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Äîñëiäæåíî áëèçüêiñòü äî îïóêëîñòi òà îáìåæåíiñòü l �iíäåêñó ïîñëiäîâíèõ

ïîõiäíèõ öiëîãî ðîçâ'ÿçêó f(z) = −b/γ+z+

∞X
n=2

fnzn äèôåðåíöiàëüíîãî ðiâíÿííÿ

zw′′ + βw′ + γw = 0.

1. Âñòóï. Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1} ôóíêöiÿ f íàçè-
âà¹òüñÿ îïóêëîþ, ÿêùî f(D)� îïóêëà îáëàñòü. Âiäîìî [1, c. 203], ùî óìîâà
Re {1 + zf ′′(z)/f ′(z)} > 0 (z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi f.
Ôóíêöiÿ f íàçèâà¹òüñÿ [1, c. 583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóê-
ëà â D ôóíêöiÿ Φ òàêà, ùî Re (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨
ôóíêöiÿ f õàðàêòåðèçó¹òüñÿ òèì, ùî çîâíiøíiñòü G îáëàñòi f(D) ìîæíà çà-
ïîâíèòè ïðîìåíÿìè L, ùî âèõîäÿòü ç ∂G i ïîâíiñòþ ëåæàòü â G. Êîæíà
áëèçüêà äî îïóêëî¨ ôóíêöiÿ ¹ îäíîëèñòîþ i òîìó f ′(0) 6= 0. Äëÿ äîäàòíî¨
íåïåðåðâíî¨ íà [0, +∞) ôóíêöi¨ l öiëà ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ îá-
ìåæåíîãî l �iíäåêñó, ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+ i z ∈ C

|f (n)(z)|
n!ln(|z|) ≤ max

{ |f (k)(z)|
k!lk(|z|) : 0 ≤ k ≤ N

}
. (1)

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ l �iíäåêñîì i ïîçíà÷à¹òüñÿ ÷åðåç
N(f, l). ßêùî G ⊂ C òà iñíó¹ N ∈ Z+ òàêå, ùî íåðiâíiñòü (1) ïðàâèëüíà äëÿ
âñiõ n ∈ Z+ i z ∈ G , òî f íàçèâàòèìåìî ôóíêöi¹þ îáìåæåíîãî l -iíäåêñó íà
(àáî â) G, à l �iíäåêñ ïîçíà÷àòèìåìî ÷åðåç N(f, l; G).

Íàðåøòi, öiëà ôóíêöiÿ f íàçèâà¹òüñÿ [7, c. 49] ôóíêöi¹þ îáìåæåíîãî l �
ðîçïîäiëó çíà÷åíü, ÿêùî iñíó¹ p ∈ N òàêå, ùî äëÿ êîæíîãî z0 ∈ C i âñiõ
w ∈ C ðiâíÿííÿ f(z) = w ìà¹ â êðóçi {z : |z− z0| ≤ 1/l(|z0|)} ùîíàéáiëüøå p
êîðåíiâ. Ó [3] äîâåäåíî òàêó òåîðåìó.

Òåîðåìà À. ßêùî β = −γ2 > −2 i −(2+β) ≤ 2γ < 0, òî äèôåðåíöiàëüíå
ðiâíÿííÿ

z2w′′ + βzw′ + (γz + γ2)w = 0 (2)

ìà¹ öiëèé ðîçâ'ÿçîê f(z) = z+
∞∑

k=1

fkzk òàêèé, ùî f, f ′, f ′′, . . . ¹ áëèçüêèìè
äî îïóêëèõ â D i

ln Mf (r) = (1 + o(1))
√
|γ1|r, r →∞. (3)

Äëÿ êîìïëåêñíèõ β, γ, γ2 â [5] äîâåäåíî íàñòóïíó òåîðåìó.
Òåîðåìà Á. Âèñíîâîê òåîðåìè À ïðàâèëüíèé, ÿêùî γ 6= 0 i 2|γ|/(2−

−|β|) ≤ 4/5.

