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Ðîçãëÿäà¹òüñÿ íåîäíîðiäíå åâîëþöiéíå ðiâíÿííÿ dy(t)

dt
= Ay(t) + f(t), äå ëi-

íiéíèé îïåðàòîð A ¹ ãåíåðàòîðîì ïiâãðóïè êëàñó C0 ó áàíàõîâîìó ïðîñòîði.
Âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè äëÿ iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó
n �òî÷êîâî¨ çàäà÷i.

Ó ðîáîòi [3] äîñëiäæóâàëàñü äâîòî÷êîâà êðàéîâà çàäà÷à dv(t)
dt

= Av(t)+

+f(t)+p, 0 ≤ t ≤ t1, v(0) = v0, v(t1) = v1, äå A� ëiíiéíèé çàìêíåíèé îïåðà-
òîð çi ùiëüíîþ â áàíàõîâîìó ïðîñòîði E îáëàñòþ âèçíà÷åííÿ D(A), f(t)�
íåïåðåðâíà ôóíêöiÿ, âèçíà÷åíà íà [0, t1] çi çíà÷åííÿìè ó áàíàõîâîìó ïðîñòîði
E, p� ïàðàìåòð ç ïðîñòîðó E. Çàäà÷à ïîëÿãàëà â òîìó, ùîá çíàéòè ïàðàìåòð
p, äëÿ ÿêîãî ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê v(t), ùî çàäîâîëüíÿ¹ äâi êðàéîâi óìîâè,
òîáòî çíàéòè ïàðó (v(t), p).

Äî çàäà÷ òàêîãî òèïó çâîäÿòüñÿ îáåðíåíi çàäà÷i ïðî âèçíà÷åííÿ íåâiäîìî-
ãî äîäàíêà ó ïðàâié ÷àñòèíi äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè çà çàäàíîþ
äîäàòêîâîþ óìîâîþ ó êiíöåâèé ìîìåíò ÷àñó.

Ó äàíié ðîáîòi äîñëiäèìî äåÿêi îáåðíåíi çàäà÷i äëÿ åâîëþöiéíîãî ðiâíÿí-
íÿ ïåðøîãî ïîðÿäêó ç ïàðàìåòðàìè ó áàíàõîâîìó ïðîñòîði i âñòàíîâèìî óìî-
âè ¨õ ðîçâ'ÿçíîñòi. Çàóâàæèìî, ùî îáåðíåíi çàäà÷i íà ñêií÷åííîìó iíòåðâàëi
ðîçãëÿäàëèñü ó ïðàöÿõ Ó. À. Ðàíäåëëà, À. Ä. Iñêåíäåðîâà òà Ð. Ã. Òàãi¹âà,
Þ. Ñ. Åéäåëüìàíà òà iíøèõ [1�3, 5].

Ó áàíàõîâîìó ïðîñòîði B ðîçãëÿíåìî ðiâíÿííÿ

dy(t)
dt

= Ay(t) + f(t), t ∈ [0, T ), (1)

ç ëiíiéíèì çàìêíåíèì îïåðàòîðîì A çi ùiëüíîþ îáëàñòþ âèçíà÷åííÿ D(A)
â ïðîñòîði B, äå f(t)� âåêòîð�ôóíêöiÿ, çàäàíà íà ïðîìiæêó [0, T ), çi çíà-
÷åííÿìè ó ïðîñòîði B. Âåêòîð�ôóíêöiÿ y(t) : [0, T ) → D(A) íàçèâà¹òüñÿ ðîç-
â'ÿçêîì ðiâíÿííÿ (1) íà [0, T ), ÿêùî y(t) ∈ C1([0, T ), B) ∩ C([0, T ), D(A)) i
çàäîâîëüíÿ¹ ðiâíÿííÿ (1). Òàêèé ðîçâ'ÿçîê ðiâíÿííÿ íàçèâà¹ìî êëàñè÷íèì.

