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Ì�ÅÊÂIÂÀËÅÍÒÍICÒÜ ÏÀÐ I ÂIÄÎÁÐÀÆÅÍÜ

Äîñëiäæóþòüñÿ çâ'ÿçêè ìiæ ïîíÿòòÿìè Ì�åêâiâàëåíòíîñòi ïàð òèõîíîâñü-
êèõ ïðîñòîðiâ i Ì�åêâiâàëåíòíîñòi âiäîáðàæåíü òèõîíîâñüêèõ ïðîñòîðiâ. Òà-
êîæ íàâåäåíî êëàñèôiêàöiþ ïàð�ðåòðàêòiâ.

1. Âñòóï. Òåîðiÿ Ì�åêâiâàëåíòíèõ ïðîñòîðiâ áåðå ñâié ïî÷àòîê ç ïðàöi
Ì. I. Ãðà¹âà [1], ó ÿêié âií ïîáóäóâàâ ïåðøèé ïðèêëàä íåãîìåîìîðôíèõ ïðîñòî-
ðiâ iç òîïîëîãi÷íî içîìîðôíèìè âiëüíèìè òîïîëîãi÷íèìè ãðóïàìè. Íà ïî÷àò-
êó 90�õ ðîêiâ öÿ òåîðiÿ äiñòàëà íîâèé öiêàâèé íàïðÿì ðîçâèòêó, i ïîâ'ÿçàíèé
âií iç çàïðîïîíîâàíèì Î. Îêóí¹âèì ïîíÿòòÿì Ì�åêâiâàëåíòíèõ âiäîáðàæåíü.
Ó ïðàöi [8] âñòàíîâëåíî òîïîëîãi÷íi âëàñòèâîñòi, ÿêi çáåðiãàþòüñÿ i ÿêi íå
çáåðiãàþòüñÿ âiäíîøåííÿì Ì�åêâiâàëåíòíîñòi âiäîáðàæåíü. Ó ïðàöi [10] áóëî
çàïðîïîíîâàíî ìåòîäè ïîáóäîâè Ì�åêâiâàëåíòíèõ âiäîáðàæåíü, ïîäàíî ðÿä
âëàñòèâîñòåé âiäîáðàæåíü ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè, ùî íå çáåðiãàþòüñÿ
âiäíîøåííÿì Ì�åêâiâàëåíòíîñòi âiäîáðàæåíü, ïîäàíî êëàñèôiêàöiþ âiäîáðà-
æåíü, ùî ìàþòü ïðàâi îáåðíåíi. Ó ïðàöi [4] áóëî ââåäåíî i äîñëiäæåíî ïîíÿòòÿ
Ì�åêâiâàëåíòíîñòi ïàð òîïîëîãi÷íèõ ïðîñòîðiâ, ùî äàëî çìîãó âiäïîâiñòè íà
ðÿä ïèòàíü ïðî ïiäãðóïè âiëüíèõ òîïîëîãi÷íèõ ãðóï òèõîíîâñüêèõ ïðîñòîðiâ.
Ìåòîþ öi¹¨ ðîáîòè ¹ äîñëiäèòè çâ'ÿçêè ìiæ Ì�åêâiâàëåíòíiñòþ ïàð òà Ì�åêâi-
âàëåíòíiñòþ âiäîáðàæåíü.

Óñi òîïîëîãi÷íi ïðîñòîðè ââàæàþòüñÿ òèõîíîâñüêèìè. Íåõàé X � òîïîëî-
ãi÷íèé ïðîñòið.

Îçíà÷åííÿ 1. Âiëüíîþ òîïîëîãi÷íîþ ãðóïîþ ïðîñòîðó X íàçèâà¹òüñÿ
òîïîëîãi÷íà ãðóïà F (X) ç òàêèìè âëàñòèâîñòÿìè:

1) X � ïiäïðîñòið â F (X);
2) X ïîðîäæó¹ F (X) àëãåáðà¨÷íî;
3) äëÿ êîæíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X → G â òîïîëîãi÷íó

ãðóïó G iñíó¹ i ¹ ¹äèíèì íåïåðåðâíèé ãîìîìîðôiçì f∗ : F (X) → G, ùî
ïðîäîâæó¹ f.

Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � ïiäïðîñòið â X. Òîäi ÷åðåç G(Y, X)
ïîçíà÷à¹òüñÿ ïiäãðóïà â F (X), ïîðîäæåíà ìíîæèíîþ Y. Ïðè íåîáõiäíîñòi áó-
äåìî ñêîðî÷åíî ïèñàòè G(Y ).

Îçíà÷åííÿ 2 [8]. Íåïåðåðâíi âiäîáðàæåííÿ f :X1→Y1 i g :X2→Y2 íàçèâà-
þòüñÿ Ì�åêâiâàëåíòíèìè, ÿêùî iñíóþòü òîïîëîãi÷íi içîìîðôiçìè i :F (X1)→
→ F (X2) i j : F (Y1) → F (Y2) òàêi, ùî j ◦ f∗ = g∗ ◦ i, äå f∗ : F (X1) → F (Y1),
g∗:F (X2)→F (Y2)� ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ f, g.

ßêùî Y ¹ ïiäïðîñòîðîì òîïîëîãi÷íîãî ïðîñòîðó X, òî ñêàæåìî, ùî ïðî-
ñòîðè X òà Y óòâîðþþòü ïàðó. Áóäåìî ïîçíà÷àòè ¨¨ ÷åðåç (X, Y ).