Îáìåæåíiñòü l �iíäåêñó ó âèïàäêó äiéñíèõ β, γ, γ2 äîñëiäæåíî â ïðàöi
[4], äå äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà Â. Çà óìîâ òåîðåìè À âêàçàíèé â íié öiëèé ðîçâ'ÿçîê f ¹
îáìåæåíîãî l �iíäåêñó ç l(x) = (5 + β)min{1, 1/

√
x }, ïðè÷îìó N(f, l) ≤

≤ max{N, P}, äå N =
[
ln f(2)− ln f(1/2)

ln 3

]
+ 1 i

P =
[
ln f(3)− ln f(1/2) + ln (5 + β1)N+1 + ln(3e4N !)

ln (2(5 + β1))

]
+ 1.
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Äîñëiäæåííþ îáìåæåíîñòi l �iíäåêñó öiëîãî ðîçâ'ÿçêó äåùî iíøîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ ç äiéñíèìè ïàðàìåòðàìè ïðèñâÿ÷åíà ñòàòòÿ [2].

Ëåãêî ïîêàçàòè, ùî öiëà ôóíêöiÿ f(z) =
∞∑

n=0

fnzn ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(2) òîäi é òiëüêè òîäi, êîëè γ2f0 = 0, (β+γ2)f1+γf0 = 0 i (n(n+β−1)+γ2)fn+
+γfn−1 = 0 (n ≥ 2). Çâiäñè âèïëèâà¹, ùî àáî f0 = 0, àáî γ2 = 0. ßê âèäíî ç
òåîðåì À i Á, â [3, 5] äîñëiäæåíî âèïàäîê, êîëè f0 = 0.

Òóò âèâ÷àòèìåìî âèïàäîê, êîëè γ2 = 0. Òîäi f0 = −βf1/γ, ðiâíÿííÿ (2)
ìîæíà ïåðåïèñàòè ó âèãëÿäi

zw′′ + βw′ + γw = 0, (4)

à öiëèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ áóäåìî øóêàòè ó âèãëÿäi

f(z) = −b/γ + z +
∞∑

n=2

fnzn, äå fn =
−γ

n(n + β − 1)
fn−1, n ≥ 2. (5)

Äëÿ ôóíêöi¨ (5) áóäå îòðèìàíî çàãàëüíiøi ðåçóëüòàòè, íiæ â [2]. Êðiì îïóê-
ëîñòi i áëèçüêîñòi äî îïóêëîñòi âñiõ ïîõiäíèõ ôóíêöi¨ (5), áóäå äîñëiäæåíî
îáìåæåíiñòü l �iíäåêñó òà l �ðîçïîäiëó çíà÷åíü êîæíî¨ ïîõiäíî¨ f (k) (k ≥ 0).

Çàóâàæèìî, ùî âèðàç äëÿ fn âòðà÷à¹ çìiñò ïðè n = 2, ÿêùî β = −1.
Òîìó íàäàëi ââàæàòèìåìî, ùî β > −1 ó âèïàäêó äiéñíèõ ïàðàìåòðiâ β òà γ
i |β| < 1 ó âèïàäêó êîìïëåêñíèõ β òà γ.

2. Âèïàäîê äiéñíèõ ïàðàìåòðiâ. Ó öüîìó âèïàäêó äëÿ äîñëiäæåííÿ
áëèçüêîñòi äî îïóêëîñòi áóäåìî âèêîðèñòîâóâàòè íàñòóïíèé ðåçóëüòàò Àëåê-
ñàíäåðà [6, c. 10].

Ëåìà 1. ßêùî a(z) = z +
∞∑

k=1

akzk i

1 ≥ 2a2 ≥ · · · ≥ nan ≥ (n + 1)an+1 ≥ · · · > 0, (7)

òî ôóíêöiÿ a áëèçüêà äî îïóêëî¨ â D.

