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Äëÿ ðîçâ’ÿçóâàííÿ äâîâèì³ðíèõ êðàéîâèõ çàäà÷ ïðî íàïðóæåíî-äåôîðìîâàíèé 
ñòàí çàìêíóòèõ ³ â³äêðèòèõ îáîëîíîê çì³ííî¿ òîâùèíè ïðè ä³¿ íåð³âíîì³ðíî 
ðîçïîä³ëåíèõ ³ ëîêàëüíèõ íàâàíòàæåíü äëÿ äîâ³ëüíèõ âèä³â çàêð³ïëåííÿ êðà¿â 
çàïðîïîíîâàíî íåòðàäèö³éíèé ï³äõ³ä, ùî áàçóºòüñÿ íà ñïëàéí-àïðîêñèìàö³¿ 
ðîçâ’ÿçê³â â îäíîìó êîîðäèíàòíîìó íàïðÿìêó òà ðîçâ’ÿçàíí³ îòðèìàíî¿ îä-
íîâèì³ðíî¿ êðàéîâî¿ çàäà÷³ çà äîïîìîãîþ ñò³éêîãî ÷èñåëüíîãî ìåòîäó äèñ-
êðåòíî¿ îðòîãîíàë³çàö³¿. Íàâåäåíî ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷ ó âèãëÿä³ 
ãðàô³ê³â ³ òàáëèöü. 

 
Äîñë³äæåííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó îáîëîíîê ³ ïëàñòèí, ùî 

çíàõîäÿòüñÿ ï³ä ä³ºþ ð³çíèõ âèä³â íàâàíòàæåííÿ ïðè äîâ³ëüíèõ ñïîñîáàõ 
çàêð³ïëåííÿ êðà¿â, ïðèâîäèòü äî ôîðìóëþâàííÿ òà ðîçâ’ÿçóâàííÿ êðàéîâèõ 
çàäà÷, ó çàãàëüíîìó âèïàäêó, äëÿ ñèñòåì äèôåðåíö³àëüíèõ ð³âíÿíü ó ÷àñ-
òèííèõ ïîõ³äíèõ ç³ çì³ííèìè êîåô³ö³ºíòàìè. Ñêëàäí³ñòü ðîçâ’ÿçàííÿ òàêèõ 
çàäà÷ çóìîâëåíà íå ò³ëüêè âèñîêèì ïîðÿäêîì ñèñòåìè, çì³íí³ñòþ êîåô³ö³ºí-
ò³â ³ íåîáõ³äí³ñòþ òî÷íî çàäîâîëüíèòè ãðàíè÷í³ óìîâè. Âèêîðèñòàííÿ òîãî 
÷è ³íøîãî ìåòîäó äëÿ îòðèìàííÿ ðîçâ’ÿçêó çàäà÷³ ç äîñòàòí³ì ñòóïåíåì 
òî÷íîñò³ çíà÷íîþ ì³ðîþ çàëåæèòü â³ä ãåîìåòðè÷íèõ ³ ìåõàí³÷íèõ ïàðàìåò-
ð³â, ÿê³ õàðàêòåðèçóþòü äåÿê³ îñîáëèâîñò³ çàäà÷³, ³ âèãëÿäó ãðàíè÷íèõ óìîâ, 
ùî ³íêîëè îáìåæóº ìîæëèâîñò³ ðîçâ’ÿçàííÿ çàäà÷ ó âàæëèâèõ ó ïðèêëàä-
íîìó â³äíîøåíí³ âèïàäêàõ çì³íè æîðñòêîñò³ òà çàêð³ïëåííÿ îáîëîíîê ³ 
ïëàñòèí. Êð³ì òîãî, â çàäà÷àõ òåîð³¿ îáîëîíîê ìàþòü ì³ñöå ëîêàëüí³ òà êðà-
éîâ³ åôåêòè, ùî íàêëàäàº ïåâí³ óìîâè æîðñòêîñò³ íà êðàéîâ³ çàäà÷³, ÿê³ 
ïîâ’ÿçàí³ ç ÿâèùåì íåñò³éêîñò³ îá÷èñëåíü ó ïðîöåñ³ ðîçðàõóíê³â. 

Îñòàíí³ì ÷àñîì ó çàäà÷àõ îá÷èñëþâàëüíî¿ ìàòåìàòèêè, ìàòåìàòè÷íî¿ 
ô³çèêè òà ìåõàí³êè äëÿ ¿õ ðîçâ’ÿçàííÿ øèðîêî âèêîðèñòîâóþòü ñïëàéí-
ôóíêö³¿. Öå ìîæíà ïîÿñíèòè ïåðåâàãàìè àïàðàòà ñïëàéí-íàáëèæåíü ïîð³â-
íÿíî ç ³íøèìè. Äî îñíîâíèõ ïåðåâàã ìîæíà â³äíåñòè òàê³: ñò³éê³ñòü ñïëàéí³â 
ñòîñîâíî ëîêàëüíèõ çáóðåíü, òîáòî ïîâåä³íêà ñïëàéíà â îêîë³ òî÷êè íå 
âïëèâàº íà ïîâåä³íêó ñïëàéíà â ö³ëîìó, ÿê, íàïðèêëàä, öå ìàº ì³ñöå ïðè 
ïîë³íîì³àëüíîìó íàáëèæåíí³; äîáðà çá³æí³ñòü ñïëàéí-³íòåðïîëÿö³¿, íà â³ä-
ì³íó â³ä áàãàòî÷ëåííî¿ íà êîìï’þòåðàõ. 

Ó çâ’ÿçêó ³ç çàçíà÷åíèìè îñîáëèâîñòÿìè ñïëàéí-ôóíêö³¿ øèðîêî âèêî-
ðèñòîâóþòü ïðè ðîçâ’ÿçóâàíí³ ïðèêëàäíèõ çàäà÷. Âåëèêó îáëàñòü äëÿ âèêî-
ðèñòàííÿ ñïëàéí-àïðîêñèìàö³¿ óòâîðþþòü çàäà÷³ òåîð³¿ äåôîðì³âíèõ ïðóæ-
íèõ ò³ë. Ïðè öüîìó ñïëàéí-ôóíêö³¿ ìîæóòü áóòè åôåêòèâíî çàñòîñîâàí³ äëÿ 
ðîçâ’ÿçàííÿ îäíîâèì³ðíèõ ³ äâîâèì³ðíèõ çàäà÷ òåîð³¿ îáîëîíîê ³ ïëàñòèí, 
äâîâèì³ðíèõ ³ òðèâèì³ðíèõ çàäà÷ òåîð³¿ ïðóæíîñò³. 

Áàãàòî óâàãè ó ñâî¿õ ðîáîòàõ ÷ëåí-êîðåñïîíäåíò ÍÀÍ Óêðà¿íè 
ß. É. Áóðàê ïðèä³ëÿâ ³ ïðèä³ëÿº ïèòàííÿì, ïîâ’ÿçàíèì ³ç óçàãàëüíåííÿì ìî-
äåëåé äåôîðìóâàííÿ îáîëîíîê ³ ðîçðîáêîþ ìåòîä³â ¿õ ðîçðàõóíêó ï³ä ä³ºþ 
ñèëîâèõ ³ òåïëîâèõ íàâàíòàæåíü, ùî âèêëàäåíî â êíèãàõ [2–4]. 

Ó ö³é ðîáîò³ íàâîäèòüñÿ ï³äõ³ä äî ðîçâ’ÿçóâàííÿ êëàñó äâîâèì³ðíèõ 
çàäà÷ ñòàòèêè ³çîòðîïíèõ ³ îðòîòðîïíèõ íåêðóãîâèõ öèë³íäðè÷íèõ îáîëîíîê 
çì³ííî¿ òîâùèíè ç åë³ïòè÷íèì ³ ãîôðîâàíèì ïîïåðå÷íèìè ïåðåð³çàìè ïðè 
íåð³âíîì³ðíîìó é ëîêàëüíîìó íàâàíòàæåíí³ òà äîâ³ëüíèõ ãðàíè÷íèõ óìîâàõ 
íà êîíòóðàõ. 

