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ÌÅÍØÎÃÎ ÂIÄ ÎÄÈÍÈÖI

Îòðèìàíî òî÷íi îöiíêè çíèçó âåëè÷èí òèïó òà íèæíüîãî òèïó äëÿ âàæëè-
âîãî êëàñó δ �ñóáãàðìîíi÷íèõ â Rm, m ≥ 2, ôóíêöié u = u1 − u2 ïîðÿäêó ρ,

0 < ρ < 1. Öåé êëàñ õàðàêòåðèçó¹òüñÿ òèì, ùî ìiðè Ðiññà ñóáãàðìîíi÷íèõ
ôóíêöié u1 òà u2 çîñåðåäæåíi âiäïîâiäíî íà âiä'¹ìíié òà äîäàòíié ïiâîñÿõ
OX1.

Íåõàé u = u1 − u2 δ �ñóáãàðìîíi÷íà â Rm, m ≥ 2, ôóíêöiÿ, µuj � ìiðà
Ðicñà, àñîöiéîâàíà ç ñóáãàðìîíi÷íîþ ôóíêöi¹þ uj . Íå çìåíøóþ÷è çàãàëüíîñòi,
áóäåìî ââàæàòè, ùî ôóíêöi¨ uj ãàðìîíi÷íi â îêîëi ïî÷àòêó êîîðäèíàò òà
u1(0) = u2(0) = 0. Áóäåìî êîðèñòóâàòèñÿ ñòàíäàðòíèìè ïîçíà÷åííÿìè íå-
âàíëiííiâñüêî¨ òåîði¨ ðîçïîäiëó çíà÷åíü, íàïðèêëàä, [4, ñ. 144�146]: n(t, uj) =

= µuj ({z : |z| ≤ t}), N(r, uj) = dm

r∫

0

n(t, uj)t1−mdt, äå dm = m−2 äëÿ m ≥ 3,

d2 = 1,� âiäïîâiäíî ìiðà òà óñåðåäíåíà ìiðà Ðiññà çàìêíåíîãî êðóãà ñóáãàð-
ìîíi÷íî¨ ôóíêöi¨ uj ,

T (r, u) =
1

cmrm−1

∫

S(0,r)

u+(x)dσ(x) + N(r, u2)

� íåâàíëiííiâñüêà õàðàêòåðèñòèêà ôóíêöi¨ u = u1 − u2, äå u+ = max{u1,
u2}, S(0, r) = {x : |x| = r}, cm = 2πm/2/Γ(m/2). Äëÿ u = u1 − u2 ïîêëàäåìî
N1(r, u)=N(r, u1) + N(r, u2), N0(r, u)=max{N(r, u1), N(r, u2)}. Ïîçíà÷èìî
÷åðåç δSH(ρ; 1) ñiì'þ δ �ñóáãàðìîíi÷íèõ â Rm ôóíêöié ïîðÿäêó ρ < 1, à
÷åðåç δSH∗(ρ; 1)� ïiäêëàñ ôóíêöié u(x) = u1(x)−u2(x) ìíîæèíè δSH(ρ; 1),
ó ÿêèõ ìiðà Ðiññà ñóáãàðìîíi÷íî¨ ôóíêöi¨ u1 çîñåðåäæåíà íà âiä'¹ìíié ïiâîñi
OX1, à ìiðà Ðiññà ñóáãàðìîíi÷íî¨ ôóíêöi¨ u2 � íà äîäàòíié ïiâîñi OX1. ßêùî
u = u1−u2 ∈ δSH(ρ; 1), òî ÷åðåç u′ = u′1−u′2 ïîçíà÷àòèìåìî ôóíêöiþ ç êëàñó
δSH∗(1) òàêó, ùî N(r, u′j) = N(r, uj), j = 1, 2, ïðè 0 < r < ∞.

