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Ì. I. Äìèòðèøèí

ÎÇÍÀÊÈ ÏÎÂÍÎÒÈ ÌÍÎÆÈÍÈ ÊÎÐÅÍÅÂÈÕ ÂÅÊÒÎÐIÂ
ÐÅÃÓËßÐÍÈÕ ÅËIÏÒÈ×ÍÈÕ ÎÏÅÐÀÒÎÐIÂ

Íàâåäåíî îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ âåêòîðiâ ðåãóëÿðíèõ åëiïòè÷-
íèõ îïåðàòîðiâ ó ïðîñòîðàõ Lp (1 < p < ∞). Ïðè öüîìó âèêîðèñòàíî âiäîìi
îçíàêè ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó
ïðîñòîði òà ðîçãëÿíóòî ñïåöiàëüíó øêàëó íîðìîâàíèõ ïðîñòîðiâ öiëèõ âåêòî-
ðiâ åêñïîíåíöiàëüíîãî òèïó çàìêíåíîãî îïåðàòîðà â áàíàõîâîìó ïðîñòîði.

1. Ðîçãëÿíåìî ó ïðîñòîði Lp(Ω) ( 1 < p < ∞ ) ðåãóëÿðíèé åëiïòè÷íèé
îïåðàòîð ïîðÿäêó 2m : A : C1 3 u7−→

∑

|α|≤2m

aα(t)Dαu(t) ∈Lp(Ω), aα(t) ∈C∞(Ω)

ç îáëàñòþ âèçíà÷åííÿ C1 :=
{

u ∈ W 2m
p (Ω) : Bju(t) |∂Ω = 0; j = 1, . . . , m

}
,

äå W 2m
p (Ω)� ïðîñòið Ñîáîë¹âà i Bj =

∑

|α|≤kj

bj,α(t)Dα, bj,α(t) ∈ C∞(∂Ω),

0 ≤ k1 < k2 < . . . < km � íàáið ãðàíè÷íèõ îïåðàòîðiâ.
ßê çâè÷àéíî, êàæåìî, ùî ìíîæèíà êîðåíåâèõ âåêòîðiâ ðåãóëÿðíî åëiï-

òè÷íîãî îïåðàòîðà ¹ ïîâíîþ â ïðîñòîði Lp(Ω), ÿêùî çàìèêàííÿ ¨¨ ëiíiéíî¨
îáîëîíêè çáiãà¹òüñÿ ç Lp(Ω). Âiäîìî, ùî, ÿêùî îïåðàòîð A â L2(Ω) çàäà¹òüñÿ
ôîðìóëîþ: Au = Ãu +

∑

|α|≤2m−1

ǎα(t)Dαu, ǎα(t) ∈ C∞(Ω), äå Ã� ñà-

ìîñïðÿæåíèé íåîáìåæåíèé îïåðàòîð ç îáëàñòþ âèçíà÷åííÿ C1, òî ìíîæèíà
êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â L2(Ω) [5, òåîðåìà 5.6.3]. Ó ñòàò-
òi [5] òàêîæ íàâåäåíî îãëÿä ðîáiò, ïðèñâÿ÷åíèõ ïðîáëåìi ïîâíîòè êîðåíåâèõ
âåêòîðiâ åëiïòè÷íèõ îïåðàòîðiâ ó ïðîñòîðàõ Lp(Ω).

Ó ïðîïîíîâàíié ðîáîòi íàâåäåíî íîâi îçíàêè ïîâíîòè ìíîæèíè êîðåíåâèõ
âåêòîðiâ ðåãóëÿðíî åëiïòè÷íîãî îïåðàòîðà â ïðîñòîðàõ Lp(Ω) ( 1 < p < ∞ ).
Ïðè öüîìó âèêîðèñòàíî âiäîìi îçíàêè ïîâíîòè êîðåíåâèõ âåêòîðiâ êîìïàêòíèõ
îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði [2] òà îçíàêè ùiëüíîñòi ìíîæèíè öiëèõ
âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A â áàíàõîâèõ ïðîñòîðàõ [1, 4].