Îçíà÷åííÿ 3. Ïàðà òîïîëîãi÷íèõ ïðîñòîðiâ (X, X1) íàçèâà¹òüñÿ M�
åêâiâàëåíòíîþ ïàði òîïîëîãi÷íèõ ïðîñòîðiâ (Y, Y1), ÿêùî iñíó¹ òîïîëîãi÷íèé
içîìîðôiçì f : F (X) → F (Y ) òàêèé, ùî f(G(X1, X)) = G(Y1, Y ).

Àíàëîãi÷íî äî âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè F (X) äëÿ òèõîíîâñüêîãî ïðî-
ñòîðó X òàêîæ ðîçãëÿäàþòüñÿ êîíñòðóêöi¨ âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè
A(X) òà âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó L(X) [2]. Àíàëîãi÷íî äî îçíà-
÷åíü 2 i 3, âèêîðèñòîâóþ÷è êîíñòðóêöi¨ âiëüíî¨ àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè
òà âiëüíîãî ëîêàëüíî-îïóêëîãî ïðîñòîðó, îòðèìà¹ìî îçíà÷åííÿ âiäïîâiäíî A�
åêâiâàëåíòíèõ òà L�åêâiâàëåíòíèõ âiäîáðàæåíü i ïàð. Íàäàëi â òåêñòi Ì�åê-
âiâàëåíòíi âiäîáðàæåííÿ áóäåìî ïîçíà÷àòè ÷åðåç f

M∼g, A�åêâiâàëåíòíi âiä-
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îáðàæåííÿ áóäåìî ïîçíà÷àòè ÷åðåç f
A∼g, L�åêâiâàëåíòíi âiäîáðàæåííÿ áóäå-

ìî ïîçíà÷àòè ÷åðåç f
L∼g. Íàäàëi â òåêñòi M�åêâiâàëåíòíi ïàðè òîïîëîãi÷íèõ

ïðîñòîðiâ áóäåìî ïîçíà÷àòè ÷åðåç (X, X1)
M∼(Y, Y1), A�åêâiâàëåíòíi ïàðè òî-

ïîëîãi÷íèõ ïðîñòîðiâ áóäåìî ïîçíà÷àòè ÷åðåç (X, X1)
A∼(Y, Y1), L�åêâiâàëåíòíi

ïàðè òîïîëîãi÷íèõ ïðîñòîðiâ áóäåìî ïîçíà÷àòè ÷åðåç (X, X1)
L∼(Y, Y1).

Ïàðà òîïîëîãi÷íèõ ïðîñòîðiâ (X, X1) íàçèâà¹òüñÿ òîïîëîãi÷íî åêâiâà-
ëåíòíîþ ïàði òîïîëîãi÷íèõ ïðîñòîðiâ (Y, Y1), ÿêùî iñíó¹ ãîìåîìîðôiçì f :
X → Y òàêèé, ùî f(X1) = Y1.

Ó ï. 2 öi¹¨ ðîáîòè äîñëiäæó¹ìî çâ'ÿçêè ìiæ M�åêâiâàëåíòíiñòþ ïàð i
M�åêâiâàëåíòíiñòþ âiäîáðàæåíü. Ó ï. 3, ùî áàçó¹òüñÿ íà ðåçóëüòàòàõ ïîïå-
ðåäíüîãî ïóíêòà òà ïðàöi [10], ïîäàíî êëàñèôiêàöiþ ïàð ðåòðàêòiâ.

2. Ì�åêâiâàëåíòíiñòü ïàð i Ì�åêâiâàëåíòíiñòü âiäîáðàæåíü.
Òâåðäæåííÿ 1. Íåõàé A� ïiäïðîñòið òîïîëîãi÷íîãî ïðîñòîðó X, B �

ïiäïðîñòið òîïîëîãi÷íîãî ïðîñòîðó Y. ßêùî âêëàäåííÿ tA : A → X i tB :
B → Y ¹ Ì�åêâiâàëåíòèìè, òî (X, A)M∼(Y, B).

Ä î â å ä å í í ÿ. Íåõàé i : F (A) → F (B), j : F (X) → F (Y )� òîïîëîãi÷íi
içîìîðôiçìè òàêi, ùî j◦t∗A = t∗B◦i, äå t∗A : F (A) → F (X), t∗B : F (B) → F (Y )�
ãîìîìîðôiçìè, ùî ïðîäîâæóþòü âiäîáðàæåííÿ tA i tB . Íåõàé x ∈ A, òîäi
(t∗B ◦ i)(t−1

A (x)) ∈ G(B). Îòæå, j(A) ⊆ G(B). Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî
j−1(B) ⊆ G(A). Òàêèì ÷èíîì, (X, A)M∼(Y, B). ♦

Íàñòóïíå òâåðäæåííÿ äà¹ âiäïîâiäü íà ïèòàííÿ, êîëè âiðíà iìïëiêàöiÿ,
îáåðíåíà äî òâåðäæåííÿ 1. Ïiäïðîñòið A òîïîëîãi÷íîãî ïðîñòîðó X íàçè-
âà¹òüñÿ P �âêëàäåíèì, ÿêùî êîæíà íåïåðåðâíà ïñåâäîìåòðèêà, çàäàíà íà A,
ìîæå áóòè ïðîäîâæåíà äî íåïåðåðâíî¨ ïñåâäîìåòðèêè íà X.

Òâåðäæåííÿ 2. ßêùî (X,A)M∼(Y, B) i ïðîñòîðè A i B ¹ P �âêëàäå-
íèìè ó X òà Y âiäïîâiäíî, òî âêëàäåííÿ tA : A → X i tB : B → Y ¹
Ì�åêâiâàëåíòíèìè âiäîáðàæåííÿìè.