1. Îñíîâí³ ð³âíÿííÿ. Çà âèõ³äí³ ïðèéìàºìî ð³âíÿííÿ òåîð³¿ òîíêèõ îáî-
ëîíîê íà îñíîâ³ ðîá³ò Õ. Ì. Ìóøòàð³, Ë. Ò. Äîííåëëà, Â. Ç. Âëàñîâà òà 
Ñ. À. Àìáàðöóìÿíà [5, 6]. Ïðè öüîìó ïîêëàäàºìî, ùî ñòðóêòóðà îáîëîíîê 
ñèìåòðè÷íà â³äíîñíî ¿õ ñåðåäèííî¿ ïîâåðõí³. 
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Â³äíåñåìî ñåðåäèííó ïîâåðõíþ öèë³íäðè÷íî¿ îáîëîíêè äî îðòîãîíàëü-
íî¿ ñèñòåìè êîîðäèíàò ,s t , äå s  ³ t  – â³äïîâ³äíî äîâæèíè äóã óçäîâæ 
òâ³ðíî¿ ³ íàïðÿìíî¿. Ïåðøà êâàäðàòè÷íà ôîðìà çàïèøåòüñÿ ó âèãëÿä³ 

 = +2 2 2dS ds dt . (1) 

Òîä³ îñíîâí³ âèõ³äí³ ð³âíÿííÿ áóäóòü ìàòè òàêèé âèãëÿä: 

– âèðàçè äëÿ äåôîðìàö³é 

 ∂ε =
∂s
u
s

,  ∂ε = +
∂t

t

v w
t R

,  ∂ ∂ε = +
∂ ∂st
u v
t s

,  

 ∂= −
∂

2

2s
w
s

æ , ∂= −
∂

2

2t
w
t

æ , ∂= −
∂ ∂

2

st
w

s t
æ ; (2) 

– ð³âíÿííÿ ð³âíîâàãè  

 
∂ ∂+ =
∂ ∂

0sN S
s t

,  
∂ ∂+ =
∂ ∂

0tN S
t s

, 

 
∂ ∂+ − =
∂ ∂

0s
s

M H Q
s t

, 
∂ ∂+ − =
∂ ∂

0t
t

M H Q
t s

, 

 γ
∂ ∂

+ − + =
∂ ∂

0s t t

t

Q Q N
q

s t R
; (3) 

– ñï³ââ³äíîøåííÿ ïðóæíîñò³ 

 = ε + ε11 12s s tN C C ,  = ε + ε12 22t s tN C C , 

 = ε66 stS C , 

 = +11 12s s tM D Dæ æ , = +12 22t s tM D Dæ æ , 

 = 662 stH D æ , 1 20 ,         s L t t t≤ ≤ ≤ ≤ , (4) 

äå 

 =
− ν ν11 1

s

s t

E h
C , 

ν
=

− ν ν12 1
t s

s t

E h
C

ν
=

− ν ν1
s t

s t

E h
, =

− ν ν22 1
t

s t

E h
C ,  =66 stÑ G h , 

 =
− ν ν

3

11 12(1 )
s

s t

E h
D ,    

ν
=

− ν ν

3

12 12(1 )
s t

s t

E h
D

ν
=

− ν ν

3

12(1 )
t s

s t

E h
, 

 =
− ν ν

3

22 12(1 )
t

s t

E h
D ,    =

3

66 12 12
hD G . (5) 

Ó âèïàäêó ³çîòðîïíèõ îáîëîíîê ,  ij ijC D  ó ôîðìóëàõ (5) íàáóâàþòü òà-

êèõ çíà÷åíü: 

 =
− ν11 21
EhC ,    ν=

− ν12 21
EhC ,    =

− ν22 21
EhC ,    =

+ ν66 2(1 )
EhC ,   

 =
− ν

3

11 212(1 )
EhD , ν=

− ν

3

12 212(1 )
EhD , =

− ν

3

22 212(1 )
EhD , =

+ ν

3

66 24(1 )
EhD . 

Ó ñï³ââ³äíîøåííÿõ (2)–(4) , ,u v w  – ïåðåì³ùåííÿ ó íàïðÿìêó òâ³ðíî¿, 

íàïðÿìíî¿ òà íîðìàë³ äî ñåðåäèííî¿ ïîâåðõí³; = ( , )h h s t  – òîâùèíà îáîëîí-

êè; = ( )t tR R t  – ðàä³óñ êðèâèçíè â ïîïåðå÷íîìó ïåðåð³ç³; , , ,s t s tE E ν ν  – 
ìîäóë³ Þíãà òà êîåô³ö³ºíòè Ïóàññîíà âçäîâæ íàïðÿì³â êîîðäèíàòíèõ îñåé; 

γ ( , )q s t  – íîðìàëüíå íàâàíòàæåííÿ. 
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Ñï³ââ³äíîøåííÿ (2)–(4) óòâîðþþòü çàìêíåíó ñèñòåìó äèôåðåíö³àëüíèõ 
ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ âîñüìîãî ïîðÿäêó, ùî îïèñóº íàïðóæåíî-äå-
ôîðìîâàíèé ñòàí îáîëîíîê. Äëÿ âèçíà÷åííÿ äîâ³ëüíîñòåé, ùî ì³ñòÿòüñÿ ó 
çàãàëüíîìó ³íòåãðàë³ ö³º¿ ñèñòåìè, íåîáõ³äíî çàäàòè ãðàíè÷í³ óìîâè íà êîí-
òóðàõ äëÿ â³äêðèòèõ îáîëîíîê àáî ãðàíè÷í³ óìîâè íà òîðöÿõ òà óìîâè ïå-
ð³îäè÷íîñò³ âçäîâæ íàïðÿìíî¿ äëÿ çàìêíóòèõ îáîëîíîê. 

2. Ï³äõ³ä äî ðîçâ’ÿçàííÿ çàäà÷. Äëÿ ðîçâ’ÿçóâàííÿ òàêîãî êëàñó äâîâè-
ì³ðíèõ çàäà÷ çàñòîñîâóºìî ï³äõ³ä, ùî áàçóºòüñÿ íà àïðîêñèìàö³¿ øóêàíîãî 
ðîçâ’ÿçêó â îäíîìó êîîðäèíàòíîìó íàïðÿì³ çà äîïîìîãîþ ñïëàéí-ôóíêö³é 
òà âèêîðèñòàíí³ ìåòîäó ñïëàéí-êîëîêàö³¿ [1, 7, 8], à äëÿ ðîçâ’ÿçàííÿ îòðè-
ìàíî¿ ïðè öüîìó êðàéîâî¿ çàäà÷³ äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíö³àëüíèõ 
ð³âíÿíü çàñòîñîâóºìî ñò³éêèé ÷èñåëüíèé ìåòîä äèñêðåòíî¿ îðòîãîíàë³çàö³¿ 
[5]. Òàêèé ï³äõ³ä äîçâîëÿº îòðèìàòè ðîçâ’ÿçîê âèõ³äíî¿ êðàéîâî¿ çàäà÷³ äëÿ 
äîâ³ëüíèõ ãðàíè÷íèõ óìîâ íà êîíòóðàõ îáîëîíêè ç âèñîêèì ñòóïåíåì òî÷-
íîñò³. Ó â³äïîâ³äíîñò³ ç âêàçàíèì íà îñíîâ³ (2)–(4) ðîçâ’ÿçóâàëüíó ñèñòåìó 
ð³âíÿíü ó ïåðåì³ùåííÿõ çàïèøåìî ó âèãëÿä³ 

 
∂ ∂∂ ∂ ∂ ∂ ∂+ + + + + +

∂ ∂ ∂ ∂ ∂ ∂∂ ∂

2 2 2
11 66

11 66 12 662 2
( )

C Cu u v u vC C C C
s t s s t ss t

 