2. Íàäàëi ïðèïóñêà¹ìî, ùî ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A íå-
ïîðîæíÿ. Âiäîìî [5, � 5.4.4], ùî ó òàêîìó âèïàäêó ñïåêòð σ(A) îïåðàòîðà A
ñêëàäà¹òüñÿ ç içîëüîâàíèõ âëàñíèõ çíà÷åíü ñêií÷åííî¨ àëãåáðà¨÷íî¨ êðàòíîñòi
áåç ñêií÷åííèõ ãðàíè÷íèõ òî÷îê. Ïðè öüîìó ñïåêòð σ(A) i âiäïîâiäíi ïiä-
ïðîñòîðè êîðåíåâèõ âåêòîðiâ íå çàëåæàòü âiä ïîêàçíèêà ïiäñóìîâóâàííÿ p.
Ïiäïðîñòîðè êîðåíåâèõ âåêòîðiâ ìiñòÿòüñÿ â ïðîñòîði

C∞A,{Bj}(Ω) =
{

u ∈ C∞(Ω) : BjA
ku | ∂Ω = 0; j = 1, . . . , m; k ∈ Z+

}
,

ùî ¹ çàìêíåíèì ïiäïðîñòîðîì ëîêàëüíî îïóêëîãî ïðîñòîðó C∞(Ω) (òîïîëîãiÿ
ïðîñòîðó C∞(Ω) âèçíà÷à¹òüñÿ ñiì'¹þ ïiâíîðì sup

t∈Ω
|Dαu(t)|, 0 ≤ |α| < ∞ ).

Ïîçíà÷èìî ÷åðåç {λi(R)}ν(R)
1 ïîñëiäîâíiñòü, ùî ñêëàäà¹òüñÿ iç óñiõ íå-

íóëüîâèõ âëàñíèõ ÷èñåë ðåçîëüâåíòè R(λ,A) îïåðàòîðà A, ïðîíóìåðîâàíèõ
ó ïîðÿäêó ñïàäàííÿ ìîäóëiâ, ïðè÷îìó ïðè íóìåðàöi¨ êîæíå âëàñíå ÷èñëî ðàõó-
¹òüñÿ ñòiëüêè ðàçiâ, ÿêà éîãî àëãåáðà¨÷íà êðàòíiñòü; ν(R)� ñóìà àëãåáðà¨÷íèõ
êðàòíîñòåé âñiõ íåíóëüîâèõ âëàñíèõ ÷èñåë îïåðàòîðà R(λ,A).
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Íåõàé RR =
1
2
[R(λ, A) + R(λ,A)∗], RJ =

1
2i

[R(λ,A)−R(λ,A)∗]� åðìi-
òîâi êîìïîíåíòè îïåðàòîðà R(λ,A) â ãiëüáåðòîâîìó ïðîñòîði L2(Ω). Íàãà-
äà¹ìî, ùî îïåðàòîð R(λ,A) ¹ äèñèïàòèâíèì, ÿêùî éîãî óÿâíà êîìïîíåíòà
RJ ¹ íåâiä'¹ìíèì îïåðàòîðîì, òîáòî, ÿêùî ñêàëÿðíèé äîáóòîê (RJ u | u) ≥ 0
äëÿ âñiõ u ∈ L2(Ω).

Íåõàé S ∈ L[L2(Ω)]� êîìïàêòíèé îïåðàòîð, R(K)� îáðàç îïåðàòîðà
K ∈ L[L2(Ω)]. ×èñëà sn(S) = infdimR(K)≤n ‖S−K‖, n = 0, 1, 2, . . . , íàçèâàþòü-
ñÿ àïðîêñèìàöiéíèìè ÷èñëàìè. ×åðåç Sq (1 ≤ q ≤ ∞) ïîçíà÷èìî íîðìîâàíèé

iäåàë êîìïàêòíèõ îïåðàòîðiâ Sq=
{

S ∈ L[L2(Ω)], ‖S‖Sq
=

( ∞∑

j=1

sq
j(S)

)1/q

<∞
}

.