Ó áàãàòüîõ çàñòîñóâàííÿõ äîâîäèòüñÿ ðîçøèðÿòè ïîíÿòòÿ ðîçâ'ÿçêó, çîê-
ðåìà, ðîçãëÿäàòè ñëàáêi ðîçâ'ÿçêè ðiâíÿííÿ. Íàâåäåìî âiäïîâiäíå îçíà÷åí-
íÿ. Ðîçãëÿäà¹òüñÿ êëàñ íåïåðåðâíî äèôåðåíöiéîâíèõ âåêòîð�ôóíêöié ϕ(t)
íà [0, T ) çi çíà÷åííÿìè ó ñïðÿæåíîìó ïðîñòîði B∗ òàêèõ, ùî ϕ(0) = 0,
ϕ(T ) = 0 (ïðè T = ∞ ôóíêöiÿ äîðiâíþ¹ íóëåâi â îêîëi òî÷êè T ) i
ϕ(t) ∈ D(A∗) äëÿ âñiõ t ∈ [0, T ), äå A∗ � ñïðÿæåíèé îïåðàòîð äî A
i A∗(ϕ(t))� íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ ó ïðîñòîði B∗ ïðè t ∈
∈ [0, T ). Çãiäíî ç [6], íåïåðåðâíà ôóíêöiÿ y(t), t ∈ [0, T ) çi çíà÷åííÿìè ó
ïðîñòîði B íàçèâà¹òüñÿ ñëàáêèì ðîçâ'ÿçêîì (1), ÿêùî âèêîíó¹òüñÿ óìîâà:
T∫

0

〈y(t), ϕ′(t)〉dt = −
T∫

0

〈y(t), A∗(ϕ(t))〉dt−
T∫

0

〈f(t), ϕ(t)〉dt äëÿ êîæíî¨ ôóíêöi¨

ϕ(t) iç ðîçãëÿäóâàíîãî êëàñó. Çàóâàæèìî, ùî êëàñè÷íèé ðîçâ'ÿçîê çàâæäè ¹
ñëàáêèì. Âiäîìîþ ¹ òåîðåìà ïðî ¹äèíiñòü ñëàáêîãî ðîçâ'ÿçêó ðiâíÿííÿ (1) ó
ðåôëåêñèâíîìó áàíàõîâîìó ïðîñòîði [8, ñ. 154, òåîðåìà 2.1].
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Íåõàé äàëi ó ðiâíÿííi (1) ôóíêöiÿ f(t) ¹ êóñêîâî�íåïåðåðâíîþ, òîáòî
íåïåðåðâíîþ ñêðiçü ïðè t ∈ [0, T ), çà âèíÿòêîì ñêií÷åííîãî ÷èñëà òî÷îê, i ìà¹
âèãëÿä

f(t) =
{

ak, tk−1 ≤ t < tk, k ∈ 1, ..., n− 1,
an, tn−1 ≤ t < T,

(2)

äå ak ∈ B, k ∈ 1, ..., n; tk, k ∈ 0, ..., n,� òî÷êè ç [0, T ), t0 = 0, tn−1 < tn < T.

Ðîçãëÿíåìî òàêó çàäà÷ó: çíàéòè ôóíêöiþ y(t) òà åëåìåíòè ak ∈ B (k ∈
∈ 1, ..., n), òàêi, ùîá âåêòîð�ôóíêöiÿ y(t) áóëà ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ
(1) ç ïðàâîþ ÷àñòèíîþ (2) i â çàäàíèõ òî÷êàõ tk (k ∈ 0, ..., n) ç ïðîìiæêà [0, T )
íàáóâàëà âiäïîâiäíî âiäîìèõ çíà÷åíü yk ∈ D(A) (k ∈ 0, ..., n), òîáòî

y(tk) = yk ∈ D(A), k ∈ 0, ..., n. (3)

Òåîðåìà. Íåõàé A� ãåíåðàòîð ïiâãðóïè U(t) êëàñó (C0) i íóëü íå íà-
ëåæèòü äî òî÷êîâîãî ñïåêòðà σp(A) îïåðàòîðà A.

Äëÿ íàáîðó åëåìåíòiâ (y0, y1, y2, . . . , yn), äå yk ∈ D(A) (k ∈ 0, ..., n), çà-
äà÷à (1), (3) ç óìîâîþ (2) ìà¹ ðîçâ'ÿçîê (y(t), a1, a2, . . . , an), äå ak ∈ B (k ∈
∈ 1, ..., n), i âåêòîð�ôóíêöiÿ y(t) ¹ ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ç íåîä-
íîðiäíîþ ÷àñòèíîþ (2), ùî çàäîâîëüíÿ¹ óìîâè (3), òîäi é òiëüêè òîäi, êîëè
âèêîíó¹òüñÿ óìîâà

A(yk − yk−1) ∈ R[U(tk − tk−1)− I], k ∈ 1, ..., n, (4)