 
∂ ∂ ∂∂ ∂ ∂+ + + + =

∂ ∂ ∂ ∂ ∂ ∂
12 66 12 12 0
t t

C C C Cw u v w
R s t t s t s R

, 

 
∂ ∂∂ ∂ ∂ ∂ ∂ ∂+ + + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂

2 2 2
22 66 22

22 66 12 662 2
( )

t

C C Cv v u v u wC C C C
s t t t s t R tt s

 

 66 12 22 22
2

1 0t

t t

C C C C Rv u w
s s t s t R tR

∂ ∂ ∂ ∂∂ ∂  + + + − = ∂ ∂ ∂ ∂ ∂ ∂ 
, 

 
∂ ∂∂ ∂ ∂ ∂ ∂+ + + + + +

∂ ∂∂ ∂ ∂ ∂ ∂ ∂

4 4 4 3 3
11 22

11 22 12 664 4 2 2 3 3
(2 4 ) 2 2

D Dw w w w wD D D D
s ts t s t s t

 

 
3 3

12 66 12 66
2 2

2 4 2 4
D D D Dw w
t t s ss t s t

∂ ∂ ∂ ∂∂ ∂   + + + + +   ∂ ∂ ∂ ∂   ∂ ∂ ∂ ∂
 

 
2 2 2 22 2

11 12 12 22
2 2 2 2 2 2

D D D Dw w
s t s s t t

∂ ∂ ∂ ∂∂ ∂   + + + + +   
   ∂ ∂ ∂ ∂ ∂ ∂

 

  

2 2
66 12 22 22

2
4 0

t t t

D C C Cw u v w q
s t s t R s R t R

γ
∂ ∂ ∂ ∂+ + + + − =
∂ ∂ ∂ ∂ ∂ ∂

. (6) 

Ç ìåòîþ àïðîêñèìàö³¿ ðîçâ’ÿçêó äâîâèì³ðíî¿ êðàéîâî¿ çàäà÷³ â íàïðÿì-
êó òâ³ðíî¿ ïåðåòâîðèìî ñèñòåìó ð³âíÿíü (6) äî òàêîãî âèãëÿäó: 

∂ ∂ ∂ ∂ ∂ν ∂ ν ∂ν= + + + + + +
∂ ∂ ∂ ∂ ∂ ∂∂ ∂  

2 2 2

11 12 13 14 15 162 2
u u u ua a a a a a

s t s s t tt s
∂+
∂17 18 ,wa w a
s

 

∂ ν ∂ ∂ ∂ ∂ ν ∂ν ∂ν= + + + + + +
∂ ∂ ∂ ∂ ∂ ∂∂ ∂ 

2 2 2

21 22 23 24 25 262 2
u u ua a a a a a
s t s t s tt s

∂+
∂27 28 ,wa w a
t

 

∂ ∂ ∂ν ∂ ∂ ∂ ∂= + + + + + + +
∂ ∂ ∂ ∂∂ ∂ ∂ ∂  

4 2 3 4 2

31 32 33 34 35 36 374 2 3 4
w u w w w wa a a w a a a a

s t s tt s s s
 

 ∂ ∂ ∂ ∂ ∂+ + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 

 

3 3 4 2 3

38 39 3,10 3,11 3,12 12 2 2 2 2 3
,w w w w wa a a a a b

s t s t s t t t
 (7) 

äå êîåô³ö³ºíòè 1( , ),  ija s t b  ìàþòü âèãëÿä 
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 11 11 66
11 12 13

66 66 66

1 1,       ,       ,
C C C

a a a
C C s C t

∂ ∂
= − = − = −

∂ ∂
  

 66 12 66 12
14 15 16

66 66 66

1 1,       ,       ,
C C C C

a a a
C t C C s

∂ + ∂
= − = − = −

∂ ∂
 

 12 12
17 18

66 66

1 ,       
t t

C C
a a

R C s C R
∂

= − = −
∂

;  

 
∂ ∂ +

= − = − = −
∂ ∂

12 66 66 12
21 22 23

22 22 22

1 1,    ,    ,
C C C C

a a a
C t C s C

   = − 66
24

22
,

C
a

C
 

 
∂ ∂

= − = −
∂ ∂

66 22
25 26

22 22

1 1,    ,
C C

a a
C s C t

   
∂ ∂ = − − ∂ ∂ 

22 22
27

22

1 ,t

t t

C C R
a

R C t R t
 

  12 22 22
28 31 32 33 2

22 22 22

1 ;     ,     ,     
t t t t

C C C
a a a a

R D R D R D R
= − = − = − = − , 

 
2 2

11 12 11
34 352 2

22 22

1 2,       
D D D

a a
D D ss t

∂ ∂ ∂ = − + = −  ∂ ∂ ∂
, 

 
2

11 66
36 37

22 22

4,          
D D

a a
D D s t

∂
= − = −

∂ ∂
, 

 66 12
38

22

2 2 ,
D D

a
D t t

∂ ∂ = − + ∂ ∂ 
     66 12

39
22

2 2
D D

a
D s s

∂ ∂ = − + ∂ ∂ 
, 

 
2 2

22 12
3,10 66 12 3,11 2 2

22 22

2 1(2 ),          
D D

a D D a
D D t s

∂ ∂ = − + = − + 
 ∂ ∂

, 

 
∂

= −
∂

22
3,12

22

1 ,
D

a
D t

                 γ= −1
22

q
b

D
. (8) 

Äîäàþ÷è äî ñèñòåìè ðîçâ’ÿçóâàëüíèõ ð³âíÿíü (7) ãðàíè÷í³ óìîâè àáî óìîâè 
ñèìåòð³¿, îòðèìóºìî äâîâèì³ðíó êðàéîâó çàäà÷ó. 

Äëÿ çíèæåííÿ ðîçì³ðíîñò³ ñèñòåìè äèôåðåíö³àëüíèõ ð³âíÿíü (7) çàñòî-
ñîâóºìî ñïëàéí-àïðîêñèìàö³þ ðîçâ’ÿçê³â ó íàïðÿì³ òâ³ðíî¿, òîáòî ðîçâ’ÿçêè 
êðàéîâî¿ çàäà÷³ äëÿ ñèñòåìè ð³âíÿíü (7) øóêàºìî â òàêîìó âèãëÿä³: 

 
=

= ϕ∑ 1
0

( , ) ( ) ( ),
N

i i
i

u s t u t s  
=

= ϕ∑ 2
0

( , ) ( ) ( ),
N

i i
i

v s t v t s   

 
=

= ψ∑
0

( , ) ( ) ( ),
N

i i
i

w s t w t s  (9) 

äå , , ,  0, ,i i iu v w i N=  , – øóêàí³ ôóíêö³¿, à 1 2, , ,  0, , ,  6i i i i N Nϕ ϕ ψ = ≥ , 
– ë³í³éí³ êîìá³íàö³¿ B-ñïëàéí³â òðåòüîãî òà ï’ÿòîãî ñòåïåí³â [8], ùî äîçâîëÿº 
çàäîâîëüíèòè ð³çí³ ãðàíè÷í³ óìîâè íà êîíòóðàõ îáîëîíêè. Ïðè öüîìó 

( ),  1,2ki s kϕ = , ( )i sψ  ìîæíà âèðàçèòè ÷åðåç Â-ñïëàéíè òàêèì ÷èíîì: 

 −ϕ = α + α1 0
10 11 3 12 3B B ,   −ϕ = + α + α1 0 1

11 3 21 3 22 3B B B , 

 1 3 ,       2, , 2j
j B j Nϕ = = − , 

 + −
−ϕ = + β + β1 1

1 1 3 21 3 22 3
N N N

N B B B ,   +ϕ = β + β1
1 11 3 12 3

N N
N B B ; (10) 

 − −ψ = γ + γ +2 1 0
0 11 5 12 5 5B B B ,   − −ψ = γ + γ +1 0 1

1 21 5 22 5 5B B B , 
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  −ψ = γ + γ +2 0 2
2 31 5 32 5 5B B B , 

 5 ,        3, , 3i
i B i Nψ = = − , 

 + −
−ψ = δ + δ +2 2
2 31 5 32 5 5

N N N
N B B B , 

 + −
−ψ = δ + δ +1 1
1 21 5 22 5 5

N N N
N B B B ,   + +ψ = δ + δ +2 1

11 5 12 5 5
N N N

N B B B , (11) 

äå 3 , 1, , 1jB j N= − + , – êóá³÷í³ Â-ñïëàéíè; 5 , 2, , 2jB j N= − + , – ñïëàéíè 

ï’ÿòîãî ñòåïåíÿ, ïîáóäîâàí³ íà ð³âíîì³ðí³é ñ³òö³; , , ,α β γ δ  – ñòàë³ êîåô³ö³-
ºíòè, ÿê³ âèçíà÷àþòüñÿ â çàëåæíîñò³ â³ä âèãëÿäó ãðàíè÷íèõ óìîâ. Âèðàçè 
äëÿ 2iϕ  â³äð³çíÿþòüñÿ â³ä âèðàç³â (10) çíà÷åííÿìè âêàçàíèõ êîåô³ö³ºíò³â. 