Ä î â å ä å í í ÿ. Íåõàé j : F (X) → F (Y )� òîïîëîãi÷íèé içîìîðôiçì
òàêèé, ùî j(G(A,X)) = G(B, Y ). Ïîçíà÷èìî ÷åðåç i çâóæåííÿ içîìîðôiçìó
j íà G(A,X). Ó ïðàöi [11] äîâåäåíî, ùî äëÿ äîâiëüíîãî P �âêëàäåíîãî ïiäïðî-
ñòîðó A ïðîñòîðó X ãðóïà G(A,X) içîìîðôíà F (A), àíàëîãi÷íå òâåðäæåííÿ
äëÿ âiëüíèõ àáåëåâèõ òîïîëîãi÷íèõ ãðóï i âiëüíèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ
áóëî âñòàíîâëåíå ó [5]. Òàêèì ÷èíîì, ìîæåìî ðîçãëÿäàòè i ÿê içîìîðôiçì ìiæ
F (A) òà F (B). Ëåãêî ïåðåêîíàòèñü, ùî j ◦ t∗A = t∗B ◦ i, òîáòî âiäîáðàæåííÿ
tA i tB ¹ Ì�åêâiâàëåíòíi. ♦

Íåõàé A ¹ ïiäïðîñòîðîì òîïîëîãi÷íîãî ïðîñòîðó X, B ¹ ïiäïðîñòîðîì
òîïîëîãi÷íîãî ïðîñòîðó Y, tA : A → X i tB : B → Y � âiäïîâiäíi âêëàäåííÿ.
Ïiñëÿ îñòàííiõ äâîõ òâåðäæåíü âèíèêà¹ ïðèðîäíå ïèòàííÿ: ÷è åêâiâàëåíòíèìè
¹ óìîâè Ì�åêâiâàëåíòíîñòi ïàð (X, A) i (Y, B) òà Ì�åêâiâàëåíòíîñòi âiäîáðà-
æåíü tA i tB? Íàñòóïíèé ïðèêëàä äà¹ íåãàòèâíó âiäïîâiäü.

Ïðèêëàä 1. Ó ïðàöi [4] âñòàíîâëåíî, ùî iñíóþòü ïàðè òîïîëîãi÷íèõ ïðî-
ñòîðiâ (X, A) i (Y,B) òàêi, ùî (X, A)M∼(Y,B), ïiäïðîñòið A ¹ P �âêëàäåíèì
ó ïðîñòið X, ïiäïðîñòið B íå ¹ P �âêëàäåíèì ó ïðîñòið Y. Òîäi òîïîëîãi÷íà
ãðóïà F (A) òîïîëîãi÷íî içîìîðôíà ïiäãðóïi G(A,X), îòæå, t∗A ¹ ãîìîìîðô-
íèì âêëàäåííÿì, òîäi ÿê t∗B íå ¹ ãîìîìîðôíèì âêëàäåííÿì [11].

Îòæå, âñòàíîâëåíî çâ'ÿçêè ìiæ Ì�åêâiâàëåíòíiñòþ ïàð i Ì�åêâiâàëåíò-
íiñòþ âiäîáðàæåíü�âêëàäåíü. Ïîñòà¹ ïèòàííÿ: ÷è ìà¹ Ì�åêâiâàëåíòíiñòü ïàð
îïèñ íà ìîâi Ì�åêâiâàëåíòíîñòi ñþð'¹êòèâíèõ âiäîáðàæåíü? Äëÿ âiäïîâiäi íà
öå çàïèòàííÿ âèêîðèñòà¹ìî òåîðåìó 1, ÿêà ¹ íåçíà÷íîþ ìîäèôiêàöi¹þ òåîðå-
ìè 3.10 ç [3].

22



Ãðóïà öiëèõ ÷èñåë ç äèñêðåòíîþ òîïîëîãi¹þ ¹ òîïîëîãi÷íîþ ãðóïîþ. Áó-
äåìî ïîçíà÷àòè ¨¨ ÷åðåç Z. Ñêàæåìî, ùî içîìîðôiçì i : F (X) → F (Y ) ¹ ñïåöi-
àëüíèì, ÿêùî êîìïîçèöiÿ e∗Y ◦i ¹ ïîñòiéíèì âiäîáðàæåííÿì, äå e∗Y : F (Y ) →Z
¹ ãîìîìîðôiçìîì, ùî ïðîäîâæó¹ ôóíêöiþ eY : Y → Z, ÿêà òîòîæíî äîðiâ-
íþ¹ 1 íà ïðîñòîði Y.

Òåîðåìà 1. ßêùî (X,A)M∼(Y, B), òî iñíó¹ ñïåöiàëüíèé òîïîëîãi÷íèé
içîìîðôiçì i : F (X) → F (Y ) òàêèé, ùî i(G(A)) = G(B).

Íåõàé A ⊆ X, ϕ : F (X) → Z � íåïåðåðâíèé ãîìîìîðôiçì òàêèé, ùî
ϕ(G(A)) = Z. Ïîçíà÷èìî ÷åðåç ordAϕ = {min |k| : k ∈ ϕ(A)\{0}}.

Ëåìà 1. ßêùî ordAϕ>1, òî iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j :F (X)→
→ F (X) òàêèé, ùî j(G(A)) = G(A) i ordA(ϕ ◦ j) < ordAϕ.