Òåîðåìà 1. Íåõàé R(λ,A)� äèñèïàòèâíèé îïåðàòîð â L2(Ω) ç óÿâíîþ
êîìïîíåíòîþ RJ ∈ S1 i âèêîíó¹òüñÿ îäíà iç íàñòóïíèõ óìîâ:

(i)
ν(R)∑

i=1

|Im λi(R)| = ‖RJ ‖S1 ,

(ii) lim
n→∞

nsn(R(λ,A)) = 0,

(iii) lim
τ→∞

n+(τ, RR)
τ

= 0 àáî lim
τ→∞

n−(τ, RR)
τ

= 0,

äå n±(τ, RR)� êiëüêiñòü õàðàêòåðèñòè÷íèõ ÷èñåë êîìïîíåíòè RR âiäïî-
âiäíî â iíòåðâàëàõ [0, τ ] i [−τ, 0].

Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðîñòîði
Lp(Ω) (1 < p < ∞).

Ä î â å ä å í í ÿ. Ïîêëàäåìî, áåç îáìåæåííÿ çàãàëüíîñòi, 0 ∈ ρ(A). Òîäi,
çãiäíî ç ðåçóëüòàòàìè [5, � 5.4.3], ïðè âñiõ 1 < p < ∞ ñïðàâäæó¹òüñÿ òàêà
îöiíêà:

c1‖u‖W 2m
p (Ω) ≤ ‖Au‖Lp(Ω) ≤ c2‖u‖W 2m

p (Ω), u ∈ C1, (1)

äå ïîñòiéíi c1, c2 > 0. Çâiäñè i ç êîìïàêòíîñòi âêëàäåíü W 2m
p (Ω) ⊂ Lp(Ω) [5,

òåîðåìà 3.2.5] âèïëèâà¹ êîìïàêòíiñòü îïåðàòîðà A−1 â Lp(Ω). Çàñòîñîâóþ÷è
òåïåð òåîðåìè 2.2, 4.2, 4.1 [2, ãë. V], ïðè âèêîíàííi âiäïîâiäíî óìîâ (i)�(iii),
îòðèìó¹ìî ïîâíîòó ìíîæèíè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A−1 â ïðîñòîði
L2(Ω). Îñêiëüêè êîðåíåâi âåêòîðè îïåðàòîðiâ A i A−1 ñïiâïàäàþòü, òî çâiäñè
âèïëèâà¹ ïîâíîòà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â L2(Ω).

Âèêîðèñòîâóþ÷è (1), çà iíäóêöi¹þ îòðèìó¹ìî

c1‖u‖W 2mk
p (Ω) ≤ ‖Aku‖Lp(Ω) ≤ c2‖u‖W 2mk

p (Ω), u ∈ Ck.

Çâiäñè âèïëèâà¹, ùî îáëàñòü âèçíà÷åííÿ Ck =
{
u ∈ Ck−1 : Au ∈ Ck−1

}
îïåðà-

òîðà Ak ñïiâïàäà¹ iç çàìêíåíèì ïiäïðîñòîðîì W̃ 2mk
p (Ω) ïðîñòîðó W 2mk

p (Ω).

Òîìó C∞ :=
∞⋂

k=0

Ck =
∞⋂

k=0

W̃ 2mk
p (Ω) = C∞A,{Bj}(Ω), çâiäêè îòðèìó¹ìî ïîâíîòó

êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â C∞A,{Bj}(Ω), à îòæå, i â C∞(Ω). Äàëi
çàëèøà¹òüñÿ ñêîðèñòàòèñü ùiëüíiñòþ ìíîæèíè C∞(Ω) ó ïðîñòîði Lp(Ω) (1 <
< p < ∞) [5, òåîðåìà 3.2.2]. ♦

Ïîçíà÷èìî ÷åðåç θR ðîçõèë êóòà ç âåðøèíîþ â ïî÷àòêó êîîðäèíàò, ç ÿêèì
ñïiâïàäà¹ çàìèêàííÿ ìíîæèíè âñiõ çíà÷åíü (R(λ,A)u | u), u ∈ L2(Ω). Âèêî-
ðèñòîâóþ÷è òåîðåìó 6.1 [2, ãë. V], ïîäiáíî äî äîâåäåííÿ òåîðåìè 1, îòðèìó¹ìî
òàêèé êðèòåðié ïîâíîòè.
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Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

1) θR =
π

q
, q ≥ 1,

2) sn(R(λ,A)) = o(n−1/q), n →∞.

Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðîñòîði Lp(Ω)
(1 < p < ∞).

Âèêîðèñòîâóþ÷è òåîðåìó 6.2 [2, ãë. V], îòðèìó¹ìî ïiäñèëåííÿ òåîðåìè 2
äëÿ âèïàäêó q > 1.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè:

1) θR =
π

q
, q > 1,

2) sn([eiαR]J ) = o(n−1/q), n →∞,

äëÿ äåÿêîãî α. Òîäi ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â
ïðîñòîði Lp(Ω) (1 < p < ∞).

Êîìïàêòíèé îïåðàòîð S ìà¹ ñêií÷åííèé ïîðÿäîê, ÿêùî S ∈ Sq äëÿ

äåÿêîãî q < ∞. Íèæíþ ãðàíü ÷èñåë q, äëÿ ÿêèõ
∞∑

j=1

sq
n(S) < ∞, íàçèâàþòü

ïîðÿäêîì îïåðàòîðà S i ïîçíà÷àþòü q(S).
Âèêîðèñòîâóþ÷è òåîðåìó 8.1 [2, ãë. V], ïîäiáíî äî äîâåäåííÿ òåîðåìè 1,

îòðèìó¹ìî êðèòåðié ïîâíîòè êîðåíåâèõ âåêòîðiâ îïåðàòîðà A â Lp(Ω), ùî
âèêëþ÷à¹ óìîâó äèñèïàòèâíîñòi ðåçîëüâåíòè R(λ,A) â L2(Ω).

Òåîðåìà 4. Íåõàé R(λ,A) = S(I +P ), äå S � ñàìîñïðÿæåíèé îïåðàòîð
i q(S) < ∞, P � êîìïàêòíèé îïåðàòîð â L2(Ω). Òîäi ìíîæèíà êîðåíåâèõ
âåêòîðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðîñòîði Lp(Ω) (1 < p < ∞).

3. Êîæíîìó åëåìåíòó u ∈ C∞ ïîñòàâèìî ó âiäïîâiäíiñòü ïîñëiäîâíiñòü
åëåìåíòiâ

{(
A/ν

)s(k)
u : k ∈ Z+

}
â Lρ(Ω) (1 < ρ < ∞), äå 0 < ν < ∞ i

s : Z+ 3 k −→ s(k) ∈ Z+ � ïåðåñòàíîâêè â Z+, ùî çàäîâîëüíÿþòü óìîâó∥∥∥(A/ν)s(k)
u
∥∥∥ ≥

∥∥∥(A/ν)s(k+1)
u
∥∥∥ , k ∈ Z+. Äëÿ áóäü�ÿêèõ ÷èñåë 1 ≤ p, q ≤ ∞

îçíà÷èìî ïiäïðîñòið lνq,p(A) =
{

u ∈ C∞ : ‖u‖lνq,p
< ∞

}
ç íîðìîþ

‖u‖lνq,p
=





( ∑

k∈Z+

(k + 1)
p
q−1

∥∥∥(A/ν)s(k)
u
∥∥∥

p
)1/p

: 1 ≤ p < ∞,

sup
k∈Z+

(k + 1)1/q
∥∥∥(A/ν)s(k)

u
∥∥∥ : p = ∞.

Íàäàëi ïîêëàäà¹ìî lν1 (A) := lν1,1(A), lν∞(A) := lν∞,∞(A). Ïðîñòîðè lν∞(A),
lν1 (A) ñêëàäàþòüñÿ iç âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i îçíà÷åíi âiäïîâiäíî
â ðîáîòàõ [3] òà [4].