Íåõàé u ∈ δSH(ρ; 1), ρ(r) � óòî÷íåíèé ïîðÿäîê ôóíêöi¨ u, W (r) = rρ(r).
×èñëà

∆(T ) = lim
r→+∞

T (r, u)
W (r)

, δ(T ) = lim
r→+∞

T (r, u)
W (r)

íàçèâàþòü âiäïîâiäíî âåëè÷èíàìè òèïó òà íèæíüîãî òèïó ôóíêöi¨ T (r, u) àáî
u. Äîáðå âiäîìî, ùî 0 < ∆(T ) < +∞, 0 < ∆(N0) < +∞. Îñêiëüêè N0(r, u) ≤
≤ T (r, u), òî ∆(T ) ≥ ∆(N0), δ(T ) ≥ δ(N0). Öi îöiíêè ¹ òî÷íèìè i äîñÿãàþòüñÿ
ó âèïàäêó, êîëè ôóíêöiÿ u � ñóáãàðìîíi÷íà. Òàê, ó âèïàäêó m = 2 çà ôóíê-
öiþ u ìîæíà âçÿòè ln |g(z)|, äå g(z) � öiëà ôóíêöiÿ ïîðÿäêó %, 0 < % < 1,
äëÿ ÿêî¨ âèêîíó¹òüñÿ T (r, g) = ln M(r, g) = N(r, 0, g) + O(1), r → +∞ [1].

Ó ðîáîòi [2] îäåðæàíî òî÷íi îöiíêè çâåðõó âåëè÷èí òèïó ∆(T ) òà íèæíüîãî
òèïó δ(T ) ÷åðåç âåëè÷èíè òèïó ∆(N0) òà íèæíüîãî òèïó δ(N0). Ïðè äîâå-
äåííi öèõ îöiíîê iñòîòíî âèêîðèñòîâóâàëèñü íàñòóïíi òâåðäæåííÿ.

Òåîðåìà À. ßêùî u ∈ δSH(ρ; 1), òî T (r, u) ≤ T (r, u′).
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Òåîðåìà Á. Íåõàé u = u1 − u2 ∈ δSH(ρ; 1), w = w1 − w2 ∈ δSH(ρ; 1).
ßêùî N(r, u1) ≤ N(r, w1), N(r, u2) ≤ N(r, w2), òî T (r, u′) ≤ T (r, w′).

Ç òåîðåì À òà Á âèïëèâà¹, ùî åêñòðåìàëüíèìè ôóíêöiÿìè (ôóíêöiÿìè,
ïðè ÿêèõ äîñÿãàþòüñÿ ðiâíîñòi) â îöiíêàõ, îòðèìàíèõ â ðîáîòi [2], ¹ ôóíê-
öi¨ ç êëàñó δSH∗(ρ; 1). Òîìó àêòóàëüíîþ ¹ çàäà÷à çíàõîäæåííÿ îöiíîê çíèçó
âåëè÷èí òèïó òà íèæíüîãî òèïó äëÿ ôóíêöié öüîãî êëàñó, òîáòî äëÿ δ �
ñóáãàðìîíi÷íèõ ôóíêöié u′ ïîðÿäêó ρ, 0 < ρ < 1, ç ðiññîâñüêèìè ìiðàìè
íà ïðÿìié. Ó öié ðîáîòi òàêi îöiíêè íàì âäàëîñü îòðèìàòè ÷åðåç âåëè÷èíè
òèïó ∆(N1) òà íèæíüîãî òèïó δ(N1). Îöiíêè çíèçó âåëè÷èí òèïó ∆(T ) òà
íèæíüîãî òèïó δ(T ) ÷åðåç âåëè÷èíè òèïó ∆(N0) òà íèæíüîãî òèïó δ(N0)
äëÿ ôóíêöié êëàñó δSH∗(ρ; 1) âñòàíîâèòè íå âäàëîñü. Ãîëîâíó ðîëü ïðè
çíàõîäæåííi òàêèõ îöiíîê áóäå âiäiãðàâàòè òàêå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé u = u1 − u2 ∈ δSH(ρ; 1), w = w1 − w2 ∈ δSH(ρ; 1).
ßêùî N1(r, u) = N1(r, w) òà N(r, w1) = N(r, w2), òî T (r, w′) ≤ T (r, u′) i

