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ÂÈÇÍÀ×ÍÈÊÎÂÅ ÇÎÁÐÀÆÅÍÍß ÎÁÅÐÍÅÍÎ�
ÌÀÒÐÈÖI ÄÐÀÇIÍÀ

Ç âèêîðèñòàííÿì ãðàíè÷íîãî çîáðàæåííÿ îáåðíåíî¨ ìàòðèöi Äðàçiíà îäåðæà-
íî ¨¨ âèçíà÷íèêîâå çîáðàæåííÿ. Íà îñíîâi öüîãî çîáðàæåííÿ ðîçâ'ÿçîê ñèñòåìè
óçàãàëüíåíèõ íîðìàëüíèõ ðiâíÿíü àíàëiòè÷íî çîáðàæåíî ÷åðåç àíàëîã ïðàâèëà
Êðàìåðà.

Âñòóï. Ðàçîì ç óçàãàëüíåíîþ îáåðíåíîþ ìàòðèöåþ Ìóðà�Ïåíðîóçà íå
ìåíø âiäîìèìè ¹ òàêi ïñåâäîîáåðíåíi ìàòðèöi, ÿê îáåðíåíà Äðàçiíà [7] òà ãðóïî-
âà îáåðíåíà. Çàñîáîì öèõ ïñåâäîîáåðíåíèõ ìàòðèöü âñòàíîâëþþòüñÿ íîâi ïiä-
õîäè â òàêèõ, óæå òðàäèöiéíèõ äëÿ ïñåâäîîáåðíåíèõ, ñôåðàõ çàñòîñóâàííÿ, ÿê
ïðè äîñëiäæåííi âèðîäæåíèõ ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü [12, 15]
òà âèðîäæåíèõ ñèñòåì äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü [1, 4], à òàêîæ
ïðè ïîáóäîâi iòåðàòèâíèõ ìåòîäiâ ÷èñëîâîãî àíàëiçó [6, 8, 10]. Êðiì òîãî,
îáåðíåíà ìàòðèöÿ Äðàçiíà çíàõîäèòü åôåêòèâíi çàñòîñóâàííÿ i â íîâèõ îáëàñ-
òÿõ äîñëiäæåíü, çîêðåìà, â òåîði¨ ñêií÷åííèõ ìàðêiâñüêèõ ëàíöþãiâ [9] i êðèï-
òîãðàôi¨ [11]. Ïðîáëåìà âèçíà÷íèêîâîãî çîáðàæåííÿ ìàòðèöi Äðàçiíà òà ãðó-
ïîâî¨ îáåðíåíî¨ äîâãèé ÷àñ çàëèøàëàñÿ âiäêðèòîþ, íà ÷îìó íàãîëîøóâàëîñÿ,
çîêðåìà, â ðîáîòi [13]. Ó ðîáîòi [14] âïåðøå ïîäà¹òüñÿ âèçíà÷íèêîâå çîáðàæåí-
íÿ ìàòðèöi Äðàçiíà AD äëÿ äîâiëüíî¨ êîìïëåêñíî¨ ìàòðèöi An×n ç iíäåêñîì
IndA = k ≤ n òà ðàíãîì rankAk = rankAk+1 = r < n, âèêîðèñòîâóþ÷è ïî-
âíîðàíãîâèé ðîçêëàä ìàòðèöi AD òà îïèðàþ÷èñü íà óçàãàëüíåíå âèçíà÷íèêîâå
çîáðàæåííÿ ïñåâäîîáåðíåíèõ ìàòðèöü [13]. À ñàìå, åëåìåíòè ìàòðèöi Äðàçiíà
aD

ij ïîäàþòüñÿ òàêèì ÷èíîì:

aD
ij =

∑

(α,β)∈Nrk
{i,j}

∣∣∣(As)β
α

∣∣∣ ∂

∂aij

∣∣Aα
β

∣∣

∑

(γ,δ)∈Nrk

∣∣∣(As)δ
γ

∣∣∣ |Aγ
δ |

,

äå s ≥ k = IndA i rk = rankAs. Òóò i íàäàëi âèêîðèñòîâóþòüñÿ íàñòóïíi ïîç-
íà÷åííÿ. Íåõàé α := (α1, . . . , αk) ⊆ {1, . . . , } òà β := (β1, . . . , βk) ⊆ {1, . . . , n}�
ïiäìíîæèíè iíäåêñiâ, òîäi |Aα

