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ÓÄÊ 539.3 
 
В. Л. Богданов 
 
НЕОСЕСИММЕТРИЧНАЯ ЗАДАЧА О ПЕРИОДИЧЕСКОЙ 
СИСТЕМЕ ДИСКООБРАЗНЫХ ТРЕЩИН НОРМАЛЬНОГО ОТРЫВА 
В ТЕЛЕ С НАЧАЛЬНЫМИ НАПРЯЖЕНИЯМИ 
 

Èññëåäîâàíî ïðåäåëüíîå ðàâíîâåñèå ïðåäâàðèòåëüíî íàïðÿæåííîãî áåñêîíå÷íî-
ãî ìàòåðèàëà, ñîäåðæàùåãî ïåðèîäè÷åñêóþ ñèñòåìó ïàðàëëåëüíûõ ñîîñíûõ 
êðóãîâûõ òðåùèí, íàõîäÿùèõñÿ ïîä äåéñòâèåì ïðîèçâîëüíîé íîðìàëüíîé íà-
ãðóçêè. Â ðàìêàõ òðåõìåðíîé ëèíåàðèçèðîâàííîé ìåõàíèêè äåôîðìèðóåìîãî 
òâåðäîãî òåëà âûïîëíåíà ïîñòàíîâêà çàäà÷è, ïîëó÷åíû ðàçðåøàþùèå èíòåã-
ðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà è âûðàæåíèÿ äëÿ êîýôôèöèåí-
òîâ èíòåíñèâíîñòè íàïðÿæåíèé â îêðåñòíîñòÿõ òðåùèí. Äëÿ íåñæèìàåìî-
ãî âûñîêîýëàñòè÷åñêîãî ìàòåðèàëà ñ óïðóãèì ïîòåíöèàëîì Áàðòåíåâà – Õà-
çàíîâè÷à ÷èñëåííî ïðîàíàëèçèðîâàíà çàâèñèìîñòü êîýôôèöèåíòîâ èíòåíñèâ-
íîñòè íàïðÿæåíèé îò íà÷àëüíûõ íàïðÿæåíèé è ãåîìåòðè÷åñêèõ ïàðàìåò-
ðîâ çàäà÷è.  

 
1. Ââåäåíèå. Çàäà÷è î ðàçðóøåíèè ìàòåðèàëîâ ñ íà÷àëüíûìè (îñòàòî÷-

íûìè) íàïðÿæåíèÿìè, äåéñòâóþùèìè âäîëü ïîâåðõíîñòåé òðåùèí, îòíîñÿò-
ñÿ ê íåêëàññè÷åñêèì ïðîáëåìàì ìåõàíèêè ðàçðóøåíèÿ, ïîñêîëüêó èõ íåëü-
çÿ àäåêâàòíî îïèñàòü â ðàìêàõ êëàññè÷åñêîé ëèíåéíîé ìåõàíèêè òðåùèí [5, 
6]. Ýòî ñâÿçàíî ñ òåì, ÷òî èç ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷ ëèíåéíîé òå-
îðèè óïðóãîñòè ïîëó÷àåì, ÷òî ñîñòàâëÿþùèå íàãðóçêè, íàïðàâëåííûå ïà-
ðàëëåëüíî ïëîñêîñòÿì òðåùèí, íå âõîäÿò â âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ 
èíòåíñèâíîñòè íàïðÿæåíèé è âåëè÷èí ðàñêðûòèÿ òðåùèí è, ñëåäîâàòåëüíî, 
íå ó÷èòûâàþòñÿ â êëàññè÷åñêèõ êðèòåðèÿõ ðàçðóøåíèÿ òèïà Ãðèôôèòñà – 
Èðâèíà èëè êðèòè÷åñêîãî ðàñêðûòèÿ òðåùèí.  
 Â ðàáîòàõ [5, 6, 8, 9] äëÿ èññëåäîâàíèÿ óêàçàííûõ êëàññîâ çàäà÷ áûëè 
ïðåäëîæåíû ïîäõîäû â ðàìêàõ òðåõìåðíîé ëèíåàðèçèðîâàííîé ìåõàíèêè 
äåôîðìèðóåìîãî òâåðäîãî òåëà. Ïðè ýòîì ñôîðìóëèðîâàííûé â óêàçàííûõ 
ðàáîòàõ êðèòåðèé õðóïêîãî ðàçðóøåíèÿ ìàòåðèàëîâ ñ íà÷àëüíûìè íàïðÿ-
æåíèÿìè ÿâëÿåòñÿ àíàëîãîì ñîîòâåòñòâóþùåãî êðèòåðèÿ Ãðèôôèòñà – Èð-
âèíà. Ê íàñòîÿùåìó âðåìåíè ñ èñïîëüçîâàíèåì óêàçàííûõ ïîäõîäîâ ïîëó-
÷åíû ðåøåíèÿ îòäåëüíûõ ñòàòè÷åñêèõ è äèíàìè÷åñêèõ çàäà÷, êîòîðûå îá-
íàðóæèëè íîâûå ìåõàíè÷åñêèå ýôôåêòû, ñâÿçàííûå ñ âëèÿíèåì íàïðÿæå-
íèé, äåéñòâóþùèõ âäîëü òðåùèí [2–6, 11]. 
 Íèæå ñ èñïîëüçîâàíèåì ëèíåàðèçèðîâàííûõ ñîîòíîøåíèé ðàññìîòðåíà 
íåîñåñèììåòðè÷íàÿ çàäà÷à î ïåðèîäè÷åñêîé ñèñòåìå ñîîñíûõ êðóãîâûõ òðå-
ùèí íîðìàëüíîãî îòðûâà â áåñêîíå÷íîì ïðåäâàðèòåëüíî íàïðÿæåííîì ìà-
òåðèàëå. Çàäà÷à ñâåäåíà îòäåëüíî äëÿ êàæäîé ãàðìîíèêè ïî îêðóæíîé êî-
îðäèíàòå ê ïàðíûì èíòåãðàëüíûì óðàâíåíèÿì, à çàòåì ê ðàçðåøàþùèì èí-
òåãðàëüíûì óðàâíåíèÿì Ôðåäãîëüìà âòîðîãî ðîäà. Ïðèâåäåíû âûðàæåíèÿ 
äëÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé è ïðîàíàëèçèðîâàíà èõ çà-
âèñèìîñòü îò íà÷àëüíûõ íàïðÿæåíèé è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è. 

