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ÓÇÀÃÀËÜÍÅÍÍß ÎÄÍI�� ÒÅÎÐÅÌÈ ÃÀÐÄI�ËIÒÒËÂÓÄÀ

Äëÿ àíàëiòè÷íèõ i ãàðìîíi÷íèõ ôóíêöié, ïðåäñòàâëåíèõ óçàãàëüíåíèì iíòåã-
ðàëîì Ïóàññîíà�Ñòiëüòü¹ñà, îïèñàíî çðîñòàííÿ Lp �íîðì ó òåðìiíàõ ìiðè
Ñòiëüòü¹ñà.

Íåõàé ψ : [−π, π] → R. ×åðåç BV òà Lp ïîçíà÷àòèìåìî êëàñè ôóíêöié
îáìåæåíî¨ çìiíè òà iíòåãðîâíèõ â p �ìó ñòåïåíi íà [−π, π] âiäïîâiäíî.

Íåõàé ω(δ, ψ) = sup{|ψ(x)−ψ(y)| : x, y ∈ [−π, π], |x− y| < δ}, δ > 0,� ìî-
äóëü íåïåðåðâíîñòi ôóíêöi¨ ψ. ßêùî ψ ∈ Lp, p ≥ 1, òî iíòåãðàëüíèì ìîäóëåì

íåïåðåðâíîñòi íàçèâà¹òüñÿ ωp(δ, ψ) = sup
0≤h≤δ

(
1
2π

π∫

−π

|ψ(x + h)− ψ(x)|p dx

) 1
p

.

ßê i â [3], ñêàæåìî, ùî ψ ∈ Λγ , ÿêùî ω(δ, ψ) = O(δγ) (δ ↓ 0) i ψ ∈ Λp
γ ,

ÿêùî ψ ∈ Lp i ωp(δ, ψ) = O(δγ), (δ ↓ 0). Çàóâàæèìî, ùî, ÿêùî ψ íåïåðåðâíà,
òî ωp(δ, ψ) → ω(δ, ψ) ïðè p →∞, îòæå, Λ∞γ = Λγ ïðè γ > 0. Êðiì òîãî, ïðè
p > 1 Λp

1 =W p
1 � êëàñ ôóíêöié ψ, äëÿ ÿêèõ ψ′ ∈ Lp, à Λ1

1 = BV [4 (ãë.3), 6].
Íàãàäà¹ìî, ùî àíàëiòè÷íà â D = {z ∈ C : |z| < 1} ôóíêöiÿ f(z) íàëåæèòü

äî êëàñó Ãàðäi Hp, ÿêùî sup0<r<1

π∫

−π

|f(reiϕ)|p dϕ < +∞.

Çàóâàæåííÿ 1. Äîáðå âiäîìî [1, 3], ùî f ∈ Hp, p > 1 òîäi é ëèøå òîäi,
êîëè äëÿ äåÿêî¨ f̃ ∈ Lp

f(z) =
1
2π

π∫

−π

S0(ze−it)f̃(t)dt + i Im f(0), (1)

äå S0(z)=(1+z)/(1−z)� ÿäðîØâàðöà. Ïðè öüîìó ì.ñ. f̃(t)=limr↑1 Re f(reit).

Îçíà÷èìî Mp(r, ϕ) =
(

1
2π

π∫

−π

|ϕ(reit)|pdt

) 1
p

, äå ϕ� àíàëiòè÷íà (ãàðìî-

íi÷íà) â D.
Ã. Ãàðäi òà Äæ. Ëiòòëâóä äîâåëè íàñòóïíå òâåðäæåííÿ [7, òåîðåìè 40, 48].