Ï³ñëÿ ïîáóäîâè ë³í³éíèõ êîìá³íàö³é Â-ñïëàéí³â ó âèãëÿä³ ôóíêö³é 

1( )sϕ , 2 ( ), ( )s sϕ ψ , ùî çàäîâîëüíÿþòü ãðàíè÷í³ óìîâè íà êîíòóðàõ îáîëîíêè, 
ï³äñòàâëÿºìî âèðàçè (9) ó ðîçâ’ÿçóâàëüí³ ð³âíÿííÿ (7) ³ âèìàãàºìî ¿õ çàäî-
âîëåííÿ â òî÷êàõ êîëîêàö³¿ ,  0, ,ks s k N= =  . Òîä³ îòðèìóºìî ñèñòåìó 

+3( 1)N  çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü. Òàê ñàìî ïîñòóïàºìî ç ãðà-
íè÷íèìè óìîâàìè íà êîíòóðàõ = consts . Îäåðæàíà ñèñòåìà äèôåðåíö³àëü-
íèõ ð³âíÿíü ðàçîì ç â³äïîâ³äíèìè ãðàíè÷íèìè óìîâàìè óòâîðþº äâîòî÷êîâó 
êðàéîâó çàäà÷ó íà ³íòåðâàë³ ≤ ≤1 2t t t . 

ßêùî ââåñòè ïîçíà÷åííÿ  

              1 2 3 4 5 6 7 8, , , , , , , , , , , , , ,U u u w w w w u u u u u u u u′ ′ ′ ′′ ′′′= ν ν = { }{ } , 

    

0 1
, , , ,       1, ,8

Nm m m mu u u u m= = { } , (12) 

òî îòðèìàíó êðàéîâó çàäà÷ó ìîæíà çàïèñàòè ó âèãëÿä³ 

 1 2( ) ( ),          dU A t U f t t t t
dt

= + ≤ ≤ , (13) 

 =1 1 1( ) ,B U t b  =2 2 2( )B U t b . (14) 

Êðàéîâó çàäà÷ó (13), (14) ðîçâ’ÿçóºìî ñò³éêèì ÷èñåëüíèì ìåòîäîì äèñ-
êðåòíî¿ îðòîãîíàë³çàö³¿. Ï³äñòàâëÿþ÷è îòðèìàí³ çíà÷åííÿ ôóíêö³é ( ),iu t  

( ),  ( ),  0, ,i it w t i Nν =  , ó âèðàçè (9), çíàõîäèìî ðîçâ’ÿçêè âèõ³äíî¿ çàäà÷³ 
äëÿ ïåðåì³ùåíü, à çà íèìè îá÷èñëþºìî âñ³ ôàêòîðè íàïðóæåíî-äåôîðìîâà-
íîãî ñòàíó îáîëîíêè. 

Ó äåÿêèõ çàäà÷àõ âèíèêàº íåîáõ³äí³ñòü ïðîâîäèòè ñïëàéí-àïðîêñèìà-
ö³þ ó íàïðÿìêó t , à îäíîâèì³ðíó êðàéîâó çàäà÷ó ðîçâ’ÿçóâàòè çà êîîðäè-
íàòîþ s .  

3. Ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷. Íàâåäåìî ðåçóëüòàòè ðîçâ’ÿçàííÿ 
ðÿäó çàäà÷ íà îñíîâ³ çàïðîïîíîâàíîãî ï³äõîäó. Ðîçãëÿíåìî çàäà÷³ ïðî íà-
ïðóæåíî-äåôîðìîâàíèé ñòàí çàìêíóòèõ ³ â³äêðèòèõ ³çîòðîïíèõ öèë³íä-
ðè÷íèõ îáîëîíîê ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðåð³çîì ï³ä ä³ºþ íàâàíòà-
æåííÿ qγ  [9, 11]. 

Ïîïåðå÷íèé ïåðåð³ç ñåðåäèííî¿ ïîâåðõí³ ïàðàìåòðè÷íî çàäàºòüñÿ ó 
âèãëÿä³ 

 cos ,    sin ,      0 2x b z a= ϕ = ϕ ≤ ϕ ≤ π , (15) 

äå ,b a  – ï³âîñ³ åë³ïñà ( >b a ); ϕ  – êóòîâèé ïàðàìåòð; R  – ðàä³óñ êðóãà. 
Ïðè öüîìó 

 π + = π( ) 2a b f R ,   
2 4 6

1
4 64 256

f ∆ ∆ ∆= + + + + ,     −∆ =
+

b a
b a

, 

 = − ∆(1 )Ra
f

,       = + ∆(1 )Rb
f

,       − ∆=
+ ∆

1
1

a
b

. (16) 
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Òîâùèíà îáîëîíêè çì³íþºòüñÿ óçäîâæ íàïðÿìíî¿ çà çàêîíîì 

 0( ) (1 sin )h hϕ = + α ϕ ,    0 2≤ ϕ ≤ π . (17) 

Ðîçãëÿíåìî îáîëîíêó ïðè ð³âíîì³ðíî ðîçïîä³ëåíîìó íàâàíòàæåíí³ 

γ = =0 constq q  äëÿ òðüîõ âàð³àíò³â:  

Âàð³àíò 1 – â³äêðèòà îáîëîíêà ( /2 /2)−π ≤ ϕ ≤ π , ïðÿìîë³í³éí³ êîíòóðè 
ÿêî¿ æîðñòêî çàêð³ïëåí³, òîáòî âèêîíóþòüñÿ óìîâè 

 ∂= = = =
∂ϕ

0wu v w      ïðè     ϕ = −π π/2,  /2 . 

Âàð³àíò 2 – â³äêðèòà îáîëîíêà ( /2 /2)−π ≤ ϕ ≤ π , ïðÿìîë³í³éí³ êîíòóðè 
ÿêî¿ øàðí³ðíî îïåðò³, òîáòî âèêîíóþòüñÿ óìîâè  

 ϕ= = = = 0u v w M      ïðè     ϕ = −π π/2,  /2 . 