äå R( · )� îáðàç îïåðàòîðà ( · ), I � îäèíè÷íèé îïåðàòîð.
Ä î â å ä å í í ÿ. Äîñòàòíiñòü. Íåõàé óìîâà (4) âèêîíó¹òüñÿ. Ðîçâ'ÿçîê

y(t) áóäó¹ìî íà ïðîìiæêàõ [ti, ti+1], i ∈ 0, ..., n, t0 = 0, çà âiäîìîþ ôîðìóëîþ
[4, ñ. 158�159]

y(t) = U(t− tk−1)yk−1 +

tk∫

tk−1

U(t− s)akds, tk−1 ≤ t < tk, k ∈ 1, ..., n. (5)

Íà êîæíîìó ç ïðîìiæêiâ [ti, ti+1], i ∈ 0, ..., n, öåé ðîçâ'ÿçîê ¹ êëàñè÷íèì. Äàëi
çíàéäåìî ïàðàìåòðè ak, k ∈ 1, ..., n, òàê, ùîá âèêîíóâàëèñü óìîâè (3). Áà÷è-

ìî, ùî y(0) = U(0)y0 = y0 i y(tk) = U(tk − tk−1)yk−1 +

tk∫

tk−1

U(tk − s)akds = yk,

k ∈ 1, ..., n. Çâiäñè
tk∫

tk−1

U(tk − s)akds=yk − U(tk − tk−1)yk−1, k ∈ 1, ..., n. Çàñòî-

ñó¹ìî äî îáîõ ÷àñòèí öi¹¨ ðiâíîñòi îïåðàòîð A [7, ñ. 5]:

A

( tk∫

tk−1

U(tk − s)akds

)
= A(yk − U(tk − tk−1)yk−1), k ∈ 1, ..., n. (6)

Öÿ äiÿ ¹ îáîðîòíîþ, áî òî÷êà 0 íå íàëåæèòü äî òî÷êîâîãî ñïåêòðà σp(A)
îïåðàòîðà A. Ç iíøîãî áîêó, ïåðåòâîðþþ÷è ëiâó ÷àñòèíó (6), âèêîðèñ-

òàâøè òåîðåìó 2.4 [7, ñ. 4�5], îòðèìó¹ìî, ùî A

( tk∫

tk−1

U(tk − s)akds

)
=
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= A

( tk−tk−1∫

0

U(η)akdη

)
=

(
U(tk − tk−1) − I

)
ak, k ∈ 1, ..., n. Òåïåð ïåðåòâî-

ðèìî ïðàâó ÷àñòèíó (6):

A(yk−U(tk− tk−1)yk−1)=Ayk−AU(tk− tk−1)yk−1 =Ayk−U(tk− tk−1)Ayk−1 =

=Ayk−U(tk−tk−1)Ayk−1+Ayk−1−Ayk−1 =A(yk−yk−1)−(U(tk−tk−1)−I)Ayk−1,

k ∈ 1, ..., n. Îòæå, îòðèìà¹ìî òàêó ðiâíiñòü:

(U(tk − tk−1)− I)ak = A(yk − yk−1)− (U(tk − tk−1)− I)Ayk−1, k ∈ 1, ..., n. (7)

Îñêiëüêè yk ∈ D(A), k ∈ 0, ..., n, i âèêîíó¹òüñÿ óìîâà (4), à òàêîæ î÷åâèäíî,
ùî (U(tk − tk−1)− I)Ayk−1 ∈ R(U(tk − tk−1)− I), k ∈ 1, ..., n, òî âåñü âèðàç ó
ïðàâié ÷àñòèíi ðiâíîñòi (7) íàëåæèòü R(U(tk − tk−1)− I) ïðè k ∈ 1, ..., n.