β |� ìiíîð ìàòðèöi A ç ðÿäêàìè òà ñòîâïöÿìè,
ùî iíäåêñóþòüñÿ ìíîæèíàìè α i β âiäïîâiäíî; |Aα

α|� ãîëîâíèé ìiíîð ìàòðè-
öi A ç ðÿäêàìè òà ñòîâïöÿìè, ùî iíäåêñóþòüñÿ ìíîæèíîþ α. ×åðåç ∂

∂aij
|A|

áóäåìî ïîçíà÷àòè àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà aij ó âèçíà÷íèêó |A|. Äëÿ
äàíîãî n íåõàé Ik,n := {α : α = (α1, . . . , αk), 1 ≤ α1 ≤ . . . ≤ αk ≤ n},
Ik(α) := {I : I ∈ Ik,n, I ⊇ α} i Ik{i} := {I : I ∈ Ik,n, i ∈ α ⊆ I}, òîäi
Nk := Ik,n × Ik,n, Nk(α, β) := Ik(α)× Ik(β) òà Nk{i, j} := Ik{i} × Ik{j}.

Ó öié ðîáîòi îäåðæàíî âèçíà÷íèêîâå çîáðàæåííÿ ìàòðèöi Äðàçiíà AD ç
âèêîðèñòàííÿì ¨¨ ãðàíè÷íîãî çîáðàæåííÿ, ïðè öüîìó åëåìåíòè ìàòðèöi AD

ïîäàþòüñÿ ÿê âiäíîøåííÿ ñóì ãîëîâíèõ ìiíîðiâ ìàòðèöi Ak+1 òà ìàòðèöü
Ak+1

. i

(
a(k)

.j

)
, ÿêi îäåðæóþòüñÿ ç ìàòðèöi Ak+1 çàìiíîþ ¨¨ i �ãî ñòîâïöÿ j �ì

ñòîâïöåì ìàòðèöi Ak. Âèêîðèñòîâóþ÷è îòðèìàíå âèçíà÷íèêîâå çîáðàæåííÿ,
ðîçâ'ÿçîê ñèñòåìè óçàãàëüíåíèõ íîðìàëüíèõ ðiâíÿíü àíàëiòè÷íî çîáðàçèìî
÷åðåç àíàëîã ïðàâèëà Êðàìåðà.
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1. Âèçíà÷íèêîâå çîáðàæåííÿ ìàòðèöi Äðàçiíà.
Îçíà÷åííÿ 1. Íåõàé Cn×n � ìíîæèíà âñiõ êîìïëåêñíèõ n×n ìàòðèöü.

Îáåðíåíîþ ìàòðèöåþ Äðàçiíà äî ìàòðèöi A ∈ Cn×n íàçèâà¹òüñÿ ìàòðèöÿ,
ùî ¹ ðîçâ'ÿçêîì òàêî¨ ñèñòåìè ìàòðè÷íèõ ðiâíÿíü:

1) AkXA = Ak,

2) XAX = X,

3) AX = XA,

äå k = IndA� iíäåêñ ìàòðèöi A, òîáòî k = min
k∈N∪{0}

{
rankAk+1 = rankAk

}
.

Îáåðíåíà ìàòðèöÿ Äðàçiíà ïîçíà÷à¹òüñÿ ÿê X =: AD.
Îçíà÷åííÿ 2. ßêùî IndA = 1, òî îáåðíåíà ìàòðèöÿ Äðàçiíà äî ìàòðèöi

A íàçèâà¹òüñÿ ãðóïîâîþ îáåðíåíîþ i ïîçíà÷à¹òüñÿ A#.
Çàóâàæåííÿ 1. ßêùî IndA = 0, òî ìàòðèöÿ A� íåîñîáëèâà i AD =

= A−1. ßêùî æ ìàòðèöÿ A� åðìiòîâà, òî AD = A+, äå A+ � óçàãàëüíåíà
îáåðíåíà ìàòðèöÿ Ìóðà�Ïåíðîóçà.