Ä î â å ä å í í ÿ. Íåõàé ordAϕ = q > 1. Òîäi iñíó¹ åëåìåíò a0 â A,
òàêèé, ùî ϕ(a0) = s, |s| = q. Ç òîãî, ùî j(G(A)) = G(A), âèïëèâà¹, ùî ϕ(A)
ïîðîäæó¹ Z, îòæå, iñíó¹ p ∈ ϕ(A), ùî íå äiëèòüñÿ íà q. Ïîäiëèìî p íà q ç
îcòà÷åþ: p = ms + r, äå 0 < r < q = |s|.

Íåõàé Xk = X ∩ ϕ−1(k) äëÿ êîæíîãî k ∈ Z. Òîäi Xk � âiäêðèòî�
çàìêíåíèé ïiäïðîñòið â X. Îçíà÷èìî âiäîáðàæåííÿ j0 : X → F (X) òàê:
j0(x) = x, ÿêùî x /∈ Xp, i j0(x) = a−m

0 x, ÿêùî x ∈ Xp, äå Xp = X ∩ ϕ−1(p).
Íåõàé j : F (X) → F (X)� ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ j0(x).
Âiäîáðàæåííÿ j0(x) ¹ íåïåðåðâíå íà êîæíîìó Xk, òîìó ç òîãî, ùî ìíîæè-
íè Xk ¹ âiäêðèòî�çàìêíåíi â X äëÿ âñiõ öiëèõ k , âèïëèâà¹, ùî âiäîáðà-
æåííÿ j0(x) ¹ íåïåðåðâíèì íà X. Îçíà÷èìî âiäîáðàæåííÿ h0 : X → F (X)
çà ôîðìóëîþ h0(x) = x, ÿêùî x /∈ Xp, i h0(x) = am

0 x, ÿêùî x ∈ Xp.
Íåõàé h : F (X) → F (X)� ãîìîìîðôiçì, ÿêèé ïðîäîâæó¹ âiäîáðàæåííÿ h0(x).
Ïåðåâiðèìî, ùî h� íåïåðåðâíèé ãîìîìîðôiçì, îáåðíåíèé äî j. ßêùî x /∈ Xp,
òî l0(x) = h0(x) = x, òîìó l ◦ h(x) = l ◦ h0(x) = l(x) = l0(x) = x. ßêùî
æ x ∈ Xp, òî l ◦ h(x) = l ◦ h0(x) = l(am

0 x) = (l0(a0))ml0(x) = am
0 a−m

0 x =
= x. Àíàëîãi÷íî äîâîäèòüñÿ, ùî h ◦ l(x) = x äëÿ âñiõ x ∈ X. Îòæå, j �
òîïîëîãi÷íèé içîìîðôiçì. Íåõàé a1 ∈ Xp ∩ A. Òîäi ϕ ◦ j(x1) = ϕ(a−m

0 x1) =
= −mϕ(a0) + ϕ(x1) = −ms + p = r < q. Î÷åâèäíî, ùî j(G(A)) = G(A). ♦

Çíèæóþ÷è ïîðÿäîê ãîìîìîðôiçìó ϕ çà äîïîìîãîþ ëåìè 1, çà ñêií÷åííó
êiëüêiñòü êðîêiâ îòðèìà¹ìî íàñòóïíó ëåìó.

Ëåìà 2. Iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî
j(G(A)) = G(A) i ordA(ϕ ◦ j) = 1.

Îòæå, iñíó¹ òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) òàêèé, ùî äëÿ
äåÿêîãî åëåìåíòà a0 ç A ìà¹ ìiñöå ðiâíiñòü ϕ ◦ j(a0) = 1 àáî ϕ ◦ j(a0) = −1 i
j(G(A)) = G(A). Ó âèïàäêó, êîëè ìà¹ ìiñöå ðiâíiñòü ϕ◦j(a0) = −1, ðîçãëÿíåìî
içîìîðôiçì α, çàäàíèé äëÿ åëåìåíòiâ ïðîñòîðó X çà ïðàâèëîì: α(x) = x,
ÿêùî ϕ ◦ j(x) 6= −1, i α(x) = x−1, ÿêùî ϕ ◦ j(x) = −1. Î÷åâèäíî, α�
òîïîëîãi÷íèé içîìîðôiçì òàêèé, ùî α ◦ α ¹ òîòîæíèì içîìîðôiçìîì ãðóïè
F (X), ïðè÷îìó (ϕ ◦ α ◦ j)(a0) = 1 i (ϕ ◦ α ◦ j)(G(A)) = G(A). Òàêèì ÷èíîì,
äîâåäåíî òàêå òâåðäæåííÿ.

Ëåìà 3. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òàêî-
ãî, ùî ϕ(G(A)) = Z, iñíóþòü òîïîëîãi÷íèé içîìîðôiçì j : F (X) → F (X) i
a0 ∈ A òàêi, ùî j(G(A)) = G(A) i (ϕ ◦ j)(a0) = 1.

Ëåìà 4. Äëÿ êîæíîãî íåïåðåðâíîãî ãîìîìîðôiçìó ϕ : F (X) → Z òà-
êîãî, ùî ϕ(G(A)) = G(A), iñíó¹ òîïîëîãi÷íèé içîìîðôiçì u : F (X) → F (X)
òàêèé, ùî u(G(A)) = G(A) i (ϕ ◦ u)(X) = 1.