2. Ïîñòàíîâêà çàäà÷è. Èññëåäîâàíèå çàäà÷è áóäåì ïðîèçâîäèòü â ëà-
ãðàíæåâûõ êîîðäèíàòàõ , 1,2,3jx j = , êîòîðûå â åñòåñòâåííîì (íåäåôîðìè-

ðîâàííîì) íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè ñîâïàäàþò ñ äåêàðòî-

âûìè. Êðîìå òîãî, áóäåì èñïîëüçîâàòü òàêèå îáîçíà÷åíèÿ: 0
ijS  – êîìïîíåí-

òû ñèììåòðè÷íîãî òåíçîðà íàïðÿæåíèé, îòíåñåííûå ê åäèíèöå ïëîùàäè òå-

ëà â íåäåôîðìèðîâàííîì (åñòåñòâåííîì) ñîñòîÿíèè; 0
ju  – êîìïîíåíòû âåê-

òîðà ïåðåìåùåíèé, ñîîòâåòñòâóþùèå íà÷àëüíûì íàïðÿæåíèÿì 0
ijS ; ijt  – 

êîìïîíåíòû íåñèììåòðè÷íîãî òåíçîðà íàïðÿæåíèé Ïèîëû – Êèðõãîôà, êî-
òîðûå îòíåñåíû ê åäèíèöå ïëîùàäè òåëà â íåäåôîðìèðîâàííîì ñîñòîÿíèè.  
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Ðàññìîòðèì áåñêîíå÷íûé ðÿä ïàðàëëåëüíûõ ñîîñíûõ òðåùèí îäèíàêî-
âîãî ðàäèóñà a , ðàñïîëîæåííûõ â ïàðàëëåëüíûõ ïëîñêîñòÿõ 3 constx = :  

 3,    0 2 ,    2 ,    0, 1, 2,r a x hn n< ≤ θ < π = = ± ± { } , (1) 

ãäå 3, ,r xθ  – êðóãîâûå öèëèíäðè÷åñêèå êîîðäèíàòû, ïîëó÷àåìûå èç äåêàð-

òîâûõ jx . 

Áóäåì ïðåäïîëàãàòü, ÷òî ïîä äåéñòâèåì îäèíàêîâûõ íà÷àëüíûõ íàïðÿ-
æåíèé âäîëü îñåé 1 2,Ox Ox  â ìàòåðèàëå ðåàëèçóåòñÿ îäíîðîäíîå íà÷àëüíîå 
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå, êîòîðîå õàðàêòåðèçèðóåòñÿ ñëå-
äóþùèìè ñîîòíîøåíèÿìè: 

 0 0 0 0
33 11 220,        const 0,          ( 1)j mj j mS S S u x= = = ≠ = δ λ − , 

 1 2 3const,         jλ = λ = λ ≠ λ ,  (2) 

çäåñü jλ  – êîýôôèöèåíòû óäëèíåíèÿ (óêîðî÷åíèÿ) âäîëü êîîðäèíàòíûõ 

îñåé jx . 

 Êàê è â ëèíåéíîé ìåõàíèêå ðàçðóøåíèÿ ìàòåðèàëîâ áåç íà÷àëüíûõ íà-
ïðÿæåíèé [10], ïîä òðåùèíàìè íîðìàëüíîãî îòðûâà ïîíèìàåì òðåùèíû, ê 
ïîâåðõíîñòÿì êîòîðûõ ñèììåòðè÷íî îòíîñèòåëüíî ïëîñêîñòåé òðåùèí ïðè-
ëîæåíû íîðìàëüíûå íàãðóçêè. Ïðåäïîëàãàåì, ÷òî íà áåðåãàõ òðåùèí èìååì 
ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ: 

 33 3 3 3( , ),       0,        0,     (2 )rt r t t x hnθ ±= − σ θ = = = , 

 ,    0 2r a< ≤ θ < π , (3) 
ãäå 0, 1, 2, ,n = ± ±   à íèæíèìè èíäåêñàìè « + » è « − » îáîçíà÷åíû ñîîòâåò-
ñòâóþùèå áåðåãà òðåùèí. 

Â ðàññìàòðèâàåìîì ñëó÷àå ïåðèîäè÷åñêîé ñèñòåìû ñîîñíûõ ïàðàëëå-
ëüíûõ òðåùèí ïðè äâóõîñíîì ðàâíîìåðíîì íàãðóæåíèè âäîëü ïëîñêîñòåé 
ýòèõ òðåùèí èìååò ìåñòî ñèììåòðèÿ ãåîìåòðè÷åñêîé è ñèëîâîé ñõåì çàäà÷è 
îòíîñèòåëüíî ïëîñêîñòè 3 0x = . Êðîìå òîãî, â ñèëó ïåðèîäè÷íîñòè ãåîìåò-
ðè÷åñêîé è ñèëîâîé ñõåì çàäà÷è êîìïîíåíòû òåíçîðà íàïðÿæåíèé è âåêòî-
ðà ïåðåìåùåíèé áóäóò ïåðèîäè÷åñêèìè (ñ ïåðèîäîì 2h ) ôóíêöèÿìè ïî ïå-
ðåìåííîé 3x . Ïîýòîìó, èñïîëüçóÿ óêàçàííûå óñëîâèÿ ñèììåòðèè è ïåðè-

îäè÷íîñòè, ñâîäèì èñõîäíóþ çàäà÷ó ê çàäà÷å äëÿ ñëîÿ 30 x h≤ ≤  ñî ñëåäó-
þùèìè ãðàíè÷íûìè óñëîâèÿìè: 

 3 30,                              0,    0 2 ,    u x r a= = ≤ θ < π > , 

 33 3( , ),                     0,    0 2 ,    t r x r a= − σ θ = ≤ θ < π < , 

 3 3 3       0,    0,           0,    0 2 ,    0rt t x rθ= = = ≤ θ < π ≤ < ∞ , 

  3 3 3 3 0,    0,    0,     ,    0 2 ,    0ru t t x h rθ= = = = ≤ θ < π ≤ < ∞ . (4) 

Â [5, 6] äëÿ ñëó÷àÿ îäíîðîäíîãî íà÷àëüíîãî ñîñòîÿíèÿ (2) ïîñòðîåíû 
ïðåäñòàâëåíèÿ îáùèõ ðåøåíèé ëèíåàðèçèðîâàííûõ óðàâíåíèé ðàâíîâåñèÿ 
÷åðåç ãàðìîíè÷åñêèå ïîòåíöèàëüíûå ôóíêöèè; ïðè ýòîì âèä ýòèõ ïðåäñòàâ-
ëåíèé çàâèñèò îò êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òàê, â ñëó÷àå íå-
ðàâíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ óêàçàííûå ïðåñòàâëåíèÿ â 
êðóãîâîé öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò èìåþò âèä  

 3 3
1 2 1 2

1 1( ) ,         ( )ru u
r r r rθ

∂ϕ ∂ϕ∂ ∂= ϕ + ϕ − = ϕ + ϕ +
∂ ∂θ ∂θ ∂

, 

 
0 0 2 2

0 0 0 0 01 1 2 2 1 2
3 33 44 1 1 2 22 20 01 2 1 21 2

,         
m m

u t C d d
z z z zn n

∂ϕ ∂ϕ ∂ ϕ ∂ ϕ = + = + ∂ ∂  ∂ ∂
  , 
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0 2 0 2 0 2