Ïîäàìî áåç äîâåäåíü êiëüêà âiäîìèõ, íàäàëi íåîáõiäíèõ íàì ôàêòiâ.
Òåîðåìà 1 [1].Îáåðíåíà ìàòðèöÿ Äðàçiíà äî ìàòðèöi A ∈ Cn×n iñíó¹,

¹äèíà i äîïóñêà¹ çîáðàæåííÿ, ÿêå áóäó¹òüñÿ íàñòóïíèì ÷èíîì. Íåõàé

A = N
(

J0 0
0 J1

)
N−1

¹ æîðäàíîâèì çîáðàæåííÿì ìàòðèöi A, äå J0 ñêëàäà¹òüñÿ ç íiëüïîòåíò-
íèõ áëîêiâ, à J1 � iç íåîñîáëèâèõ. Òîäi

AD = N
(

0 0
0 J1

)
N−1.

Òåîðåìà 2 [1, 5]. Äëÿ äîâiëüíî¨ A ∈ Cn×n ñïðàâäæó¹òüñÿ ðiâíiñòü

AD = lim
α→0

(
αI + Ak+1

)−1
Ak,

äå I� îäèíè÷íà ìàòðèöÿ, k = IndA, α ∈ <+ .

Òåîðåìà 3 [3]. Íåõàé dr :=
∑

α∈Ir,n

|Aα
α|� ñóìà ãîëîâíèõ ìiíîðiâ ïîðÿäêó

r ìàòðèöi A ∈ Cn×n, 1 ≤ r ≤ n. Òîäi ¨¨ õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìîæ-
íà ïîäàòè ó âèãëÿäi p (t) = det (A− tI) = tn− d1t

n−1 + d2t
n−2− . . .+(−1)n

dn.

Áóäåìî òàêîæ âèêîðèñòîâóâàòè íàñòóïíi ïîçíà÷åííÿ. ×åðåç a. j ïîçíà-
÷èìî j �é ñòîâïåöü, à ÷åðåç ai . � i �é ðÿäîê ìàòðèöi A, òîäi ÷åðåç a(k)

.j òà
a(k)

i. ïîçíà÷èìî âiäïîâiäíî, j �é ñòîâïåöü òà i �é ðÿäîê ìàòðèöi Ak. Åëåìåíòè
ìàòðèöi Ak áóäåìî ïîçíà÷àòè a

(k)
ij (∀i, j ∈ {1, . . . , n}) . Íåõàé A.j (b)� ìà-

òðèöÿ, ÿêó îäåðæèìî iç A çàìiíîþ ¨¨ j �ãî ñòîâïöÿ ñòîâïöåì b, à ìàòðèöÿ
Ai . (b) îäåðæó¹òüñÿ iç A çàìiíîþ ¨¨ i �ãî ðÿäêà ðÿäêîì b.

Ëåìà. Äëÿ äîâiëüíî¨ A ∈ Cn×n ç iíäåêñîì IndA = k ≤ n âèêîíó¹òüñÿ
íåðiâíiñòü

rankAk+1
. i

(
a(k)

.j

)
≤ rankAk+1 ∀i, j = 1, ..., n. (1)

59



Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ìàòðèöþ A(k+1) = (a(k+1)
ij )n×n. Î÷åâèäíî, ùî

a
(k+1)
ij =

n∑
m=1

a
(k)
imamj (∀i, j = 1, ..., n). Ïðîâåäåìî ðÿä åëåìåíòàðíèõ ïåðåòâî-

ðåíü ìàòðèöi Ak+1
. i

(
a(k)

.j

)
, äîìíîæóþ÷è ¨¨ ñïðàâà íà ìàòðèöi P i s

(−ajs

)
, ùî

âiäðiçíÿþòüñÿ âiä îäèíè÷íî¨ åëåìåíòîì −aj s, ðîçìiùåíèì íà ïåðåòèíi i �ãî
ðÿäêà òà s �ãî ñòîâïöÿ (s 6= i) , òîäi

Ak+1
. i

(
a(k)

.j

)
·
∏

s 6=i

P i s

(−ajs

)
=

∥∥∥∥∥∥∥∥∥∥

∑

s 6=i

a
(k)
1s as1 . . . a

(k)
1j . . .

∑

s 6=i

a
(k)
1s asn

. . . . . . . . . . . . . . .∑

s 6=i

a(k)
ns as1 . . . a

(k)
nj . . .