Òåîðåìà A. Íåõàé f àíàëiòè÷íà â D, p ∈ [1, +∞], 0 < γ ≤ 1. Äëÿ
òîãî ùîá F ∈ Λp

γ , äå F (t) = f(eit), íåîáõiäíî i äîñòàòíüî, ùîá

Mp(r, f ′) = O((1− r)γ−1), r ↑ 1. (2)

Çðîçóìiëî, ùî çà óìîâ ïîïåðåäíüî¨ òåîðåìè f ∈ Hp. Êðiì òîãî, çãiäíî iç
çàóâàæåííÿì 1, íåîáõiäíi òà äîñòàòíi óìîâè òåîðåìè À ðiâíîñèëüíi äî ôîðìó-
ëè (1) ç f̃ ∈ Λp

γ ïðè p > 1. Öåé ðåçóëüòàò ìîæå áóòè ïåðåôîðìóëüîâàíèé äëÿ
ãàðìîíi÷íèõ ôóíêöié. Íåõàé P0(r, t) = Re S(reit)� ÿäðî Ïóàññîíà.

Òåîðåìà B. Íåõàé u ãàðìîíi÷íà â D, p ∈ (1, +∞], 0 < γ ≤ 1. Äëÿ
òîãî ùîá

u(reiϕ) =
1
2π

π∫

−π

P0(r, ϕ− t)ũ(t)dt (3)
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äëÿ äåÿêî¨ ũ ∈ Λp
γ , íåîáõiäíî i äîñòàòíüî, ùîá

Mp(r, u′ϕ) = O((1− r)γ−1), r ↑ 1. (4)

Ñïðàâäi, íåõàé p > 1. Íåõàé v(z)� ñïðÿæåíà ãàðìîíi÷íà ôóíêöiÿ äî
u, f = u + iv àíàëiòè÷íà â D. Çà òåîðåìîþ Ðiññà òà óìîâàìè Êîøi�Ðiìàíà
êîæíà ç âåëè÷èí Mp(r, v′ϕ), Mp(r, v′r), Mp(r, u′r) ìà¹ ïîðÿäîê O((1 − r)γ−1)
ïðè r ↑ 1. Îòæå, óìîâè (2) òà (4) ðiâíîñèëüíi. Êðiì òîãî, äîáðå âiäîìî, ùî (1)
ðiâíîñèëüíî äî (3). ßê íàñëiäîê îòðèìó¹ìî ðiâíîñèëüíiñòü òåîðåì A òà B ïðè
p > 1.

Çàçíà÷èìî, ùî ôóíêöi¨ âèãëÿäó (3) çàäîâîëüíÿþòü óìîâó B(r, u) =
= M∞(r, u) = O((1− r)−1), r ↑ 1.

Äðîáîâèé iíòåãðàë ïîðÿäêó α > 0 [2] äëÿ h : (0, b) → R âèçíà÷à¹òüñÿ çà
ôîðìóëàìè (r ∈ (0, b)) :

hα(r) = D−αh (r) =
1

Γ (α)

r∫

0

(r − x)α−1
h (x) dx , D0h (r) ≡ h (r) ,

Dαh (r) =
dp

drp

{
D−(p−α)h (r)

}
, α ∈ (p− 1; p] , p ∈ N,

äå Γ (α)�ôóíêöiÿ Åéëåðà; hα íåïåðåðâíà ïðè α ≥ 1 i çáiãà¹òüñÿ ç ïåðâiñíèìè
âiäïîâiäíîãî ïîðÿäêó ïðè α ∈ N.

ßêùî u� ãàðìîíi÷íà ôóíêöiÿ â D, α ≥ 0, ïðèéìåìî uα

(
reiϕ

)
=

= r−αD−αu
(
reiϕ

)
, äå äðîáîâèé iíòåãðàë áåðåòüñÿ çà çìiííîþ r. Çàóâàæèìî,

ùî uα ãàðìîíi÷íà â D.

Íåõàé Sα (z) = Γ (1 + α)

(
2

(1− z)α+1 − 1

)
, Pα (r, t) = ReSα

(
reit

)
.

Òîäi P0 (r, t) ¹ ÿäðîì Ïóàññîíà, êðiì òîãî, Pα (r, t) = Dα (rαP0 (r, t)) .
Âiäîìî òàêå ïàðàìåòðè÷íå çîáðàæåííÿ ãàðìîíi÷íèõ â êðóçi ôóíêöié ñêií-

÷åííîãî ïîðÿäêó.