0 1 1 2 2 3 3
3 44 0 0 01 2 3

1 2 3

1
r

d d d
t C

r z r z r zn n n

∂ ϕ ∂ ϕ ∂ ϕ = + − ∂ ∂ ∂ ∂ ∂θ ∂ 
, 

 
0 2 0 2 0 2

0 1 1 2 2 3 3
3 44 0 0 01 2 3

1 2 3

1 1d d d
t C

r z r z r zn n n
θ

∂ ϕ ∂ ϕ ∂ ϕ = + + ∂θ ∂ ∂θ ∂ ∂ ∂ 
, 

 3
1 ,       1,2i

i

z x i
n

= = , (5) 

ãäå , 1,2,3j jϕ = , – ãàðìîíè÷åñêèå ôóíêöèè, óäîâëåòâîðÿþùèå óðàâíåíèÿì 

Ëàïëàñà 

 
2 2 2

2 2 2 2
1 1 ( , , ) 0,        1,2,3j i

i

r z i
r rr r z

 ∂ ∂ ∂ ∂+ + + ϕ θ = = ∂ ∂ ∂θ ∂
, 

à âåëè÷èíû 0 0 0 0 0
44 , , , , , 1,2i i i iC n m d i = , îïðåäåëÿþòñÿ âûáîðîì ìîäåëè ìàòå-

ðèàëà è çàâèñÿò îò âåëè÷èí íà÷àëüíûõ äåôîðìàöèé [5, 6]. 
Äëÿ ñëó÷àÿ ðàâíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìååì ñëå-

äóþùèå ïðåäñòàâëåíèÿ: 

 3 3
1 1

1 1 1,             r
F Fu z u z

r r r r r rθ
∂ϕ ∂ϕ∂ϕ ∂ϕ∂ ∂= − − − = − − +

∂ ∂ ∂θ ∂θ ∂θ ∂
, 

 
0 0 0 0
1 2 1 1

3 10 0 0 1
1 1 1

1m m m m Fu F z
zn n n

− + ∂= − Φ −
∂

, 

 
2

0 0 0 0 0 0 0 0 0
33 44 1 1 2 2 1 1 1 1 1 2

1 1 1

F Ft C d d d d z
z z z

 ∂ ∂Φ ∂= − − − ∂ ∂ ∂ 
( )    , 

 
0 0 22

0 0 0 0 1 3 3
3 44 1 2 1 10 0 01 3

1 1 3

1 1
r

d dFt C d d F d z
r r z r zn n n

 ∂ ϕ ∂ ∂= − − Φ − − ∂ ∂ ∂ ∂θ∂  
[ ]( ) , 

 
0 0 22

0 0 0 0 1 3 3
3 44 1 2 1 10 0 01 3

1 1 3

1 1 1d dFt C d d F d z
r r z r zn n n

θ

 ∂ ϕ ∂ ∂= − − Φ − + ∂θ ∂θ∂ ∂ ∂  
[ ]( ) , 

 
1z

∂ϕΦ ≡
∂

,  (6) 

ãäå 3, , ,Fϕ Φ ϕ  – ãàðìîíè÷åñêèå ôóíêöèè. 
 Ïîäñòàâèâ ïðåäñòàâëåíèÿ îáùèõ ðåøåíèé (5), (6) â óñëîâèÿ (4), ïîëó-
÷èì ãðàíè÷íûå óñëîâèÿ äëÿ ãàðìîíè÷åñêèõ â ñëîå 30 x h≤ ≤  ïîòåíöèàëü-
íûõ ôóíêöèé íà ãðàíÿõ óêàçàííîãî ñëîÿ. Äëÿ ñëó÷àÿ íåðàâíûõ êîðíåé õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ îíè èìåþò âèä (äëÿ âñåõ ñîîòíîøåíèé 
0 2≤ θ < π ): 

 
0 0
1 1 2 2

1 20 01 2
1 2

0,                                 0,    
m m

z z r a
z zn n

∂ϕ ∂ϕ
+ = = = >

∂ ∂
, 

 
2 2

0 0 0 0 01 2
44 1 1 2 2 1 22 2

1 2

( , ),               0,    C d d r z z r a
z z

∂ ϕ ∂ ϕ + = − σ θ = = < 
 ∂ ∂

  , 

 
0 2 0 2 0 2

0 1 1 2 2 3 3
44 0 0 01 2 3

1 2 3

1 0
d d d

C
r z r z r zn n n

∂ ϕ ∂ ϕ ∂ ϕ + − = ∂ ∂ ∂ ∂ ∂θ∂ 
, 

  1 2 3 0,    0z z z r= = = ≤ < ∞ , 

 
0 2 0 2 0 2

0 1 1 2 2 3 3
44 0 0 01 2 3

1 2 3

1 1 0
d d d

C
r z r z r zn n n

∂ ϕ ∂ ϕ ∂ ϕ 
+ + = ∂θ∂ ∂θ∂ ∂ ∂ 

,  

 1 2 3 0,    0z z z r= = = ≤ < ∞ , 
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0 0
1 1 2 2

1 1 2 20 01 2
1 2

0,                   ,    ,    0
m m

z h z h r
z zn n

∂ϕ ∂ϕ
+ = = = ≤ < ∞

∂ ∂
, 

 
0 2 0 2 0 2

0 1 1 2 2 3 3
44 0 0 01 2 3

1 2 3

1 0
d d d

C
r z r z r zn n n

∂ ϕ ∂ ϕ ∂ ϕ 
+ − = ∂ ∂ ∂ ∂ ∂θ∂ 

, 

 1 1 2 2 3 3,    ,    ,    0z h z h z h r= = = ≤ < ∞ , 

 
0 2 0 2 0 2

0 1 1 2 2 3 3
44 0 0 01 2 3

1 2 3

1 1 0
d d d

C
r z r z r zn n n

∂ ϕ ∂ ϕ ∂ ϕ 
+ + = ∂θ∂ ∂θ∂ ∂ ∂ 

, 

 1 1 2 2 3 3,    ,    ,    0z h z h z h r= = = ≤ < ∞ , 

 1 ,      1,2,3i
i

h h i
n

= = . (7) 

3. Ïîëó÷åíèå ïàðíûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ n-é ãàðìîíèêè. 
Âûðàçèì ãàðìîíè÷åñêèå ïîòåíöèàëû, ôèãóðèðóþùèå â ïðåäñòàâëåíèÿõ îá-
ùèõ ðåøåíèé (5), (6), â âèäå ðÿäîâ Ôóðüå ïî îêðóæíîé êîîðäèíàòå θ  ñ êî-
ýôôèöèåíòàìè â âèäå èíòåãðàëüíûõ ðàçëîæåíèé Ôóðüå – Õàíêåëÿ ïî êî-
îðäèíàòàì ,iz r  ñîîòâåòñòâóþùåãî ãàðìîíèêå ïî θ  ïîðÿäêà: 