Ä î â å ä å í í ÿ. Âèáåðåìî içîìîðôiçì j : F (X) → F (X) i åëåìåíò a0 ∈ A
çà ëåìîþ 3. Ïîçíà÷èìî Fk = X∩(ϕ◦j)−1(k) äëÿ êîæíîãî k ∈ Z. Òîäi ìíîæèíè
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Fk, k ∈ Z, ¹ âiäêðèòî�çàìêíåíi â X, ïðè÷îìó a0 ∈ F1. Îçíà÷èìî âiäîáðà-
æåííÿ l0 : X → F (X) çà ïðàâèëîì l0(x) = a−k+1

0 x, ÿêùî x ∈ Fk, k ∈
Z, i íåõàé l : F (X) → F (X)� ãîìîìîðôiçì, ùî ïðîäîâæó¹ âiäîáðàæåííÿ
l0. Î÷åâèäíî, âiäîáðàæåííÿ l0 íåïåðåðâíå, à, îòæå, íåïåðåðâíèì ¹ ãîìîìîð-
ôiçì l. Âiäîáðàæåííÿ l∗0 : X → F (X), îçíà÷åíå çà ôîðìóëîþ l∗0(x) = ak−1

0 x,
ÿêùî x ∈ Fk, k ∈ Z, ¹ íåïåðåðâíèì, à, îòæå, íåïåðåðâíèì ¹ ãîìîìîðôiçì
l∗ : F (X) → F (X), ùî éîãî ïðîäîâæó¹. Íåõàé x ∈ Fk, k ∈ Z, òîäi l ◦ l∗(x) =
= l(ak−1

0 x) = (l0(a0))k−1l0(x) = ak−1
0 a1−k

0 x = x. Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî
l∗ ◦ l(x) = x äëÿ âñiõ x ∈ X. Îòæå, l∗ � ãîìîìîðôiçì, îáåðíåíèé äî l, òîìó
l ¹ òîïîëîãi÷íèì àâòîìîðôiçìîì ãðóïè F (X).

Íåõàé u = j ◦ l, òîäi u : F (X) → F (X)� òîïîëîãi÷íèé içîìîðôiçì.
Äîâåäåìî, ùî u� àâòîìîðôiçì ãðóïè F (X), ÿêèé çàäîâîëüíÿ¹ óìîâè ëåìè 4.
Íåõàé x ∈ X, òîäi x ∈ Fk ïðè äåÿêîìó k ∈ Z. Òîäi ϕ(u(x)) = ϕ(j(l(x))) =
= ϕ(j(a−k+1

0 x)) = ϕ(j(a0))(−k + 1) + ϕ(j(x)) = −k + 1 + k = 1. Îñêiëüêè
j(G(A)) = G(A) i l(G(A)) = G(A), òî u(G(A)) = G(A). ♦

Ä î â å ä å í í ÿ òåîðåìè 1. Íåõàé i : F (X) → F (Y )� òîïîëîãi÷íèé içî-
ìîðôiçì òàêèé, ùî i(G(A)) = G(B). Íåõàé e∗y : F (X) → Z � ãîìîìîðôiçì, ùî
ïðîäîâæó¹ ôóíêöiþ eY , ÿêà òîòîæíî äîðiâíþ¹ 1 íà ïðîñòîði Y. Î÷åâèäíî,
e∗Y ◦ i(G(A)) = e∗Y (G(B)) = Z. Çàñòîñîâóþ÷è ëåìó 4 äî ãîìîìîðôiçìó ϕ =
= e∗Y ◦ i, îòðèìà¹ìî ñïåöiàëüíèé içîìîðôiçì i∗ = i ◦ u : F (X) → F (Y ) òàêèé,
ùî i∗(G(A)) = G(B). ♦

Íåõàé f : X → Y � ñþð'¹êòèâíå âiäîáðàæåííÿ. Íàéñèëüíiøà çi âñiõ òè-
õîíîâñüêèõ òîïîëîãié íà Y, ùîäî ÿêèõ âiäîáðàæåííÿ f ¹ íåïåðåðâíèì, íà-
çèâà¹òüñÿ R�ôàêòîðíîþ òîïîëîãi¹þ íà ìíîæèíi Y (ïîðîäæåíîþ âiäîáðàæåí-
íÿì f ). Ñþð'¹êòèâíå âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ R�ôàêòîðíèì,
ÿêùî òîïîëîãiÿ ïðîñòîðó Y çáiãà¹òüñÿ ç R�ôàêòîðíîþ òîïîëîãi¹þ, ïîðîäæå-
íîþ f.

Òâåðäæåííÿ 3. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, A ⊆ X,B ⊆ Y �
¨õíi çàìêíåíi ïiäìíîæèíè, qA : X → X/A, qB : X → X/B � R�ôàêòîð-
íi âiäîáðàæåííÿ. ßêùî ïàðè (X,A) i (Y,B) ¹ Ì�åêâiâàëåíòíi, òî âiäîáðà-
æåííÿ qA i qB ¹ Ì�åêâiâàëåíòíi.

Ä î â å ä å í í ÿ òâåðäæåííÿ 3 âèïëèâà¹ ç òåîðåìè 1 òà òåîðåìè 3.9 ç [3].
Òâåðäæåííÿ, àíàëîãi÷íå äî òâåðäæåííÿ 3, âiðíå òàêîæ äëÿ À�åêâiâàëåíò-

íèõ òà L�åêâiâàëåíòíèõ ïàð i âiäîáðàæåíü.
Íåõàé q : G → H � ãîìîìîðôiçì äâîõ òîïîëîãi÷íèõ ãðóï, eH � îäèíè÷-

íèé åëåìåíò ãðóïè H . Òîäi ìíîæèíà q−1(eH) íàçèâà¹òüñÿ ÿäðîì ãîìîìîð-
ôiçìó q i ïîçíà÷à¹òüñÿ ÷åðåç ker(q).

