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CТАТИЧНА ТЕРМОПРУЖНА РІВНОВАГА ДВОШАРОВОЇ m -КУТНОЇ 
ТРУБИ ЗА ЇЇ ОБТИСКАННЯ І ФРИКЦІЙНОГО НАГРІВАННЯ 
 

Ñôîðìóëüîâàíî ïîñòàíîâêó òà ïîáóäîâàíî íàáëèæåíèé ðîçâ’ÿçîê ïëîñêî¿ ñòà-
òè÷íî¿ ãðàíè÷íî-êîíòàêòíî¿ òåðìîïðóæíî¿ çàäà÷³ äëÿ äâîøàðîâî¿ m -êóò-
íî¿ òðóáè, ÿêà ïåðåáóâàº ï³ä ä³ºþ ôðèêö³éíîãî òåìïåðàòóðíîãî ïîëÿ ³ ð³âíî-
ì³ðíî ðîçïîä³ëåíèõ ñòèñêóâàëüíèõ íîðìàëüíèõ íàïðóæåíü íà á³÷íèõ ïîâåðõ-
íÿõ çà óìîâè, ùî ìåõàí³÷í³ òà òåïëîô³çè÷í³ õàðàêòåðèñòèêè ìàòåð³àë³â íå 
çàëåæàòü â³ä òåìïåðàòóðè. Âíóòð³øíÿ òðóáà º êðóãîâîþ îñåñèìåòðè÷íîþ, 
çîâí³øíÿ ïîâåðõíÿ çîâí³øíüî¿ òðóáè â ïîïåðå÷íîìó ïåðåð³ç³ ìàº ôîðìó 
m -êóòíèêà ç çàîêðóãëåíèìè êóòàìè. Çàäà÷ó ðîçâ’ÿçàíî ìåòîäîì ìàëîãî ïà-
ðàìåòðà ç óðàõóâàííÿì ÷ëåí³â äî òðåòüîãî ïîðÿäêó ìàëîñò³. 

 
Âñòóï. Ïî÷àòîê ñèñòåìàòè÷íîãî âèâ÷åííÿ êîíòàêòíèõ çàäà÷ òåðìî-

ïðóæíîñò³ ç óðàõóâàííÿì ôðèêö³éíîãî òåïëîóòâîðåííÿ çàïî÷àòêîâàíèé 
Ì. Â. Êîðîâ÷èíñüêèì [6] ³ Äæ. Áàðáåðîì [8], ÿê³ ïîáóäóâàëè çàãàëüíó òåîð³þ 
òåïëîâîãî êîíòàêòó ò³ë ç óðàõóâàííÿì òåðòÿ ³ ðîçâ’ÿçàëè äåÿê³ ïëîñê³, îñå-
ñèìåòðè÷í³ òà ïðîñòîðîâ³ çàäà÷³. Ó ðîáîò³ [4] áóëî âïåðøå ðîçãëÿíóòî ïëîñ-
êó çàäà÷ó ïðî ñòèñíåííÿ äâîõ ïðóæíèõ ò³ë çà ñòàö³îíàðíîãî òåïëîóòâîðåí-
íÿ íà ä³ëÿíö³ êîíòàêòó. Çàäà÷ó äîñë³äæåíî çà òàêèõ ïðèïóùåíü: øâèäê³ñòü 
â³äíîñíîãî ïåðåì³ùåííÿ ò³ë ñòàëà é ìàëà, à òîìó äèíàì³÷íèé åôåêò çàäà÷³ 
íå âðàõîâóºòüñÿ; òåïëîâèé êîíòàêò ò³ë ³äåàëüíèé; ïîâåðõí³ ò³ë ïîçà îáëàñòþ 
êîíòàêòó º òåïëî³çîëüîâàíèìè.  

Ðîçãëÿíóò³ ðàí³øå êîíòàêòí³ çàäà÷³ âæå ìîæíà íàçâàòè êëàñè÷íèìè. 
Ïðàãíåííÿ äî çá³ëüøåííÿ òî÷íîñò³ ðîçðàõóíê³â âèìàãàº íîâèõ ïîñòàíîâîê 
ÿê ïðóæíèõ, òàê ³ òåðìîïðóæíèõ êîíòàêòíèõ çàäà÷, îñíîâíîþ îñîáëèâ³ñòþ 
ÿêèõ áóëî áè òî÷í³øå âðàõóâàííÿ ãåîìåòð³¿ ñï³âäîòè÷íèõ ò³ë. Îñê³ëüêè ðå-
àëüí³ ò³ëà º îáìåæåíèìè, òî ¿õ êîíòàêòíà âçàºìîä³ÿ íå çàâæäè àäåêâàòíî 
ìîæå áóòè îïèñàíà òåîð³ºþ Ãåðöà. Ó ïåðøó ÷åðãó öå ñòîñóºòüñÿ øàðóâàòèõ 
òðèáîñèñòåì. 

Äî íåêëàñè÷íèõ êîíòàêòíèõ çàäà÷ òàêîæ ïîòð³áíî â³äíåñòè çàäà÷³ ïðî 
êîíòàêò öèë³íäðè÷íèõ ò³ë, àêòóàëüí³ñòü ÿêèõ ïîëÿãàº ó òîìó, ùî ïîðîæíèñ-
òèé öèë³íäð º íàéá³ëüø ðîçïîâñþäæåíèì êîíñòðóêö³éíèì åëåìåíòîì ó ìà-
øèíîáóäóâàíí³. Êîíñòðóêö³¿ öèë³íäðè÷íî¿ ôîðìè ÷àñòî âèêîðèñòîâóþòü â 
àâ³àö³éí³é, ã³ðíè÷îäîáóâí³é, íàôòîâ³é, ãàçîâ³é ïðîìèñëîâîñò³, òåïëîåíåðãå-
òèö³, áóä³âíèöòâ³ òà â ³íøèõ ãàëóçÿõ. Êîíòàêòí³ çàäà÷³ äëÿ öèë³íäðè÷íèõ 
ò³ë âèíèêàþòü òàêîæ ï³ä ÷àñ ðîçðàõóíêó ï³äøèïíèê³â êî÷åííÿ, âàë³â âàëü-
öþâàëüíèõ ñòàí³â, ãàëüì³âíèõ ïðèñòðî¿â, êàòê³â ìîñòîâèõ îïîð òà ³í. 

Íàïðóæåíî-äåôîðìîâàíèé ñòàí ïîðîæíèñòîãî öèë³íäðà çà ä³¿ ð³çíèõ 
âèä³â íàâàíòàæåííÿ ç óðàõóâàííÿì òåïëîóòâîðåííÿ â³ä òåðòÿ äåòàëüíî âèâ-
÷åíèé ó ïðàöÿõ [1, 2, 5]. Íåçâàæàþ÷è íà ÷èñëåíí³ ïóáë³êàö³¿, ùî ñòîñóþòüñÿ 
ð³çíèõ àñïåêò³â êîíòàêòíî¿ âçàºìîä³¿ ò³ë ç óðàõóâàííÿì òåïëîóòâîðåííÿ â³ä 
ä³¿ ñèë òåðòÿ, ïîçà óâàãîþ äîñë³äíèê³â âñå æ çàëèøèëîñÿ âàæëèâå äëÿ àíà-
ë³çó ðåàëüíèõ ïðîöåñ³â ïèòàííÿ âèâ÷åííÿ îñîáëèâîñòåé êîíòàêòó òà âïëèâó 
òåïëîóòâîðåííÿ íà ìåõàí³çì ðîçïîä³ëó íàïðóæåíü ó äâîøàðîâ³é òðóá³ ç íå-
äîñêîíàëîñòÿìè ôîðìè ï³ä ÷àñ îáòèñíåííÿ òà ôðèêö³éíîãî íàãð³âó. Ìàáóòü 
ïåðøîþ ó öüîìó íàïðÿì³ º ïðàöÿ [3], äå ðîçãëÿíóòà ãðàíè÷íî-êîíòàêòíà 
òåðìîïðóæíà çàäà÷à äëÿ äâîøàðîâî¿ åêñöåíòðè÷íî¿ öèë³íäðè÷íî êðóãîâî¿ 
òðóáè. Âîíà áóëà ðîçâ’ÿçàíà ìåòîäîì ìàëîãî ïàðàìåòðà ç óðàõóâàííÿì ÷ëå-
í³â ïåðøîãî ïîðÿäêó ìàëîñò³. 