Òåîðåìà C [2, òåîðåìà 9.10]. Íåõàé α > −1, òîäi

sup
0<r<1

2π∫

0

|uα(reiϕ)| dϕ = Mα < +∞, (5)

òîäi é ëèøå òîäi, êîëè

u(reiϕ) =

π∫

−π

Pα(r, ϕ− θ) dψ(θ), (6)

äå ψ ∈ BV [−π, π]. Ïðè öüîìó ψ(θ) = lim
n→+∞

θ∫

−π

uα(rneiθ) dθ äëÿ äåÿêî¨ ïîñëi-

äîâíîñòi rn ↑ 1.

Âèíèêàþòü òàêi çàäà÷i:

1) çíàéòè àíàëîã òåîðåìè Â äëÿ ÿäðà Pα, α > −1;

2) îïèñàòè çðîñòàííÿ Mp(r, u) â òåðìiíàõ ψ iç çîáðàæåííÿ (6).

Òåîðåìè 1 i 2 ðîçâ'ÿçóþòü ïîñòàâëåíi çàäà÷i.
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Òåîðåìà 1. Íåõàé u ãàðìîíi÷íà â D, 0 < γ < 1, α > γ−1, p ∈ (1, +∞].
Äëÿ òîãî ùîá

u
(
reiϕ

)
=

1
2π

π∫

−π

Pα (r, ϕ− t) ũ (t) dt (7)

äëÿ äåÿêî¨ ôóíêöi¨ ũ ∈ Λp
γ , íåîáõiäíî i äîñòàòíüî, ùîá

Mp

(
r,

∂u

∂ϕ

)
= O

(
(1− r)γ−α−1

)
, r ↑ 1. (8)

Çàóâàæåííÿ 2. Ó âèïàäêó p = ∞ öÿ òåîðåìà àíîíñîâàíà â ðîáîòi [5].

Òåîðåìà 2. Íåõàé ôóíêöiÿ u ãàðìîíi÷íà â D, p ∈ [1;+∞], 0 < γ ≤ 1
i α > γ − 1. Äëÿ òîãî ùîá u çîáðàæàëàñü ó âèãëÿäi (6), äå ψ ∈ BV ∩ Λp

γ

ïðè γ < 1, íåîáõiäíî i äîñòàòíüî, à ïðè γ = 1 íåîáõiäíî, ùîá âèêîíóâàëàñü
óìîâà (5), i

Mp(r, u) = O((1− r)γ−α−1), r ↑ 1.

Çàóâàæåííÿ 3. Ó âèïàäêó p = +∞ òåîðåìó 2 äîâåäåíî â ðîáîòi [5].
Ïîäiáíî ìîæíà äîâåñòè òåîðåìè äëÿ àíàëiòè÷íèõ ôóíêöié.

Òåîðåìà 3. Íåõàé f àíàëiòè÷íà â D, 0 < γ < 1, α > γ−1, p ∈ (1, +∞].
Äëÿ òîãî ùîá

f
(
reiϕ

)
=

1
2π

π∫

−π

Sα (r, ϕ− t) ũ (t) dt + i Im f(0) (9)

äëÿ äåÿêî¨ ôóíêöi¨ ũ ∈ Λp
γ , íåîáõiäíî i äîñòàòíüî, ùîá

Mp (r, f ′) = O
(
(1− r)γ−α−1

)
, r ↑ 1. (10)

Çàóâàæåííÿ 4. Ïðè γ = 1 i α > 0 óìîâè òåîðåì 1 òà 3, âçàãàëi êàæó÷è,
íå ¹ äîñòàòíiìè (äèâ. ïðèêëàä).

Òåîðåìà 4. Íåõàé ôóíêöiÿ f àíàëiòè÷íà â D, p ∈ [1;+∞], 0 < γ ≤ 1
i α > γ − 1. Äëÿ òîãî ùîá f çîáðàæàëàñü ó âèãëÿäi

f(reiϕ) =
1
2π

2π∫

0

Sα(r, ϕ− t)dψ(t) + i Im f(0),

äå ψ ∈ BV ∩Λp
γ ïðè γ < 1, íåîáõiäíî, íåîáõiäíî i äîñòàòíüî, à ïðè γ = 1 íå-

îáõiäíî, ùîá âèêîíóâàëàñü óìîâà (5) ç uα = Re fα i Mp(r, f) = O((1−r)γ−α−1),
r ↑ 1.

