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RECIPROCITY THEOREM FOR MECHANICAL PROBLEM IN BRITTLE 
DAMAGED BODY WITH THERMAL DISTORTION 
 

The initial-boundary problem of mechanics is formulated in the paper in an in-
cremental version for a viscoelastic-brittle damaged medium with thermal dis-
tortion. Next, the reciprocity theorem is derived for the stated problem. A way of 
calculation of the global damage parameter for the body is formulated on the basis 
of a special case of the theorem. The problem is also illustrated by the numerical 
example.  

 
1. Introduction. The reciprocity theorem for a brittle damaged body with 

thermal distortion is formulated in the paper. The considerations are made 
under the following assumptions: 

– damage in the body is considered as a continuous field described by the 
damage tensor [9] of rank two; 

– a field of temperature in the body is treated as a known function; 
– the undamaged body is treated as a linear viscoelastic one. 

Further, the special case of the theorem is presented, which allows for a 
definition of the global scalar damage parameter of the body. This approach 
makes possible to connect a local damage evolution in engineering building 
structure with an averaging description of its global stiffness change. This is a 
very important problem in a diagnostics of building structures. Finally, a nu-
merical example is discussed, which shows a relation between a scalar-global 
description of damage in concrete and a local-tensor one. 

2. Equations of the problem – general form of the reciprocity theorem. 
Let us consider a body, which is isotropic in the initial moment and occupies 
the area V  restricted by the surface F  (Fig. 1). The body is subjected to an 
action of mass forces iFρ , a known increment of temperature θ  in the area 

V  and static external mechanical load iP . The body has brittle properties so 
the microcracks evolution in structure of the body is taken under considera-
tion. The damage evolution causes an anisotropic stiffness change of the body. 
The unknown of the problem – displacement, strain and stress fields – iu , 

ijε  and ijσ  – must be determined from the following system of equations: 

equation of equilibrium, geometrical equation and physical equation (they are 
given in an incremental form because of the physical non-linearity of the 
problem): 

 , 0ij j iF∆σ + ρ∆ = , (1) 

 , ,
1 ( )
2ij i j j iu u∆ε = ∆ + ∆ , (2) 

 ( ) ,       ( ) ( ) ( )t
ij ijkl kl kl ijkl ijkl ijklC t d C t E t C tθ ∗∆σ = ∗ ∆ε − ∆ε = −( ) , 

 ( ) 0( ) 2 ( ) ,       ,      ijkl ik jl ij kl ij ijE t t t T Tθ θ= µ δ δ + λ δ δ ε = α δ θ θ = − . (3) 

In the equations above the symbols ( )ijklC t , ( ),  ( ),  ( )ijklE t t tµ λ , ijδ , 0,  T T , θα , 

ij
θε , ,  ,  tt ∆   denote respectively: anisotropic and isotropic relaxation 

functions tensor, relaxation functions, Kronecker delta, current and initial  
temperature, coefficient of thermal expansion, thermal strain tensor, time, 
increment and tangent of a function. The damage evolution in material is 
taken into account here by an introduction of the anisotropic relaxation 
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functions tensor ijklC∗  [4]. Components of this tensor are equal to zero in the 

initial moment and depend on the damage measure – the damage effect ten-
sor ijD  [6] 

 ( , 0) 0,         ( )ijkl i ijkl ijkl mnC x t C C D∗ ∗ ∗= = = . (4) 

The damage measure must be determined form the damage evolution equa-
tion [1–3, 6–9, 11] formulated so as to be a time non-decreasing function 
because of the thermomechanical limitations [1, 3, 8, 11] 

 ( )ij ij ijD D= σ  or ( )ij ij ijD D= σ   and 0ijD ≥ . (5) 

The presented system of equations must be complemented by the follo-
wing initial-boundary conditions: 

 0( , ) ( , ),           ,       0i i i i iu x t u x t x V t= ∈ = , (6) 

 ( , ),            ,      0ij j i i in P x t x F tσ∆σ = ∆ ∈ ≥ , (7) 

 ( , ) ( , ),        ,     0i i i i i uu x t u x t x F t∆ = ∆ ∈ ≥ , (8) 

where uF F Fσ = , uF Fσ = ∅ , jn  – normal vector to the surface F . 