– äëÿ íåðàâíûõ êîðíåé 

 (1)
1 1 1 1

0 0

( , , ) cos ( ) ( ) ch ( )n
n

r z n A h z
∞∞

=

ϕ θ = θ λ λ − +∑ ∫  

 (2)
1 1

1
( ) sh ( ) ( )

shn n
dA h z J r

h
λ+ λ λ − λ λ λ

, 

  (1)
2 2 2 2

0 0

( , , ) cos ( ) ( ) ch ( )n
n

r z n B h z
∞∞

=

ϕ θ = θ λ λ − +∑ ∫  

 (2)
2 2

2
( ) sh ( ) ( )

shn n
dB h z J r

h
λ+ λ λ − λ λ λ

, 

 (1)
3 3 3 3

0 0

( , , ) sin ( ) ( ) ch ( )n
n

r z n C h z
∞∞

=

ϕ θ = θ λ λ − +∑ ∫  

 (2)
3 3

3
( ) sh ( ) ( )

shn n
dC h z J r

h
λ+ λ λ − λ λ λ

; (8) 

 – äëÿ ðàâíûõ êîðíåé 

 (1)
1 1 1

0 0

( , , ) cos ( ) ( ) sh ( )n
n

r z n B h z
∞∞

=

ϕ θ = − θ λ λ − +∑ ∫  

 (2)
1 1

1
( )ch ( ) ( )

shn n
dB h z J r

h
λ+ λ λ − λ λ λ

, 

 (1)
1 2 2

0 0

( , , ) cos ( ) ( ) ch ( )n
n

F r z n A h z
∞∞

=

θ = θ λ λ − +∑ ∫  

 (2)
2 2

2
( ) sh ( ) ( )

shn n
dA h z J r

h
λ+ λ λ − λ λ

, 

 (1)
1 1 1

0 0

( , , ) cos ( ) ( ) ch ( )n
n

r z n B h z
∞∞

=

Φ θ = θ λ λ − +∑ ∫  

 (2)
1 1

1
( ) sh ( ) ( )

shn n
dB h z J r

h
λ+ λ λ − λ λ

, 
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 (1)
3 3 3 3

0 0

( , , ) sin ( ) ( ) ch ( )n
n

r z n C h z
∞∞

=

ϕ θ = θ λ λ − +∑ ∫  

 (2)
3 3

3
( ) sh ( ) ( )

shn n
dC h z J r

h
λ+ λ λ − λ λ λ

.  (9) 

Òàêæå ïðåäñòàâèì â âèäå ðÿäà Ôóðüå ïî êîîðäèíàòå θ  ôóíêöèþ 
( , )rσ θ , ôèãóðèðóþùóþ â ãðàíè÷íûõ óñëîâèÿõ (4) êàê íàïðÿæåíèÿ íà áåðå-

ãàõ òðåùèíû: 

 
0

( , ) cos ( ) ( )n
n

r n r
∞

=

σ θ = θ σ∑ . (10) 

Óäîâëåòâîðÿÿ ãðàíè÷íûì óñëîâèÿì, çàäàííûì íà âñåé îáëàñòè 3x =  

const=  (óñëîâèÿ (73)–(77)), ïîëó÷èì ïÿòü ëèíåéíûõ óðàâíåíèé, ñâÿçûâàþ-

ùèõ íåèçâåñòíûå ôóíêöèè ( )( )i
nA λ , ( ) ( )i

nB λ , ( )( )i
nC λ , 1, 2i = , êîòîðûå ïîçâî-

ëÿþò âûðàçèòü ïÿòü èç óêàçàííûõ ôóíêöèé ÷åðåç øåñòóþ: 
– äëÿ íåðàâíûõ êîðíåé 

 (1) (2) (2) (2)( ) 0,      ( ) 0,      ( ) 0,      ( ) 0n n n nC C A Bλ = λ = λ = λ = , 

 
0 1 2 0

(1) (1)1 1
0 1 2 0
2 2

( )
( ) ( )

( )
n n

n d
B A

n d

−

−λ = − λ
/

/
;  (11) 

 – äëÿ ðàâíûõ êîðíåé 

 (1) (2) (1) (1) (2)
1( ) 0,       ( ) 0,       ( ) 0,      ( ) ( )n n n n nC C A B Aλ = λ = λ = λ = µ λ , 

 
0

(2) (2)2
1 1 1 10

1

( ) 1 cth ( ),        n n

d
B A h

d
  λ = − − µ µ λ µ = λ    

.  (12) 

 Èç îñòàâøèõñÿ äâóõ ãðàíè÷íûõ óñëîâèé (ïåðâûå äâà óðàâíåíèÿ èç (7)) 
ïîëó÷èì äëÿ êàæäîé n -é ãàðìîíèêè ïî îêðóæíîé êîîðäèíàòå θ  ïàðíûå 
èíòåãðàëüíûå óðàâíåíèÿ 

 
0

( ) 1 ( ) ( ) ( ),      n n nA g J r d r r a
∞

λ λ − λ λ λ = Σ <∫ [ ] , 

 
0

( ) ( ) 0,              ,          0,1,2,n nA J r d r a n
∞

λ λ λ = > =∫  ,  (13) 

ãäå 
– äëÿ íåðàâíûõ êîðíåé  

 (1) 1
0 0 0
44 1 1

1( ) ( ),             ( ) ( )n n n n

k
A A r r

kC d
λ = λ Σ = − σ


, 

 
2 1

0 0
1 2

2 1 1 2 1 20 02 1
2 1

1( ) ,    ,   ,   
sh sh
e eg k k k k k k k

k n n

−µ −µ λ = − ≡ ≡ ≡ − µ µ 
 

, 

 
0

1 ,    1,2i

i

h i
n

µ = λ = ;  (14) 

 – äëÿ ðàâíûõ êîðíåé 

 (2)
0 0 0
44 1 1

1 1( ) ( ),                  ( ) ( )n n n nA A r r
kC d

λ = λ Σ = σ


, 

 
1

0 0 0
1 2 1 2

12 0 0 01 1 1 1 1

1 1( ) ,      ,    
sh sh

deg k h
k d n

−µ µ −
λ = − − ≡ µ = λ

µ µ

( ) 


.  (15) 
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 4. Ïîñòðîåíèå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòîðîãî ðîäà. 
Áóäåì ðåøàòü ñèñòåìó ïàðíûõ èíòåãðàëüíûõ óðàâíåíèé (13) ìåòîäîì ïîä-
ñòàíîâêè [7]. Â ñîîòâåòñòâèè ñ íèì áóäåì âûáèðàòü ðåøåíèå â âèäå, êîòî-
ðûé ïîçâîëÿåò òîæäåñòâåííî óäîâëåòâîðèòü âòîðîå èç óðàâíåíèé (13): 

 1 2
0

( ) ( ) ( ) ,           0,1,2,
2

a

n n nA t t J t dt n+
πλλ = ω λ =∫ / ,  (16) 