Âàð³àíò 3 – çàìêíóòà îáîëîíêà.  
Çàäà÷ó ðîçâ’ÿçóâàëè ïðè = 20R , 2 60= , =0 0.5h , ν = 0.3 . Çíà÷åííÿ 

α  è ∆  ïîêàçàíî â òàáëèöÿõ. Ó òàáë. 1, 2 íàâåäåíî ìàêñèìàëüí³ çíà÷åííÿ 
ïðîãèíó w  äëÿ âàð³àíò³â 1 ³ 2 ïðè ϕ = π0.7 /2 , ³ çíà÷åííÿ ìîìåíòó Mϕ  äëÿ 

âàð³àíòà 1 ïðè ϕ = π/2 , äëÿ âàð³àíòà 2 ïðè ϕ = π0.8 /2 , äëÿ âàð³àíòà 3 

ïðè ϕ = π/2  äëÿ ñåðåäíüîãî ïåðåð³çó s =  .  
Таблиця 1 

4
0/10Ew q  

∆ n α = 0  α = 0.25  α = 0.5  α = 0.75  α = 1  

1 0.4299 0.3484 0.2885 0.2408 0.2023 
2 0.4523 0.3676 0.3055 0.2577 0.2196 0.10 

3 0.5102 0.4092 0.3413 0.2921 0.2545 

1 0.6450 0.5104 0.4215 0.3505 0.2932 

2 0.6170 0.5536 0.4592 0.3864 0.3283 0.15 

3 0.7921 0.6352 0.5297 0.4532 0.3947 

1 0.9000 0.7004 0.5759 0.4767 0.3967 
2 0.9571 0.7758 0.6418 0.5383 0.4556 0.20 

3 1.1342 0.9091 0.7576 0.6477 0.5635 

1 1.2050 0.9285 0.7564 0.6250 0.5151 

2 1.2919 1.0439 0.8605 0.7188 0.6058 0.25 

3 1.5553 1.2459 1.0375 0.8860 0.7696 

1 1.5731 1.2044 0.9675 0.7907 0.6500 

2 1.7025 1.3701 1.1241 0.9342 0.7831 0.30 

3 2.0819 1.6664 1.3860 1.1817 1.0245 

1 2.0175 1.5326 1.2141 0.9842 0.8030 
2 2.2098 1.7687 1.4427 1.1916 0.9925 0.35 

3 2.7501 2.1988 1.8260 1.5535 1.3431 

ßê âèïëèâàº ç àíàë³çó íàâåäåíèõ ó òàáë. 1, 2 ðåçóëüòàò³â, çá³ëüøåííÿ 
ïàðàìåòðà α  çóìîâëþº çìåíøåííÿ ìàêñèìàëüíèõ çíà÷åíü ïðîãèíó òà 
çá³ëüøåííÿ ìàêñèìàëüíî¿ âåëè÷èíè ìîìåíòó. Òàê, ïðè α = 0.5  ïðîãèí çìåí-
øóºòüñÿ íà 40%, à ïðè α = 1  – ó 2.5 ðàç³â. Ìîìåíò ïðè α = 0.5  çá³ëüøóºòü-
ñÿ â 1.8 ðàç³â, à ïðè α = 1  – â 2.7 ðàç³â. Ïîð³âíþþ÷è âåëè÷èíè çíà÷åíü ïðî-
ãèíó òà ìîìåíòó â òàáë. 1, 2, ìîæíà ïîáà÷èòè, ùî çá³ëüøåííÿ ñòóïåíÿ åë³ï- 
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Таблиця 2 

ϕ 0/10M q  

∆ n α = 0  α = 0.25  α = 0.5  α = 0.75  α = 1  

1 -0.3165 -0.4356 -0.5604 -0.6875 -0.8136 
2 0.1256 0.1688 0.2198 0.2717 0.3229 0.10 

3 -0.0499 0.0602 0.0779 0.0981 0.1205 

1 -0.4525 -0.6271 -0.7981 -0.9766 -1.1520 
2 0.1847 0.2488 0.3243 0.4015 0.4777 0.15 

3 -0.0778 0.0915 0.1191 0.1505 0.1855 

1 -0.5988 -0.8200 -1.049 -1.2800 -1.5040 
2 0.2492 0.3357 0.4373 0.5411 0.6431 0.20 

3 -0.1101 0.1252 0.1634 0.2068 0.2553 

1 -0.7600 -1.0366 -1.3210 -1.6036 -1.8768 

2 0.3213 0.4325 0.5625 0.6947 0.8237 0.25 

3 -0.1461 0.1633 0.2133 0.2702 0.3336 

1 -0.9416 -1.2776 -1.6192 -1.9547 -2.2750 
2 0.4040 0.5430 0.7042 0.8669 1.0240 0.30 

3 -0.1850 0.2080 0.2721 0.3448 0.4257 

1 -1.1494 -1.3081 -1.5492 -1.9503 -2.2036 

2 0.5009 0.6714 0.8670 1.0624 1.2485 0.35 

3 -0.2244 0.2625 0.3439 0.4359 0.5376 

òè÷íîñò³ ïîïåðå÷íîãî ïåðåð³çó ïðèâîäèòü äî çðîñòàííÿ ìàêñèìàëüíèõ âåëè-
÷èí ïðîãèíó â 3–5 ðàç³â. Ç³ çðîñòàííÿì ñòóïåíÿ åë³ïòè÷íîñò³ ïîïåðå÷íîãî 
ïåðåð³çó çá³ëüøóºòüñÿ ð³çíèöÿ ì³æ ìàêñèìàëüíèìè ïðîãèíàìè ïðè ð³çíèõ 
óìîâàõ íà ïðÿìîë³í³éíèõ êîíòóðàõ, à ð³çíèöÿ ì³æ ìàêñèìàëüíèìè ìîìåíòà-
ìè çìåíøóºòüñÿ. Ç òàáëèöü âèäíî, ùî çà ðàõóíîê âèáîðó çàêîí³â çì³íè òîâ-
ùèíè òà ãðàíè÷íèõ óìîâ íà ïðÿìîë³í³éíèõ êîíòóðàõ ç óðàõóâàííÿì ñòóïå-
íÿ åë³ïòè÷íîñò³ ìîæíà âïëèâàòè íà âåëè÷èíè ïðîãèíó ³ íàïðóæåíü ç ìåòîþ 
çíàõîäæåííÿ ðàö³îíàëüíèõ ïàðàìåòð³â îáîëîíêîâèõ åëåìåíò³â. 

Ðîçãëÿíåìî òàêîæ çàäà÷ó ïðî íàïðóæåíî-äåôîðìîâàíèé ñòàí ³çîòðîï-
íèõ öèë³íäðè÷íèõ îáîëîíîê ç åë³ïòè÷íèì ïîïåðå÷íèì ïåðåð³çîì ïðè ëî-
êàëüíèõ âçäîâæ íàïðÿìíî¿ íàâàíòàæåííÿõ. Íåõàé ðîçïîä³ëåíå íàâàíòàæåí-
íÿ çàäàºòüñÿ ó âèãëÿä³ 

 

0

0

(cos cos ), 2 ,

0,       ,
( )

(cos cos ),   ,

0,   2 ,

q

q
qγ

ϕ − α π − α ≤ ϕ ≤ α
 α ≤ ϕ ≤ π − α− ϕ =  − ϕ + α π − α ≤ ϕ ≤ π + α
 π + α ≤ ϕ ≤ π − α

 (18) 

äå α  – ãðàíè÷íèé êóò, ÿêèì âèçíà÷àºòüñÿ ñòóï³íü ëîêàë³çàö³¿ íàâàíòà-
æåííÿ. 

Îáîëîíêà æîðñòêî çàêð³ïëåíà íà òîðöÿõ, òîìó ãðàíè÷í³ óìîâè ôîðìó-
ëþþòüñÿ ó âèãëÿä³  

 ∂= = = =
∂

0wu v w
s

    ïðè    = =1 2,   s s s s . 

Àïðîêñèìàö³þ ðîçâ’ÿçê³â ïðîâîäèìî âçäîâæ òâ³ðíî¿. 
Äëÿ òîãî ùîá ñóìàðíå íàâàíòàæåííÿ S , ïðèêëàäåíå äî îáîëîíêè, áóëî 

îäíàêîâèì ïðè ð³çíèõ ñòóïåíÿõ ëîêàë³çàö³¿, òîáòî ïðè ð³çíèõ çíà÷åííÿõ 
êóòà α , âñòàíîâèìî çàëåæí³ñòü 0q  â³ä α . Ìàºìî 
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 0 0
0 0

( ) 2 ( )(cos cos ) 2 ( )(sin cos )S q d q d q
α α

γ= ϕ ϕ = α ϕ − α ϕ = α α − α α∫ ∫ , 

çâ³äêè îòðèìóºìî 

 
α − α α

α = α
α − α α0 0

sin cos
( ) ( )

sin cos
j j j

i j
i i i

q q . (19) 

ßêùî ïðèéíÿòè, ùî π =0 0( /12)q q , òî çã³äíî ç ôîðìóëîþ (19) π ≈0 ( /6)q  

≈ 00.1273118q , π ≈0 0( /4) 0.0391422q q . 