Now, we can give a derivation of the reciprocity theorem for the stated 
problem. Let us consider two sets of increments of the following fields 
satisfying the equations (1)–(3) and the initial-boundary conditions (4), (6)–(8): 

 Set 1:  ,  ,  ,  ,  ,   ( )t
i ij ij ij i i ijklu F P C tθ∆ ∆ε ∆ε ∆σ ∆ρ ∆ → , (9) 

 Set 2:       ( )t
i ij ij ij i i ijklu F P C tθ∆ ∆ε ∆ε ∆σ ∆ρ ∆ → �� �� �� �, , , , , . (10) 
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Fig. 1 

Then, different tangent tensors t
ijklC  and t

ijklC�  are present in the phy-

sical equations for each of the sets. Finally, an analysis of a reciprocal sym-
metry of the physical equations 

 ˆ ˆ( )ij ij ijkl kl kl ijd E t d dθ∆σ ∗ ∆ε = ∗ ∆ε − ∆ε ∗ ∆ε −( )  

 ˆ( ) ( )t
ijkl kl kl ijC t d d∗ θ− ∗ ∆ε − ∆ε ∗ ∆ε , (11) 

 ˆ ˆˆ ( ) ( )ij ij ijkl kl kl ijd E t d dθ∆σ ∗ ∆ε = ∗ ∆ε − ∆ε ∗ ∆ε −  

 ( )t
ijkl kl kl ijC t d d∗ θ− ∗ ∆ε − ∆ε ∗ ∆ε� � �( )  (12) 

leads to the following identity 

 ( )( )ijkl kl ij ijkl kl ijE t d d E t d d∗ ∆ε ∗ ∆ε ≡ ∗ ∆ε ∗ ∆ε� � . (13) 

The expression (13) is a basis for a formulation of the reciprocity theorem 
in a local form  
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 ˆ ˆˆ * ( )ij ij ij ij ijkl kl kld d E t d dθ∆σ ∗ ∆ε − ∆σ ∆ε + ∗ ∆ε ∗ ∆ε −  

 *ˆ ˆ( ) ( )t
ijkl kl kl ijkl kl kl ijE t d d C t d dθ θ− ∗ ∆ε ∗ ∆ε + ∗ ∆ε − ∆ε ∗ ∆ε −( )  

 *ˆ ˆ ˆ( ) 0t
ijkl kl kl ijC t d dθ− ∗ ∆ε − ∆ε ∗ ∆ε =( )  (14) 

and a global form 

 ˆ ˆˆ ˆ  i i i i i i i i
F V

P d u P d u dF F d u F d u dV∆ ∗ ∆ − ∆ ∗ ∆ + ∆ρ ∗ ∆ − ∆ρ ∗ ∆ +∫ ∫( ) ( )  

 ˆ ˆ( ) ( )ijkl kl ij ijkl kl ij
V

E t d d E t d d dVθ θ+ ∗ ∆ε ∗ ∆ε − ∗ ∆ε ∗ ∆ε +∫( )  

 * ˆt
ijkl kl kl ij

V

C d dθ+ ∗ ∆ε − ∆ε ∗ ∆ε −∫( ( )  

 *ˆ ˆ ˆ 0t
ijkl kl kl ijC d d dVθ− ∗ ∆ε − ∆ε ∗ ∆ε =( ) ) . (15) 

3. A particular case of the theorem – definition of the global damage 
parameter. A particular case of the theorem makes possible to get a formula 
describing a global stiffness change of the body. Let us consider a situation, in 
which the damage filed takes place in the first set of the fields (9)–(10) and 
doesn’t take place in the second one. In order to facilitate the problem we can 
analyse here an elastic-brittle case, in which increments of external mechani-
cal load and mass forces are neglected and increments of thermal strains are 
the same in both of the sets  

 0           0  ijkl i i i i ij ijC F F P P  ∗ θ θ= ρ = ρ = = = ∆ε = ∆ε� � � �, , , 

 ( ) ( ),           ( ) ( )ijkl ijkl ijkl ijklC t C H t E t E H t∗ ∗= = , (16) 

where ( )H t  – Hevyside’s function.  
In this case, we are able to obtain an expression 

 *ˆ ˆ 0t
ijkl ij ij kl ijkl kl kl ij

V V

E dV C dVθ θ∆ε − ∆ε ∆ε + ∆ε − ∆ε ∆ε =∫ ∫( ( ) ) ( ( ) ) . (17) 

Then, it is possible to introduce into considerations the global damage 
parameter Ω  on the basis of the definition 

 

ˆ

ˆ

ijkl ij ij kl
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ijkl kl kl ij
V