Îñêiëüêè ôóíêöiÿ (5) ¹ áëèçüêîþ äî îïóêëî¨ òîäi é òiëüêè òîäi, êîëè òàêîþ

¹ ôóíêöiÿ F0(z) = z +
∞∑

n=2

fnzn, òî äëÿ âèêîðèñòàííÿ ëåìè 1 ç an = fn íå-

îáõiäíî íàêëàñòè óìîâè γ < 0 (êîåôiöi¹íòè ïîâèííi áóòè äîäàòíèìè) i 1+
+β ≥ −γ (òiëüêè çà òàêî¨ óìîâè 1 ≥ 2f2 ). Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. ßêùî β > −1 i −(1+β) ≤ γ < 0, òî äèôåðåíöiàëüíå ðiâíÿí-
íÿ (4) ìà¹ öiëèé ðîçâ'ÿçîê (5) òàêèé, ùî ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü
(3), à êîæíà ïîõiäíà f (k) (k ≥ 0) ¹ áëèçüêîþ äî îïóêëî¨ â D i îáìåæåíîãî
lk �iíäåêñó â C \ D ç lk(x) = (k + 2 + β)/

√
x (x ≥ 1), i N(f (k), lk;C \ D) ≤ 1.

Ä î â å ä å í í ÿ. Îñêiëüêè ç (6) çà óìîâè −(1 + β)≤γ < 0 ëåãêî âèïëè-
âàþòü íåðiâíîñòi (7) ç an=fn, òî ôóíêöiÿ (5) ¹ áëèçüêîþ äî îïóêëî¨ â D.

Íåõàé k ≥ 1. Îñêiëüêè f (k)(z) =
∞∑

n=0

f (k)
n zn, äå f (k)

n =
(n + k)!

n!
fn+k > 0,

òî f (k) ¹ áëèçüêîþ äî îïóêëî¨ òîäi é òiëüêè òîäi, êîëè òàêîþ ¹ ôóíêöiÿ

Fk(z) =
f (k)(z)− f

(k)
0

f
(k)
1

= z +
∞∑

n=2

fn,kzn, (8)
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äå f0,k = 0, f1,k = 1, fn,k = f
(k)
n /f

(k)
1 , òîáòî fn,k =

(n + k)!
n!(k + 1)!

fn+k

f1+k
. Çâiäñè òà

ç (6) ìà¹ìî

fn,k =
(n + k)!

n!(k + 1)!f1+k

|γ|
(n + k)(n + k + β − 1)

fn+k−1 =

=
(n + k)!

n!(k + 1)!f1+k

|γ|
(n + k)(n + k + β − 1)

fn−1,k(n− 1)!(k + 1)!f1+k

(n− 1 + k)!
=

=
|γ|

n(n + k + β − 1)
fn−1,k, n ≥ 2.

Çâiäñè çà óìîâè −(1+β) ≤ γ < 0 ëåãêî âèïëèâàþòü íåðiâíîñòi (7) ç an = fn,k,
à, îòæå, âñi f (k) ¹ áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè.

Ïåðåéäåìî äî äîâåäåííÿ îáìåæåíîñòi l �iíäåêñó ôóíêöi¨ (5) òà ¨¨ ïîõiäíèõ
â C\D. Ñïî÷àòêó çðîáèìî äåêiëüêà çàóâàæåíü, ùî âèïëèâàþòü áåçïîñåðåäíüî
ç îçíà÷åííÿ [7, c. 23, 51].

Çàóâàæåííÿ 1. ßêùî f � öiëà ôóíêöiÿ îáìåæåíîãî l �iíäåêñó â G i
a = const 6= 0, òî ôóíêöiÿ F (z) = af(z) ¹ îáìåæåíîãî l �iíäåêñó â G i
N(F, l; G) = N(f, l; G).