Ïiäïðîñòîðè lνq,p(A) ¹ iíâàðiàíòíèìè âiäíîñíî A i âèêîíóþòüñÿ íåïåðåð-
âíi âêëàäåííÿ lνq,p(A) ↪→ Lρ(Ω), lνq,p(A) ↪→ lµq,p(A), µ > ν. Òîìó ìîæíà âèçíà-
÷èòè iíâàðiàíòíå âiäíîñíî A îá'¹äíàííÿ lq,p(A) :=

⋃ {
lνq,p(A) : ν > 0

}
.

Òåîðåìà 5. Íåõàé 1 < q < ∞ , 1 ≤ p ≤ ∞. Ìíîæèíà êîðåíåâèõ âåêòî-
ðiâ îïåðàòîðà A ¹ ïîâíîþ â ïðîñòîði Lρ(Ω) (1 < ρ < ∞) òîäi é òiëüêè
òîäi, êîëè lq,p(A) = Lρ(Ω).
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Ä î â å ä å í í ÿ. Äëÿ ÷èñåë 0 < θ < 1, 1 ≤ p ≤ ∞, äîòðèìóþ÷èñü
ïîçíà÷åíü ðîáîòè [5], îçíà÷èìî iíòåðïîëÿöiéíi ïðîñòîðè (lν1 (A), lν∞(A))θ,p =

=
{

u ∈ lν1 (A) + lν∞(A) : ‖u‖(lν1 , lν∞)
θ,p

< ∞
}

ç íîðìîþ

‖u‖(lν1 , lν∞)
θ,p

=





( ∞∫

0

τ−pθ−1Kp (τ, u, lν1 , lν∞) dτ

)1/p

: 1 ≤ p < ∞,

sup
0<τ<∞

τ−θK (τ, u, lν1 , lν∞) : p = ∞,

(2)

äå K (τ, u, lν1 , lν∞) = inf
u=u0+u1

(∥∥u0
∥∥

lν1
+ τ

∥∥u1
∥∥

lν∞

)
äëÿ u0 ∈ lν1 (A) i u1 ∈ lν∞(A).

Ïîêàæåìî, ùî äëÿ äîâiëüíèõ 1 < q < ∞ i 1 ≤ p ≤ ∞ ç òî÷íiñòþ äî
åêâiâàëåíòíîñòi íîðì âèêîíó¹òüñÿ ðiâíiñòü

(lν1 (A), lν∞(A))1−1/q,p = lνq,p(A). (3)

Ðîçãëÿíåìî ïðîñòîðè lq,p =
{
u : ‖u‖lq,p

< ∞}
âñiõ ïîñëiäîâíîñòåé u =

= {uk ∈ Lρ(Ω): k ∈ Z+} ç íîðìîþ

‖u‖lq,p =





( ∑

k∈Z+

(k + 1)
p
q−1‖u∗k‖p

)1/p

: 1 ≤ p < ∞,

sup
k∈Z+

(k + 1)1/q‖u∗k‖ : p = ∞,

äå ïîñëiäîâíiñòü {u∗k ∈ Lρ(Ω): k ∈ Z+} ñêëàäà¹òüñÿ iç åëåìåíòiâ ïîñëiäîâíîñòi
{uk ∈ Lρ(Ω): k ∈ Z+} , ðîçìiùåíèõ ó ïîðÿäêó íåçðîñòàííÿ íîðì ‖u∗0‖≥‖u∗1‖≥
≥ ‖u∗2‖ . . . . Ïîêëàäåìî l1 := l1,1, l∞ := l∞,∞ i ðîçãëÿíåìî iíòåðïîëÿöiéíèé
ïðîñòið

(
l1, l∞

)
θ,p

=
{

u ∈ l1 + l∞ : ‖u‖(l1, l∞)θ,p
< ∞

}
ç íîðìîþ âèãëÿäó (2), â

ÿêié ôóíêöiîíàë K(τ, u, lν1 , lν∞) çàìiíåíî íà K(τ, u, l1, l∞) = inf
u=u0+u1

(‖u0‖l1+

+τ‖u1‖l∞
)
, äå u0 ∈ l1 , u1 ∈ l∞. Çãiäíî ç òåîðåìîþ 1.18.3/1 [5], âèêîíó¹òüñÿ

ðiâíiñòü lq,p =
(
l1, l∞

)
θ,p

, ‖u‖lq,p ∼ ‖u‖(l1,l∞)θ,p
, θ = 1− 1/q.