Çàóâàæåííÿ 5. Ïðè p = ∞ òåîðåìà 4 àíîíñîâàíà â ðîáîòi [5].
Çàóâàæåííÿ 6. Ïðè γ = 1 óìîâè òåîðåì 2 òà 4, âçàãàëi êàæó÷è, íå ¹

äîñòàòíiìè (äèâ. ïðèêëàä).
Çàóâàæåííÿ 7. Ïðè α ≥ 0, p > 1 ç M1(r, f) = O((1 − r)−α) ïðè r ↑ 1

âèïëèâà¹ Mp(r, f) = O((1 − r)−α−1+1/p) [7, th.27]. Îòæå, òåîðåìè 2 i 4 äàþòü
íîâó iíôîðìàöiþ ëèøå ïðè γp > 1. Öå ïðèðîäíî, îñêiëüêè BV = Λ1

1 ⊂ Λp
γ

ïðè γp < 1.
Ä î â å ä å í í ÿ òåîðåìè 1. Çãiäíî ç òåîðåìîþ 46 [7], óìîâà (8) ðiâíîñèëüíà

äî óìîâè Mp(r, (u′ϕ)α) = O((1−r)γ−1) (r ↑ 1), îñêiëüêè γ−1 < 0, γ−α−1 < 0.
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Àëå ëåãêî áà÷èòè, ùî (u′ϕ)α = (uα)′ϕ. Ç iíøîãî áîêó, ç òåîðåìè 9.10 [2, ãë.IX,

ñ. 650�651] âèïëèâà¹, ùî çîáðàæåííÿ uα(reiϕ)=
1
2π

π∫

−π

P0(r, ϕ− t)ũ(t)dt äëÿ äå-

ÿêî¨ ũ ∈ Λp
γ ñïðàâäæó¹òüñÿ òîäi i ëèøå òîäi, êîëè u(reiϕ) =

1
2π

π∫

−π

Pα(r, ϕ−

−t)ũ(t)dt. Çàëèøèëîñü çàñòîñóâàòè òåîðåìó Â.
Íàì áóäóòü ïîòðiáíi íàñòóïíi îöiíêè (α > −1) :

∣∣∣∣
∂

∂ϕ
Pα

(
reiϕ

)∣∣∣∣ ≤ Γ(α + 1)

∣∣∣∣∣
2 (α + 1) rieiϕ

(1− reiϕ)α+2

∣∣∣∣∣ ≤
C1(α)

|1− reiϕ|α+2 . (11)

Çâiäñè ìà¹ìî, ùî

∣∣∣∣
∂

∂ϕ
Pα

(
reiϕ

)∣∣∣∣ ≤
{

C1(α), ïðè π/2 ≤ |ϕ| ≤ π,

C2|ϕ|−α−2
, ïðè 0 ≤ |ϕ| ≤ π/2.

(12)

Íåõàé Jα(reiϕ, v) =

π∫

−π

∂

∂ϕ
Pα (r, ϕ− t) v (t) dt.

Ëåìà. Íåõàé v ∈ Λp
γ , 0 < γ ≤ 1, α > γ−1, p ≥ 1. Òîäi Mp(r, Jα(·, v)) =

= O((1− r)γ−1−α, r ↑ 1.