∑

s 6=i

a(k)
ns asn

∥∥∥∥∥∥∥∥∥∥
[i�é]

.

Îäåðæàíó ìàòðèöþ ìîæíà ôàêòîðèçóâàòè íàñòóïíèì ÷èíîì:
∥∥∥∥∥∥∥∥∥∥

∑

s 6=i

a
(k)
1s as1 . . . a

(k)
1j . . .

∑

s 6=i

a
(k)
1s asn

. . . . . . . . . . . . . . .∑

s 6=i

a(k)
ns as1 . . . a

(k)
nj . . .

∑

s 6=i

a(k)
ns asn

∥∥∥∥∥∥∥∥∥∥

=

=

∥∥∥∥∥∥∥∥∥

a
(k)
11 a

(k)
12 . . . a

(k)
1n

a
(k)
21 a

(k)
22 . . . a

(k)
2n

. . . . . . . . . . . .

a
(k)
n1 a

(k)
n2 . . . a

(k)
nn

∥∥∥∥∥∥∥∥∥

∥∥∥∥∥∥∥∥∥∥

a11 . . . 0 . . . an1

. . . . . . . . . . . . . . .
0 . . . 1 . . . 0
. . . . . . . . . . . . . . .
an1 . . . 0 . . . ann

∥∥∥∥∥∥∥∥∥∥
[i�é]

[j�é].

Ïîçíà÷èìî Ã :=

∥∥∥∥∥∥∥∥∥∥

a11 . . . 0 . . . an1

. . . . . . . . . . . . . . .
0 . . . 1 . . . 0
. . . . . . . . . . . . . . .
an1 . . . 0 . . . ann

∥∥∥∥∥∥∥∥∥∥
[i�é]

[j �é]. Ìàòðèöÿ Ã îäåðæó¹òüñÿ

ç ìàòðèöi A ïðè aij = 1, ais = 0 (∀s 6= i) òà asi = 0 (∀s 6= j). Îñêiëüêè
åëåìåíòàðíi ïåðåòâîðåííÿ íå çìiíþþòü ðàíãó ìàòðèöi, òî rankAk+1

. i (a(k)
.j ) ≤

≤ min{rankA(k), rankÃ}. Î÷åâèäíî, ùî rankÃ ≥ rankA ≥ rankAk+1, çâiäêè
é âèïëèâà¹ íåðiâíiñòü (1). Ëåìó äîâåäåíî. ♦

Òåîðåìà 1. Äëÿ äîâiëüíî¨ ìàòðèöi A ∈ Cn×n ç iíäåêñîì IndA = k
òà rankAk = rankAk+1 = r < n ¨¨ îáåðíåíó ìàòðèöþ Äðàçiíà AD ìîæíà
àíàëiòè÷íî çîáðàçèòè ÿê

AD =
1

dr (Ak+1)

∥∥∥∥∥∥∥∥

c11 c12 . . . c1n

c21 c22 . . . c2n

. . . . . . . . . . . .
cn1 cn2 . . . cnn

∥∥∥∥∥∥∥∥
, (2)

äå dr(Ak+1) =
∑

α∈Ir,n

∣∣(Ak+1)α
α

∣∣ , cij =
∑

α∈Ir{i}

∣∣∣(Ak+1
. i (a(k)

.j ))α
α

∣∣∣ (∀i, j = 1, ..., n).
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Ä î â å ä å í í ÿ. Çà òåîðåìîþ 2, AD = lim
α→0

(
αI + Ak+1

)−1
Ak. Ïîçíà÷èìî

αI + Ak+1 =: B = (bij)n×n. Ìàòðèöÿ αI + Ak+1 ¹ ìàòðèöåþ ïîâíîãî ðàíãó,
òîìó äëÿ íå¨ ìîæíà ïîáóäóâàòè îáåðíåíó ìàòðèöþ

(
αI + Ak+1

)−1
=

1
det (αI + Ak+1)

∥∥∥∥∥∥∥∥∥

∂

∂b11
|B| . . .

∂

∂b1n
|B|

. . . . . . . . .
∂

∂bn1
|B| . . .

∂

∂bnn
|B|

∥∥∥∥∥∥∥∥∥
.