Òâåðäæåííÿ 4. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè, A ⊆ X,B ⊆ Y �
¨õíi çàìêíåíi ïiäìíîæèíè, qA : X → X/A, qB : X → X/B � R�ôàêòîðíi âiä-
îáðàæåííÿ. ßêùî âiäîáðàæåííÿ qA i qB ¹ À�åêâiâàëåíòíi, òî ïàðè (X, A)
i (Y, B) ¹ À�åêâiâàëåíòíi.

Ä î â å ä å í í ÿ. Çà òâåðäæåííÿì 3.9 ïðàöi [10] iñíóþòü ñïåöiàëüíi òî-
ïîëîãi÷íi içîìîðôiçìè i : A(X) → A(Y ) i i : A(X/A) → A(Y/B) òàêi, ùî
j ◦ q∗A = q∗B ◦ i, äå q∗A : A(X) → A(X/A) i q∗B : A(Y ) → A(Y/B) ãîìîìîðôiçìè,
ùî ïðîäîâæóþòü âiäîáðàæåííÿ qA i qB . Íåõàé a ∈ A i i(a) = W. Ðîçãëÿíåìî
âiäîáðàæåííÿ h : Y → A(Y ), îçíà÷åíå çà ôîðìóëîþ h(y) = y−W+b, äå b ∈ B.
Ïðîäîâæèìî âiäîáðàæåííÿ h äî íåïåðåðâíîãî ãîìîìîðôiçìó h∗ : A(Y ) →
→ A(Y ). ßê âñòàíîâëåíî ó ïðàöi [10], ãîìîìîðôiçì h∗ ¹ òîïîëîãi÷íèì içîìîð-
ôiçìîì òàêèì, ùî h∗(W ) = b. Ðîçãëÿíåìî òåïåð içîìîðôiçì g : A(X) → A(Y ),
çàäàíèé ÿê g = h∗ ◦ i. Ïîêàæåìî, ùî g(A) ⊆ G(B). Íåõàé a1 ∈ A. Òîäi
g(a1) = g(a1 − a) + g(a) = g(a1 − a) + b. Îòæå, íàì äîñòàòíüî ïîêàçàòè, ùî
g(a1 − a) ∈ G(B). Îñêiëüêè (a1 − a) ∈ ker(q∗A), òî i(a1)− i(a) ∈ ker(q∗B).

24



Îòæå, i(a1)− i(a) = λ1b1 + λ2b2 + ... + λnbn, äå bi ∈ B i
∑

λi = 0. Òàêèì
÷èíîì, g(a1−a) = h∗◦i(a1−a) = h∗(i(a1)−i(a)) = h∗(λ1b1+λ2b2+ ...+λnbn) =
=

∑
λih(bi) =

∑
λi(bi −W + b) =

∑
λibi +

(∑
λi

)
(W − b) =

∑
λibi ∈ G(B).

Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî g−1(B) ⊆ G(A), òîáòî (X, A)A∼(Y,B). ♦
Íàñëiäîê 1. Íåõàé A ⊆ X,B ⊆ Y, òîäi âiäîáðàæåííÿ qA i qB ¹ À�åê-

âiâàëåíòíi òîäi é òiëüêè òîäi, êîëè ïàðè (X, A) i (Y, B) ¹ À�åêâiâàëåíòíi.
Òâåðäæåííÿ, àíàëîãi÷íå äî íàñëiäêó 1, âèêîíó¹òüñÿ i äëÿ âiäíîøåííÿ L�

åêâiâàëåíòíîñòi.
Ïîñòà¹ ïðèðîäíå ïèòàííÿ: íåõàé (X1, Y1)

A∼(X2, Y2) i (Y1, Z1)
A∼(Y2, Z2), ÷è

âiðíî òîäi, ùî (X1, Z1)
A∼(X2, Z2)? Íàñòóïíèé ïðèêëàä äà¹ íåãàòèâíó âiäïîâiäü

íà íüîãî.
Ïðèêëàä 2. Íåõàé X1 = X2 = [0, 1] ∪ {2} � ïiäïðîñòîðè äiéñíî¨ ïðÿìî¨ ç

òîïîëîãi¹þ, ïîðîäæåíîþ åâêëiäîâîþ ìåòðèêîþ, Y1 = Y2 = {0} ∪ {1} ∪ {2},
Z1 = {0} ∪ {1}, Z2 = {0} ∪ {2}. Òîäi ïàðè (X1, Y1) i (X2, Y2) ¹ òîïîëîãi÷íî
åêâiâàëåíòíèìè, i ïàðè (Y1, Z1) i (Y2, Z2) ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè. Àëå
(X1, Z1) i (X2, Z2) íå ¹ À�åêâiâàëåíòíèìè, îñêiëüêè ôàêòîðïðîñòîðè (X1/Z1)
i (X2/Z2) íå ¹ À�åêâiâàëåíòíèìè, îñêiëüêè ïåðøèé ç íèõ ¹ íåçâ'ÿçíèì, à äðó-
ãèé � çâ'ÿçíèì. Ïîçíà÷èìî ÷åðåç fi : Zi → Yi, gi : Yi → Xi âêëàäåííÿ òîïîëî-
ãi÷íèõ ïðîñòîðiâ. Òîäi êîìïîçèöi¨ gi◦fi � öå âêëàäåííÿ òîïîëîãi÷íèõ ïðîñòîðiâ
Zi → Xi. Çà òâåðäæåííÿì 2 f1

A∼f2 i g1
A∼g2. Çà òâåðäæåííÿì 1 âiäîáðàæåííÿ

g1 ◦ f1 i g2 ◦ f2 íå ¹ À�åêâiâàëåíòíi. Îòæå, îòðèìàëè ïðèêëàä äâîõ ïàð À�åê-
âiâàëåíòíèõ âiäîáðàæåíü, êîìïîçèöi¨ ÿêèõ íå ¹ À�åêâiâàëåíòíèìè.

