiéíèé ïðîöåñ ðåàëiçó¹òüñÿ çà äîïîìîãîþ ôîðìóë

yk+1 = xk − γ(xk)∇F (xk) , k = 0, 1, 2, ..., (11)

xk+1 = yk+1/|| yk+1 ||, (12)

γ(xk) =





‖∇F (xk) ‖2
‖TΛ∇F (xk) ‖2 , ÿêùî ∇F (xk) 6= 0,

0 , ÿêùî ∇F (xk) = 0.

(13)
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Ïðè âèáîði ïî÷àòêîâîãî íàáëèæåííÿ, â ïåâíîìó ñåíñi áëèçüêîãî äî âëàñíî-
ãî âåêòîðà, çîêðåìà, ç âëàñíîãî ïiäïðîñòîðó, iòåðàöiéíèé ïðîöåñ (11)�(13) çáiãà-
¹òüñÿ äî âëàñíîãî âåêòîðà x∗, à âëàñíå çíà÷åííÿ λ(x) çíàõîäèòüñÿ îäíîçíà÷íî
çi ñïiââiäíîøåííÿ (4) äëÿ x = x∗.

Ó âèïàäêó ïðîñòîãî óçàãàëüíåíîãî âëàñíîãî çíà÷åííÿ çàäà÷i (1) äëÿ íà-
âåäåíîãî âèùå iòåðàöiéíîãî ïðîöåñó ñïðàâäæó¹òüñÿ òàêà

Òåîðåìà. Íåõàé λ = {λ1, ..., λn}� ïðîñòå óçàãàëüíåíå âëàñíå çíà÷åííÿ
i Nλ � éîãî âëàñíèé ïiäïðîñòið. Òîäi äëÿ ïîñëiäîâíîñòi {xk}, îòðèìàíî¨ çà
äîïîìîãîþ ñïiââiäíîøåíü (11)�(13), ïðè áóäü�ÿêîìó ïî÷àòêîâîìó íàáëèæåííi
x0 ∈ En\{0} lim

k→∞
ρ(xk, Nλ) = 0.

Ä î â å ä å í í ÿ òåîðåìè ïðîâîäèòüñÿ çà òàêîþ ñõåìîþ. Ïîêàçó¹òüñÿ,
ùî äëÿ çàäà÷i (1) ç ïðîñòèì óçàãàëüíåíèì âëàñíèì çíà÷åííÿì âiäïîâiäíèé
¨é ôóíêöiîíàë (5) ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèì i ñèëüíî îïóêëèì, à
éîãî ãðàäi¹íò çàäàâîëüíÿ¹ óìîâó Ëiïøèöÿ ç äåÿêîþ êîíñòàíòîþ L > 0. Çâiä-
ñè âèïëèâà¹, ùî ìíîæèíà Ëåáåãà M(x) = {x ∈ En : F (x) ≤ F (x0)} ïðè
äîâiëüíîìó x0 ∈ En ¹ îïóêëîþ, çàìêíåíîþ i îáìåæåíîþ ìíîæèíîþ, à ìíîæè-
íà òî÷îê ìiíiìóìó ôóíêöiîíàëà F (x) ¹ íåïóñòîþ i ñêëàäà¹òüñÿ ç ¹äèíî¨ òî÷êè
ìiíiìóìó ôóíêöiîíàëà F (x) íà En, äî ÿêî¨ çáiãà¹òüñÿ ïîñëiäîâíiñòü {xn},
îòðèìàíà çà äîïîìîãîþ ñïiââiäíîøåíü (11)�(13) ïðè áóäü�ÿêîìó ïî÷àòêîâîìó
íàáëèæåííi x0 ∈ En\{0}. ♦

Çàïðîïîíîâàíèé àëãîðèòì òåñòóâàâñÿ íà ïðèêëàäàõ äâîïàðàìåòðè÷íèõ
ìàòðè÷íèõ çàäà÷. Îá÷èñëåííÿ ïðîâîäèëèñÿ äî äîñÿãíåííÿ òî÷íîñòi (íàïðèê-
ëàä, ε = 10−6 ) çà âåêòîðîì. Ñïîñòåðiãàëàñÿ øâèäêà çáiæíiñòü ïîñëiäîâíîñòi
äî âëàñíèõ âåêòîðiâ äëÿ ðiçíèõ ïî÷àòêîâèõ íàáëèæåíü (íàâiòü äîñèòü äàëåêèõ
âiä âëàñíèõ âåêòîðiâ).
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Ìíîãîïàðàìåòðè÷åñêîé ñïåêòðàëüíîé çàäà÷å â êîíå÷íîìåðíîì äåéñòâèòåëüíîì
ãèëüáåðòîâîì ïðîñòðàíñòâå ñòàâèòñÿ â ñîîòâåòñòâèå âàðèàöèîííàÿ çàäà÷à íà
ìèíèìóì íåêîòîðîãî ôóíêöèîíàëà. Äîêàçàíà ýêâèâàëåíòíîñòü ñïåêòðàëüíîé è âà-
ðèàöèîííîé çàäà÷. Íà áàçå ãðàäèåíòíîé ïðîöåäóðû ïðåäëîæåí ÷èñëåííûé àëãîðèòì
íàõîæäåíèÿ åå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ.

NUMERICAL ALGORITHM OF THE SOLUTION OF LINEAR
MULTIPARAMETER EIGENVALUE PROBLEMS

In the finite�dimensional real Hilbert space of the multiparameter spectral problem is
put in the correspondence the variational problem on a minimum of some functional.
The equivalence of spectral and variational problems is proved. On the basis of gradient
procedure the numerical algorithm of the determination of its eigenvalues and eigenvectors
is offered.
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