Çàóâàæåííÿ 2. ßêùî f ′ îáìåæåíîãî l �iíäåêñó â G, òî f îáìåæåíîãî
l �iíäåêñó â G i N(f, l; G) ≤ N(f ′, l; G) + 1.

Çàóâàæåííÿ 3. ßêùî l1(x) ≤ l2(x) i f ¹ îáìåæåíîãî l1 �iíäåêñó N â
G, òî f ¹ îáìåæåíîãî l2 �iíäåêñó ìåíøîãî àáî ðiâíîãî N â G.

Ïiäñòàâëÿþ÷è (5) â (4), äëÿ |z| ≥ 1 îòðèìó¹ìî

|f ′′(z)|(
√
|z|)2

2!(2 + β)2
≤ |β|

2(2 + β)
√
|z|
|f ′(z)|

√
|z|

1!(2 + β)
+

|γ|
2(2 + β)2

|f(z)| <

< max
{ |f ′(z)|

√
|z|

1!(2 + β)
, |f(z)|

}
. (10)

Ïiäñòàâèìî (5) â (4) i ïðîäèôåðåíöiþ¹ìî m ≥ 1 ðàç. Òîäi

zf (m+2)(z) + (m + β)f (m+1)(z) + γf (m)(z) ≡ 0, (11)

çâiäêè äëÿ |z| ≥ 1

|f (m+2)(z)|(
√
|z|)m+2

(m + 2)!(2 + β)m+2
≤ m + β

(m + 2)(2 + β)
√
|z|
|f (m+1)(z)|(

√
|z|)m+1

(m + 1)!(2 + β)m+1
+

+
|γ|

(m + 2)(m + 1)(2 + β)2
|f (m)(z)|(

√
|z|)m

(m + 1)!(2 + β)m
≤

≤
(

m + β

(m + 2)(2 + β)
+

1 + β

(m + 2)(m + 1)(2 + β)2

)
×

×max

{
|f (j)(z)|(

√
|z|)j

j!(2 + β)j
: m ≤ j ≤ m + 1

}
<

< max

{
|f (j)(z)|(

√
|z|)j

j!(2 + β)j
: m ≤ j ≤ m + 1

}
. (12)

Ç (10) i (12) âèïëèâà¹, ùî f ¹ îáìåæåíîãî l0 �iíäåêñó â C \ D ç l0(x) =
= (2 + β)/

√
x (x ≥ 1) i N(f, l0; C \ D) ≤ 1. Äëÿ n ≥ 0 i k ≥ 1 òîòîæíiñòü

(11) ìîæíà ïåðåïèñàòè ó âèãëÿäi

zf (k+n+2)(z) + (k + n + β)f (k+n+1)(z) + γf (k+n)(z) ≡ 0, (13)
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çâiäêè äëÿ |z| ≥ 1

|f (k+n+2)(z)|(
√
|z|)n+2

(n + 2)!(k + 2 + β)n+2
≤ k + n + β

(n + 2)(k + 2 + β)
√
|z|
|f (k+n+1)(z)|(

√
|z|)n+1

(n + 1)!(k + 2 + β)n+1
+

+
|γ|

(n + 2)(n + 1)(k + 2 + β)2
|f (k+n)(z)|(

√
|z|)n

(n + 1)!(k + 2 + β)n
<

< max

{
|f (j)(z)|(

√
|z|)j

j!(k + 2 + β)j
: n ≤ j ≤ n + 1

}
.

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ f (k) (k ≥ 1) ¹ îáìåæåíîãî lk �iíäåêñó â C\D ç
lk(x) = (k + 2 + β)/

√
x (x ≥ 1) i N(f (k), lk; C \ D) ≤ 1.

Íàðåøòi, çàóâàæèìî, ùî äëÿ ôóíêöi¨ (5) äîâåäåííÿ àñèìïòîòè÷íî¨ ðiâ-
íîñòi (3) òàêå æ, ÿê â [1]. Òåîðåìó 1 äîâåäåíî. ♦

3. Âèïàäîê êîìïëåêñíèõ ïàðàìåòðiâ. Ó öüîìó âèïàäêó íàì áóäóòü
ïîòðiáíèìè íàñòóïíi äâi ëåìè.