Ä î â å ä å í í ÿ. Ïðîäîâæóþ÷è v íà R çà ïåðiîäè÷íiñòþ òà âèêîðèñòî-
âóþ÷è ïåðiîäè÷íiñòü ∂

∂ϕ
Pα(r, t) çà t, ìà¹ìî

Jα(reiϕ, v) =

π∫

−π

∂

∂ϕ
Pα (r, ϕ− t) v (t) dt = −

π−ϕ∫

−ϕ−π

∂

∂x
Pα (r,−x) v (x + ϕ) dx =

= −
π∫

−π

∂

∂x
Pα (r,−x) v (x + ϕ) dx =

π∫

−π

∂

∂x
Pα (r,−x) (v(ϕ)− v (x + ϕ))dx. (13)

Íåõàé ñïî÷àòêó p > 1. Âèáåðåìî β1 i β2 òàê, ùîá β1 + β2 = α + 2,
β1 > p−1 + γ, β2 > q−1, p−1 + q−1 = 1. Òîäi çà íåðiâíiñòþ Ãåëüäåðà

|Jα(reiϕ, v)|p ≤ C1

( π∫

−π

|v(ϕ)− v (x + ϕ) |
|1− reix|α+2

dx

)p

≤

≤ C1

π∫

−π

|v(ϕ + x)− v(ϕ)|p
|1− reix|β1p

dx

( π∫

−π

dx

|1− reix|β2q

)p−1

. (14)

Âèêîðèñòîâóþ÷è îöiíêè (11), (12), ëåãêî âèâåñòè, ùî
π∫

−π

|1 − reix|−β2qdx ≤
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≤ C5(1−r)(p−1)(1−qβ2), r ↑ 1. Òîìó, âèêîðèñòîâóþ÷è âèáið β1 òà β2, âèâîäèìî
π∫

−π

|Jα(reiϕ, v))|p dϕ≤C6(1− r)(p−1)(1−qβ2)

π∫

−π

dx

|1− reix|β1p

π∫

−π

|v(ϕ)−v(ϕ−x)|pdϕ≤

≤ C6(1− r)p−1−pβ2

π∫

0

ωp
p(x, v)

|1− reix|β1p
dx ≤ C7(1− r)p−1−pβ2

( 1−r∫

0

xγp

(1− r)β1p
dx+

+

π/2∫

1−r

xγp

xβ1p
dx +

π∫

π/2

ωp
p(x, v) dx

)
≤ C7(1− r)p−1−pβ2

(
(1− r)γp−β1p+1 + O(1)

)
=

= O(1− r)p+γp−p(β1+β2) = O(1− r)p(γ−α−1), r ↑ 1.

Îòæå, ïðè p > 1 Mp(r, Jα(·, v)) = O((1− r)γ−α−1) (r ↑ 1).
ßêùî p = 1, òî ç (13) âèâîäèìî

π∫

−π

|Jα(reiϕ, v))| dϕ ≤ C8

π∫

−π

dx

|1− reix|α+2

π∫

−π

|v (ϕ)− v (ϕ− x)| dϕ ≤

≤ C9

π∫

0

ω1(x, v)
|1− reix|α+2

dx ≤ C10

( 1−r∫

0

xγ

(1− r)α+2
dx+

+

π/2∫

1−r

xγ

xα+2
dx +

π∫

π/2

ω1(x, v) dx

)
= O(1− r)γ−α−1, r ↑ 1,

ùî i òðåáà áóëî äîâåñòè. Ëåìó äîâåäåíî. ♦
Ä î â å ä å í í ÿ òåîðåìè 2. (⇒ ) Íåõàé äëÿ äåÿêî¨ ψ ∈ BV ∩ Λp

γ , p ≥ 1,
0 < γ ≤ 1, α > γ − 1,

u(reiϕ) =

π∫

−π

P0(r, ϕ− θ) dψ(θ). (15)

Ïðîäîâæèìî ψ íà R çà ïðàâèëîì ψ(x + 2π)− ψ(x) = ψ(π)− ψ(−π). Ìà¹ìî

u(reiϕ) =

π+ϕ∫

−π+ϕ

P0(r, ϕ− θ) dψ(θ) = (ψ(π)− ψ(−π))P0(r, π)−

−
π+ϕ∫

−π+ϕ

∂

∂θ
P0(r, θ − ϕ)ψ(θ)dθ = C

1− r

1 + r
− J0(reiϕ, ψ).

Çà ëåìîþ, Mp(r, J0(·, ψ)) = O((1 − r)γ−1) (r ↑ 1). Îòæå, Mp(r, u) =
= O((1− r)γ−1) (r ↑ 1).