Îòæå, ç óìîâè (7) ìîæíà âèçíà÷èòè øóêàíi åëåìåíòè ak (k ∈ 1, ..., n).
Ðîçâ'ÿçîê y(t) ðiâíÿííÿ (1) íà [0, T ) áóäå íåïåðåðâíèì, îäíàê ó òî÷êàõ

ti, i ∈ 1, ..., n − 1, ïîõiäíà éîãî â êëàñè÷íîìó ðîçóìiííi ìîæå íå iñíóâàòè.
Âðàõîâóþ÷è òå, ùî ôóíêöiÿ y(t) íåïåðåðâíà ñêðiçü íà [0, T ) i äèôåðåíöiéîâ-
íà âñþäè íà [0, T ) çà âèíÿòêîì ñêií÷åííîãî ÷èñëà òî÷îê ti, i ∈ 1, ..., n − 1,
øëÿõîì iíòåãðóâàííÿì ÷àñòèíàìè ìîæíà ïåðåêîíàòèñü, ùî ôóíêöiÿ y(t) ¹
ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ç íåîäíîðiäíîþ ÷àñòèíîþ (2). Îòæå, äëÿ íà-
áîðó åëåìåíòiâ (y0, y1, y2, . . . , yn), äå yk ∈ D(A), k ∈ 0, ..., n, çàäà÷à (1), (3) ç
óìîâîþ (2) ìà¹ ðîçâ'ÿçîê (y(t), a1, a2, . . . , an).

Íåîáõiäíiñòü. Íåõàé âåêòîð�ôóíêöiÿ y(t) ¹ ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ
(1) ç íåîäíîðiäíîþ ÷àñòèíîþ (2) i çàäîâîëüíÿ¹ óìîâè (3). Ç îãëÿäó íà ¹äèíiñòü
ñëàáêîãî ðîçâ'ÿçêó [8] ìà¹ìî, ùî ôóíêöiÿ y(t) çîáðàæà¹òüñÿ ó âèãëÿäi (5). Îò-
æå, ìà¹ ìiñöå ðiâíiñòü (7). Çâiäñè âèïëèâà¹, ùî ïðàâà ÷àñòèíà A(yk − yk−1)−
−(U(tk−tk−1)−I)Ayk−1 íàëåæèòü äî îáðàçó R(U(tk−tk−1)−I), k ∈ 1, ..., n. Îñ-
êiëüêè (U(tk−tk−1)−I)Ayk−1 íàëåæèòü äî îáðàçó îïåðàòîðà U(tk−tk−1)−I, òî
íåîáõiäíî, ùîá A(yk−yk−1) ∈ R(U(tk−tk−1)−I), k ∈ 1, ..., n, òîáòî íåîáõiäíî,
ùîá âèêîíóâàëàñü óìîâà (4). Òåîðåìó äîâåäåíî. ♦

Íàñëiäîê 1. Íåõàé A� ãåíåðàòîð ïiâãðóïè U(t) êëàñó C0 i çàäà÷à (1),
(3) çà óìîâè (2) ìà¹ ðîçâ'ÿçîê âèãëÿäó (y(t), a1, a2, . . . , an), äå y(t)� ñëàáêèé
ðîçâ'ÿçîê ðiâíÿííÿ (1) ç íåîäíîðiäíîþ ÷àñòèíîþ (2) ùî çàäîâîëüíÿ¹ óìîâè (3).
Öåé ðîçâ'ÿçîê ¹äèíèé òîäi é òiëüêè òîäi, êîëè

1 /∈ σp(U(tk − tk−1)), k ∈ 1, ..., n,

äå σp( · )� òî÷êîâèé ñïåêòð îïåðàòîðà ( · ).
Ä î â å ä å í í ÿ. Äîñòàòíiñòü. Íåõàé 1 /∈ σp(U(tk − tk−1)), k ∈ 1, ..., n.

Ìåòîäîì âiä ñóïðîòèâíîãî äîâåäåìî, ùî ðîçâ'ÿçîê çàäà÷i (1), (3) çà óìî-
âè (2) ¹äèíèé. Íåõàé çàäà÷à ìà¹ äâà ðiçíi ðîçâ'ÿçêè (y(t), a1, a2, . . . , an) i
(y∗(t), a∗1, a

∗
2, . . . , a

∗
n), ïðè÷îìó iñíó¹ k ∈ 1, ..., n òàêå, ùî ak 6= a∗k. Òîìó ç

(7) ìà¹ìî íàñòóïíå:

(U(tk − tk−1)− I)ak = A(yk − yk−1)− (U(tk − tk−1)− I)Ayk−1, k ∈ 1, ..., n,

(U(tk − tk−1)− I)a∗k = A(yk − yk−1)− (U(tk − tk−1)− I)Ayk−1, k ∈ 1, ..., n.