Ó ö³é ïðàö³ ìåòîäîì ìàëîãî ïàðàìåòðà [7] ç óðàõóâàííÿì ÷ëåí³â äî 
òðåòüîãî ïîðÿäêó ìàëîñò³ äîñë³äæåíèé âèïàäîê, êîëè ïîðîæíèñòà òðóáà êî-
ëîâîãî ïðîô³ëþ îõîïëþºòüñÿ òðóáîþ, çîâí³øíÿ ïîâåðõíÿ ÿêî¿ ìàº m -êóòíó 
ôîðìó, ð³âíÿííÿ ÿêî¿ ìàº âèãëÿä 
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 = ϕ + ε ϕ = ϕ − ε ϕcos cos ( ) ,    sin sin ( )x b m y b m[ ] [ ] , 

äå ε  1  – ìàëèé ïàðàìåòð, ùî õàðàêòåðèçóº â³äõèëåííÿ m -êóòíîãî êîí-
òóðó â³ä êîëà ðàä³óñà b . 

Âèãëÿä çîâí³øíüîãî êîíòóðó çîâí³øíüî¿ òðóáè âèçíà÷àºòüñÿ çíà÷åííÿ-
ìè ïàðàìåòð³â b , m , ε . Çàäàâøèñü ðàä³óñîì = 1b , ðîçãëÿíåìî âèïàäêè 
òðèêóòíîãî ïðè = 2m  (ðèñ. 1à) ³ ÷îòèðèêóòíîãî ïðè = 3m  (ðèñ. 1á) ïðîô³-
ë³â ïðè ð³çíèõ çíà÷åííÿõ çáóðþâàëüíîãî ïàðàìåòðà ε . Òóò ë³í³ÿ 1 â³äïîâ³-
äàº çíà÷åííþ ε = 0  (êîëî ðàä³óñà b ); ë³í³ÿ 2 – ε = 0.03 ; ë³í³ÿ 3 – ε = 0.08 ; 
ë³í³ÿ 4 – ε = 0.1 ; ë³í³ÿ 5 – ε = 0.2 ; ë³í³ÿ 6 – ε = 0.3 . 
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Рис. 1 

1. Ïîñòàíîâêà çàäà÷³. Íåõàé äîâãà êðóãîâà îñåñèìåòðè÷íà òðóáà 1 ç 
âíóòð³øí³ì ðàä³óñîì a  òà çîâí³øí³ì ðàä³óñîì c  âñòàâëåíà áåç íàòÿãó é 
ïðîçîðó â çîâí³øíþ m -êóòíó òðóáó 2 ç âíóòð³øí³ì ðàä³óñîì c . Çîâí³øíÿ 
ïîâåðõíÿ òðóáè 2 ó ïîïåðå÷íîìó ïåðåð³ç³ ìàº ôîðìó m -êóòíèêà (ðèñ. 2) ³ç 
çàîêðóãëåíèìè êóòàìè, ð³âíÿííÿ ÿêîãî ïîçíà÷èìî ÷åðåç = ϕ( )b br r . Íà á³÷-
íèõ ïîâåðõíÿõ äâîøàðîâî¿ òðóáè çàäàºìî ð³âíîì³ðíî ðîçïîä³ëåí³ ñòèñêó-
âàëüí³ íîðìàëüí³ íàïðóæåííÿ =1  ( )P r a , =2  ( )bP r r . 
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Рис. 2 

Âíóòð³øíÿ òðóáà îáåðòàºòüñÿ ç ìàëîþ ñòàëîþ êóòîâîþ øâèäê³ñòþ ω , 
âíàñë³äîê ÷îãî íà ïîâåðõí³ êîíòàêòó òðóá âèä³ëÿºòüñÿ òåïëî â³ä ï³äïîðÿä-
êîâàíîãî çàêîíó Àìîíòîíà òåðòÿ. Ì³æ çîâí³øí³ìè ïîâåðõíÿìè äâîøàðîâî¿ 
òðóáè ³ äîâê³ëëÿì, òåìïåðàòóðó ÿêîãî ââàæàºìî íóëüîâîþ, â³äáóâàºòüñÿ 
òåïëîîáì³í çà çàêîíîì Íüþòîíà ç³ ñòàëèìè êîåô³ö³ºíòàìè òåïëîâ³ääà÷³. Ìå-
õàí³÷í³ òà òåïëîô³çè÷í³ õàðàêòåðèñòèêè ìàòåð³àë³â òðóá íå çàëåæàòü â³ä 
òåìïåðàòóðè. Òåïëîâèé êîíòàêò òðóá íå³äåàëüíèé. Çà òàêèõ ïðèïóùåíü âè-
çíà÷èìî òåìïåðàòóðó, íàïðóæåííÿ ³ ïåðåì³ùåííÿ â òðóáàõ, çîêðåìà, êîí-
òàêòíèé òèñê ì³æ íèìè. 

Îñê³ëüêè ïîñòàâëåíà çàäà÷à º ïëîñêîþ, òî äëÿ ïîáóäîâè ¿¿ ðîçâ’ÿçêó 
çàñòîñóºìî ïîëÿðíó ñèñòåìó êîîðäèíàò ϕ( , )r  ç ïîëþñîì ó öåíòð³ ïîïåðå÷-
íîãî ïåðåð³çó âíóòð³øíüî¿ òðóáè òà ïîëÿðíîþ â³ññþ, ùî çá³ãàºòüñÿ ç ãåî-
ìåòðè÷íîþ ë³í³ºþ ñèìåòð³¿ äâîøàðîâî¿ òðóáè. 
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Ó ìàòåìàòè÷íîìó ïëàí³ çàäà÷à çâîäèòüñÿ äî ïîñë³äîâíîãî âèð³øåííÿ 
äâîõ çàâäàíü. 

1. Ïîáóäîâà ðîçâ’ÿçêó äèôåðåíö³àëüíîãî ð³âíÿííÿ òåïëîïðîâ³äíîñò³ 
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Òóò it  – òåìïåðàòóðà; iγ  – â³äíîñíèé êîåô³ö³ºíò òåïëîâ³ääà÷³; iλ  – êîåô³-

ö³ºíò òåïëîïðîâ³äíîñò³; h  – êîåô³ö³ºíò òåðì³÷íî¿ ïðîâ³äíîñò³ ïîâåðõí³ êîí-
òàêòó (³íäåêñ = 1i  â³äïîâ³äàº âíóòð³øí³é òðóá³, ³íäåêñ = 2i  – çîâí³øí³é 
òðóá³); 0 , ,k kp p q , 1, 2, 3k = , – êîåô³ö³ºíòè ñêëàäîâèõ êîíòàêòíîãî òèñêó; 

ν, ,i iE  αi  – ìîäóë³ ïðóæíîñò³, êîåô³ö³ºíòè Ïóàññîíà òà ë³í³éíîãî òåïëîâîãî 
ðîçøèðåííÿ â³äïîâ³äíèõ òðóá; n  ³ τ  â³äïîâ³äàþòü çîâí³øí³é íîðìàë³ òà 
äîòè÷í³é äî êîíòóðó br r= ; ( 1), 1,2,3km k m k= + = . 

2. Ïîáóäîâà ðîçâ’ÿçê³â ð³âíÿíü ùîäî ôóíêö³¿ íàïðóæåíü  
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Ðàä³àëüí³ ( )i
ru  ³ òàíãåíö³àëüí³ ϕ

( )iu  ïåðåì³ùåííÿ ïîâ’ÿçàí³ ç òåìïåðàòó-

ðîþ ³ íàïðóæåííÿìè òàêèìè ñï³ââ³äíîøåííÿìè: 
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2. Ïîáóäîâà ðîçâ’ÿçêó çàäà÷³. Ð³âíÿííÿ çîâí³øíüîãî êîíòóðó çîâí³ø-
íüî¿ òðóáè ó äåêàðòîâ³é ñèñòåì³ êîîðäèíàò ìàº âèãëÿä 

 = ϕ + ε ϕ = ϕ − ε ϕcos cos ( ) ,    sin sin ( )x b m y b m[ ] [ ] , 

äå ε  1  – ìàëèé ïàðàìåòð, ùî õàðàêòåðèçóº â³äõèëåííÿ çîâí³øíüîãî êîí-
òóðó òðóáè 2 â³ä êîëà ðàä³óñà b ; 1, 1 17m = ε =  – äëÿ åë³ïñà; = 2,m  

ε = 1 5  – äëÿ òðèêóòíèêà ç çàîêðóãëåíèìè êóòàìè; 3, 1 9m = ε =  – äëÿ ÷î-
òèðèêóòíèêà ç çàîêðóãëåíèìè êóòàìè.  