T (r, w′) =
cm−1

cm

+∞∫

0

N1(t, w)Qm(t, r, π/2) dt. (1)

Ä î â å ä å í í ÿ. Íåõàé r = |x|, x1 = r cos θ, 0 ≤ θ ≤ π,

Pm(t, r, θ)=(m−1)r3tm−2 cos θ+r2tm−1(m +(m− 2) cos2 θ)+rtm(m− 1) cos θ,

Qm(t, r, φ) =

φ∫

0

Pm(t, r, θ)(sin θ)m−2(t2 + 2tr cos θ + r2)−m/2−1 dθ.

Ó ðîáîòi [2] ïîêàçàíî ùî, ÿêùî u = u1 − u2 ∈ δSH(ρ; 1), òî

T (r, u′) =
cm−1

cm
max

0≤φ≤π

{ ∞∫

0

N(t, u′1)Qm(t, r, φ) dt +

∞∫

0

N(t, u′2)Qm(t, r, π − φ) dt

}
.

(2)
Îñêiëüêè äëÿ x1 = 0 âèêîíó¹òüñÿ w′1(x) = w′2(x), òî ìàêñèìóì ó ôîðìóëi
(2) äîñÿãà¹òüñÿ ïðè φ = π/2, i òîìó îòðèìó¹ìî (1). Äàëi, âðàõîâóþ÷è, ùî
N1(r, u) = N1(r, w), ìà¹ìî

T (r, w′) =
cm−1

cm

+∞∫

0

N1(t, u)Qm(t, r, π/2) dt =
cm−1

cm

(+∞∫

0

N(t, u′1)Qm(t, r, π/2) dt+

+

+∞∫

0

N(t, u′2)Qm(t, r, π − π/2) dt

)
≤ max

0≤φ≤π

cm−1

cm

( +∞∫

0

N(t, u′1)Qm(t, r, φ) dt+

+

+∞∫

0

N(t, u′2)Qm(t, r, π − φ) dt

)
= T (r, u′),

ùî äîâîäèòü òåîðåìó 1. ♦
Ïåðåä òèì, ÿê íàâåñòè ñïiââiäíîøåííÿ ìiæ âåëè÷èíàìè òèïiâ òà íèæ-

íiõ òèïiâ ôóíêöié T (r, u) òà N1(r, u), íàâåäåìî äåÿêi äîïîìiæíi ðåçóëüòàòè.
Íåõàé f(x) = x−n + nx−n−1(x − 1) − R, 0 < x < +∞, äå 0 ≤ R ≤ 1, n > 0.
Ïîêàæåìî, ùî ðiâíÿííÿ f(x) = 0, 0 < x < +∞, ìà¹ äâà êîðåíi.

Ìà¹ìî f(x) → −∞ ïðè x → 0+, f(x) → −R ïðè x → +∞, f(1) =
= 1 − R ≥ 0, f ′(x) = −n(n + 1)x−n−2(x − 1). Îòæå, ðiâíÿííÿ f(x) = 0 ìà¹
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äâà êîðåíi ν = ν(R, n) i κ = κ(R,n), ν > 1, 0 < κ < 1, ïðè 0 < R < 1. Ó
âèïàäêó R = 1 ìà¹ìî ν = κ = 1, ïðè R = 0 ïîêëàäà¹ìî ν(0, n) = +∞.

Ðîçãëÿíåìî ðiâíÿííÿ Tex = x + 1, −∞ < x < +∞, äå 0 ≤ T ≤ 1. Ïðè
0 < T < 1 öå ðiâíÿííÿ ìà¹ äâà êîðåíi τ = τ(T ) i σ = σ(T ), τ > 0, σ < 0.
Ïðè T = 1 ìà¹ìî τ = σ = 0, ïðè T = 0 ïîêëàäà¹ìî τ(0) = +∞.