Âiäíÿâøè öi ðiâíîñòi, îòðèìà¹ìî (U(tk−tk−1)−I)(ak−a∗k)=0, k ∈ 1, ..., n, òîáòî
U(tk−tk−1)(ak−a∗k) = ak−a∗k, k ∈ 1, ..., n, à, îòæå, ak−a∗k ¹ âëàñíèì âåêòîðîì
îïåðàòîðà U(tk − tk−1), k ∈ 1, ..., n, ç âëàñíèì çíà÷åííÿì 1, à öå ñóïåðå÷èòü
óìîâi. Ïðèïóùåííÿ íåïðàâèëüíå, òîìó ak = a∗k ïðè âñiõ k ∈ 1, ..., n. Ôóíêöi¨
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y(t) i y∗(t) íà [tk, tk+1], k ∈ 1, ..., n, âíàñëiäîê ¹äèíîñòi ðîçâ'ÿçêó ñïiâïàäàþòü
ç êëàñè÷íèì ðîçâ'ÿçêîì.

Íåîáõiäíiñòü. Íåõàé iñíó¹ ¹äèíèé ðîçâ'ÿçîê (y(t), a1, a2, . . . , an) çàäà÷i
(1), (3) çà óìîâè (2). Ç ðiâíîñòi (7) îòðèìà¹ìî, ùî ÷èñëî 1 íå íàëåæèòü äî
òî÷êîâîãî ñïåêòðà îïåðàòîðà U(tk − tk−1), k ∈ 1, ..., n. Íàñëiäîê äîâåäåíî. ♦

Íàñëiäîê 2. Íåõàé A� ãåíåðàòîð ïiâãðóïè U(t) êëàñó C0 i çàäà÷à (1),
(3) çà óìîâè (2) ìà¹ ðîçâ'ÿçîê (y(t), a1, a2, . . . , an), äå y(t) ¹ ñëàáêèì ðîçâ'ÿç-
êîì ðiâíÿííÿ (1) ç íåîäíîðiäíîþ ÷àñòèíîþ (2) i çàäîâîëüíÿ¹ óìîâè (3). Òàêèé
ðîçâ'ÿçîê ¹äèíèé òîäi é òiëüêè òîäi, êîëè ñåðåä âëàñíèõ çíà÷åíü îïåðàòîðà
A íåìà òî÷îê âèãëÿäó

µm =
2πim

tk − tk−1
, k ∈ 1, ..., n, m ∈ Z. (8)

Ä î â å ä å í í ÿ. Âèêîðèñòàâøè òåîðåìó 2.4 [7, ñ. 46] ïðî çâ'ÿçîê òî÷êî-
âîãî ñïåêòðà ïiâãðóïè U(t) òà òî÷êîâîãî ñïåêòðà σp(A) îïåðàòîðà A, ìà¹ìî
etσp(A) ⊂ σp(U(t)) ⊂ etσp(A) ∪ {0}. Äàëi çàñòîñîâóþ÷è íàñëiäîê 1 i ðîáëÿ÷è
âiäïîâiäíi îá÷èñëåííÿ ñïåêòðà, îòðèìà¹ìî, ùî ðîçâ'ÿçîê çàäà÷i (1), (3) çà óìî-
âè (2) ¹ ¹äèíèì òîäi é òiëüêè òîäi, êîëè ñåðåä âëàñíèõ çíà÷åíü îïåðàòîðà A
íåìà òî÷îê âèãëÿäó (8). ♦
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ÌÍÎÃÎÒÎ×Å×ÍÀß ÇÀÄÀ×À ÄËß ÍÅÎÄÍÎÐÎÄÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ Â ÁÀÍÀÕÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ðàññìàòðèâàåòñÿ íåîäíîðîäíîå ýâîëþöèîííîå óðàâíåíèå dy(t)

dt
= Ay(t) + f(t), ãäå

ëèíåéíûé îïåðàòîð A ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû êëàññà C0 â áàíàõîâîì
ïðîñòðàíñòâå. Óñòàíàâëèâàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ñóùåñò-
âîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ n �òî÷å÷íîé çàäà÷è.

SOME MANY�POINT PROBLEM FOR AN INHOMOGENEOUS
EVOLUTIONARY EQUATION OF FIRST�ORDER IN BANACH SPACE

The inhomogeneous evolutionary equation dy(t)

dt
= Ay(t)+ f(t), where the linear opera-

tor A is an infinitesimal generator of a C0 semigroup in a Banach space, is considered.
A necessary and sufficient condition for the existence and uniqueness of a solution for
many�point problem is established.
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