(⇐) Íåõàé 0 < γ < 1, α = 0. Çà òåîðåìîþ Ñ ìà¹ìî (15) ç ψ ∈ BV i
äëÿ äåÿêî¨ ïîñëiäîâíîñòi (rn), rn ↑ 1 (n → ∞) ψ(θ) = limn→+∞ ψrn(θ), äå

ψrn(θ) =

θ∫

−π

u(rneit) dt.

Íåõàé f(z) = u(z) + iv(z), äå v � ñïðÿæåíà äî u ãàðìîíi÷íà â D ôóíê-
öiÿ. Òîäi çà òåîðåìîþ Ðiññà [3, ãë.VII] Mp(r, v) = O((1 − r)γ−1), à îòæå, i
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Mp(r, f) = O((1 − r)γ−1) ïðè r ↑ 1. Çà òåîðåìîþ À äëÿ Φ(z) =

z∫

0

F (ζ) dζ

ìà¹ìî Φ ∈ Hp i φ ∈ Λp
γ , φ(θ) = Φ(eiθ). Òîìó

π∫

−π

|ψrn
(θ + h)− ψrn

(θ)|p dθ =

π∫

−π

∣∣∣∣
θ+h∫

θ

u(rneit) dt

∣∣∣∣
p

dθ ≤

≤
π∫

−π

∣∣∣∣
θ+h∫

θ

F (rneit) dt

∣∣∣∣
p

dθ ≤
π∫

−π

∣∣∣∣Φ(rnei(θ+h))− Φ(rneiθ)
∣∣∣∣
p

dθ ≤ C.

Îòæå, çà òåîðåìîþ Ëåáåãà ìîæíà ïåðåéòè äî ãðàíèöi ïiä çíàêîì iíòåãðàëà.

Îäåðæèìî
π∫

−π

|ψ(θ + h) − ψ(θ)|p dθ ≤
π∫

−π

∣∣∣∣φ(θ + h) − φ(θ)
∣∣∣∣
p

dθ ≤ Chpγ , òîáòî

ψ ∈ Λp
γ . ♦
Âèïàäîê α > 0, çà äîïîìîãîþ òåîðåìè 46 ç ðîáîòè [7], äîâîäèòüñÿ òàê

ñàìî, ÿê òåîðåìà 1.
Ïðèêëàä. Çà òåîðåìîþ 9.1 [2] ñïðàâäæó¹òüñÿ ðiâíiñòü

1
1− z

=
1
2π

π∫

−π

S1(ze−it) ln
1

|1− eit| dt =
1
2π

π∫

−π

S2(ze−it)g(t) dt, (16)

äå g(t) = Re

eit∫

0

ln
1

|1− ζ| dζ = Re
(
(eit−1) ln

1
1− eit

−eit
)
. Çðîçóìiëî, ùî g 6∈ Λ1.

Òîìó, äîñòàòíiñòü óìîâè òåîðåìè 4 ïðè α = γ = 1 òà òåîðåìè 3 ïðè α = 2,
γ = 1 íå ¹ âiðíîþ. Áåðó÷è äiéñíó ÷àñòèíó âiä (16), ðîáèìî ïîäiáíi âèñíîâêè
äëÿ òåîðåì 1 i 2.
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ÎÁÎÁÙÅÍÈÅ ÎÄÍÎÉ ÒÅÎÐÅÌÛ ÕÀÐÄÈ�ËÈÒÒËÂÓÄÀ

Äëÿ àíàëèòè÷åñêèõ è ãàðìîíè÷åñêèõ ôóíêöèé, ïðåäñòàâëåííûõ îáîáùåííûì èíòåã-
ðàëîì Ïóàññîíà�Ñòèëüòüåñà, îïèñàí ðîñò Lp �íîðì â òåðìèíàõ ìåðû Ñòèëüòüåñà.

GENERALIZATION OF THE HARDY�LITTLEWOOD THEOREM

For analytic and harmonic functions represented by the generalized Poisson�Stiltjes in-
tegral a growth of the Lp �norms in the Stiltjes measure terms are described.
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