Òîäi iç çàñòîñóâàííÿì ðîçêëàäó Ëàïëàñà âèçíà÷íèêà ìàòðèöi αI+Ak+1, îäåð-
æèìî

AD = lim
α→0

1
det (αI + Ak+1)

∥∥∥∥∥∥∥∥∥∥∥

n∑
s=1

∂

∂b1s
|B| · a(k)

s1 . . .

n∑
s=1

∂

∂b1s
|B| · a(k)

sn

. . . . . . . . .
n∑

s=1

∂

∂bns
|B| · a(k)

s1 . . .

n∑
s=1

∂

∂bns
|B| · a(k)

sn

∥∥∥∥∥∥∥∥∥∥∥

=

= lim
α→0

1
det(αI + Ak+1)

∥∥∥∥∥∥∥∥

det
(
αI + Ak+1

)
.1

(
a(k)

.1

)
. . . det

(
αI + Ak+1

)
.1

(
a(k)

.n

)

. . . . . . . . .

det
(
αI + Ak+1

)
.n

(
a(k)

.1

)
. . . det

(
αI + Ak+1

)
.n

(
a(k)

.n

)

∥∥∥∥∥∥∥∥
. (3)

Çàñòîñóâàâøè òåîðåìó 3, îäåðæèìî

det
(
αI + Ak+1

)
= αn + d1α

n−1 + d2α
n−2 + . . . + dn,

äå äëÿ ∀s = 1, ...n − 1, ds =
∑

α∈Is,n

∣∣(Ak+1)α
α

∣∣ i dn = detAk+1. Îñêiëüêè

rankAk+1 = rankAk = r, òî dn = dn−1 = . . . = dr+1 = 0. Çâiäñè

det
(
αI + Ak+1

)
= αn + d1α

n−1 + d2α
n−2 + . . . + drα

n−r.

Ó ñâîþ ÷åðãó, äëÿ ∀i, j = 1, ..., n

det(αI + Ak+1) . i

(
a(k)

.j

)
= c

(ij)
1 αn−1 + c

(ij)
2 αn−2 + . . . + c(ij)

n ,

äå äëÿ ∀s = 1, ...n − 1 c
(ij)
s =

∑

α∈Is{i}

∣∣∣
(
Ak+1

.i

(
a(k)

.j

))α

α

∣∣∣ òà c
(ij)
n = detAk+1

.i (a(k)
.j ).

Îñêiëüêè çà ëåìîþ rankAk+1
. i

(
a(k)

.j

)
≤ r, òî ïðè r+1 ≤ s ≤ n−1 òà α ∈ Is{i}

âèêîíó¹òüñÿ
∣∣∣(Ak+1

. i (a(k)
.j ))α

α

∣∣∣ = 0, à òàêîæ detAk+1
. i (a(k)

.j ) = 0 (∀i, j = 1, ..., n).

Çâiäñè, ïðè r + 1 ≤ s ≤ n− 1 c
(ij)
s =

∑

α∈Is{i}

∣∣∣
(
Ak+1

. i

(
a(k)

.j

))α

α

∣∣∣ = 0, òà c
(ij)
n =

= detAk+1
.i

(
a(k)

.j

)
= 0 (∀i, j = 1, ..., n) .

Îòæå, det(αI+A∗A). i(a∗.j) = c
(ij)
1 αn−1 +c

(ij)
2 αn−2 + . . .+c

(ij)
r αn−r (∀i, j =

= 1, ..., n). Ïiäñòàâèâøè öi çíà÷åííÿ ó ìàòðèöþ ç ôîðìóëè (3), îäåðæèìî

AD =

= lim
α→0

∥∥∥∥∥∥∥∥∥∥

c
(11)
1 αn−1 + . . . + c

(11)
r αn−r

αn + d1αn−1 + . . . + drαn−r
. . .

c
(1n)
1 αn−1 + . . . + c

(1n)
r αn−r

αn + d1αn−1 + . . . + drαn−r

. . . . . . . . .

c
(n1)
1 αn−1 + . . . + c

(n1)
r αn−r

αn + d1αn−1 + . . . + drαn−r
. . .

c
(nn)
1 αn−1 + . . . + c

(nn)
r αn−r

αn + d1αn−1 + . . . + drαn−r

∥∥∥∥∥∥∥∥∥∥

=
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=

∥∥∥∥∥∥∥∥∥∥

c
(11)
r

dr
. . .

c
(1n)
r

dr
. . . . . . . . .

c
(n1)
r

dr
. . .

c
(nn)
r

dr

∥∥∥∥∥∥∥∥∥∥

.