Çàäà÷ó ðîçâ’ÿçóâàòèìåìî íàáëèæåíî ìåòîäîì ìàëîãî ïàðàìåòðà [7], îá-
ìåæèâøèñü â óñ³õ ïîäàëüøèõ ïåðåòâîðåííÿõ ³ ðåçóëüòàòàõ âåëè÷èíàìè 
òðåòüîãî ïîðÿäêó ìàëîñò³. Ð³âíÿííÿ êîíòóðó çîâí³øíüî¿ á³÷íî¿ ïîâåðõí³ äâî-
øàðîâî¿ òðóáè ó ïîëÿðí³é ñèñòåì³ êîîðäèíàò ìàòèìå âèãëÿä 

 
  = + ≈ + ε + ϕ − ε + ϕ + 

 

2
2 2 11 cos (( 1) ) cos (2( 1) )

2br x y b m m  

 
=

 + ε + ϕ = + ε ϕ  
  

∑
3 3

1

1 cos (3( 1) ) cos ( )
2 k km

k

m b  , 

 2 3
1 2 3

1 1,    ,       
4 8

b b bε = ε ε = − ε ε = ε . (10) 

Ðîçâ’ÿçîê ïîäàìî ÿê ñóìó ÷îòèðüîõ äîäàíê³â 

 
3 3 3

( ) ( ) ( ) ( )
, , ,

0 0 0

,        ,       i i i i
i i k k r r k

k k k

t t u u u uϕ ϕ
= = =

= = =∑ ∑ ∑ , 

 
3 3 3

( ) ( ) ( ) ( ) ( ) ( )
, , ,

0 0 0

,      ,     i i i i i i
rr rr k k r r k

k k k
ϕϕ ϕϕ ϕ ϕ

= = =

σ = σ σ = σ σ = σ∑ ∑ ∑ , (11) 

òóò âåëè÷èíè ç ³íäåêñàìè 0k =  õàðàêòåðèçóþòü îñåñèìåòðè÷íó ÷àñòèíó 
çàäà÷³, ç ³íäåêñàìè 0k >  – ìàë³ â³äõèëåííÿ â³ä íå¿ (çáóðåíó ÷àñòèíó). 

Çàäà÷à òåïëîïðîâ³äíîñò³. Ç óðàõóâàííÿì (11) ðîçâ’ÿçîê ð³âíÿííÿ òåï-
ëîïðîâ³äíîñò³ (1) ïîäàìî ó âèãëÿä³ 

 −

=

ϕ = + + − ϕ +∑
3

( ) ( ) ( ) ( )
0 0

1

( , ) ln cos ( )km kmi i k k
i i i km

k

t r a r b C r D r[   ( )  

 −+ − ϕ( ) ( ) sin ( )km kmk k
i i kmX r Y r ]  ( ) . (12) 

Çàñòîñóâàâøè ìåòîä ìàëîãî ïàðàìåòðà [7], òåïëîâ³ óìîâè ï³ñëÿ äåÿêèõ 
ïåðåòâîðåíü íàáóäóòü âèãëÿäó 

 1,0 1,
1 1,0 1 1,:    ,       k

k

t t
r a t t

r r

∂ ∂
= = γ = γ

∂ ∂
; 

 2,0 2,
2 2,0 2 2,:   ,       cos ( )k

k km k

t t
r b t d t

r r

∂ ∂
= = − γ + ϕ = − γ

∂ ∂
 ; 
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 1,0 2,0 1,0 2,0
1 2 0 1 2 1,0 2,0: ,   ( ) 0

t t t t
r c fcp h t t

r r r r

∂ ∂ ∂ ∂
= λ − λ = ω λ + λ + − =

∂ ∂ ∂ ∂
, 

 1, 2,
1 2 cos ( ) sin ( )k k

k km k km

t t
fc p q

r r

∂ ∂
λ − λ = ω ϕ + ϕ

∂ ∂
 [ ], 

 1, 2,
1 2 1, 2,( ) 0k k

k k

t t
h t t

r r

∂ ∂
λ + λ + − =

∂ ∂
. (13) 

Ó ïîïåðåäí³õ ôîðìóëàõ ïîçíà÷åíî 

 
(2) 2

(2) 202
1 0 2 2

1
,      9( 1) 15

24
ab

d a d m b
b b

εγ −
= ε = + − γ −[ ] , 

 
(2) 3

20
3 28 15 45( 1)

24
a

d b m
b
ε

= γ − − +[ ] . 

ßê âèïëèâàº ç³ ñï³ââ³äíîøåííÿ (13), ïîñòàâëåíà çàäà÷à çâåëàñÿ äî ïî-
ñë³äîâíîñò³ ãðàíè÷íî-êîíòàêòíèõ çàäà÷ ³ç óìîâàìè íà êîëîâèõ êîíòóðàõ. 

Çàäîâîëüíÿþ÷è òåïëîâ³ êðàéîâ³ òà êîíòàêòí³ óìîâè (13), îòðèìàºìî 

 
2 2

(1) (2)1 0 2 0
0 0

1 1 2 2 1 1 2 2
,          

ac fp bc fFp
a a

a bF a bF
γ ω γ ω

= = −
λ γ + λ γ λ γ + λ γ

, 

 
2 2

(1) (2)1 0 2 0
0 0

1 1 2 2 1 1 2 2

(1 ln ) (1 ln )
,      

a a c fp b b c fFp
b b

a bF a bF
− γ ω + γ ω

= =
λ γ + λ γ λ γ + λ γ

, 

 1 1 1

2 2 2

( ln ) (1 ln )
( ln ) (1 ln )

a hc c hc a a
F

b hc c hc b b
γ λ + + − γ

=
γ λ − + + γ

, (14) 

 ( ) ( ) ( ) ( )
1 1 1 1 1 1,          k k k k

k kX s Y C s D= = , 

 ( ) ( )2 11 2 21 2
2 12 1 2

2 2

( ) ( )

2 2km km

k kkm km
k

km

hc p p hc f
C D p

hc h c+

λ + + λ λ + ω
= −

λ λ 

 


, 

 
1

( ) ( )2 11 2 21 2
2 1

2 2

( ) (1 2 )
2 2

km
k kkm km

k
km

hc p p hc c f
D D p

hc h

+−λ + − λ λ + − ω
= +

λ λ

 


, 

 ( ) ( )2 11 2 21 2
2 12 1 2

2 2

( ) ( )

2 2km km

k kkm km
k

km

hc p p hc f
X Y q

hc h c+

λ + + λ λ + ω
= −

λ λ 

 


, 

 ( ) ( )
1 ,1 ,0 1 ,1,             k k

k k k k kD Q p Q Y Q q= + = , 

 
1

( ) ( )2 11 2 21 2
2 1

2 2

( ) (1 2 )
2 2

km
k kkm km

k
km

hc p p hc c f
Y Y q

hc h

+−λ + − λ λ + − ω
= +

λ λ

 


, (15) 

äå  

 21
1 11 1 12

1

,        (1 )
( )

km

km

km
k k

km

a
s p s c

a a

γ +
= = λ +

γ −







, 

 2
21 1 1 1( ) km

k km kmp s hc c hc= λ + + λ −  , 

 
(1) (1) (2) (2)

, ,
,1 ,0(1) (1) (2) (2) (1) (1) (2) (2)

,0 ,0 ,0 ,0

,    k k b k k b k
k k

k k k k k k k k

v w v w d
Q Q

v w v w v w v w

+
= = −

+ +
, 

 1 1(1) (2)
2 2( ),      ( )km km

k km k kmv b b v b b− − −= − γ = + γ   , 
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 (1) (2)2 11 2 21 2 11 2 21
,0 ,0 2 1

2 2

( ) ( )
,

2 2 km

km km
k k

hc p p hc p p
w w

hc h c +

λ − + λ λ + + λ
= − =

λ λ 

 
, 

 
1

(1) (2)2 2
, , 1

2

( ) ( )
,

2 2

km

km

km km
k b k b

km km

hc fc hc f
w w

h h c

+

−

λ − ω λ + ω
= = −

λ





 
 

. 