Ïðè 0 < x < +∞ ïîêëàäåìî

ψ1(x)= ψ1(x;R, n)=

xνn/ρ∫

xκn/ρ

{
xρ − nxρ

(( t

x

)−ρ/n

− 1
)
−Rxρ

}
Qm

(
t, 1,

π

2

)
dt, m ≥ 3,

(3)

ψ2(x) = ψ2(x; T ) =

x exp (τ/ρ)∫

x exp (σ/ρ)

{
ρxρ ln

t

x
+ xρ − Txρ

}
Q2

(
t, 1,

π

2

)
dt. (4)

Çàóâàæèìî, ùî Q2(t, 1, π/2) = (t2 + 1)−1. Ëåãêî ïîáà÷èòè, ùî ψ1(x; 1, n) =
= ψ2(x; 1) ≡ 0. Ïðè ôiêñîâàíîìó R, 0 < R < 1, àáî T, 0 < T < 1, íåâàæêî
ïîêàçàòè, ùî ïiäiíòåãðàëüíi âèðàçè â iíòåãðàëàõ (3) òà (4) íåâiä'¹ìíi, îòæå,
ψj(x) > 0 ïðè 0 < x < +∞, j = 1, 2. Âðàõîâóþ÷è, ùî Qm

(
t, 1,

π

2

)
= O(t−2)

ïðè t → +∞, Qm

(
t, q,

π

2

)
= O(tm−2) ïðè t → 0, îòðèìó¹ìî, ùî ψj(x) → 0

ïðè x → 0 i x → +∞, j = 1, 2.

Îñêiëüêè ïðè R = 0 ( T = 0 ) ìà¹ìî ν = +∞ ( τ = +∞ ), òî ψ1(x :
0, n) → 0 ( ψ2(x, 0) → 0 ) ïðè x → +∞. Íåõàé

Ω(ρ,m) =
2cm−1

cm

+∞∫

0

tρQm

(
t, 1,

π

2

)
dt,

Φm(P ) =

{
max{ψ1(x; P, ρ/(m− 2) : 0 < x < +∞}, ÿêùî m ≥ 3,

max{ψ2(x; P ) : 0 < x < +∞}, ÿêùî m = 2.

Òåîðåìà 2. Íåõàé u ∈ δSH(ρ, 1), 0 < ρ < 1, ∆(N) = K, δ(N) = L. Òîäi

lim
r→+∞

T (r, u′)
W (r)

≥ L

2
Ω(%, m), (5)

lim
r→+∞

T (r, u′)
W (r)

≥ L

2
Ω(%,m) +

2cm−1

cm
KΦm

(
L

K

)
(6)

òà iñíóþòü ôóíêöi¨, äëÿ ÿêèõ â (5) òà (6) ìàþòü ìiñöå çíàêè ðiâíîñòi.

Ä î â å ä å í í ÿ. Íåõàé w = w1 − w2 � δ �ñóáãàðìîíi÷íà ôóíêöiÿ òàêà,
ùî N(r, w1) = N(r, w2) i N1(r, w) = N1(r, u). Òîäi çà òåîðåìîþ 1 ìà¹ìî

T (r, u′) ≥ T (r, w′) =
cm−1

cm

+∞∫

0

N(t, w)Qm

(
t, r,

π

2

)
dt. (7)

ßêùî L = 0, òî íåðiâíiñòü (5) î÷åâèäíà. Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæà¹-
ìî, ùî ρ(r) ≡ ρ i N(r, u) ≥ (L − ε)rρ äëÿ âñiõ r > 0, 0 < ε < L. Òîäi ç (7)
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îòðèìó¹ìî

T (r, u′) ≥ cm−1

cm
(L− ε)

+∞∫

0

tρQm

(
t, r,

π

2

)
dt =

=
L− ε

2
rρ 2cm−1

cm

+∞∫

0

sρQm

(
s, 1,

π

2

)
ds =

L− ε

2
rρΩ(ρ,m).