3. A �åêâiâàëåíòíiñòü ïàð ðåòðàêòiâ.
Òåîðåìà 2. Íåõàé X1, X2 � òèõîíîâñüêi ïðîñòîðè, r1 : X1 → K1, r2 :

X2 → K2 � ¨õíi ðåòðàêöi¨. Òîäi íàñòóïíi óìîâè åêâiâàëåíòíi :
(I) ðåòðàêöi¨ r1 i r2 ¹ À�åêâiâàëåíòíèìè âiäîáðàæåííÿìè;
(II) R�ôàêòîðíi âiäîáðàæåííÿ r1 : X1 → X1/K1 i r2 : X2 → X2/K2 ¹

A�åêâiâàëåíòíèìè âiäîáðàæåííÿìè;
(III) âêëàäåííÿ ti : Ki → Xi ¹ A�åêâiâàëåíòíèìè âiäîáðàæåííÿìè;
(IV) ïàðè (X1,K1) i (X2,K2) ¹ À�åêâiâàëåíòíèìè;
(V) ïðîñòið K1 ¹ À�åêâiâàëåíòíèé ïðîñòîðó K2, à R�ôàêòîðïðîñòið

X1/K1 ¹ À�åêâiâàëåíòíèé R�ôàêòîðïðîñòîðó X2/K2.

Ä î â å ä å í í ÿ. Åêâiâàëåíòíiñòü òâåðäæåíü (I), (II) i (V) âñòàíîâëåíà ó
ïðàöi [10]. Åêâiâàëåíòíiñòü òâåðäæåíü (III) i (IV) âèïëèâà¹ ç òâåðäæåíü 1 i 2.
Åêâiâàëåíòíiñòü òâåðäæåíü (II) i (IV) âèïëèâà¹ ç íàñëiäêó 1. ♦

Ðåòðàêöi¨ r1 i r2 òîïîëîãi÷íîãî ïðîñòîðó X íàçèâàþòüñÿ îðòîãîíàëüíè-
ìè, ÿêùî r1 ◦ r2 i r2 ◦ r1 ¹ ïîñòiéíèìè âiäîáðàæåííÿìè [9].

Íàñëiäîê 2. Íåõàé ri : X → Ki ïðè i = 1, 2,� îðòîãîíàëüíi ðåòðàêöi¨
òîïîëîãi÷íîãî ïðîñòîðó X. Òîäi ïàðè (X, K1) i (X, K2) ¹ À�åêâiâàëåíòíèìè
òîäi é òiëüêè òîäi, êîëè òîïîëîãi÷íi ïðîñòîðè K1 i K2 ¹ À�åêâiâàëåíòíi.

Ä î â å ä å í í ÿ. Ç òâåðäæåííÿ 3.2 [9] âèïëèâà¹, ùî (X1/K1)
A∼(X2/K2),

ÿê òiëüêè K1
A∼K2. Îòæå, ç òåîðåìè 2 âèïëèâà¹ äîâåäåííÿ íàñëiäêó. ♦

Ç òåîðåìè 2 i ç òâåðäæåííÿ 6.6 ïðàöi [10] âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.
Òâåðäæåííÿ 5. Íåõàé ïðîñòið Yi ¹ ðåòðàêòîì òîïîëîãi÷íîãî ïðîñòî-

ðó Xi, à ïðîñòið Zi ¹ ðåòðàêòîì òîïîëîãi÷íîãî ïðîñòîðó Yi ïðè i = 1, 2,

ïðè÷îìó (X1, Y1)
A∼(X2, Y2) i (Y1, Z1)

A∼(Y2, Z2). Òîäi (X1, Z1)
A∼(X2, Z2).

Êîæåí çëi÷åííèé êîìïàêòíèé ïðîñòið ìîæåìî ïîäàòè ÿê ïðîñòið îðäèíà-
ëiâ ç ïîðÿäêîâîþ òîïîëîãi¹þ [1, ïðèêë. 1.3.27]. Íåõàé α� çëi÷åííèé îðäèíàë,
W � ìíîæèíà âñiõ îðäèíàëiâ, ìåíøèõ àáî ðiâíèõ α. Íà W iñíó¹ ïðèðîäíå
âiäíîøåííÿ ïîðÿäêó. Ðîçãëÿíåìî òîïîëîãiþ íà W, ïîðîäæåíó áàçîþ B, ùî
ñêëàäà¹òüñÿ çi âñiõ iíòåðâàëiâ (y, x] = {z ∈ W : y < z ≤ x}, y < x ≤ α, i
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îäíîòî÷êîâî¨ ìíîæèíè {0}, äå 0 � ïîðÿäêîâèé òèï ïîðîæíüî¨ ìíîæèíè. Òîäi
W ç òîïîëîãi¹þ, ïîðîäæåíîþ B, ¹ êîìïàêòíèì ãàóñäîðôîâèì ïðîñòîðîì.

Äëÿ îðäèíàëà α ÷åðåç α+1 ïîçíà÷à¹òüñÿ íàñòóïíèê îðäèíàëà α [7, ñ. 24].