E dV
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θ

θ

∆ε − ∆ε ∆ε

Ω =
∆ε − ∆ε ∆ε

∫

∫

( ( ) )

( ( ) )
. (18) 

4. Numerical example and conclusions. Simulations of the damage evo-
lution in concrete based on the local and global approaches were compared 
in the example. The global approach was based on the formula (18) defining 
the damage parameter Ω . The local approach used a definition of the da-
mage tensor ijΩ  formulated by Litewka [7] with taking into account the limi-

tation (5)  

    ,          0,1)ij kl kl ij kl kl ij ijCs s D+ + + + +Ω = δ + σ σ σ Ω ∈ [ , (19a) 

 1 1( ) ( ),          0,1)
2 2

x x x x x+ = + − ζ − + − ζ ∈ [ , (19b) 

 0,  when   0,   0  or  0,   0,ij ij ij ij ij∆Ω > ∆σ ≥ σ > ∆σ ≤ σ <  (19c) 

 0,   when   0,   0  or  0,   0.ij ij ij ij ij∆Ω = ∆σ ≤ σ > ∆σ ≥ σ <  (19d) 

Performance of the operation (…)+ according to the notation (19b) means here 
a transformation of the stress tensor ijσ  and the stress deviator ijs  to its 
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principal directions and a reduction of their principal negative components 
proportionally to the cons-
tant ζ  [8]. This operation is 
introduced because of the 
fact the microcracks evolu-
tion takes place mainly in 
the planes which are per-
pendicular to directions of 
the principal tensile stresses. 
To simplify the considerati-
ons, one analysed a case of 
plane stress in a rectangular 
area with a gap according to 
the Fig. 2. 

The system was subjected to 
cyclic heating and cooling uni-
formly in a whole volume with a 
run shown on the Fig. 3. One used 
in the problem the following phy-
sical relation formulated by Litew-
ka [6] 

 ( )ij ijkl mn kl ijA D θε = σ + ε , 

 0 0

0 0

1
( )

2ijkl ij kl ik jl il jkA
E E
ν + ν

= − δ δ + δ δ + δ δ +  

 ( ) ( )ij kl ij kl ik jl il jk jk il jl ikD D D D D D+ α δ + δ + γ δ + δ + δ + δ , 

 1,−=C A  (20) 

   ,           1,2,3
1

p
p

p
D p

Ω
= =

− Ω
. (21) 

The components of the damage effect tensor ijD  in the equation (20) 

were determined here on the basis of the relations (21) between principal va-
lues of the tensors ijΩ  and ijD . A rest of conditions necessary for a definition 

of the example was formulated according to the notations (4) and (16). 
So defined system is double symmetric for which the stress, strain and 

damage tensors have a form 

 
11 12

21 22

0
0

0 0 0
ij

σ σ
σ = σ σ ,  

11 12

21 22

33

0
0

0 0
ij

ε ε
ε = ε ε

ε
,  

11 12

21 22

33

0
0

0 0
ij

Ω Ω 
 Ω = Ω Ω
 Ω 

. (22) 

In the equations above the symbols 0 0,  ,  ,  ,  ,  ,  ,  ,  E C Dν α γ ζC A  denote 

respectively: stiffness and compliance matrixes, Young’s modulus, Poisson’s 
ratio, material parameters expressing an influence of stresses on the damage 
evolution in concrete.  

The presented example was solved with the help of own computer-prog-
ram written in the Matlab environment. Computations were based on the 
incremental formulation of FEM. An analysis of the damage evolution requi-
red in this case taking into consideration the failure criterions for concrete. 
Two criterions complementing themselves mutually were used here: 

- Kupfer’s failure criterion [5]; 

- criterion of positively definite tangent stiffness matrix C  [11]. 
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Satisfying the mentioned criterions meant a formation of macro-defect in 
material. This fact was simulated in the numerical procedure by a reduction 
of stiffness in an adequate finite element to zero [11]. Computations were 
ended in the moment, when the system became a mechanism or it had to be 
represented by the other initial-boundary problem.  

During solving the problem the following material parameters for 
concrete C30 were used [7, 8, 10]: 

 0 30800MPaE = ,    0 0.19ν = ,    0.1ζ = ,   6 11.457 10 MPa− −α = − ⋅ , 

 6 16.205 10 MPa− −γ = ⋅ ,              2 3 2/ 1.845 10 MPaC − −ζ = ⋅ ,  

 2 4 2/ 2.979 10 MPaD − −ζ = ⋅ ,         

5 110 Kθ − −α = , 

  ctm 2.22 MPaf = ,                    cm 28.14 MPaf = , (23) 

where ctmf  – tensile strength, cmf  – compression strength.  