Çâiäñè, ïåðåïîçíà÷èâøè c
(ij)
r = cij (∀i, j = 1, ..., n) , îäåðæèìî âèçíà÷-

íèêîâå çîáðàæåííÿ (2) äëÿ ìàòðèöi Äðàçiíà AD. Òåîðåìó äîâåäåíî. ♦
Íàñëiäîê. Äëÿ äîâiëüíî¨ A ∈ Cn×n ç IndA = 1 òà rankA = rankA2 =

= r < n ¨¨ îáåðíåíó ãðóïîâó ìàòðèöþ A# ìîæíà àíàëiòè÷íî çîáðàçèòè
òàêèì ÷èíîì:

A# =
1

dr (A2)

∥∥∥∥∥∥∥∥

c11 c12 . . . c1n

c21 c22 . . . c2n

. . . . . . . . . . . .
cn1 cn2 . . . cnn

∥∥∥∥∥∥∥∥
,

äå dr

(
A2

)
=

∑

α∈Ir,n

∣∣∣
(
A2

)α

α

∣∣∣, ci j =
∑

α∈Ir{i}

∣∣∣
(
A2

. i

(
a.j

))α

α

∣∣∣ (∀i, j = 1, ..., n) .

Ä î â å ä å í í ÿ, î÷åâèäíî, âèïëèâà¹ ç òåîðåìè 4 ïðè k = 1.

2. Ïðàâèëî Êðàìåðà äëÿ ñèñòåìè óçàãàëüíåíèõ íîðìàëüíèõ ðiâ-
íÿíü. Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü

Ax = f , (4)

äå A ∈ Cn×n, x ∈ Cn � âåêòîð�ñòîâïåöü íåâiäîìèõ, f ∈ Cn � âåêòîð�ñòî-
âïåöü âiëüíèõ åëåìåíòiâ. ×åðåç R(A) òà N(A) áóäåìî ïîçíà÷àòè, âiäïîâiäíî,
îáëàñòü çíà÷åíü òà íóëüîâèé ïðîñòið ìàòðèöi A. Âiäîìî (äèâ. [2, 3]), ùî A+f ,
äå A+ � óçàãàëüíåíà îáåðíåíà ìàòðèöÿ Ìóðà�Ïåíðîóçà, ¹ ¹äèíèì íîðìàëüíèì
ðîçâ'ÿçêîì ñèñòåìè (4). Òîáòî, ÿêùî x0 = A+f , òî

∥∥x0
∥∥ = min

x∈Cn

{
‖x̃‖ ‖A · x̃− y‖ = min

x∈Cn
‖A · x− y‖

}
.

Â òîé æå ÷àñ A+f ¹ ¹äèíèì ðîçâ'ÿçêîì ñèñòåìè íîðìàëüíèõ ðiâíÿíü A∗Ax =
=A∗f . Â [15] ðîçãëÿäà¹òüñÿ òåîðåìà, ÿêà õàðàêòåðèçó¹ ðîçâ'ÿçîê ADf .

Òåîðåìà 2. Íåõàé A ∈ Cn×n ç IndA = k, òîäi ADf ¹ ¹äèíèì ðîçâ'ÿç-
êîì iç R

(
Ak

)
ñèñòåìè [15]

Ak+1x = Akf . (5)

Çàóâàæåííÿ 2. Ç îãëÿäó íà ïåâíó ïîäiáíiñòü ñèñòåìè (5) äî ñèñòåìè
íîðìàëüíèõ ðiâíÿíü, ñèñòåìó (5) íàçèâàþòü [15] ñèñòåìîþ óçàãàëüíåíèõ íîð-
ìàëüíèõ ðiâíÿíü.

Çàóâàæåííÿ 3. Íà âiäìiíó âiä A+f , ðîçâ'ÿçîê çà îáåðíåíîþ ìàòðèöåþ
Äðàçiíà ADf â çàãàëüíîìó âèïàäêó íå çàâæäè ¹ ðîçâ'ÿçêîì ñèñòåìè ëiíiéíèõ
ðiâíÿíü (4), íàâiòü, ÿêùî ñèñòåìà (4) ¹ ñóìiñíà.