Îòæå, lim
r→∞

T (r, u′)
rρ

≥ L− ε

2
Ω(ρ,m), i ñïðÿìîâóþ÷è ε äî íóëÿ, îòðèìó-

¹ìî (5).
Äîâåäåìî îöiíêó (6). Ó âèïàäêó L = K íåðiâíiñòü (6) âèïëèâà¹ ç (5), áî

Φm(1) = 0.
Íåõàé L < K, 0 < ε < K − L, L1 = (L − ε)+, K1 = K − ε, ρ(r) ≡ ρ. Íå

çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî N1(r, u) ≥ L1r
ρ äëÿ âñiõ r > 0 i

iñíó¹ ïîñëiäîâíiñòü (rk), rk → +∞ ïðè k → +∞, òàêà, ùî N1(rk, u) = K1r
ρ
k.

10. Âèïàäîê m ≥ 3. Ïîêëàäåìî r2−m = t, ρ/(m − 2) = n. Òîäi
N1(t1/(2−m), u) ≥ L1t

−n, 0 < t < +∞, N1(t
1/(2−m)
k , u) = K1t

−n
k , tk = r2−m

k .
Ïðîâåäåìî ç òî÷êè (tk,K1t

−n
k ) äîòè÷íó äî ãðàôiêà ôóíêöi¨ y = K1t

−n.
Ðiâíÿííÿì öi¹¨ äîòè÷íî¨ ¹ y = −K1nt−n−1

k (t − tk) + K1t
−n
k . Àáñöèñè òî÷îê

ïåðåòèíó öi¹¨ äîòè÷íî¨ ç êðèâîþ y = L1t
−n òàêi: tk/ν, tk/κ, äå ν =

= ν(L1/K1), κ = κ(L1/K1). Âðàõîâóþ÷è, ùî ôóíêöiÿ N1(t1/(2−m), u) îïóêëà
âiäíîñíî t, îäåðæó¹ìî

N1(r, u) ≥





L1r
ρ, 0 ≤ r ≤ rkκn/ρ,

K1r
ρ
k −K1nrρ

k((r/rk)−ρ/n − 1), rkκn/ρ ≤ r ≤ rkνn/ρ,

L1rρ, rkνn/ρ ≤ r < +∞.

Ç (7) äiñòà¹ìî

T (r, u′) ≥ cm−1

cm

( +∞∫

0

L1t
ρQm(t, r, π/2) dt +

rkνn/ρ∫

rkκn/ρ

{(
K1r

ρ
k −K1nrρ

k

(( t

rk

)−ρ/n)
−

− 1
)
− L1t

ρ
}

Qm(t, r, π/2) dt
)

=
L1

2
Ω(ρ,m)rρ + K1

cm−1

cm
rρ

(rk/r)νn/ρ∫

(rk/r)κn/ρ

{(rk

r

)ρ

−

− n
(rk

r

)ρ((sr

rk

)−ρ/n

− 1
)
− L1

K1
sρ

}
Qm(s, 1, π/2)ds =

L1

2
Ω(ρ,m)rρ+

+ K1
cm−1

cm
rρψ1

(rk

r
,
L1

K1
,

ρ

m− 2

)
.

20. Âèïàäîê m = 2. Ïîêëàäåìî t = ln r, tk = ln rk. Ïðîâåäåìî ç òî÷êè
(tk,K1 exp(ρtk)) äîòè÷íó äî ãðàôiêà ôóíêöi¨ y = K1 exp(ρt), −∞ < t < +∞.
Ðiâíÿííÿ äîòè÷íî¨ ìà¹ âèãëÿä y = K1 exp(ρtk)(ρ(t−tk)+1), à tk+σ/ρ, tk+τ/ρ,
äå σ = σ(L1/K1), τ = τ(L1/K1)� àáñöèñè òî÷îê ïåðåòèíó öi¹¨ äîòè÷íî¨ ç ãðà-
ôiêîì ôóíêöi¨ y = L1 exp(ρt).