Äëÿ îñòàòî÷íîãî âèçíà÷åííÿ òåìïåðàòóðíîãî ïîëÿ íåîáõ³äíî çíàòè ñòà-
ë³ ³íòåãðóâàííÿ òà ñòàë³ êîìïîíåíòè òèñêó 0 , ,k kp p q , ÿê³ îá÷èñëþþòü âæå 

ï³ñëÿ ïîáóäîâè ðîçâ’ÿçêó çàäà÷³ òåðìîïðóæíîñò³. 

Çàäà÷à òåðìîïðóæíîñò³. Ðîçâ’ÿçîê äèôåðåíö³àëüíîãî ð³âíÿííÿ (4) íà 

îñíîâ³ ïîäàííÿ (11) ùîäî ôóíêö³¿ íàïðóæåíü ( ) ( , )i rΦ ϕ  ïîäàìî ó âèãëÿä³ 

 
3

( ) ( ) ( ) ( ) ( )
0 0 1 2

1

( , ) ( ) ( ) ( ) cos ( ) ( ) sin ( )i i i i i
r k km k km

k

r r r rϕ
=

Φ ϕ = Φ + Φ ϕ + Φ ϕ + Φ ϕ∑  [ ] , 

 ( ) ( ) ( ) 2 ( ) 2 ( ) ( ) ( )
0 0 0 0 0 0( ) ln ln ,      ( )i i i i i i i
r r A r B r r C r D AϕΦ = + + + Φ ϕ = ϕ , 

 ( ) 2( ) ( ) ( ) ( )
2

1 1( ) ,   1,2km km

km km

ii i i i
jk jk jk jkjkr A B C r D r j

r r

+
−

Φ = + + + = 
  . (16) 

Àíàëîã³÷íî ðîçâ’ÿçîê äèôåðåíö³àëüíîãî ð³âíÿííÿ (5) ïîäàºìî âèðàçàìè 

 ( )
3

( ) ( ) ( ) ( ) ( )
0 0 1 2

1

( , ) ( ) ( ) cos ( ) sin ( )i i i i i
r k km k km

k

r r rϕ
=

Ψ ϕ = Ψ + Ψ ϕ + Ψ ϕ + Ψ ϕ∑  [ ] , 

 ( ) 2 ( ) ( ) ( ) ( )
0 0 0 0( ) (ln 1) ,     ( )

4(1 )
i i i i ii i
r

i

E
r r a r b Bϕ

α
Ψ = − + Ψ ϕ = ϕ

− ν
[ ] , 

 2 2( ) ( ) ( )
1

1 1( )
4(1 ) 1 1

km kmi k ki i
k i i

i km km

E
r C r D r+ − +α  Ψ = +  − ν + −

 

 
, 

 2 2( ) ( ) ( )
2

1 1( )
2(1 ) 1 1

km kmi k ki i
k i i

i km km

E
r X r Y r+ − +α  Ψ = +  − ν + −

 

 
. (17) 

Òóò 1, 2i =  – íîìåð òðóáè; 1, 2, 3m =  – çàäàº ôîðìó çîâí³øíüîãî êîíòó-

ðó òðóáè 2; 1, 2, 3k =  – ïîðÿäîê íàáëèæåííÿ. 

Ââåäåìî ôóíêö³þ ( ) ( ) ( )( , ) ( , ) ( , )i i ir r rχ ϕ = Φ ϕ − Ψ ϕ :  

 ( ) ( ) ( ) 2 ( ) 2 ( ) ( )
0 0 0 0( , ) ln lni i i i i ir A r B r r C r D Cχ ϕ = + + + + ϕ +  

 2 2( ) ( ) ( ) ( )
1 1 1 1 cos ( )km km km kmi i i i
k k k k kmA r B r C r D r− − + ++ + + + ϕ +[ ]      

 2 2( ) ( ) ( ) ( )
2 2 2 2 sin ( )km km km kmi i i i
k k k k kmA r B r C r D r− − + ++ + + + ϕ[ ]     , (18) 

äå ïîçíà÷åíî 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1 2 2,   

4(1 )( 1) 4(1 )( 1)
i i k i i ki i i i
k k i k k i

i km i km

E E
B B D B B Y

α α
= − = −

− ν − − ν − 
, 

 ( ) ( ) ( ) ( ) ( ) ( )
1 2 21 ,  

4(1 )( 1) 4(1 )( 1)
i i k i i ki i i i

k i k k ik
i km i km

E E
D D C D D X

α α
= − = −

− ν + − ν + 
, 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0 0 0 0,               

4(1 ) 4(1 )
i i i i i i ii i i i

i i

E E
B B a C C b a

α α
= − = − −

− ν − ν
( ) , 

 ( ) ( ) ( )i i iC A B= − , (19) 
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( ) ( ) ( )
0 1 2, , , , ,i i i

k kA A A    – ñòàë³ ³íòåãðóâàííÿ, ÿê³ âèçíà÷àþòüñÿ ç êðàéîâèõ ³ 

êîíòàêòíèõ óìîâ. 
Íà îñíîâ³ ôîðìóë (8) íàïðóæåííÿ ïîäàìî ó ôîðì³ 

 ( ) ( ) ( ) ( )
, 0 1, 2,( , ) ( ) ( ) cos ( ) ( ) sin ( )i i i i

rr k k km k kmr z r z r z rσ ϕ = + ϕ + ϕ  , 

 ( ) ( ) ( ) ( )
, 0 1, 2,( , ) ( ) ( ) cos ( ) ( ) sin ( )i i i i
k k km k kmr n r n r n rϕϕσ ϕ = + ϕ + ϕ  , 

 ( ) ( ) ( ) ( )
, 0 1, 2,( , ) ( ) ( ) cos ( ) ( ) sin ( )i i i i

r k k km k kmr m r m r m rϕσ ϕ = + ϕ + ϕ  , (20) 

äå ââåäåíî ôóíêö³¿ 

 ( ) ( ) ( ) ( )
0 0 0 02

1 1( ) 2 ln 2
2

i i i iz r A B r C
r

 = + + + 
 

, 

 ( ) ( ) ( ) ( )
0 0 0 02

1 3( ) 2 ln 2
2

i i i in r A B r C
r

 = − + + + 
 

, 

 2( ) ( ) ( )
, ( ) ( 1) ( 1)( 2)km kmi i i

j k km km jk km km jkz r A r B r− − −= − + − − + −      

 2( ) ( )( 1) ( 1)( 2)km kmi i
km km jk km km jkC r D r−− − − + −     , 

 2( ) ( ) ( )
, ( ) ( 1) ( 1)( 2)km kmi i i

j k km km jk km km jkn r A r B r− − −= + + − − +      

 2( ) ( )( 1) ( 1)( 2)km kmi i
km km jk km km jkC r D r−+ − + + +     , 

 2( ) ( ) ( ) ( )
0 1, 22

1( ) ,     ( ) ( 1) ( 1)kmi i i i
k km km k km kmm r C m r A r

r
− −= = + − − ×     

  

2( ) ( ) ( )
2 2 2( 1) ( 1)km km kmi i i
k km km k km km kB r C r D r− −× − − − +      , 

 2( ) ( ) ( )
2, 1 1( ) ( 1) ( 1)km kmi i i

k km km k km km km r A r B r− − −= − + − − +      

 2( ) ( )
1 1( 1) ( 1) ,    1,2km kmi i

km km k km km kC r D r j−+ − + + =     . (21) 

Ç³íòåãðóâàâøè ôîðìóëè (9), ç óðàõóâàííÿì ñï³ââ³äíîøåíü (20) ³ (21) îò-
ðèìàºìî 

 ( ) ( ) ( ) ( ) ( )
, 0 0 0 0

1 1 2(1 2 ) lni i i i ii
r k i i i

i
u A B E a r r B

E r
+ ν = − + − ν + α + − +


[ ] [  

 1( ) ( ) ( ) ( )
0 0 0 1

1
2(1 2 ) kmi i i ii

i i i km k
i

C E b a r A r
E

− −+ ν + − ν + α − + + 
]( )   

