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ПРО ОДИН КЛАС ЗБУРЕНЬ ОПЕРАТОРА ШТУРМА – ЛІУВІЛЛЯ 
З ОБМЕЖЕНИМ ДОДАТНИМ ОПЕРАТОРНИМ ПОТЕНЦІАЛОМ 
 

Ðîçãëÿäàºòüñÿ îäèí êëàñ äèôåðåíö³àëüíî-ãðàíè÷íèõ îïåðàòîð³â òèïó Øòóð-
ìà – Ë³óâ³ëëÿ ç áàãàòîòî÷êîâî-³íòåãðàëüíèìè êðàéîâèìè óìîâàìè, ùî ä³þòü 
ó ã³ëüáåðòîâîìó ïðîñòîð³ âåêòîð-ôóíêö³é, ÿê³ ïðèéìàþòü çíà÷åííÿ â àáñò-
ðàêòíîìó ã³ëüáåðòîâîìó ïðîñòîð³. Äîâåäåíî çàìêíåí³ñòü ³ ù³ëüíó âèçíà÷å-
í³ñòü, à òàêîæ âñòàíîâëåíî óìîâè âçàºìíî¿ ñïðÿæåíîñò³ äîñë³äæóâàíèõ îïå-
ðàòîð³â. 

 
1. Âñòóï. Ïðîòÿãîì îñòàíí³õ äåñÿòèë³òü ó ïðàöÿõ áàãàòüîõ ìàòåìàòèê³â 

(äèâ. [2, 22] ³ öèòîâàíó òàì ë³òåðàòóðó) âèâ÷àëèñü äèôåðåíö³àëüí³ òà äèôå-
ðåíö³àëüíî-ãðàíè÷í³ îïåðàòîðè ç ð³çíîãî ðîäó íåêëàñè÷íèìè êðàéîâèìè 
óìîâàìè. Äåÿê³ ç öèõ óìîâ íàâåäåíî ó â³äîìîìó äîâ³äíèêó Å. Êàìêå [4]. Çà-
çíà÷èìî, ùî òàê³ îïåðàòîðè ç’ÿâëÿþòüñÿ â òåîð³¿ àêðåòèâíèõ ðîçøèðåíü ³ 
çâóæåíü [18, 19, 21] òà â òåîð³¿ ñàìîñïðÿæåíèõ ³ äèñèïàòèâíèõ ðîçøèðåíü 
íåù³ëüíî âèçíà÷åíèõ äèôåðåíö³àëüíèõ îïåðàòîð³â [6, 20].  

Öÿ ñòàòòÿ ò³ñíî ïîâ’ÿçàíà ç ïðèñâÿ÷åíèìè ðîçâèòêîâ³ êîíöåïö³¿ ñïîð³ä-
íåíèõ îïåðàòîð³â Â. Å. Ëÿíöå [10, 11] ïðàöÿìè àâòîð³â [14, 23], ó ÿêèõ ìîâà 
éäå ïðî äåÿê³ àáñòðàêòí³ àíàëîãè îïåðàòîð³â, âêàçàíèõ ó çàãîëîâêó. Íàâåäå-
í³ íèæ÷å òâåðäæåííÿ àíàëîã³÷í³ äî â³äïîâ³äíèõ òâåðäæåíü ç [14, 23], àëå, 
âçàãàë³ êàæó÷è, íå âèïëèâàþòü áåçïîñåðåäíüî ç íèõ. Çàçíà÷èìî, ùî äëÿ äå-
ÿêèõ ÷àñòêîâèõ âèïàäê³â ðåçóëüòàòè ö³º¿ ðîáîòè îòðèìàíî â [12, 17] ³ ùî 
÷àñòèíó öèõ ðåçóëüòàò³â àíîíñîâàíî â [15].  

2. Ïîçíà÷åííÿ òà ïîñòàíîâêà çàäà÷³. Ó ö³é ïðàö³ âèêîðèñòàíî òàê³ ïî-
çíà÷åííÿ: ( )D T , ( )R T , kerT  – â³äïîâ³äíî îáëàñòü âèçíà÷åííÿ, îáëàñòü çíà-
÷åíü ³ ìíîãîâèä íóë³â (ë³í³éíîãî) îïåðàòîðà T ; ( , )X Y  – ñóêóïí³ñòü ë³í³é-
íèõ íåïåðåðâíèõ îïåðàòîð³â :A X Y→  òàêèõ, ùî ( )D A X= ; ( )X =  

( , )X X=  ; ( )X  – êëàñ çàìêíåíèõ ù³ëüíî âèçíà÷åíèõ ë³í³éíèõ îïåðàòîð³â 

ó ïðîñòîð³ X ; |A E  – çâóæåííÿ â³äîáðàæåííÿ A  íà ìíîæèíó E ; E  – çà-

ìèêàííÿ ìíîæèíè E ; X1  – òîòîæíå ïåðåòâîðåííÿ ïðîñòîðó X ; A∗  – îïå-

ðàòîð, ñïðÿæåíèé ç îïåðàòîðîì A ; 
.
+ , ⊕  – â³äïîâ³äíî ñèìâîëè ïðÿìî¿ òà 

îðòîãîíàëüíî¿ ñóìè. ßêùî ,i iX Y  – ã³ëüáåðòîâ³ ïðîñòîðè òà :i iA X Y→  – 

ë³í³éí³ îïåðàòîðè, 1, ,i n=  , òî çàïèñ 1 nA A A= ⊕ ⊕  (àáî 
1

n

k
k

A A
=

= ⊕ ) 

îçíà÷àº, ùî 1
1

( , , )
n

n i
k

x x x X
=

∀ = ∈ ⊕  1 1( , , )n nAx A x A x=  . ßêùî, êð³ì öüîãî, 

1 nX X X= = = , ÷àñòî âæèâàºìî öåé ñèìâîë â ³íøîìó ñåíñ³:  

 
def

1
1

          ( , , )
n

n
k

x X A x A x A x
=

 ∀ ∈ ⊕ = 
 

 . 