Íåõàé uk = (A/ν)ku i u =
{
(A/ν)ku : k ∈ Z+

}
, äå u ∈ C∞. Ïîçíà÷èìî

÷åðåç Iν : C∞ 3 u −→ u ⊂ Lρ(Ω) ëiíiéíå âiäîáðàæåííÿ íà äåÿêèé ïðîñòið ïîñ-
ëiäîâíîñòåé â Lρ(Ω). Òîäi ïðîñòið lνq,p(A) içîìåòðè÷íèé ïiäïðîñòîðó ïîñëiäîâ-
íîñòåé â Lρ(Ω) i âiäïîâiäíà içîìåòðiÿ ðåàëiçó¹òüñÿ çâóæåííÿì âiäîáðàæåííÿ
Iν , à ñàìå Iν : lνq,p(A) 3 u −→ Iν(u) = u ∈ lq,p, ‖u‖lνq,p

= ‖u‖lq,p . Çîêðåìà,
òàêà içîìåòðiÿ ñïðàâåäëèâà òàêîæ äëÿ p = q = 1 i p = q = ∞. Äëÿ K �ôóíê-
öiîíàëiâ iíòåðïîëÿöiéíèõ ïðîñòîðiâ (l1, l∞)θ,p i (lν1 (A), lν∞(A))θ,p âèêîíóþòü-
ñÿ îöiíêè K (τ, Iν(u), l1, l∞) = inf

Iν(u)=Iν(u0)+Iν(u1)
(‖Iν(u0)‖l1 + τ‖Iν(u1)‖l∞) ≤

≤ ‖Iν‖lν1→l1K

(
τ
‖Iν‖lν∞→l∞

‖Iν‖lν1→l1

, u, lν1 , lν∞

)
. Ïîêëàäàþ÷è τ̄ = τ‖Iν‖lν∞→l∞‖Iν‖−1

lν1→l1
,

îòðèìó¹ìî ‖Iν(u)‖(l1, l∞)θ,p
≤ ‖Iν‖lν1→l1

‖Iν‖θ
lν∞→l∞

‖Iν‖θ
lν1→l1

‖u‖(lν1 , lν∞)
θ,p

= ‖u‖(lν1 , lν∞)
θ,p

.

Çàñòîñîâóþ÷è ïîäiáíi îöiíêè äëÿ îáåðíåíîãî âiäîáðàæåííÿ I−1
ν , âèçíà÷åíîãî

íà îáðàçi Iν (lν1 (A), lν∞(A))θ,p âiäîáðàæåííÿ Iν , îòðèìó¹ìî ‖Iν(u)‖(l1, l∞)θ,p
=

= ‖u‖(lν1 , lν∞)
θ,p

, u ∈ (lν1 (A), lν∞(A))θ,p. Òàêèì ÷èíîì, ðiâíiñòü (3) âñòàíîâëåíî.
Iç ðiâíîñòi (3) áåçïîñåðåäíüî âèïëèâà¹ lν1 (A) ⊂ lνq,p(A) äëÿ âñiõ 1 < q < ∞,

1 ≤ p ≤ ∞. Òîìó
⋃ {

lν1 (A) : ν > 0
} ⊂

⋃ {
lνq,p(A) : ν > 0

}
. (4)
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Çãiäíî ç ðåçóëüòàòàìè ðîáîòè [4], ëiíiéíà îáîëîíêà R(A) êîðåíåâèõ âåê-
òîðiâ îïåðàòîðà A ñïiâïàäà¹ ç ïðîñòîðîì