 1 1( ) ( )
1 1(2 4 ) (2 4km kmi i

i km k km k iB r C r− + −+ − ν + − + − ν −    

 
1 1( ) ( )

1( )
1) cos ( )

1 1

km km
km

lk k
i i i

km k i i km
km km

C r D r
D r E

+ − +
+  − + α + ϕ + + − 


 

 
 

 1 1( ) ( )
2 2

1
(2 4 )km kmi ii

km k i km k
i

A r B r
E

− − − ++ ν + + − ν + −
    

  

1 1( ) ( )
2 2(2 4 )km kmi i

km k i km kC r D r− +− + − ν − +    

  

1 1( ) ( )

sin ( )
1 1

km kmk k
i i

i i km
km km

X r Y r
E

+ − +
 + α + ϕ + − 

 


 

, 
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 1 1( ) ( ) ( ) ( ) ( )
, 1 2 1 1

11 (4 4 )km kmi i i i ii
k km k i km k

i
u S r S A r B r

r E
− − − +

ϕ
+ ν = + + + ν − + +

    

 1 1( ) ( )
1 1(4 4 )km kmi i

km k i km kC r D r− ++ + − ν + +    

 
1 1( ) ( )

sin ( )
1 1

km kmk k
i i

i i km
km km

C r D r
E

+ − +
 + α − ϕ − + − 

 


 

 

 1 1( ) ( )
2 2

1
(4 4 )km kmi ii

km k i km k
i

A r B r
E

− − − ++ ν − + ν − + +
    

  

1 1( ) ( )
2 2(4 4 )km kmi i

km k i km kC r D r− ++ + − ν + +    

 
1 1( ) ( )

cos ( )
1 1

km kmk k
i i

i i km
km km

X r Y r
E

+ − +
 + α − ϕ + − 

 


 

. (22) 

Ç óìîâè îäíîçíà÷íîñò³ ïåðåì³ùåíü îòðèìàºìî 

 
( )

( ) 0
0 4(1 )

i
i i i

i

E a
B

α
= −

− ν
. (23) 

Ïàðàìåòðè           

( ) ( ) ( ) ( ) ( )
0 0 1 2 0, , , , ,i i i i iA C C S S p  âèçíà÷àþòüñÿ ç êðàéîâèõ ³ êîí-

òàêòíèõ óìîâ äëÿ îñåñèìåòðè÷íî¿ çàäà÷³ 

 (1) (1)
,0 1 ,0:  ,  0rrr a P uϕ= σ = − = ; 

 (2) (2)
,0 2 ,0:  ,  0rrr b P uϕ= σ = − = ; 

 (1) (2) (1) (2) (1) (2)
,0 ,0 0 ,0 ,0 0 ,0 ,0:  ,  ,  rr rr r r r rr c p fp u uϕ ϕ= σ = σ = − σ = σ = − = , (24) 

çâ³äêè 

 
(1)2 2

(1) 1 1 0
0 1 02 2

1
ln

2(1 )
E aa c aA P p

cc a

α = − + + − ν−  
, 

 
(2)2 2

(2) 2 2 0
0 2 02 2

2
ln

2(1 )
E ab c bA P p

cc b

α = − + + − ν−  
, 

 
(1)

(1) 2 2 1 1 0 11
0 1 02 2

1

1
4(1 )2( )

E a R
C a P c p

c a

α = − + − ν−  
, 

 
(2)

(2) 2 2 2 2 0 22
0 2 02 2

2

1
4(1 )2( )

E a R
C b P c p

c b

α = − + − ν−  
, 

 (1) (2)1 2
1 0 1 02 2

1 2

1 1
,          c cS fp S fp

E Ea b

+ ν + ν
= − = − , 

 ( ) ( ) 2
2 0 0

2(1 )
,          i ii

i
S cfp C c fp

E
+ ν

= − = − , 

 2 2
11 (2 ln 1) (2 ln 1)R c c a a= + − − , 

 2 2
22 (2 ln 1) (2 ln 1)R c c b b= − − − , (25) 

 1 1 2 2
0 (1) (2) (1) (2)

p p T T

K P K P
p

K K f K K

+
=

+ − ω +( ) ( )
. (26) 
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Ó ôîðìóë³ (26) âèêîðèñòàíî òàê³ ïîçíà÷åííÿ: 

 
2 2

1 2
1 22 2 2 2

2(1 ) 2(1 )
,               

a b
K K

c a b c

− ν − ν
= =

− −
, 

 
2 2 2 2

(1) (2)1 2
2 2 2 2

2 (1 2 ) 2 (1 2 )
,       p p

a c b c
K K

c a c b

+ − ν + − ν
= = −

− −
, 

 
(1) 2

(1) 1 1 0
1 112 2

0 1

1 ln (1 2 )(ln )
2(1 )T

E a a aK c R
fp cc a

α   = + − ν − +   ω − ν −
 

 
(1)
0
(1)

1 0

1 2 ln 1
4(1 )

b
c

a

 + − − −  − ν   
, 

 
(2) 2

(2) 2 2 0
2 222 2

0 2

1 ln (1 )(ln )
2(1 )T

E a b bK c R
f p cc b

α   = + − ν − +   ω − ν −
 

 
(2)
0
(2)

2 0

1 2 ln 1
4(1 )

b
c

a

 + − − −  − ν   
. 

Âíàñë³äîê çàñòîñóâàííÿ ìåòîäó ìàëîãî ïàðàìåòðà [7] ìåõàí³÷íèì óìî-
âàì äëÿ çáóðåíî¿ ÷àñòèíè çàäà÷³ ìîæíà ï³ñëÿ äåÿêèõ ïåðåòâîðåíü íàäàòè 
òàêîãî âèãëÿäó: 

 (1) (1)
, ,:   0,          0rr k kr a uϕ= σ = = ; 

 (2)
, 1 2:   cos ( ) sin ( )r k k km k kmr b= σ = ε ϕ − ε ϕ  , 

 (2)
, 3 4sin ( ) cos ( )k k km k kmuϕ = ε ϕ − ε ϕ  ; 

 (1) (2)
, ,:   cos ( ) sin ( )rr k rr k k km k kmr c p q= σ = σ = − ϕ − ϕ  , 

 (1) (2)
, , cos ( ) sin ( )r k r k k km k kmfq fpϕ ϕσ = σ = − ϕ − ϕ  , 

 (1) (2)
, ,r k r ku u= . (27) 

Ó ïîïåðåäí³õ ôîðìóëàõ  

 
2

(2) (2) 0
11 0 0 212 2

2( 1)12 ,         
m c fp

A B
b b

+ ε ε = ε − + ε = − 
 

, 

 
2 22

2 (2) 2 (2) 0
12 0 0 222 2

4( 1)( 1) 2
( 1) 1 ,   

m c fpm
A m B

b b

+ ε+ + ε = ε − + + + ε =  
( ) , 

 
2

3 (2) 2 (2) (2)
13 0 0 31 ,02

3( 1) 5 72( 1) ,  ( 1) ( )
6 r

m
A m B m u b

b

+ +  ε = ε − + + ε = + ε    
, 

 
2 2 3

0
23 2

( 1) 0.5( 1) 6m m c fp

b

+ + + ε
ε = −

[ ]
, 

 ( )
(2)
,022

32 ,0( 1) ( ) ( )
2

r
r

ubm u b b
r

∂ ε = − + ε − ∂ 
, 

 
(2) 2 (2)2 2
,0 ,03 (2)

33 ,0 2

( 1) 5( 1) 1 ( ) ( ) ( )
8 8 8

r r
r

u um b bm u b b b
r r

∂ ∂+  ε = −ε + + + −  ∂  ∂ 
, 

 
2 2 2 2 2 3

0 0 0
41 42 43

2 3 ( 1)
,       ,       

4
c fp c fp m c fp

b b b
ε ε + + ε

ε = − ε = ε = −
[ ]

, 
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 (2) (2) (2) (2)2
,0 0 2 0 2 02

2

(1 ) 1( ) 2(1 2 ) ln 1 2(1 2 )r

b
u b A b B C

E b

+ ν = + − ν − + − ν +


[ ]  

 ( ) (2) (2)
2 2 0 0ln 1E b a b

+ α − + 


[ ] , 

 
(2)
,0 (2) (2)2

0 2 2 02
2

1 1( ) 2(1 2 ) ln (1 4 )ru
b A b B

r E b

∂ + ν = + − ν + − ν +∂ 
[ ]  

  

(2) (2) (2)
2 0 2 2 0 02(1 2 ) lnC E a b b

+ − ν + α + 


( ) , 

 
2 (2)

,0 (2) (2) (2)2
0 2 0 2 2 02 2

2

1 2( ) 2(1 2 )ru
b A B E a

bEr b

∂ + ν  = − + − ν + α 
∂  

. 