ãäå ( )n tω  – íåèçâåñòíûå ôóíêöèè, íåïðåðûâíûå âìåñòå ñî ñâîèìè ïåðâûìè 

ïðîèçâîäíûìè íà èíòåðâàëå 0,a[ ] . 
Ïîäñòàâèâ âûðàæåíèÿ (16) â ïåðâîå èç óðàâíåíèé (13), ïîëó÷èì ñîîò-

íîøåíèå 

 1 2
0 0

( ) ( ) ( )
2

a

n n nt t J t dt J r d
∞

+
πλ ω λ λ λ λ =  ∫ ∫ /  

 3 2
1 2

0 0

( ) ( ) ( ) ( ) ( )
2

a

n n n ng t t J t dt J r d r
∞

+
π  = λ λ ω λ λ λ λ + Σ  ∫ ∫/

/ . (17) 

Ó÷èòûâàÿ ñîîòíîøåíèå  

 1/2 1/2
1/2 1/2( ) ( )n n

n n
dr r J r J r
dr

− − − +
− +− λ = λ λ[ ]   (18) 

è çíà÷åíèå ðàçðûâíîãî èíòåãðàëà Âåáåðà – Øàôõåéòëèíà  

 1 2
1 2

2 20

 0, 0 ,

( ) ( ) 2 , 0 ,
n

n n
n

r t

J r J t d t t r
r r t

∞
−

−

≤ <λ λ λ λ =  ≤ < π −
∫ /

/   (19) 

èíòåãðàë â ëåâîé ÷àñòè (17) ïðèâîäèì ê âèäó 

 
2 2

0

( )r
n n t

r dt
r t

− ω

−
∫


,  ãäå  ( ) ( )n
n n

dt t t
dt

ω ≡ ω [ ] . (20) 

Óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ (17) íà nr è äåëàÿ â ëåâîé ÷àñòè ýòîãî 
óðàâíåíèÿ ïîäñòàíîâêó sint r= θ , ïîëó÷àåì óðàâíåíèÿ  

 
2

0

( sin ) ( ),    ,     0,1,2,n r d N r r a n
π

ω θ θ = < =∫  
/

, (21) 

ãäå 

 3 2
1 2

0 0

( ) ( ) ( ) ( ) ( ) ( )
2

a
n n

n n n nN r t t J t dt r g J r d r r
∞

+
π  = ω λ λ λ λ λ + Σ  ∫ ∫ /

/ . 

 Ó÷èòûâàÿ, ÷òî óðàâíåíèå Øëåìèëüõà âèäà 
2

0

( sin ) ( )f r d N r
π

θ θ =∫
/

 èìååò 

ðåøåíèå 
/2

0

2( ) (0) ( sin )f x N x N x d
π

 ′= + θ θ  π ∫ , è ïðèìåíÿÿ èíòåãðàë Ñîíèíà 

2

1 1 2
0

sin ( sin ) ( )
2

n
n nJ x d J x

x

π

− −
πθ λ θ θ = λ
λ∫

/

/ , èç (17) ïîëó÷àåì óðàâíåíèÿ 

Ôðåäãîëüìà âòîðîãî ðîäà 

 
2

0 0

2 2( ) ( ) ( , ) ( sin )
a

n n n nx t x t dt x x d
π

′ω − ω = Σ θ θ
π π∫ ∫K  

/

,  

 0 ,            0,1,2,x a n≤ ≤ =  ,  (22) 
ñ ÿäðàìè 
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 1 2 1 2
1 2 1 2

0

( , ) ( ) ( )
2

n n
n n nx t x a J a J x

∞
+ − +

− −
π= − λ λ −∫K / /

/ /[  

 1 2
1 2 1 2( ) ( ) ( )n

n nt J t J x g d− +
− −− λ λ λ λ λ/

/ / ] ,  (23) 

ãäå ( ) ( )n
n n

dx x x
dx

′Σ ≡ Σ [ ] , à ôóíêöèè ( )n xΣ  è ( )g λ  îïðåäåëÿþòñÿ ñîãëàñíî 

(14) äëÿ íåðàâíûõ è (15) – äëÿ ðàâíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ. 
 5. Îïðåäåëåíèå êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé. Ðàññìîò-
ðèì çíà÷åíèÿ êîìïîíåíò òåíçîðà íàïðÿæåíèé 33 3 , 3, rt t t θ  â îáëàñòè 3 0x = , 

r a> . Èç (5) (äëÿ ñëó÷àÿ íåðàâíûõ êîðíåé) èìååì: 

 0 0 0 (1)
33 44 1 1

1 0 0

( , ,0) cos ( ) ( ) ( )n n
n

kt r C d n A J r d
k

∞∞

=

θ = θ λ λ λ λ −
∑ ∫  

 (1)

0

( ) ( ) ( )n ng A J r d
∞

− λ λ λ λ λ∫ , 

 3 3( , ,0) 0,           ( , ,0) 0rt r t rθθ = θ = . (24) 

 Ó÷èòûâàÿ ñîîòíîøåíèÿ (18), (19) è ïðèìåíÿÿ èíòåãðèðîâàíèå ïî ÷àñ-
òÿì, èç ïåðâîãî èç ñîîòíîøåíèé (24) ïîëó÷àåì 

 33 2 2 2 2
0

( ) 1( , ,0) ( )
an

nn
nn n

a a dt r t t dt
dtr r a r r t

ω
θ = − + ω −

− −
∫ [ ]  

 1 2
0

( ) ( ) ( ) ( )
2 n n n
a a g J a J r d

∞

−
π− ω λ λ λ λ λ +∫ /  

 1 2
1 2

0 0

( ) ( ) ( ) ( )
2

a
n n

n n n
dg t t t J t dt J r d
dt

∞
− +

−
 π+ λ λ ω λ λ λ 
 ∫ ∫ /

/[ ] . (25) 

 Àíàëîãè÷íî òîìó, êàê ïðèíÿòî â ëèíåéíîé ìåõàíèêå ðàçðóøåíèÿ ìàòå-
ðèàëîâ áåç íà÷àëüíûõ íàïðÿæåíèé [10], îïðåäåëÿåì êîýôôèöèåíòû èíòåí-
ñèâíîñòè íàïðÿæåíèé ñëåäóþùèì îáðàçîì: 

 1 2
33lim 2 ( ) ( , ,0)I

r a
K r a t r

→+
= π − θ/[ ] , 

 1 2
3lim 2 ( ) ( , ,0)II r

r a
K r a t r

→+
= π − θ/[ ] , 

 1 2
3lim 2 ( ) ( , ,0)III

r a
K r a t rθ→+

= π − θ/[ ] .  (26) 

Òîãäà èç (24), (25) ïîëó÷àåì 

 0 0 0 1/2
44 1 1

1 0 0

cos ( ) ( ) ,   0,   0
a

n
I n II III

n

kK C d n a t dt K K
k

∞
− −

=

= − π θ ω = =∑ ∫  , (27) 

ãäå ôóíêöèè ( ), 0,1,2,n a nω =  , îïðåäåëÿþòñÿ êàê ðåøåíèÿ óðàâíåíèé (22). 