Îñêiëüêè ôóíêöiÿ N1(et, u) îïóêëà âiäíîñíî t, îòðèìó¹ìî

N1(r, u) =





L1r
ρ, 0 ≤ r ≤ rkeσ/ρ,

K1r
ρ
k

(
ρ ln

r

rk
+ 1

)
, rze

σ/ρ ≤ r ≤ rkeτ/ρ,

L1r
ρ, rkeτ/ρ ≤ r < +∞.
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Ç (6) ìà¹ìî

T (r, u′) ≥ cm−1

cm

( +∞∫

0

L1t
ρQ2(t, r, π/2) dt +

rk exp(τ/ρ)∫

rk exp(σ/ρ)

{(
K1ρ ln

t

rk
+ K1

)
rρ
k−

− L1t
ρ
}

Q2(t, r, π/2) dt

)
=

L1

2
Ω(ρ, 2)rρ + K1r

ρ cm−1

cm

(rk/r) exp(τ/ρ)∫

(rk/r) exp(σ/ρ)

{
ρ
(rk

r

)ρ

ln
sr

rk
+

+
(rk

r

)ρ

− L1

K1
sρ

}
Q2(s, 1, π/2) ds =

L1

2
Ω(ρ, 2)rρ + K1r

ρ cm−1

cm
ψ2

(rk

r
;
L1

K1

)
. (8)

Íåõàé r = rk/x, 0 < x < +∞. Òîäi ç (7) i (8) ìà¹ìî

lim
r→+∞

T (r, u′)
rρ

≥ L

2
Ω(ρ, 2) +

cm−1

cm
KΦm

(
L1/K1

)
.

Ñïðÿìîâóþ÷è ε äî íóëÿ, îòðèìó¹ìî (6). Ïåðåõiä äî çàãàëüíîãî âèïàäêó ðî-
áèòüñÿ, ÿê â ðîáîòi [3]. Ïðèêëàäè, ÿêi âêàçóþòü íà íåïîêðàùóâàíiñòü îöiíîê
(5) òà (6), áóäóþòüñÿ ïîäiáíî, ÿê ïðè äîâåäåííi òåîðåì ó ñòàòòi [2]. Òåîðåìó 2
ïîâíiñòþ äîâåäåíî. ♦
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ÎÖÅÍÊÈ ÑÍÈÇÓ ÂÅËÈ×ÈÍ ÒÈÏÀ È ÍÈÆÍÅÃÎ ÒÈÏÀ
δ �ÑÓÁÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ ÏÎÐßÄÊÀ,
ÌÅÍÜØÅÃÎ ÅÄÈÍÈÖÛ

Ïîëó÷åíû òî÷íûå îöåíêè ñíèçó âåëè÷èí òèïà è íèæíåãî òèïà âàæíîãî êëàññà δ �
ñóáãàðìîíè÷åñêèõ â Rm, m ≥ 2, ôóíêöèé u = u1 − u2 ïîðÿäêà ρ, 0 < ρ < 1. Ýòîò
êëàññ õàðàêòåðèçóåòñÿ òåì, ÷òî ìåðû Ðèññà ñóáãàðìîíè÷åñêèõ ôóíêöèé u1 è
u2 ñîñðåäîòî÷åíû ñîîòâåòñòâåííî íà îòðèöàòåëüíîé è ïîëîæèòåëüíîé ïîëóîñÿõ
OX1.

LOWER ESTIMATES FOR THE QUANTITY TYPE AND LOWER TYPE
δ �SUBHARMONIC FUNCTIONS OF ORDER LESS THAN 1

We obtain sharp lower estimates for the quantity of type and lower type for an important
class of δ �subharmonic Rm, m ≥ 2, functions u = u1 − u2 of order ρ, 0 < ρ < 1. This
class is characterized by the condition that Riesz masses of subharmonic u1 and u2 are
concentrated on the negative and positive rays OX1 respectively.
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