Ï³äñòàâëÿþ÷è çíà÷åííÿ íàïðóæåíü (20) ³ ïåðåì³ùåíü (22) ó êðàéîâ³ òà 
êîíòàêòí³ óìîâè (27) äëÿ çáóðåíî¿ çàäà÷³, îòðèìàºìî  

(1)
,: 0rr kr a= σ = ⇒  

 (1) (1) (1)
1 1 12 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

a a a+ − +

+ − + −
+ + +  

     
 

  

(1)
1

( 1)( 2)
0

km

km km
kD

a−

+ −
+ =

 
, 

 (1) (1) (1)
2 2 22 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

a a a+ − +

+ − + −
+ + +  

     
 

 (1)
2

( 1)( 2)
0

km

km km
kD

a−

+ −
+ =

 
; 

( )1
,: 0kr a uϕ= = ⇒  

 
(1) (1) (1)
1 1 1 1
1 1 1

(4 4 )
km km km

km k km k km kA B C

a a a+ − − +

ν − +
+ + +  

  
 

 
(1)

(1)1 1
11

(4 4 )
( ) 0

km

km k
k

D
f a

a− −

− ν +
+ + =


, 

 
(1) (1) (1)
2 2 2 2
1 1 1

(4 4 )
km km km

km k km k km kA B C

a a a+ − − +

ν − +
+ + +  

  
 

 
(1)

(1)2 2
11

(4 4 )
( ) 0

km

km k
k

D
g a

a− −

− ν +
+ + =


; 

(2)
, 1 2: cos ( ) sin ( )rr k k km k kmr b= σ = ε ϕ − ε ϕ ⇒   

 (2) (2) (2)
1 1 12 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

b b b+ − +

+ − + −
+ + +  

     
 

 (2)
1 1

( 1)( 2)
km

km km
k kD

b−

+ −
+ = ε

 
, 

 (2) (2) (2)
2 2 22 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

b b b+ − +

+ − + −
+ + +  

     
 

 (2)
2 2

( 1)( 2)
km

km km
k kD

b−

+ −
+ = ε

 
; 



141 

(2)
, 3 4: sin ( ) cos ( )k k km k kmr b uϕ= = ε ϕ − ε ϕ ⇒   

 
(2) (2) (2) (2)
1 1 1 1 1 1
1 1 1 1

(4 4 ) (4 4 )
km km km km

km k km k km k km kA B C l D

b b b b+ − − + − −

ν − + − ν +
+ + + +   

  
 

 (2)
2 3( )k kf b+ = ε , 

 
(2) (2) (2) (2)
2 2 2 2 2 2
1 1 1 1

(4 4 ) (4 4 )
km km km km

km k km k km k km kA B C D

b b b b+ − − + − −

ν − + − ν +
+ + + +   

   
 

 (2)
2 4( )k kg b+ = ε ; 

(1)
,: cos ( ) sin ( )rr k k km k kmr c p q= σ = − ϕ − ϕ ⇒   

 (1) (1) (1)
1 1 12 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − + −
+ + +  

     
 

 (1)
1

( 1)( 2)
km

km km
k kD p

c−

+ −
+ =

 
, 

 (1) (1) (1)
2 2 22 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − + −
+ + +  

     
 

 (1)
2

( 1)( 2)
km

km km
k kD q

c−

+ −
+ =

 
; 

(2)
,: cos ( ) sin ( )rr k k km k kmr c p q= σ = − ϕ − ϕ ⇒   

 (2) (2) (2)
1 1 12 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − + −
+ + +  

     
 

 (2)
1

( 1)( 2)
km

km km
k kD p

c−

+ −
+ =

 
, 

 (2) (2) (2)
2 2 22 2

( 1) ( 1)( 2) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − + −
+ + +  

     
 

 (2)
2

( 1)( 2)
km

km km
k kD q

c−

+ −
+ =

 
;

(1)
,: cos ( ) sin ( )r k k km kmr c fq fpϕ= σ = − ϕ − ϕ ⇒   

 (1) (1) (1)
1 1 12 2

( 1) ( 1) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − −
+ − −  

     
 

 (1)
1

( 1)
km

km km
k kD fq

c−

+
− =

 
, 

 (1) (1) (1)
2 2 22 2

( 1) ( 1) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − −
+ − −  

     
 

 (1)
2

( 1)
km

km km
k kD fp

c−

+
− =

 
; 

(2)
,: cos ( ) sin ( )r k k km kmr c fq fpϕ= σ = − ϕ − ϕ ⇒   

 (2) (2) (2)
1 1 12 2

( 1) ( 1) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − −
+ − −  

     
 

 (2)
1

( 1)
km

km km
k kD fq

c−

+
− =

 
, 
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 (2) (2) (2)
2 2 22 2

( 1) ( 1) ( 1)
km km km

km km km km km km
k k kA B C

c c c+ − +

+ − −
+ − −  

     
 

 (2)
2

( 1)
km

km km
k kD fp

c−

+
− =

 
; 

(1) (2)
, ,: r k r kr c u u= = ⇒  

 (1) (1) (1)1
1 1 11 1 1

2 4
km km km

km km km
k k kA B C

c c c+ − − +

− ν +
+ − +  

  
 

 (1) (1)1
1 11

2 4
( )

km

km
k kD f c

c− −

− ν −
+ + =


 

 (2) (2) (2)2
1 1 11 1 1

2 4
km km km

km km km
k k kA B C

c c c+ − − +

− ν +
= + − +  

  
 

 (2) (2)2
1 21

2 4
( )

km

km
k kD f c

c− −

− ν −
+ +


, 

 (1) (1) (1)1
2 2 21 1 1

2 4
km km km

km km km
k k kA B C

c c c+ − − +

− ν +
+ − +  

  
 

 (1) (1)1
2 11

2 4
( )

km

km
k kD g c

c− −

− ν −
+ + =


 

 (2) (2) (2)2
2 2 21 1 1

2 4
km km km

km km km
k k kA B C

c c c+ − − +

− ν +
= + − +  

  
 

 (2) (2)2
2 21

2 4
( )

km

km
k kD g c

c− −

− ν −
+ +


. (28) 

Òóò 

 
1 1

( ) ( ) ( )( )
1 1

km kms k k
jk j j j j

km km

x xf x E C D
+ − + = α − + − 

 

 
, 

 
1 1

( ) ( ) ( )( )
1 1

km kms k k
jk j j j j

km km

x xg x E X Y
+ − + = α − + − 

 

 
, 

1, 2,     1,2,      , ,j s x a b c= = = { } . 

Îòæå, îòðèìàíî ñèñòåìó ð³âíÿíü (28) äëÿ âèçíà÷åííÿ íåâ³äîìèõ ïàðà-

ìåòð³â ( ) ( ) ( ) ( )       ,  ,  ,  ,  ,  , 1, 2, 1,2, 1,2,3i i i i
jk jk jk jk k kA B C D p q i j k= = = . Ê³ëüê³ñòü ð³â-

íÿíü äîð³âíþº ê³ëüêîñò³ íåâ³äîìèõ.  

3. ×èñëîâèé àíàë³ç çàäà÷³. Çä³éñíåíî ÷èñëîâèé àíàë³ç çàäà÷³ äëÿ åë³ï-
òè÷íî¿ ( 1)m = , òðèêóòíî¿ ( 2)m =  òà ÷îòèðèêóòíî¿ ( 3)m =  òðóáè çà òàêèõ 
âõ³äíèõ äàíèõ: 

 0.1a = ì,   2c a= ,   3b a= ,   5
1 5.2 10P = ⋅ êÏà,   5

2 2.6 10P = ⋅ êÏà, 

 -13.0 c ,ω =   5000h = Âò/(ì ⋅ °Ñ),   -1 -1
1 20.1ì ,     0.05 ìγ = γ = . 