Òàêèì ÷èíîì, çà äîïîìîãîþ âèðàçó (19) ïðè ð³çíèõ çíà÷åííÿõ αi  òà 

α j , òîáòî ïðè ð³çíèõ ñòóïåíÿõ ëîêàë³çàö³¿, ìîæåìî ðîçãëÿäàòè çàäà÷³ ïðè 

ïîñò³éíîìó ñóìàðíîìó íàâàíòàæåíí³, 
ïðèêëàäåíîìó äî îáîëîíêè. 

Ðîçâ’ÿçóâàííÿ çàäà÷³ ïðîâîäèëè 
ïðè òàêèõ äàíèõ: = 20R , 2 40= , 

= 0.5h , 1; ∆ = 0 , 0.1, 0.2, 0.3; α = π/12,  
π π/6,  /4 ; ν = 0.3 . 
 Ðåçóëüòàòè ðîçâ’ÿçàííÿ çàäà÷ ïðè 

= 0.5h  ³ëþñòðóº ðèñ. 1, çâ³äêè áà÷èìî, 
ÿê âïëèâàº ñòóï³íü ëîêàë³çàö³¿ íàâàí-
òàæåííÿ íà çì³íó ïðîãèíó ïðè ϕ = 0  ³ 

ϕ = π/2 , òîáòî â çàëåæíîñò³ â³ä æîðñò-
êîñò³ îáîëîíêè, îáóìîâëåíî¿ åë³ïòè÷-
í³ñòþ. 
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Рис. 1 

Îäí³ºþ ³ç âêàçàíèõ çàäà÷ º çàäà÷à ïðî ðîçðàõóíîê öèë³íäðè÷íèõ 
îáîëîíîê ç ãîôðàìè â ïîïåðå÷íîìó ïåðåð³ç³. Ïîïåðå÷íèé ïåðåð³ç ïîâåðõí³ 
â³äë³êó â ïîëÿðí³é ñèñòåì³ êîîðäèíàò çàïèñóºòüñÿ ó âèãëÿä³ [10] 

 0 cos ,        0 2r r k= + α ϕ ≤ ϕ ≤ π , (20) 

äå 0r  – ðàä³óñ êðóãà; α  – àìïë³òóäà; k  – ÷àñòîòà ãîôðà; r  – ïîëÿðíèé 

ðàä³óñ; ϕ  – ïîëÿðíèé êóò. 

Ãðàíè÷í³ óìîâè íà òîðöÿõ ïðè consts =  ôîðìóëþþòüñÿ ó âèãëÿä³ 
– ïðè æîðñòêîìó çàêð³ïëåíí³: 

 = = = ϑ = 0su v w , 

 – ïðè øàðí³ðíîìó çàêð³ïëåíí³: 

 = = = = 0s sN v w M . 

 Àïðîêñèìàö³þ ðîçâ’ÿçê³â Â-ñïëàéíàìè ïðîâîäèëè âçäîâæ òâ³ðíî¿. 
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Çàäà÷ó ðîçâ’ÿçóâàëè ïðè ≤ ≤0 30s , =0 15r ; çíà÷åííÿ , ,h kα  íàâåäåíî 

â òàáë. 3. 
Таблиця 3  

3
0/10Ew q  

Æîðñòêå çàêð³ïëåííÿ òîðö³â Øàðí³ðíå çàêð³ïëåííÿ òîðö³â 

α = 0.05  α = 0.05  h n 
α = 0  

= 4k  = 8k  
α = 0  

= 4k  = 8k  

1 0.2767 0.1365 0.2170 0.2986 0.1113 0.2388 
2 0.2767 0.1820 0.2382 0.2986 0.1720 0.2601 
3 0.2767 0.2807 0.2842 0.2986 0.3041 0.3061 
4 0.2767 0.3858 0.3329 0.2986 0.4442 0.3549 

0.75 

5 0.2767 0.4249 0.3510 0.2986 0.4962 0.3730 
1 0.4601 0.0441 0.1831 0.5009 -0.1620 0.2216 
2 0.4601 0.1688 0.2813 0.5009 0.0530 0.3205 
3 0.4601 0.4711 0.4937 0.5009 0.5194 0.5347 
4 0.4601 0.7844 0.7190 0.5009 1.0160 0.7619 

0.45 

5 0.4601 0.9013 0.8025 0.5009 1.2006 0.8461 
1 0.6901 -0.1382 -0.2458 0.7529 -0.7642 -0.1995 
2 0.6901 0.1267 0.0856 0.7529 -0.3433 0.1378 
3 0.6901 0.7086 0.8031 0.7529 0.7926 0.8679 
4 0.6901 1.3385 1.5640 0.7529 1.9338 1.6421 

0.3 

5 0.6901 1.5754 1.8461 0.7529 2.3594 1.9291 

Ó òàáë. 3 íàâåäåíî çíà÷åííÿ ïðîãèíó ïðè = 15s  äëÿ = 4k  â ï’ÿòè 
òî÷êàõ íà ³íòåðâàë³ ≤ ϕ ≤ π0 /4  ³ äëÿ = 8k  – â ï’ÿòè òî÷êàõ íà ³íòåðâàë³ 

≤ ϕ ≤ π0 /8  (ç³ ñòàëèì êðîêîì), ÿê³ ïîçíà÷åí³ íîìåðîì n , äëÿ æîðñòêîãî (à) 

òà øàðí³ðíîãî (á) çàêð³ïëåííÿ òîðö³â. Çíà÷åííÿ α = 0  â³äïîâ³äàº êðóãîâ³é 
îáîëîíö³. 

Ç òàáë. 3 âèïëèâàº, ùî ó âèïàäêó (à) ïðè = 0.75h , = 4k  ïðîãèí ó âåð-
øèí³ îïóêëî¿ ÷àñòèíè ãîôðà ( θ = 0 ) ìàéæå â äâà ðàçè ìåíøèé, í³æ ó êðó-
ãîâ³é îáîëîíö³, à ó âåðøèí³ óâ³ãíóòî¿ ÷àñòèíè ( θ = π/4 ) ãîôðà ìàéæå â 1.5 

ðàç³â á³ëüøèé. Ïðè = 8k  â îïóêë³é ÷àñòèí³ ( θ = 0 ) ïðîãèí â 1.5 ðàç³â á³ëü-
øèé, í³æ ïðè = 4k , à â óâ³ãíóò³é – â³í ìåíøèé, í³æ ïðè = 4k , íà 20%. Ó 
âèïàäêó (á) äëÿ = 4k  ïðîãèí ïðè θ = 0  ìàéæå â 3 ðàçè ìåíøèé, à ïðè 
θ = π/4  ó 1.5 ðàç³â á³ëüøèé ïîð³âíÿíî ç êðóãîâîþ îáîëîíêîþ. Äëÿ = 8k  
ïðè θ = 0  ïðîãèí çá³ëüøóºòüñÿ ìàéæå âäâ³÷³, à ïðè θ = π/8  çìåíøóºòüñÿ â 

1.3 ðàç³â ïîð³âíÿíî ç âèïàäêîì = 4k . 

Äëÿ = 0.45h  ìàºìî, ùî ó âèïàäêó (à) ïðè = 4k , θ = 0  ïðîãèí ñòð³ìêî 
ñïàäàº (â 11 ðàç³â) ³ ïðè θ = π/4  çðîñòàº ìàéæå âäâ³÷³, à ïðè = 8k , θ = 0  

ïðîãèí ñïàäàº â 2.5 ðàç³â ³ ïðè θ = π/8  – òðîõè ìåíøå, í³æ ïðè = 4k . Ó 

âèïàäêó (á) ïðè = 4k  â îïóêë³é ÷àñòèí³ ãîôðà âåðøèíà çñóâàºòüñÿ âæå â 
³íøîìó íàïðÿì³, òîáòî ïðîòè ä³¿ ïðèêëàäåíîãî íàâàíòàæåííÿ, à ïðè θ = π/4  

ïðîãèí çá³ëüøóºòüñÿ ìàéæå â 2.5 ðàç³â. Ïðè = 8k  êàðòèíà áëèçüêà äî âè-
ïàäêó (à). 