Ëåìà 2. ßêùî
∞∑

n=2

n|an| < 1, òî ôóíêöiÿ a(z) = z +
∞∑

n=2

anzn ¹ áëèçüêîþ

äî îïóêëî¨ [5].

Ëåìà 3. ßêùî
∞∑

n=2

n|an| ≤ α < 1, òî ôóíêöiÿ a(z) = z +
∞∑

n=2

anzn ¹

îáìåæåíîãî l �iíäåêñó â D1/2 ç l(x) ≡ 2 i N(a, 2; D1/2) ≤ [2α/(1− α)] + 1.

Ä î â å ä å í í ÿ. Äëÿ |z| ≤ 1 ìà¹ìî

|a′(z)| =
∣∣∣∣∣1 +

∞∑
n=2

nanzn−1

∣∣∣∣∣ ≥ 1−
∣∣∣∣∣
∞∑

n=2

nanzn−1

∣∣∣∣∣ ≥ 1−
∞∑

n=2

n|an| = 1−α > 0, (14)

|a′(z)| ≤ 1 +
∞∑

n=2

n|an| = 1 + α. (15)

Ç iíøîãî áîêó, äëÿ |z| ≤ 1/2 i m ≥ 1 çà ôîðìóëîþ Êîøi

|a(m+1)(z)| =
∣∣∣∣
m!
2πi

∫

|τ−z|=1/2

a′(τ)dτ

(τ − z)m+1

∣∣∣∣ ≤ m!2m max{|a′(z)| : |z| ≤ 1}. (16)

Ç (14)�(16) âèïëèâà¹, ùî äëÿ z ∈ D1/2 i m ≥ 2α/(1− α)

|a(m+1)(z)|
(m + 1)!2m+1

≤ max{|a′(z)| : |z| ≤ 1}
2(m + 1)

≤ 1 + α

2(m + 1)
=

1 + α

2(m + 1)(1− α)
(1− α) ≤

≤ 1 + α

(m + 1)(1− α)
|a′(z)|

2
≤ |a′(z)|

2
≤ max

{ |a′(z)|
2

, |a(z)|
}

,

òîáòî ôóíêöiÿ a ¹ îáìåæåíîãî l �iíäåêñó â D1/2 ç l(x) ≡2 i N(a, 2; D1/2) ≤
≤ [2α/(1− α)] + 1. Ëåìó 3 äîâåäåíî. ♦

Âèêîðèñòîâóþ÷è ëåìè 2 i 3, äîâåäåìî òåïåð íàñòóïíó òåîðåìó.

Òåîðåìà 2. ßêùî |β| < 1 i |γ| ≤ (1−|β|)/2, òî äèôåðåíöiàëüíå ðiâíÿííÿ
(4) ìà¹ öiëèé ðîçâ'ÿçîê (5) òàêèé, ùî ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü (3),
à êîæíà ïîõiäíà f (k) (k ≥ 0) ¹ áëèçüêîþ äî îïóêëî¨ â D, îáìåæåíîãî lk �ií-
äåêñó òà îáìåæåíîãî lk+1 �ðîçïîäiëó çíà÷åíü ç lk(x) = (k +2) min{1, 1/

√
x} i

N(f (k), lk)≤4, ïðè÷îìó N(f (k), 2; D1/2)≤4 i N(f (k), (k +2)/
√

x; C\D1/2)≤1.
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Ä î â å ä å í í ÿ. Îñêiëüêè |β| < 1, òî ç (6) äëÿ n ≥ 2 ìà¹ìî

|fn| =
∣∣∣∣

n∏

j=2

−γ

j(j + β − 1)

∣∣∣∣ ≤
|γ|n−1

2(1− |β|)
n∏

j=3

1
j(j − 2 + 1− |β|) ≤

≤ |γ|n−1

2(1− |β|)
n∏

j=3

1
j(j − 2)

=
|γ|n−1

(1− |β|)n!(n− 2)!
.