Ïåðøà òðóáà (âíóòð³øíÿ) ñòàëüíà: 

 8
1 1.9 10E = ⋅ êÏà,   1 0.3ν = ,   1 21λ = Âò/(ì ⋅ °Ñ),   7

1 1.4 10−α = ⋅ °Ñ-1. 

Äðóãà òðóáà (çîâí³øíÿ) ì³äíà: 

 8
2 1.21 10E = ⋅ êÏà, 2 0.33ν = , 2 381λ = Âò/(ì ⋅ °Ñ),   7

2 1.7 10−α = ⋅ °Ñ-1. 
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Îá÷èñëåíî êîåô³ö³ºíòè êîìïîíåíò êîíòàêòíîãî òèñêó (3) çà âèùåçãàäà-
íèõ äàíèõ: 

à) äëÿ åë³ïòè÷íî¿ òðóáè ( 1m = ): 

0 298535p = êÏà,  1 2561.59p = êÏà,  1 9508.73q = − êÏà,  2 803.744p = êÏà, 

2 1193.62q = êÏà,  3 93.0536p = − êÏà,  3 23.4642q = − êÏà; 

á) äëÿ òðèêóòíî¿ òðóáè ³ç çàîêðóãëåíèìè êóòàìè ( 2m = ): 

0 298536p = êÏà,  1 4562.17p = êÏà,  1 12538.1q = − êÏà,  2 1071.91p = êÏà, 

2 1768.39q = êÏà,  3 128.847p = − êÏà,  3 14.9665q = − êÏà; 

â) äëÿ ÷îòèðèêóòíî¿ òðóáè ³ç çàîêðóãëåíèìè êóòàìè ( 3m = ): 

0 298536p = êÏà,  1 12536.7p = êÏà,  1 18045.2q = − êÏà, 2 2670.67p = êÏà, 

2 4483.38q = êÏà,  3 454.147p = − êÏà,  3 18.7831q = − êÏà.  

 Äîñë³äæåííÿ âïëèâó çáóðþâàëüíîãî ïàðàìåòðà ε  íà ðîçïîä³ë áåçðîç-

ì³ðíèõ ðàä³àëüíèõ íàïðóæåíü ( , )rr rσ ϕ  ( 2( , ) ( , ) /rr rrr r Pσ ϕ ≡ σ ϕ ) â³ä áåçðîç-

ì³ðíî¿ ðàä³àëüíî¿ êîîðäèíàòè r a  äëÿ 
ð³çíèõ çíà÷åíü çáóðþâàëüíîãî ïà-
ðàìåòðà ε  ïðè 0ϕ = °  â åë³ïòè÷í³é 

( 1m = ) òðóá³ ïîäàíî íà ðèñ. 3à; ó òðóá³, 
çîâí³øíÿ ïîâåðõíÿ ÿêî¿ º òðèêóòíèêîì 
³ç çàîêðóãëåíèìè êóòàìè ( 2m = ) – íà 
ðèñ. 3á; ó òðóá³, çîâí³øíÿ ïîâåðõíÿ ÿêî¿ 
ìàº âèãëÿä ÷îòèðèêóòíèêà ³ç çàîê-
ðóãëåíèìè êóòàìè ( 3m = ) – íà ðèñ. 3â. 
Òóò ë³í³ÿ 1 â³äïîâ³äàº çíà÷åííþ 0ε =  
(çá³ãàºòüñÿ ç ðîçâ’ÿçêîì îñåñèìåòðè÷íî¿ 
çàäà÷³ äëÿ äâîøàðîâî¿ öèë³íäðè÷íî¿ 
òðóáè); ë³í³ÿ 2 – 0.05ε = ; ë³í³ÿ 3 – 

0.1ε = ; ë³í³ÿ 4 – 0.2ε = ; ë³í³ÿ 5 –
0.3ε = ; ë³í³ÿ 6 – 0.4ε = . 
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Рис. 3 

 ßê áà÷èìî íà ðèñ. 3, çá³ëüøåííÿ ïàðàìåòðà ε  ïðèçâîäèòü äî çá³ëüøåí-
íÿ â³äõèëåííÿ îòðèìàíèõ ðåçóëüòàò³â ðàä³àëüíèõ íàïðóæåíü â³ä çàäàíèõ íà 
çîâí³øí³é ïîâåðõí³ çîâí³øíüî¿ òðóáè ð³âíîñòÿìè (6), à, îòæå, äî çá³ëüøåííÿ 
ïîõèáêè îá÷èñëåíü. Çá³ëüøåííÿ çíà÷åííÿ m  – ê³ëüêîñò³ êóò³â çîâí³øíüîãî 
ïðîô³ëþ òðóáè 2, òåæ çá³ëüøóº â³äõèëåííÿ îòðèìàíèõ ðåçóëüòàò³â ðàä³-
àëüíèõ íàïðóæåíü â³ä çàäàíèõ íà çîâí³øí³é ïîâåðõí³ çîâí³øíüî¿ òðóáè ð³â-
íîñòÿìè (6). Öå äîáðå âèäíî, ÿêùî ç³ñòàâèòè ë³í³¿ 4, 5, 6 íà ðèñ. 3à, á, â. 
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Âåëè÷èíó â³äíîñíî¿ ïîõèáêè 2 2( , ) 100 %rrP r P∆ = − σ ϕ ⋅/  çàäîâîëüíÿí-

íÿ êðàéîâî¿ óìîâè (6) íà çîâí³øíüîìó êîíòóð³ äâîøàðîâî¿ òðèáîñèñòåìè çà 
ð³çíèõ çíà÷åíü çáóðþâàëüíîãî ïàðàìåòðà ε , ïîëÿðíîãî êóòà ϕ  òà ïàðàìåò-
ðà m íàâåäåíî ó òàáë. 1 (çíà÷åííÿ ïîäàíî ó %). 

Таблиця 1 
äâîøàðîâà åë³ïòè÷íà  

òðóáà ( 1)m =  
äâîøàðîâà òðèêóòíà 

òðóáà ( 2)m =  
äâîøàðîâà ÷îòèðè-
êóòíà òðóáà ( 3)m =  ε 

0° 45° 90° 0° 45° 90° 0° 45° 90° 
0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.01 0.0105 0.4164 0.0111 0.0099 0.4697 0.5978 0.0027 0.7736 0.0070 

0.02 0.0407 0.8484 0.0459 0.0367 1.0132 1.1654 0.0034 1.6820 0.0366 

0.03 0.0891 1.2949 0.1063 0.0768 1.6317 1.7009 0.0061 2.7285 0.1013 

0.04 0.2968 1.7549 0.1946 0.2908 2.3257 2.2026 0.1861 3.9167 0.2117 
0.05 0.5869 2.2274 0.3128 0.6044 3.0957 2.6688 0.5155 5.2504 0.3760 

0.06 0.8860 2.7111 0.4628 0.9374 3.9420 3.0977 0.8853 6.7330 0.5992 

0.07 1.1933 3.2051 0.6464 1.2890 4.8643 3.4876 1.2964 8.3677 0.8836 

0.08 1.5078 3.7082 0.8653 1.6585 5.8619 3.8367 1.7502 10.1574 1.2284 

0.09 1.8286 4.2192 1.1210 2.0450 6.9340 4.1433 2.2479 12.1043 1.6302 

0.10 2.1548 4.7369 1.4147 2.4477 8.0790 4.4054 2.7907 14.2102 2.0834 
0.15 3.8344 7.3820 3.4875 4.2052 13.3484 4.9718 5.4371 24.2464 4.2347 

0.20 5.5100 9.9936 6.6412 7.1944 23.0073 4.1472 10.9661 41.6594 7.3219 

0.25 7.0662 12.3710 11.1308 9.9003 32.2035 1.5999 17.1702 56.2948 8.7033 

0.30 8.3874 14.2900 18.0432 12.6963 42.0324 2.8861    

 ßê âèäíî ³ç òàáë. 1, çíà÷åííÿ ïîõèáêè øâèäêî çðîñòàº çà çíà÷åíü çáó-
ðþâàëüíîãî ïàðàìåòðà 0.1ε >  (äëÿ äâîøàðîâî¿ åë³ïòè÷íî¿ ³ òðèêóòíî¿ òðó-
áè), à äëÿ ÷îòèðèêóòíî¿ òðóáè ³ç çàîêðóãëåíèìè êóòàìè – âæå ïðè 0.08ε >  
çà ïåâíèõ çíà÷åíü ïîëÿðíîãî êóòà ïåðåâèùóº 10%. 