 Àíàëîãè÷íî äëÿ ðàâíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïîëó-
÷àåì 

 0 0 0 1/2
44 1 1

0 0

cos ( ) ( ) ,    0,    0
a

n
I n II III

n

K C d k n a t dt K K
∞

− −

=

= π θ ω = =∑ ∫  . (28) 

Êàê âèäèì, êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé IK  çàâèñÿò êàê 
îò âåëè÷èí íà÷àëüíûõ íàïðÿæåíèé è äåôîðìàöèé (ïîñêîëüêó âåëè÷èíû 

0 0 0
44 1 1, , ,C d k , à òàêæå ôóíêöèè nω  çàâèñÿò îò êîýôôèöèåíòîâ íà÷àëüíîãî 

óäëèíåíèÿ (óêîðî÷åíèÿ) âäîëü êîîðäèíàòíûõ îñåé , 1,2,3j jλ = ), òàê è îò 

ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è (ðàäèóñà òðåùèí è ðàññòîÿíèÿ ìåæäó 
íèìè). 
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6. Ïðåäåëüíûé ñëó÷àé ðàñïîëîæåíèÿ òðåùèí. Ðàññìîòðèì ïðåäåëü-
íûé ñëó÷àé ðàñïîëîæåíèÿ òðåùèí, êîãäà ðàññòîÿíèå ìåæäó íèìè ñòðåìèò-
ñÿ ê áåñêîíå÷íîñòè. Èç âûðàæåíèé äëÿ ÿäåð èíòåãðàëüíûõ óðàâíåíèé (23) 
ñëåäóåò, ÷òî ïðè h → ∞  ÿäðà â ïðåäåëå îáðàùàþòñÿ â íóëü:  
 lim ( , ) 0,             1,2,n

h
x t n

→∞
= =K  . (29) 

Òîãäà èç óðàâíåíèé (22), èñïîëüçóÿ çàìåíó ïåðåìåííûõ sint x= θ , ïî-
ëó÷àåì ãðàíè÷íûå çíà÷åíèÿ ôóíêöèé nω : 

 
1

1
0 0 0 2 2
44 1 1 0

( )2 1( ) lim ( )
x n

n
n n nh

t tk
x x dt

kC d x x t

+
∞

→∞

σ
ω ≡ ω = −

π −
∫

.  (30) 

Ïîäñòàâèâ ñîîòíîøåíèÿ (30) â ïðåäñòàâëåíèÿ (27), (28), ïîëó÷àåì ñëå-
äóþùèå çíà÷åíèÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé äëÿ ïðåäåëü-
íîãî ñëó÷àÿ ðàñïîëîæåíèÿ òðåùèí ïðè h → ∞  äëÿ íåðàâíûõ è ðàâíûõ 
êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ: 

 
1

1 2 2 2
0 0

cos ( )2lim ( )
a n

I I nnh n

n tK K t dt
a a t

∞ +
∞

+→∞ =

θ
≡ = σ

π −
∑ ∫/

, 

 0,           0II IIIK K∞ ∞= = . (31) 
 Èç (31) âèäèì, ÷òî â óêàçàííîì ïðåäåëüíîì ñëó÷àå ðàñïîëîæåíèÿ òðå-
ùèí êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé íå çàâèñÿò îò çíà÷åíèé íà-
÷àëüíûõ íàïðÿæåíèé è äåôîðìàöèé, à èõ çíà÷åíèÿ ïîëíîñòüþ ñîâïàäàþò (ñ 
òî÷íîñòüþ äî îáîçíà÷åíèé) ñî çíà÷åíèÿìè êîýôôèöèåíòîâ èíòåíñèâíîñòè 
íàïðÿæåíèé, ïîëó÷åííûìè â çàäà÷å îá èçîëèðîâàííîé òðåùèíå íîðìàëüíî-
ãî îòðûâà â áåñêîíå÷íîì ìàòåðèàëå â ðàìêàõ ëèíåéíîé ìåõàíèêè ðàçðóøå-
íèÿ ìàòåðèàëîâ áåç íà÷àëüíûõ íàïðÿæåíèé (ñì. ôîðìóëó (1.44) â [10]). 

Â ÷àñòíîñòè, ïðè 0( , ) cosrσ θ = σ θ  èç (31) ïîëó÷àåì 

 0 cos ,      0,       0
2I II III
aK K K∞ ∞ ∞π= σ θ = = . (32) 

 7. ×èñëåííûå ðåçóëüòàòû. Ðàññìîòðèì ÷àñòíûé ñëó÷àé íàãðóçêè íà 
áåðåãàõ òðåùèí, êîãäà îíà îïðåäåëÿåòñÿ âûðàæåíèåì 
 1( , ) ( ) cosr rσ θ = σ θ . (33) 
 Â ýòîì ñëó÷àå èç (22) ïîëó÷èì ðàçðåøàþùåå èíòåãðàëüíîå óðàâíåíèå 
Ôðåäãîëüìà âòîðîãî ðîäà â áåçðàçìåðíîì âèäå: 

 
/21

1 1 1 1
0 0

2 2( ) ( ) ( , ) ( sin )f f d P d
π

′ξ − η ξ η η = ξ ξ θ θ
π π∫ ∫K , 

 0 1,      0 1≤ ξ ≤ ≤ η ≤ , (34) 
ãäå 

1 1 1 1
1 1 1,     ,     ( ) ( ) ( )a x a t f a a a x− − − −ξ ≡ η ≡ ξ ≡ ω ξ = ω  . 

ßäðî â (34) èìååò âèä 

 1
1( , ) ( ) ( ) ( 1) ( 1)R R R R−ξ η = ξ η ξ − η − ξ + η − ξ − − ξ +K [ ] [ ]{ } , (35) 

ãäå  
– äëÿ ñëó÷àÿ íåðàâíûõ êîðíåé 

 1 2

1 1 2 2

1( ) Re 1 Re 1
2 2

k kiz izR z
k

    = ψ + − ψ +    β β β β    
, 

 1
1 10 0 0 0

44 1 1

1( ) ( ),         ,         1,2i

i

k hP i
kC d a n

ξ = − ξσ ξ β ≡ =


; (36) 

– äëÿ ñëó÷àÿ ðàâíûõ êîðíåé  

 1
1 1 1 1

1( ) ( 1)Re 1 Im 1
2 2 2
iz z izR z k

k
    = + ψ + − ψ +    β β β β    

, 
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 1 1 10 0 0 0
44 1 1 1

1( ) ( ),           hP
C d k a n

ξ = ξσ ξ β ≡


. (37) 

Â ôîðìóëàõ (36), (37) 
1,2

Re 1
2
iz ψ + β 

 è 1
1

Im 1
2
iz ψ + β 

 – ñîîòâåòñòâåí-

íî äåéñòâèòåëüíàÿ ÷àñòü îò ïñè-ôóíêöèè ( ) ln ( )dz z
dz

ψ = Γ  (ãäå ( )zΓ - ãàììà-

ôóíêöèÿ) è ìíèìàÿ ÷àñòü îò åå ïðîèçâîäíîé 1( ) ( )dz z
dz

ψ = ψ . 

Êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé â îêðåñòíîñòè êðàåâ òðå-
ùèí â ñëó÷àå íàãðóçêè íà èõ áåðåãàõ â âèäå (33) âûðàæàþòñÿ ñîîòíîøåíè-
ÿìè: 

– äëÿ ñëó÷àÿ íåðàâíûõ êîðíåé 

 
1

0 0 0
44 1 1 1

1 0

( ) cos ,     0,      0I II III
kK a C d f d K K
k

= − π η η θ = =∫ ;   (38) 

– äëÿ ñëó÷àÿ ðàâíûõ êîðíåé 

 
1

0 0 0
44 1 1 1

0

( ) cos ,          0,      0I II IIIK a C d k f d K K= π η η θ = =∫ ,  (39) 

ãäå çíà÷åíèÿ ôóíêöèè 1( )f η  îïðåäåëÿþòñÿ èç ðåøåíèÿ óðàâíåíèÿ (34). 
Íèæå ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ äëÿ âûñîêîýëàñòè÷åñêîãî íåñæè-

ìàåìîãî ìàòåðèàëà, îïèñûâàåìîãî óïðóãèì ïîòåíöèàëîì Áàðòåíåâà – Õàçà-
íîâè÷à [1]. Ìàòåðèàë õàðàêòåðèçóåòñÿ îäíîé ïîñòîÿííîé µ . Äëÿ ýòîãî ïî-
òåíöèàëà ïðè äâóõîñíîì ðàâíîìåðíîì íàãðóæåíèè (2) ïîëó÷àåì 

 3 22 0 0 3 0 1 0
3 1 1 2 1 3 3 1,          ,        2 1 ,        1n n n m− −λ = λ = = λ = + λ =/( ) , 

 0 0 0 3 3 0 1
2 1 2 1 1 1 1 3

11,             1,          (1 ),        1
2

m d− −= = = λ − λ = λ λ +  , 

 3 20 1 0 1 0 2
2 1 3 44 3 3 11 1 1 32 ,       2 1 ,      2 ( )d C S−− − −= λ λ = µ λ + λ = µλ λ − λ/( ) . 

Ðåøåíèå óðàâíåíèÿ (34) îñóùåñòâëÿëîñü ìåòîäîì Áóáíîâà – Ãàëåðêè-
íà, ÷èñëåííîå èíòåãðèðîâàíèå ïðîèçâîäèëîñü ïî êâàäðàòóðíûì ôîðìóëàì 
Ãàóññà. Ïðåäïîëàãàëîñü, ÷òî áåðåãà òðåùèíû çàãðóæåíû íàãðóçêîé â âèäå 
(33), ãäå 1( ) constrσ = σ = . 
 Таблица 1 

1λ  

β  
0.7 0.8 0.9 1.0 1.1 1.5 5.0 

0.125 0.112819 0.342407 0.386650 0.394523 0.389100 0.338828 0.142078 
0.25 0.171449 0.488975 0.544122 0.551898 0.543282 0.474012 0.204634 
0.5 0.249182 0.744965 0.773116 0.765767 0.747769 0.654097 0.289666 
0.75 0.532572 0.902582 0.905024 0.891616 0.872362 0.776422 0.353443 
1.0 0.784460 0.962815 0.960544 0.950890 0.937282 0.859371 0.406503 
1.5 0.956145 0.992786 0.991539 0.988288 0.983361 0.945387 0.493677 
2.0 0.988149 0.998014 0.997558 0.996435 0.994638 0.977637 0.564916 
5.0 0.999862 0.999976 0.999968 0.999950 0.999919 0.999487 0.828189 

Â òàáë. 1 ïðèâåäåíû çíà÷åíèÿ ñîîòíîøåíèé êîýôôèöèåíòîâ èíòåíñèâ-

íîñòè íàïðÿæåíèé I IK K∞  (ãäå IK∞  - êîýôôèöèåíò èíòåíñèâíîñòè íàïðÿæå-
íèé äëÿ èçîëèðîâàííîé òðåùèíû â áåñêîíå÷íîì ìàòåðèàëå, îïðåäåëÿåìûé 
ïî ôîðìóëå (32)) äëÿ ðàçëè÷íûõ çíà÷åíèé êîýôôèöèåíòà íà÷àëüíîãî óêî-
ðî÷åíèÿ (óäëèíåíèÿ) 1λ  âäîëü êîîðäèíàòíîé îñè 1Ox , îáóñëîâëåííîãî äåé-

ñòâèåì íà÷àëüíûõ íàïðÿæåíèé ñæàòèÿ-ðàñòÿæåíèÿ 0
11S  ( 1 1λ <  – íà÷àëüíîå 

ñæàòèå, 1 1λ >  – íà÷àëüíîå ðàñòÿæåíèå) è äëÿ ðàçëè÷íûõ çíà÷åíèé áåç-

ðàçìåðíîãî ðàññòîÿíèÿ ìåæäó òðåùèíàìè 1ha−β = .  
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Íà ðèñ. 1 ïðèâåäåíû çàâèñèìîñòè ñîîòíîøåíèé I IK K∞  îò ïàðàìåòðà 

1λ  äëÿ çíà÷åíèé 0.25, 0.5, 1.0β =  Êàê âèäèì, íà÷àëüíûå íàïðÿæåíèÿ îêà-
çûâàþò çàìåòíîå âëèÿíèå íà êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé. 
Îòìåòèì òàêæå, ÷òî ïðè ñòðåìëåíèè ïàðàìåòðà 1λ  ê çíà÷åíèÿì, ñîîòâåò-

ñòâóþùèì êðèòè÷åñêèì çíà÷åíèÿì êîýôôèöèåíòà óêîðî÷åíèÿ 1 0.6934∗λ =  
äëÿ ïåðâîé ãàðìîíèêè ïî óãëîâîé êîîðäèíàòå â íåîñåñèììåòðè÷íîé çàäà÷å 
î ñæàòèè òåëà âäîëü ïåðèîäè÷åñêîé ñèñòåìû ñîîñíûõ êðóãîâûõ òðåùèí, 

çíà÷åíèÿ I IK K∞  àñèìïòîòè÷åñêè ñòðåìÿòñÿ ê íóëþ.  