Òåîðåìà 3. Ðîçâ'ÿçîê x = (x1, . . . , xn)T ñèñòåìè óçàãàëüíåíèõ íîðìàëü-
íèõ ðiâíÿíü (5) iç ìàòðèöåþ êîåôiöi¹íòiâ A ∈ Cn×n òàêîþ, ùî IndA = k
òà rankAk = rankAk+1 = r < n ïîêîìïîíåíòíî çîáðàæà¹òüñÿ òàêèì ÷èíîì:

xi =

∑

α∈Ir{i}

∣∣∣
(
Ak+1

. i (g)
)α

α

∣∣∣
∑

α∈Ir,n

∣∣∣
(
Ak+1

)α

α

∣∣∣
∀i = 1, ..., n, (6)
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äå g = Akf .

Ä î â å ä å í í ÿ. Íà ïiäñòàâi òåîðåìè 5, x = ADf ¹ ¹äèíèì ðîçâ'ÿçêîì
ñèñòåìè (5). Ïîäàìî âèçíà÷íèêîâå çîáðàæåííÿ ìàòðèöi AD çãiäíî òåîðåìè 4,
òîäi

x =




x1

...
xn


 =

1
dr (Ak+1)

∥∥∥∥∥∥∥∥

c11 c12 . . . c1n

c21 c22 . . . c2n

. . . . . . . . . . . .
cn1 cn2 . . . cnn

∥∥∥∥∥∥∥∥




f1

...
fn


 =

=
1

dr (Ak+1)




n∑
s=1

c1sfs

...
n∑

s=1

cnsfs




,

äå dr

(
Ak+1

)
=

∑

α∈Ir,n

∣∣∣
(
Ak+1

)α

α

∣∣∣, cij =
∑

α∈Ir{i}

∣∣∣
(
Ak+1

.i

(
a(k)

.j

))α

α

∣∣∣ (∀i, j = 1, ..., n).

Îòæå, äëÿ ∀i = 1, ..., n

xi =
1

dr (Ak+1)

n∑
s=1

ci s fs =
1

dr (Ak+1)

n∑
s=1

∑

α∈Ir{i}

∣∣∣
(
Ak+1

. i

(
a(k)

. s

))α

α

∣∣∣ · fs =

=
1

dr (Ak+1)

∑

α∈Ir{i}

n∑
s=1

∣∣∣
(
Ak+1

.i

(
a(k)

. s

))α

α

∣∣∣ · fs =

=
1

dr (Ak+1)

∑

α∈Ir{i}

n∑
s=1

∣∣∣
(
Ak+1

.i

(
a(k)

. s · fs

))α

α

∣∣∣.

Çâiäêè é âèïëèâà¹ (6). Òåîðåìó äîâåäåíî. ♦
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ÎÏÐÅÄÅËÈÒÅËÜÍÎÅ ÏÐÅÄÑÒÀÂËÅÍÈÅ
ÎÁÐÀÒÍÎÉ ÌÀÒÐÈÖÛ ÄÐÀÇÈÍÀ

Ïîëó÷åíî îïðåäåëèòåëüíîå ïðåäñòàâëåíèå îáðàòíîé ìàòðèöû Äðàçèíà ñ èñïîëüçî-
âàíèåì å¼ ïðåäåëüíîãî ïðåäñòàâëåíèÿ. Ïðèìåíÿÿ ïîëó÷åííîå îïðåäåëèòåëüíîå ïðåä-
ñòàâëåíèå ìàòðèöû Äðàçèíà, ðåøåíèå ñèñòåìû îáîáùåííûõ íîðìàëüíûõ óðàâíåíèé
àíàëèòè÷åñêè ïðåäñòàâëÿåòñÿ êàê àíàëîã ïðàâèëà Êðàìåðà.

DETERMINANTAL REPRESENTATION OF THE DRAZIN INVERSE

Determinantal representation of the Drazin inverse is obtained by using its limit represen-
tation. By applying this determinantal representation of the Drazin inverse, the solution
of system of the generalized normal equations is represented by an analogue of Cramer's
rule.

Ií-ò ïðèêë. ïðîáëåì ìåõàíiêè i ìàòåìàòèêè Îäåðæàíî
iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ 21.10.05
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