Òîìó çà óìîâè |γ| ≤ (1− |β|)/2 ≤ 1/2 äëÿ ôóíêöi¨ F0 îòðèìó¹ìî
∞∑

n=2

n|fn| ≤ |γ|
1− |β|

∞∑
n=2

n|γ|n−2

n!(n− 2)!
≤ 1

2

∞∑

k=0

|γ|k
(k + 1)!k!

=

=
1
2

(
1 +

1
4

+
1
48

+
1

1152
+ . . .

)
<

1
2

(
1 +

1
4

+
1
48

+
2

1152

)
=

367
576

,

òîáòî âèêîíóþòüñÿ óìîâè ëåì 2 i 3 ç α = 367
576 . Çà ëåìîþ 2 ôóíêöiÿ F0 i, îòæå,

ôóíêöiÿ f ¹ áëèçüêîþ äî îïóêëî¨ â D, à çà ëåìîþ 3 ¹ îáìåæåíîãî l �iíäåêñó
â D1/2 ç l(x) ≡ 2 i N(f, 2; D1/2) ≤ [2α/(1− α)] + 1 = 4.

Äëÿ ôóíêöi¨ Fk, k ≥ 1, ç (9) i (6) îòðèìó¹ìî

|fn,k| = (n + k)!
n!(k + 1)!

∣∣∣∣
k+n∏

j=k+2

−γ

j(j + β − 1)

∣∣∣∣ ≤
(n + k)!|γ|n−1(k + 1)!(k − 1)!
n!(k + 1)!(k + n)!(k + n− 2)!

=

=
|γ|n−1(k − 1)!
n!(k + n− 2)!

≤ |γ|n−1

n!(n− 2)!
.

Òîìó
∞∑

n=2

n|fn,k| ≤
∞∑

n=2

|γ|n−1

(n− 1)!(n− 2)!
= |γ|

∞∑

k=0

|γ|k
(k + 1)!k!

≤ 367
576

, çâiäêè, ÿê

âèùå, âèïëèâà¹, ùî ôóíêöiÿ Fk i, îòæå, ôóíêöiÿ f (k) ¹ áëèçüêîþ äî îïóêëî¨
â D i îáìåæåíîãî l �iíäåêñó â D1/2 ç l(x) ≡ 2 i N(f (k), 2; D1/2) ≤ 4.

Äîñëiäèìî òåïåð îáìåæåíiñòü l �iíäåêñó â C \ D1/2. Ïiäñòàâëÿþ÷è (5) â
(4) i âðàõîâóþ÷è óìîâè |β| < 1 i |γ| ≤ (1 − |β|)/2 ≤ 1/2, äëÿ |z| ≥ 1/2, ÿê ó
äîâåäåííi (10), îòðèìó¹ìî

|f ′′(z)|(
√
|z|)2

2!22
≤ 1

4
√
|z|
|f ′(z)|

√
|z|

1!2
+

1
8
|f(z)| ≤ max

{ |f ′(z)|
√
|z|

1!2
, |f(z)|

}
, (17)

à ç (11) îòðèìó¹ìî

|f (m+2)(z)|(
√
|z|)m+2

(m + 2)!2m+2
≤ (m + 1)

√
2

2(m + 2)
|f (m+1)(z)|(

√
|z|)m+1

(m + 1)!2m+1
+ (18)

+
1

8(m + 2)(m + 1)
|f (m)(z)|(

√
|z|)m

(m + 1)!2m
≤max

{ |f (j)(z)|(
√
|z|)j

j!2j
: m≤j≤m + 1

}
.