⋃ {
lν1 (A) : ν > 0

}
=

{
u ∈ W 2m

ρ (Ω) :
∑

k∈Z+

ν−k‖Aku‖Lρ(Ω) < ∞,

BjA
ku| ∂Ω = 0; j = 1, . . . , m; k ∈ Z+

}
,

à òîìó ç óðàõóâàííÿì (4) ìà¹ìî âêëàäåííÿ R(A) ⊂ lq,p(A).
Îñêiëüêè lν∞(A) ⊂ lν+ε

1 (A) äëÿ äîâiëüíîãî ε > 0, òî ñïðàâäæó¹òüñÿ âêëà-
äåííÿ

⋃ {
lν∞(A) : ν > 0

} ⊂ ⋃ {
lν1 (A) : ν > 0

}
. Çâiäñè i ç ðiâíîñòi (3) ìà¹ìî

îáåðíåíå âêëàäåííÿ lq,p(A) ⊂ R(A). Òåîðåìó äîâåäåíî. ♦
ßêùî êîåôiöi¹íòè aα(t) îïåðàòîðà A ¹ ñòàëèìè, òî lq,p(A) ïðè 1 < q < ∞,

1 ≤ p ≤ ∞ ñïiâïàäà¹ ç ïðîñòîðîì

E(A) =
{

u ∈ Exp (Cn)| Ω : BjA
ku| ∂Ω = 0; j = 1, . . . ,m; k ∈ Z+

}
,

äå Exp (Cn)� ïðîñòið öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó íàä
Cn, çâóæåííÿ ÿêèõ íà Ω íàëåæàòü ïðîñòîðó Lρ(Ω). Ó öüîìó âèïàäêó iç
òåîðåìè 5 îòðèìó¹ìî

Íàñëiäîê. Ìíîæèíà êîðåíåâèõ âåêòîðiâ îïåðàòîðà A çi ñòàëèìè êî-
åôiöi¹íòàìè aα(t) ¹ ïîâíîþ â ïðîñòîði Lρ(Ω) òîäi é òiëüêè òîäi, êîëè
E(A) = Lρ(Ω).
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ÏÐÈÇÍÀÊÈ ÏÎËÍÎÒÛ ÌÍÎÆÅÑÒÂÀ ÊÎÐÍÅÂÛÕ ÂÅÊÒÎÐÎÂ
ÐÅÃÓËßÐÍÛÕ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÎÏÅÐÀÒÎÐÎÂ

Ïðèâåäåíû ïðèçíàêè ïîëíîòû ìíîæåñòâà êîðíåâûõ âåêòîðîâ ðåãóëÿðíûõ ýëëèï-
òè÷åñêèõ îïåðàòîðîâ â ïðîñòðàíñòâàõ Lp (1 < p < ∞). Ïðè ýòîì èñïîëüçî-
âàíû èçâåñòíûå ïðèçíàêè ïîëíîòû êîðíåâûõ âåêòîðîâ êîìïàêòíûõ îïåðàòîðîâ â
ãèëüáåðòîâîì ïðîñòðàíñòâå è ðàññìîòðåíà ñïåöèàëüíàÿ øêàëà íîðìèðîâàííûõ ïðî-
ñòðàíñòâ öåëûõ âåêòîðîâ ýêñïîíåíöèàëüíîãî òèïà çàìêíóòîãî îïåðàòîðà â áàíà-
õîâîì ïðîñòðàíñòâå.

THE COMPLETENESS CRITERIONS OF ROOT VECTORS
OF REGULAR ELLIPTIC OPERATORS

The completeness criterions of root vectors of regular elliptic operators in spaces of
Lp (1 < p < ∞) are given. For this purpose we use the known completeness criteri-
ons of root vectors of compact operators in Hilbert space and consider one special scale
of normed spaces of exponential type vectors of closed operator in Banach space.

Ïðèêàðï. íàö. óí-ò iì. Â.Ñòåôàíèêà, Îäåðæàíî
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