On the basis of numerical simulations it was found that during the follo-
wing cycles of heating and cooling the failure criterion was satisfied in the 
elements starting form the top of the gap D–E–F (see Fig. 2). A macro-defect 
was made this way. The defect grew stable and slantly in comparison with a 
direction of the gap. This situation was caused by a concentration of stresses 
(see Fig. 4) and microdamage (see Fig. 5) in that area of the system. The cu-
mulation of microdamage at the top of the gap caused that tangent stiffness 
matrix in the elements placed there stopped satisfying the criterion of positive 
definition. 
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After a solution of the brittle-elastic problem presented above one solved 
an equivalent elastic problem – (also 
with help of FEM). The comparison of 
these two solutions made possible to 
compute a run of the global damage 
parameter Ω  according to the formula 
(18). It was found that just before the 
first failure detected in the element at 
the top of the gap, the parameter had 
been equal about to 0.1–0.2. A full run 
of this parameter till first failure is 
shown on the Fig. 6.  

The obtained results give a conclusion that a prediction of damage of 
engineering structure with help of global measures should be used with some 
limitations. On the other hand, it is very useful and it simplifies the consi-
derations but the maximal allowable value of the global damage parameter 
should be restricted. The presented approach give also a chance for detecting 
damaged areas in structures on the basis of thermal strain measurements. 
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ТЕОРЕМА ВЗАЄМНОСТІ ЗАДАЧІ МЕХАНІКИ ДЛЯ КРИХКО ПОШКОДЖЕНОГО 
ТІЛА З ТЕРМІЧНИМИ ДИСТОРСІЯМИ 
 
Ó òåðì³íàõ ïðèðîñò³â ðîçãëÿíóòî êðàéîâó çàäà÷ó ìåõàí³êè äëÿ â’ÿçêîïðóæíîãî 
ò³ëà ç êðèõêèìè ïîøêîäæåííÿìè é òåðì³÷íèìè äèñòîðñ³ÿìè. Äëÿ òàêèõ ò³ë 
ñôîðìóëüîâàíî òåîðåìó âçàºìíîñò³ ðîá³ò. Íà îñíîâ³ ÷àñòêîâîãî âèïàäêó öüîãî 
òâåðäæåííÿ îòðèìàíî ôîðìóëó, ÿêà äîçâîëÿº îá÷èñëþâàòè ãëîáàëüíèé ïàðàìåòð 
ïîøêîäæåííÿ. Íàâåäåíî ÷èñëîâèé ïðèêëàä ðîçâèòêó ì³êðîïîøêîäæåíü â ïðÿìî-
êóòíèêó ç öåíòðàëüíèì ìàêðîäåôåêòîì çà öèêë³÷íîãî íàãð³âàííÿ. 
 
ТЕОРЕМА ВЗАИМНОСТИ ЗАДАЧИ МЕХАНИКИ ДЛЯ ХРУПКО ПОВРЕЖДЕННОГО 
ТЕЛА С ТЕРМИЧЕСКИМИ ДИСТОРСИЯМИ 
 
Â òåðìèíàõ ïðèðàùåíèé  ðàññìîòðåíà êðàåâàÿ çàäà÷à ìåõàíèêè äëÿ âÿçêîóïðó-
ãîãî òåëà ñ õðóïêèìè ïîâðåæäåíèÿìè è òåðìè÷åñêèìè äèñòîðñèÿìè. Äëÿ òàêèõ 
òåë ñôîðìóëèðîâàíà òåîðåìà âçàèìíîñòè ðàáîò. Íà îñíîâå ÷àñòíîãî ñëó÷àÿ ýòî-
ãî óòâåðæäåíèÿ ïîëó÷åíà ôîðìóëà, ïîçâîëÿþùàÿ îïðåäåëèòü ãëîáàëüíûé ïàðà-
ìåòð ïîâðåæäåíèÿ. Ïðèâåäåí ÷èñëîâîé ïðèìåð ðàçâèòèÿ ìèêðîïîâðåæäåíèé â 
ïðÿìîóãîëüíèêå ñ öåíòðàëüíûì ìàêðîäåôåêòîì ïðè öèêëè÷åñêîì íàãðåâàíèè. 
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