Äëÿ = 0.3h  âæå ïðè = 4k , = 8k  â îáîõ âèïàäêàõ çàêð³ïëåííÿ òîðö³â 
âåðøèíà ãîôðà ( θ = 0 ) çñóâàºòüñÿ â ïðîòèëåæíîìó íàïðÿì³, à ïðîãèí óâ³ã-
íóòî¿ ÷àñòèíè çá³ëüøóºòüñÿ ó äåê³ëüêà ðàç³â. 
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Ïðîàíàë³çóºìî âïëèâ çì³íè âåëè÷èíè àìïë³òóäè ãîôðà ïðè çàäàí³é 
÷àñòîò³ ãîôðóâàííÿ íà íàïðóæåíî-äåôîðìîâàíèé ñòàí öèë³íäðè÷íèõ îáîëî-
íîê. Çàäà÷ó ðîçâ’ÿçóâàëè ïðè òàêèõ äàíèõ: =0 15r ; = 30L ; =0 0.5h ; 

ν = 0.3 ; = =0 constrq q ; = 4k , 8; α = 0 , 0.1, 0.3, 0.5; ≤ ϕ ≤ π0 / 4 . 
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Рис. 2 

Íà ðèñ. 2 ïîêàçàíî ãðàô³êè ðîçïîä³ëó ïðîãèíó w  òà çãèííîãî ìîìåíòó 

ϕM  óçäîâæ òâ³ðíî¿ äëÿ = 4k  (ñóö³ëüí³ ë³í³¿) òà = 8k  (øòðèõîâ³ ë³í³¿) â 

ïåðåð³ç³ 2L/ . ²ç ðèñ. 2à âèäíî, ùî çá³ëüøåííÿ ïàðàìåòðà α  ïðè = 4k  âåäå 

äî çðîñòàííÿ âåëè÷èíè ïðîãèíó âåðøèíè îïóêëî¿ ÷àñòèíè ãîôðà (ϕ = 0 ) 

â 5.7 ³ 9.9 ðàç³â ïðè α = 0.3  ³ α = 0.5  â³äïîâ³äíî ïîð³âíÿíî ç ïðîãèíîì ïðè 
α = 0.1 . Ïðè÷îìó öÿ ÷àñòèíà ãîôðà ïðîãèíàºòüñÿ ó íàïðÿì³, ïðîòèëåæíîìó 
ä³¿ íàâàíòàæåííÿ. Óâ³ãíóòà ÷àñòèíà ãîôðà ( ϕ = π/4 ) çñóâàºòüñÿ ó íàïðÿì³ 
ä³¿ íàâàíòàæåííÿ, ³ öåé ïðîãèí çðîñòàº ç³ çá³ëüøåííÿì α  â 2.8, 7.2, 13.3 
ðàç³â ïðè α = 0.1 , 0.3, 0.5 â³äïîâ³äíî ïîð³âíÿíî ç ïðîãèíîì ïðè α = 0 . 

Â îáîëîíö³ ç ÷àñòîòîþ ãîôðóâàííÿ = 8k  ïðîãèí âåðøèíè îïóêëî¿ 
÷àñòèíè ãîôðà ( ϕ = 0 ) ïðè α = 0.1  íåçíà÷íèé, ïðè α = 0.3  âåðøèíà îïóêëî¿ 
÷àñòèíè ãîôðà òðîõè ïðîãèíàºòüñÿ ó íàïðÿìêó ä³¿ íàâàíòàæåííÿ ïðè âñ³õ 
çíà÷åííÿõ ïàðàìåòðà α , ³ öåé ïðîãèí çðîñòàº ç³ çá³ëüøåííÿì α  â 2.2, 6.4, 
12.8 ðàç³â ïðè α = 0.1 , 0.3, 0.5 â³äïîâ³äíî ïîð³âíÿíî ç ïðîãèíîì ïðè α = 0 . 

Íà ðèñ. 2á áà÷èìî, ÿê çì³íþºòüñÿ âåëè÷èíà çãèííîãî ìîìåíòó ïðè ð³ç-
íèõ çíà÷åííÿõ ãîôðóâàííÿ = 4k  ³ = 8k  íà ³íòåðâàë³ [0, π/4] ³ [0, π/8].  

Ç³ çá³ëüøåííÿì àìïë³òóäè ãîôðà ìàêñèìàëüíèé ìîìåíò çðîñòàº â 3.3 ³ 
6.2 ðàç³â ïðè = 4k  ( ϕ = π/4 ) ³ â 3.1 ³ 5.3 ðàç³â ïðè = 8k  ( ϕ = π/8 ) äëÿ 

α = 0.3 , 0.5 â³äïîâ³äíî ïîð³âíÿíî ç ìîìåíòîì äëÿ α = 0.1 . 
Ðîçãëÿíåìî òàêîæ îðòîòðîïí³ îáîëîíêè äëÿ ï’ÿòè âàð³àíò³â ïðóæíèõ 

õàðàêòåðèñòèê ìàòåð³àëó. Ïðèéìàºìî, ùî ìîäóëü ïðóæíîñò³ = =sE E  

= const , à çì³íþþòüñÿ ìîäóëü ïðóæíîñò³ = µtE E , ìîäóëü çñóâó = λstG E  ³ 

êîåô³ö³ºíò νs . Ðîçãëÿíåìî òàê³ âàð³àíòè çíà÷åíü ïðóæíèõ ñòàëèõ ìàòåð³à-
ëó îáîëîíêè [6]: 

1)  µ = λ = ν =2, 0.3, 0.075s ; 

2)  µ = λ = ν =1.35, 0.215, 0.122s ; 

3)  µ = λ = ν =1, 0.385, 0.3s ; 

4)  µ = λ = ν =0.741, 0.159, 0.165s ; 

5)  µ = λ = ν =0.5, 0.125, 0.15s . 
Çíà÷åííÿ ïðóæíèõ õàðàêòåðèñòèê âàð³àíòà 3 â³äïîâ³äàº ³çîòðîïíîìó 

âèïàäêó. 
Ðîçãëÿíåìî çàäà÷ó äëÿ çàìêíóòèõ óçäîâæ òâ³ðíî¿ îáîëîíîê ç æîðñòêî 

çàêð³ïëåíèìè òîðöÿìè, òîáòî çàäàíî òàê³ ãðàíè÷í³ óìîâè: 
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 ∂= = = =
∂

0wu v w
s

      ïðè     = =0,    s s L .   

Çàäà÷ó ðîçâ’ÿçóâàëè ïðè òàêèõ ïî÷àòêîâèõ äàíèõ: = 20R , 2 L= =  
= 60 , ∆ = 0 , 0.5, 0.10, 0.15. 

Îòðèìàí³ ðåçóëüòàòè äëÿ çíà÷åíü ïðîãèíó w ³ çóñèëëÿ ϕN  äëÿ = 1h  

ïðè = 30s  ì³ñòÿòüñÿ â òàáë. 4. Ç îãëÿäó íà ñèìåòð³þ çàäà÷³ çíà÷åííÿ 
âåëè÷èí íàâåäåíî ó òðüîõ òî÷êàõ íà ³íòåðâàë³ ≤ ϕ ≤ π0 /2 . Öèôðàìè 1–5 
ïîçíà÷åíî íîìåðè âàð³àíò³â îðòîòðîï³¿. 