  
 Рис. 1 Рис. 2 

Ðèñ. 2 èëëþñòðèðóåò çàâèñèìîñòè ñîîòíîøåíèé êîýôôèöèåíòîâ èíòåí-

ñèâíîñòè íàïðÿæåíèé I IK K∞  îò áåçðàçìåðíîãî ðàññòîÿíèÿ ìåæäó òðåùè-

íàìè β . Ðåçóëüòàòû ïðèâåäåíû äëÿ çíà÷åíèé 1 0.9, 1.0, 1.2λ = . Íà ðèñóíêå 
âèäèì, ÷òî ïðè âîçðàñòàíèè ðàññòîÿíèÿ ìåæäó òðåùèíàìè çíà÷åíèÿ êîýô-
ôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé äëÿ ïåðèîäè÷åñêîé ñèñòåìû ñîîñíûõ 
òðåùèí íîðìàëüíîãî îòðûâà ñòðåìÿòñÿ ê çíà÷åíèÿì, ïîëó÷åííûì â çàäà÷å 
îá èçîëèðîâàííîé òðåùèíå â áåñêîíå÷íîì ìàòåðèàëå. 

8. Âûâîäû. Â ðàáîòå â ðàìêàõ ïîäõîäîâ òðåõìåðíîé ëèíåàðèçèðîâàí-
íîé ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà èññëåäîâàíà íåîñåñèììåòðè÷-
íàÿ çàäà÷à î ïåðèîäè÷åñêîé ñèñòåìå ñîîñíûõ äèñêîîáðàçíûõ òðåùèí íîð-
ìàëüíîãî îòðûâà â áåñêîíå÷íîì ìàòåðèàëå ñ íà÷àëüíûìè (îñòàòî÷íûìè) íà-
ïðÿæåíèÿìè. Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ñäåëàòü ñëåäóþùèå âû-
âîäû: 

– ïîðÿäîê ñèíãóëÿðíîñòè â ðàñïðåäåëåíèè íàïðÿæåíèé âîçëå êîí÷èêîâ 
òðåùèí íîðìàëüíîãî îòðûâà â çàäà÷å î ïåðèîäè÷åñêîé ñèñòåìå òðåùèí â 
òåëå ñ íà÷àëüíûìè íàïðÿæåíèÿìè ðàâåí 21/ ; 

– â ðàññìîòðåííîé çàäà÷å îòëè÷íûì îò íóëÿ ÿâëÿåòñÿ òîëüêî êîýôôè-

öèåíò èíòåíñèâíîñòè íàïðÿæåíèé IK . Ïðè ýòîì IK  çàâèñèò îò çíà÷åíèé 
íà÷àëüíûõ íàïðÿæåíèé, à òàêæå îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è 
(ðàññòîÿíèÿ ìåæäó òðåùèíàìè è ðàäèóñà òðåùèí);  

– â ïðåäåëüíîì ñëó÷àå ðàñïîëîæåíèÿ òðåùèí, êîãäà âåëè÷èíà ðàññòîÿ-
íèÿ ìåæäó íèìè ñòðåìèòñÿ ê áåñêîíå÷íîñòè, êîýôôèöèåíòû èíòåíñèâíîñòè 
íàïðÿæåíèé ñòðåìÿòñÿ ê ñîîòâåòñòâóþùèì çíà÷åíèÿì, ïîëó÷åííûì äëÿ 
ñëó÷àÿ èçîëèðîâàííîé òðåùèíû â áåñêîíå÷íîì ìàòåðèàëå â ðàìêàõ ëèíåé-
íîé ìåõàíèêè ðàçðóøåíèÿ ìàòåðèàëîâ áåç íà÷àëüíûõ íàïðÿæåíèé.  

Ñëåäóåò òàêæå îòìåòèòü, ÷òî, ïîëàãàÿ â ïîëó÷åííûõ â íàñòîÿùåé ðàáî-
òå ñîîòâåòñòâóþùèõ âûðàæåíèÿõ ïîðÿäîê ãàðìîíèêè ïî îêðóæíîé êîîðäè-
íàòå θ  ðàâíûì íóëþ ( 0n = ), ïîëó÷èì ñîîòíîøåíèÿ (â ÷àñòíîñòè, ðàçðåøà-
þùèå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà è çíà÷åíèÿ êîýô-
ôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé) äëÿ ñëó÷àÿ îñåñèììåòðè÷íîãî ðàñ-
ïðåäåëåíèÿ â òåëå íàïðÿæåíèé è äåôîðìàöèé, êîòîðûé ÿâëÿåòñÿ âàæíûì â 
ïðàêòè÷åñêèõ ïðèëîæåíèÿõ.  
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НЕОСЕСИМЕТРИЧНА ЗАДАЧА ПРО ПЕРІОДИЧНУ СИСТЕМУ ДИСКОПОДІБНИХ ТРІЩИН 
НОРМАЛЬНОГО ВІДРИВУ В ТІЛІ З ПОЧАТКОВИМИ НАПРУЖЕННЯМИ  
 
Äîñë³äæåíî ãðàíè÷íó ð³âíîâàãó ïîïåðåäíüî íàïðóæåíîãî íåñê³í÷åííîãî ìàòåð³àëó, 
ùî ì³ñòèòü ïåð³îäè÷íó ñèñòåìó ïàðàëåëüíèõ ñï³ââ³ñíèõ êðóãîâèõ òð³ùèí, ÿê³ 
çíàõîäÿòüñÿ ï³ä ä³ºþ äîâ³ëüíîãî íîðìàëüíîãî íàâàíòàæåííÿ. Ó ðàìêàõ òðèâèì³ð-
íî¿ ë³íåàðèçîâàíî¿ ìåõàí³êè äåôîðì³âíîãî òâåðäîãî ò³ëà âèêîíàíî ïîñòàíîâêó çà-
äà÷³, îòðèìàíî ðîçâ’ÿçóâàëüí³ ³íòåãðàëüí³ ð³âíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó òà 
âèðàçè äëÿ êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü â îêîëàõ òð³ùèí. Äëÿ íåñòèñ-
ëèâîãî âèñîêîåëàñòè÷íîãî ìàòåð³àëó ç ïðóæíèì ïîòåíö³àëîì Áàðòåíºâà – Õàçà-
íîâè÷à îòðèìàíî ÷èñëîâ³ çíà÷åííÿ êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü ³ ïðî-
àíàë³çîâàíî ¿õ çàëåæíîñò³ â³ä ïî÷àòêîâèõ íàïðóæåíü ³ ãåîìåòðè÷íèõ ïàðàìåòð³â 
çàäà÷³. 
 
NONAXISYMMETRIC PROBLEM ON PERIODIC SYSTEM OF PENNY-SHAPED 
MODE-I CRACKS IN A SOLID WITH INITIAL STRESSES  
 
In this paper the limit equilibrium of initially stressed infinite solid containing a pe-
riodic system of parallel circular cracks is investigated. It is supposed that the cracks 
are loaded by arbitrary normal loads. Within the framework of three-dimensional linea-
rized mechanics of solids the statement of the problem is carried out and the Fredholm 
integral second kind equations are obtained. The representations of the stress intensity 
factors near the crack tips are given. The dependence of stress intensity factors on the 
initial stresses and geometric parameters of the problem is analyzed for an elastic solid 
with Bartenev – Khazanovich potential.  
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