Ç (17) i (18) âèïëèâà¹, ùî f ¹ îáìåæåíîãî l �iíäåêñó â C \D1/2 ç l(x) =
= 2/

√
x (x ≥ 1/2) i N(f, 2/

√
x; C \ D) ≤ 1.

Äëÿ n ≥ 0 i k ≥ 1 ç (13) äëÿ |z| ≥ 1 äiñòà¹ìî

|f (k+n+2)(z)|(
√
|z|)n+2

(n + 2)!(k + 2)n+2
≤ (k + n + 1)

√
2

(n + 2)(k + 2)
|f (k+n+1)(z)|(

√
|z|)n+1

(n + 1)!(k + 2)n+1
+

+
1

2(n + 2)(n + 1)(k + 2)2
|f (k+n)(z)|(

√
|z|)n

(n + 1)!(k + 2)n
≤

≤ max

{
|f (j)(z)|(

√
|z|)j

j!(k + 2)j
: n ≤ j ≤ n + 1

}
,
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çâiäêè âèïëèâà¹, ùî ôóíêöiÿ f (k) (k ≥ 1) ¹ îáìåæåíîãî l �iíäåêñó â C \D1/2

ç l(x) = (k + 2)/
√

x (x ≥ 1/2) i N(f (k), (k + 2)/
√

x; C \ D1/2) ≤ 1.

Ïðèéìåìî lk(x) = (k + 2)min{1, 1/
√

x}. Îñêiëüêè N(f (k), 2; D1/2) ≤ 4 i
N(f (k), (k+2)/

√
x; C\D1/2) ≤ 1, òî (äèâ. çàóâàæåííÿ 3) N(f (k), lk) ≤ 4, òîáòî

êîæíà ïîõiäíà f (k) (k ≥ 0) ¹ îáìåæåíîãî lk �iíäåêñó.
Íàðåøòi, ôóíêöiÿ lk çàäîâîëüíÿ¹ óìîâó l(x + O(1/l(x))) = O(l(x)), x →

→ +∞, à çà òàêî¨ óìîâè [7, c. 49] öiëà ôóíêöiÿ f ¹ îáìåæåíîãî l �ðîçïîäiëó
çíà÷åíü òîäi é òiëüêè òîäi, êîëè f ′ ¹ îáìåæåíîãî l �iíäåêñó. Çâiäñè âèïëèâà¹,
ùî êîæíà ïîõiäíà f (k) (k ≥ 0) ¹ îáìåæåíîãî l �ðîçïîäiëó çíà÷åíü. Òåîðåìó 2
ïîâíiñòþ äîâåäåíî. ♦

Çàóâàæèìî, ùî öiëà ôóíêöiÿ w = cos
√

z ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4) ç
β = 1/2 òà γ = 1/4, i äî íå¨ ìîæíà çàñòîñóâàòè òåîðåìó 2.
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ÑÂÎÉÑÒÂÀ ÏÐÎÈÇÂÎÄÍÛÕ ÖÅËÎÃÎ ÐÅØÅÍÈß
ÎÄÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Èññëåäîâàíû áëèçîñòü ê âûïóêëîñòè è îãðàíè÷åííîñòü l �èíäåêñà ïîñëåäîâàòåëü-

íûõ ïðîèçâîäíûõ öåëîãî ðåøåíèÿ f(z) = −b/γ + z +

∞X
n=2

fnzn äèôôåðåíöèàëüíîãî

óðàâíåíèÿ zw′′ + βw′ + γw = 0.

PROPERTIES OF THE DERIVATIVES OF AN ENTIRE
SOLUTION OF A DIFFERENTIAL EQUATION

Close-to-convexity and l �index boundedness of the succesive derivatives of the entire so-

lution f(z) = −b/γ + z +

∞X
n=2

fnzn of the differential equation zw′′ + βw′ + γw = 0 are

investigated.

Ií-ò ïðèêë. ïðîáëåì ìåõàíiêè i ìàòåìàòèêè Îäåðæàíî
iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ 23.09.05
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