Òåîðåìà 3. Íåõàé X, Y � çëi÷åííi êîìïàêòíi ïðîñòîðè, A,B � ¨õíi
çàìêíåíi ïiäïðîñòîðè. Òîäi íàñòóïíi óìîâè åêâiâàëåíòíi:

(I) (X, A)A∼(Y,B);
(II) Iñíóþòü çëi÷åííi îðäèíàëè α1, α2, β1, β2 òàêi, ùî ïðîñòið A ãîìåî-

ìîðôíèé äî ïðîñòîðó îðäèíàëiâ α1 + 1 ç ïîðÿäêîâîþ òîïîëîãi¹þ, ïðîñòið
X/A ãîìåîìîðôíèé äî ïðîñòîðó îðäèíàëiâ α2 +1, ïðîñòið B ãîìåîìîðôíèé
äî ïðîñòîðó îðäèíàëiâ β1 + 1, ïðîñòið X/B ¹ ãîìåîìîðôíèì äî ïðîñòîðó
îðäèíàëiâ β2 + 1, i âèêîíóþòüñÿ íåðiâíîñòi max(αi, βi) < min(αi, βi)ω ïðè
i = 1, 2.

Ä î â å ä å í í ÿ. Îñêiëüêè çàìêíåíèé ïiäïðîñòið íóëüâèìiðíîãî ìåòðèçî-
âàíîãî ïðîñòîðó ¹ éîãî ðåòðàêòîì [6], òî ç òåîðåìè 2 ìà¹ìî, ùî (X, A)A∼(Y, B)
òîäi é òiëüêè òîäi, êîëè (X/A)A∼(Y/B) i A

A∼B. ßê ïîêàçàâ Ì. I. Ãðà¹â ó ïðà-
öi [1], äâà çëi÷åííi êîìïàêòíi ïðîñòîðè X òà Y ¹ À�åêâiâàëåíòíèìè òîäi é
òiëüêè òîäi, êîëè iñíóþòü çëi÷åííi îðäèíàëè α i β òàêi, ùî ïðîñòið X ãîìå-
îìîðôíèé äî ïðîñòîðó îðäèíàëiâ α + 1 ç ïîðÿäêîâîþ òîïîëîãi¹þ, ïðîñòið Y
ãîìåîìîðôíèé äî ïðîñòîðó îðäèíàëiâ β+1 ç ïîðÿäêîâîþ òîïîëîãi¹þ, i âèêîíó-
¹òüñÿ íåðiâíiñòü max(α, β) < min(α, β)ω. Äëÿ äîâåäåííÿ òåîðåìè çàëèøà¹òüñÿ
çàóâàæèòè, ùî ïðîñòîðè X/A, Y/B,A, B ¹ çëi÷åííi êîìïàêòíi. ♦
1. Ãðàåâ Ì. È. Ñâîáîäíûå òîïîëîãè÷åñêèå ãðóïïû //Èçâ. ÀÍ ÑÑÑÐ. Ñåð. Ìàò. �

1948. � 12, N◦- 3. � C. 279�324.
2. Ìàðêîâ À. À. Î ñâîáîäíûõ òîïîëîãè÷åñêèõ ãðóïïàõ //Äîêë. ÀÍ ÑÑÑÐ. � 1941. �

31. � C. 299�302.
3. Îêóíåâ Î. Ã. Ì�ýêâèâàëåíòíîñòü ïðîèçâåäåíèé //Òð. Ìîñê. Ìàò. Îáù. � 1995. �

56. � C. 192�205.
4. Ïèð÷ Í. Ì. Ì�åêâiâàëåíòíiñòü ïàð // Ïðèêë. ïðîáëåìè ìàòåìàòèêè i ìåõàíiêè. �

2004. � Âèï. 2. � Ñ. 74�79.
5. Òêà÷åíêî Ì. Ã. Î ïîëíîòå ñâîáîäíûõ àáåëåâûõ òîïîëîãè÷åñêèõ ãðóïï //Äîêë. ÀÍ

ÑÑÑÐ . � 1983. � 269, N◦- 2 . � C. 299�303.
6. Òêà÷åíêî Ì. Ã. Î ñïåêòðàëüíîì ðàçëîæåíèè ñâîáîäíûõ ãðóïï //Óñïåõè ìàòåìà-

òè÷åñêèõ íàóê. � 1984. � 39, N◦- 2. � C. 191�192.
7. Ýíãåëüêèíã Ð. Îáùàÿ òîïîëîãèÿ. � Ìîñêâà: Ìèð, 1986. � 751 ñ.
8. Okunev O. G. A method for consructing examples of M�equivalent spaces //Topo-

logy Appl. � 1990. � 36. � P. 157�171; Correction: Topology Appl. � 1993. � 49. �
P. 191�192.

9. Pyrch N. M. Orthogonal retractions and the relation of M�equivalence //Ìàò. ñòóäi¨.
� 2003. � 20. � P. 151�161.

10. Pyrch N. M. On M�equivalence of mappings //Ìàò. ñòóäi¨. � 2005. � 24. � P. 21�30.
11. Sipacheva O. V. Free topological groups of spaces and their subspaces //Topology

Appl. � 2000. � 101. � P. 181�212.

Ì�ÝÊÂÈÂÀËÅÍÒÍÎÑÒÜ ÏÀÐ È ÎÒÎÁÐÀÆÅÍÈÉ

Èññëåäóåòñÿ ñâÿçü ìåæäó Ì�ýêâèâàëåíòíîñòüþ îòîáðàæåíèé è Ì�ýêâèâàëåíò-
íîñòüþ ïàð òèõîíîâñêèõ ïðîñòðàíñòâ. Ïðèâîäèòñÿ êëàññèôèêàöèÿ ïàð�ðåòðàêòîâ.

M�EQUIVALENCE OF PAIRS AND MAPPINGS

In the paper we investigate relation between the M�equivalence of mappings and M�equi-
valence of pairs of Tychonov spaces. We also give the classification of the retract pairs.
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