Таблиця 4 
4

010Ew q/  

2ϕ/π 1 2 3 4 5 

∆ = 0  

0-1 0.0197 0.0291 0.0368 0.0530 0.0791 

∆ = 0.05  

0 -0.0710 -0.0906 -0.0434 -0.1077 -0.1242 
0.5 0.0231 0.0335 0.0402 0.0590 0.0867 
1 0.1242 0.1668 0.1289 0.2384 0.3142 

∆ = 0.10  

0 -0.1511 -0.1958 -0.1143 -0.2488 -0.3023 
0.5 0.0334 0.0469 0.0506 0.0774 0.1102 
1 0.2457 0.3273 0.2363 0.4549 0.5891 

∆ = 0.15  

0 -0.2226 -0.2896 -0.1782 -0.3742 -0.4602 
0.5 0.0510 0.0701 0.0687 0.1091 0.1507 
1 0.3889 0.5162 0.3637 0.7103 0.9140 

2
010N qϕ  

∆ = 0  

0-1 0.2000 0.2000 0.2000 0.1999 0.1997 

∆ = 0.05  

0 0.1756 0.1753 0.1742 0.1745 0.1740 
0.5 0.2009 0.2010 0.2010 0.2009 0.2007 
1 0.2278 0.2281 0.2294 0.2287 0.2288 

∆ = 0.10  

0 0.1544 0.1537 0.1517 0.1522 0.1513 
0.5 0.2036 0.2038 0.2036 0.2038 0.2038 
1 0.2592 0.2597 0.2627 0.2611 0.2619 

∆ = 0.15  

0 0.1361 0.1350 0.1323 0.1327 0.1314 
0.5 0.2082 0.2085 0.2082 0.2088 0.2090 
1 0.2946 0.2953 0.3004 0.2979 0.2997 

Ç òàáë. 4 âèäíî, ùî ç³ çìåíøåííÿì ìîäóëÿ ïðóæíîñò³ tE  ïðîãèí çðîñ-

òàº. Ïðè ∆ = 0.05  ³ ϕ = π/2  ïðîãèíè äëÿ ÷îòèðüîõ âàð³àíò³â îðòîòðîï³¿ ó 
ïîð³âíÿíí³ ç ïåðøèì çðîñòàþòü ó òàêîìó â³äíîøåíí³: 1, 1.35, 1.04, 1.92, 2.53. 
Ïðè ∆ = 0.10  ìàºìî: 1, 1.33, 0.96, 1.85, 2.40, à ïðè ∆ = 0.15 : 1, 1.33, 0.94, 1.83, 
2.35. Ç³ çá³ëüøåííÿì ñòóïåíÿ åë³ïòè÷íîñò³ âåëè÷èíà ïðîãèíó çðîñòàº. Òàê, 
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ïðè ∆ = 0.05 , 0.10, 0.15 äëÿ âàð³àíòà 5 ïðè ϕ = π/2  ìàºìî â³äíîøåííÿ: 1, 
1.87, 2.91. Òàêèì ÷èíîì, çì³íà ìåõàí³÷íèõ ïàðàìåòð³â ìàòåð³àëó ³ ñòóïåíÿ 
åë³ïòè÷íîñò³ ìîæå ñóòòºâî âïëèâàòè íà äåôîðìóâàííÿ îáîëîíêè. Íà â³äì³íó 
â³ä öüîãî, äëÿ çóñèëëÿ ϕN  çì³íà ïàðàìåòð³â îðòîòðîï³¿ íå ìàº âåëèêîãî 

âïëèâó íà éîãî âåëè÷èíó, à çì³íà ñòóïåíÿ åë³ïòè÷íîñò³ âïëèâàº íà çì³íó 
çóñèëëÿ ϕN  íà 30%. Â³äì³òèìî, ùî ó âèïàäêó êðóãîâî¿ îáîëîíêè çì³íà ìå-

õàí³÷íèõ ïàðàìåòð³â ìàéæå íå âïëèâàº íà çóñèëëÿ ϕN . 

Ó âèïàäêó íåçàìêíóòî¿ −π ≤ ϕ ≤ π/2 /2  öèë³íäðè÷íî¿ îáîëîíêè ç åë³ï-
òè÷íèì ïîïåðå÷íèì ïåðåð³çîì äëÿ òèõ ñàìèõ âàð³àíò³â îðòîòðîï³¿ 1–5 
çàäà÷ó ðîçâ’ÿçàíî ïðè òàêèõ äàíèõ: = 20R , 2 60L= = , = 1h , ∆ = 0 , 0.5, 
0.10, 0.15. 

Ðåçóëüòàòè ðîçâ’ÿçóâàííÿ çàäà÷³ ïðè 30s = =  äëÿ ïðîãèíó w  íà-
âåäåíî ó âèãëÿä³ ãðàô³ê³â íà ðèñ. 3, äå äëÿ çíà÷åíü ∆ = 0 , 0.05, 0.10, 0.15 íà 
³íòåðâàë³ −π ≤ ϕ ≤ π/2 /2  ïîêàçàíî ðîçïîä³ë ïðîãèíó äëÿ ï’ÿòè âàð³àíò³â 
îðòîòðîï³¿. 
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Рис. 3 

²ç ðèñ. 3à ïðè ∆ = 0  âèïëèâàº, ùî ìàêñèìàëüíå çíà÷åííÿ ïðîãèíó îáî-
ëîíêè â ñåðåäíüîìó ïåðåð³ç³ çðîñòàº ó òàêîìó â³äíîøåíí³: 1, 1.43, 2.69, 4.00. 

²ç ðèñ. 3á ïðè ∆ = 0.05  îòðèìóºìî: 1, 1.39, 1.46, 2.32, 3.29.  
²ç ðèñ. 3â ³ 3ã â³äïîâ³äíî çíàõîäèìî ïðè ∆ = 0.10 : 1, 1.42, 1.35, 2.27, 3.15 

³ ïðè ∆ = 0.15 : 1, 1.38, 1.30, 2.93, 3.08. 
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РЕШЕНИЕ ЗАДАЧ И ИССЛЕДОВАНИЕ НАПРЯЖЕННОГО СОСТОЯНИЯ 
ЦИЛИНДРИЧЕСКИХ ОБОЛОЧЕК ПЕРЕМЕННОЙ ТОЛЩИНЫ С НЕКРУГОВЫМ 
ПОПЕРЕЧНЫМ СЕЧЕНИЕМ НА ОСНОВЕ СПЛАЙН-АППРОКСИМАЦИИ 
 
Äëÿ ðåøåíèÿ äâóìåðíûõ êðàåâûõ çàäà÷ î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿ-
íèè çàìêíóòûõ è îòêðûòûõ íåêðóãîâûõ öèëèíäðè÷åñêèõ îáîëî÷åê ïåðåìåííîé 
òîëùèíû ïðè äåéñòâèè íåðàâíîìåðíî ðàñïðåäåëåííûõ è ëîêàëüíûõ íàãðóçîê äëÿ 
ïðîèçâîëüíûõ âèäîâ çàêðåïëåíèÿ êðàåâ ïðåäëîæåí íåòðàäèöèîííûé ïîäõîä, îñíî-
âàííûé íà ñïëàéí-àïïðîêñèìàöèè ðåøåíèÿ â îäíîì êîîðäèíàòíîì íàïðàâëåíèè è 
ðåøåíèè ïîëó÷åííîé îäíîìåðíîé êðàåâîé çàäà÷è ñ ïîìîùüþ óñòîé÷èâîãî ÷èñëåí-
íîãî ìåòîäà äèñêðåòíîé îðòîãîíàëèçàöèè. Ïðèâåäåíû ðåçóëüòàòû ðåøåíèÿ çà-
äà÷è â âèäå ãðàôèêîâ è òàáëèö. 
 
SOLUTION OF PROBLEMS AND INVESTIGATION OF STRESS STATE OF NONCIRCULAR 
CYLINDRICAL VARIABLE THICKNESS SHELLS ON SPLINE-APPROXIMATION BASE 
 
A non-standard approach is proposed for solution of two-dimensional boundary-value 
stress-strain problems for closed and open variable thickness cylindrical shells with 
arbitrarily fixed ends under non-uniformly distributed and local loadings. The 
approach is based on the spline-approximation of the solution in one coordinate 
direction and solving the one-dimensional boundary-value problem by the stable 
numerical method of discrete orthogonalization. The results obtained are presented in 
the form of plots and tables. 
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