 Âèñíîâêè. Çà äîïîìîãîþ ìåòîäó çáóðåííÿ ôîðìè ìåæ³ ïîáóäîâàíî íà-
áëèæåíèé ðîçâ’ÿçîê ïëîñêî¿ ñòàòè÷íî¿ ãðàíè÷íî-êîíòàêòíî¿ òåðìîïðóæíî¿ 
çàäà÷³ äëÿ äâîøàðîâî¿ m -êóòíî¿ òðóáè, ÿêà ïåðåáóâàº ï³ä ä³ºþ íåð³âíîì³ð-
íî ðîçïîä³ëåíîãî ôðèêö³éíîãî òåìïåðàòóðíîãî ïîëÿ ³ ð³âíîì³ðíî ðîçïîä³ëå-
íîãî çîâí³øíüîãî òà âíóòð³øíüîãî òèñê³â. Öåé ðîçâ’ÿçîê òî÷íî çàäîâîëüíÿº 
äèôåðåíö³àëüíå ð³âíÿííÿ òåïëîïðîâ³äíîñò³ òà ð³âíÿííÿ íà ôóíêö³¿ íàïðó-
æåíü, êîíòàêòí³ óìîâè ñêëàäîâèõ òðóá òà óìîâè íà âíóòð³øíüîìó êîíòóð³ 
äâîøàðîâî¿ ñèñòåìè. Ëèøå òåïëîâ³ òà ìåõàí³÷í³ óìîâè íà çîâí³øíüîìó êîí-
òóð³ çàäîâîëüíÿþòüñÿ íàáëèæåíî ³ çà âåëè÷èíîþ ïîõèáêè ¿õ âèêîíàííÿ 
ìîæíà ñóäèòè ïðî òî÷í³ñòü îòðèìàíèõ ðåçóëüòàò³â. ×èñëîâèé àíàë³ç çàäà÷³ 
ñâ³ä÷èòü, ùî çá³ëüøåííÿ ìàëîãî ïàðàìåòðà ε  âåäå äî çá³ëüøåííÿ â³äõèëåí-
íÿ çíà÷åíü ðàä³àëüíèõ íàïðóæåíü â³ä çàäàíèõ íà ãðàíèö³ 0.3r = ì ( /r a =  

3= ) äâîøàðîâî¿ òðèáîñèñòåìè, à, îòæå, äî çá³ëüøåííÿ ïîõèáêè îá÷èñëåíü. 
Òàêîæ çá³ëüøåííÿ ïàðàìåòðà m  (ê³ëüêîñò³ êóò³â äâîøàðîâî¿ m -êóòíî¿ 
òðóáè ç çàîêðóãëåíèìè êóòàìè) çà ô³êñîâàíîãî çíà÷åííÿ çáóðþâàëüíîãî ïà-
ðàìåòðà ε  ñïðè÷èíÿº çá³ëüøåííÿ â³äõèëåííÿ çíà÷åíü ðàä³àëüíèõ íàïðó-
æåíü â³ä çàäàíèõ íà ãðàíèö³ 0.3r = ì ( / 3r a = ) äâîøàðîâî¿ òðèáîñèñòåìè. 
Â³äíîñíà ïîõèáêà ∆  çàäîâîëåííÿ êðàéîâî¿ óìîâè (6) íà çîâí³øíüîìó êîí-
òóð³ äâîøàðîâî¿ òðèáîñèñòåìè çà ð³çíèõ çíà÷åíü çáóðþâàëüíîãî ïàðàìåòðà 
ε  ³ ð³çíèõ çíà÷åíü ïîëÿðíîãî êóòà ϕ  äëÿ äâîøàðîâî¿ òðèáîñèñòåìè øâèäêî 

çá³ëüøóºòüñÿ ïðè çíà÷åííÿõ çáóðþâàëüíîãî ïàðàìåòðà 0.1ε >  (äëÿ äâî-
øàðîâî¿ åë³ïòè÷íî¿ ³ òðèêóòíî¿ òðóáè), à äëÿ ÷îòèðèêóòíî¿ òðóáè ³ç çà-
îêðóãëåíèìè êóòàìè – ïðè 0.08ε >  ³ ñêëàäàº á³ëüøå 10%. Îòæå, çá³ëü-
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øåííÿ ïàðàìåòðà ε  çà òèìè ìåæàìè ñïðè÷èíÿº òå, ùî çàäà÷à â òàê³é ïî-
ñòàíîâö³ íå äàº äîñòàòíüî òî÷íîãî ðåçóëüòàòó ³ ñë³ä âèêîðèñòîâóâàòè ³íø³ 
ï³äõîäè äî ¿¿ ðîçâ’ÿçàííÿ. Îäíàê òåõíîëîã³÷í³ çáóðåííÿ ôîðìè íå ìîæóòü 
ñïðè÷èíèòè íàñò³ëüêè âåëèêèõ çíà÷åíü ïàðàìåòðà ε . Îòæå, ùîá çàäîâîëü-
íèòè êðàéîâó óìîâó (6) íà çîâí³øíüîìó êîíòóð³ äâîøàðîâî¿ òðèáîñèñòåìè, 
ìîæíà êîðèñòóâàòèñÿ çíà÷åííÿìè 0 0.08ε = ÷ . Ïðè 0 0.03≤ ε ≤  ïîõèáêà íå 
ïåðåâèùóº 3%. 
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СТАТИЧЕСКОЕ ТЕРМОУПРУГОЕ РАВНОВЕСИЕ ДВУХСЛОЙНОЙ m -УГОЛЬНОЙ 
ТРУБЫ ПРИ ОБЖАТИИ И ФРИКЦИОННОМ НАГРЕВЕ 
 
Ñôîðìóëèðîâàíà ïîñòàíîâêà è ïîñòðîåíî ïðèáëèæåííîå ðåøåíèå ïëîñêîé ñòà-
òè÷åñêîé ãðàíè÷íî-êîíòàêòíîé òåðìîóïðóãîé çàäà÷è äëÿ äâóõñëîéíîé m -óãîëü-
íîé òðóáû, íàõîäÿùåéñÿ ïîä äåéñòâèåì ôðèêöèîííîãî òåìïåðàòóðíîãî ïîëÿ è 
ðàâíîìåðíî ðàñïðåäåëåííûõ ñæèìàþùèõ íîðìàëüíûõ íàïðÿæåíèé íà áîêîâûõ ïî-
âåðõíîñòÿõ ïðè óñëîâèè, ÷òî ìåõàíè÷åñêèå è òåïëîôèçè÷åñêèå õàðàêòåðèñòèêè 
ìàòåðèàëîâ íå çàâèñÿò îò òåìïåðàòóðû. Âíóòðåííÿÿ òðóáà – êðóãîâàÿ îñåñèì-
ìåòðè÷íàÿ; âíåøíÿÿ ïîâåðõíîñòü âíåøíåé òðóáû â ïîïåðå÷íîì ñå÷åíèè èìååò 
ôîðìó m -óãîëüíèêà ñ çàîêðóãëåííûìè óãëàìè. Çàäà÷à ðåøåíà ìåòîäîì ìàëîãî ïà-
ðàìåòðà ñ ó÷åòîì ÷ëåíîâ äî òðåòüåãî ïîðÿäêà ìàëîñòè.  
 
STATIC THERMOELASTIC EQUILIBRIUM OF TWO-LAYER m -GON PIPE 
AT COMPRESSION AND CONTACT HEATING 
 
The formulation and corresponding approximate solution to the plane static boundary 
contact thermoplastic problem for two-layer m -gon tube is presented. It is assumed 
that a cylindrical system is under the temperature field and given normal stresses 
which are uniformly distributed on the lateral surfaces. The mechanical and thermo-
physical properties of materials are temperature-independent. The internal tube is cir-
cular axially symmetric, the external surface of external tube has the form of m -angle 
with rounded angles. The problem is solved by the method of small parameter with 
regard for three-order terms. 
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