Öå íå ïðèçâîäèòü äî íåïîðîçóì³íü, îñê³ëüêè ç êîíòåêñòó çàâæäè çðîçóì³ëî, 
ïðî ÿêó îðòîãîíàëüíó ñóìó éäå ìîâà.  

Ï³ä 0H  ðîçóì³ºìî ô³êñîâàíèé ñåïàðàáåëüíèé ã³ëüáåðò³â ïðîñò³ð ç³ ñêà-

ëÿðíèì äîáóòêîì 
0

( )H⋅ | ⋅  ³ ââàæàºìî, ùî ,x a b∀ ∈ [ ] , a b− ∞ < < < + ∞ , ( )p x =  

0( ) ( )p x H∗= ∈   – äîäàòíî âèçíà÷åíèé îïåðàòîð, ïðè÷îìó îïåðàòîð-ôóíê-

ö³ÿ ( )x p x  ñèëüíî íåïåðåðâíà íà ,a b[ ]  (ö³ óìîâè ìîæíà ïîñëàáèòè), à  

 ( ) ( )l y y x p x y′′= − +[ ] . (1) 
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×åðåç ( , ),  H a bα β ≤ α < β ≤ , ïîçíà÷àºìî ã³ëüáåðò³â ïðîñò³ð 2 0 ,( , )L H α β( )  

ç³ ñêàëÿðíèì äîáóòêîì 
0( , )( | ) ( ) | ( )H Hy z y x z x dx

β

α β
α

= ∫ ( ) , à ÷åðåç ( , )iH α β  – 

ñîáîëºâñüê³ ïðîñòîðè 0 ;( , )iH H α β( ) , 1,2i = , ÿê³, ÿê â³äîìî, º ïîâíèìè â³äíîñ-

íî ñêàëÿðíèõ äîáóòê³â  

 1 0 0( , )
( | ) ( ) | ( ) ( ) ( ) | ( )H HH
y z y x z x p x y x z x dx

β

α β
α

′ ′= +∫ ( ) ( )[ ]  (2) 

òà  
 2 ( , ) ( , )( , )

( | ) ( | ) |H HH
y z y z l y l zα β α βα β

= + ( )[ ] [ ] . (3) 

Çâóæóþ÷è ö³ ñêàëÿðí³ äîáóòêè íà 0 0 ;( , )iH H α β( ) , òàêîæ ïåðåòâîðþºìî ö³ 

ìíîãîâèäè íà ã³ëüáåðòîâ³ ïðîñòîðè, ÿê³ ïîçíà÷àòèìåìî ÷åðåç 0 ( , )iH α β , 1,2i =  

(äåòàëüí³øå äèâ. [1, 9]).  
Ï³ä ( , )L α β  òà 0 ( , )L α β  ðîçóì³ºìî â³äïîâ³äíî ìàêñèìàëüíèé òà ì³í³ìàëü-

íèé äèôåðåíö³àëüí³ îïåðàòîðè, ïîðîäæåí³ â ( , )H α β  âèðàçîì (1). Â³äîìî [3, 

16], ùî 0 ( , ),  ( , ) ( , )L L Hα β α β ∈ α β( ) , 0 ( , ) ( , )L L∗ α β = α β . Êð³ì öüîãî, 0 ( , )L α β  – 

äîäàòíî âèçíà÷åíèé îïåðàòîð, ïðè÷îìó ïðîñò³ð 1
0 ( , )H α β  ç³ ñêàëÿðíèì äî-

áóòêîì (2) º åíåðãåòè÷íèì ïðîñòîðîì öüîãî îïåðàòîðà, à îïåðàòîð ( , )FL α β , 
îçíà÷åíèé çà äîïîìîãîþ ñï³ââ³äíîøåíü  

 2( ( , )) ( , ) : ( ) ( ) 0 ,       ( , ) ( , )F FD L y H y y L Lα β = ∈ α β α = β = α β ⊂ α β{ } , 

– éîãî ðîçøèðåííÿ çà Ôð³äð³õñîì [1, 13].  

Íàäàë³ çàì³ñòü ( , )H a b , ( , )iH a b , 0 ( , )iH a b , 1,2i = , ( , )L a b , 0 ( , )L a b , ( , )FL a b  

ïèñàòèìåìî â³äïîâ³äíî H , iH , 0
iH , 1,2i = , L , 0L , FL . Çàçíà÷èìî, ùî 

2( )D L H= , 2
0 0( )D L H= .  

Ïåðåéäåìî äî ïîñòàíîâêè çàäà÷³.  

Íåõàé 1 2a c c b< < < , (1) (2),G G  – (çàìêíåí³ ë³í³éí³) ï³äïðîñòîðè ïðî-

ñòîðó 0H , ( )iP  – îðòîïðîåêòîð ( )
0

iH G→ , à 
0

def
( ) ( )i i

HQ P= −1 , 1,2i = . 

Îçíà÷èìî îïåðàòîðè minL , maxL  çà äîïîìîãîþ ñï³ââ³äíîøåíü  

 ( )
min 0 min 0( ) ( ) : ( ) 0,  1,2 ,         i

iD L y D L P y c i L L= ∈ = = ⊂{ } , (4) 

 max( )D L y H y= ∈ :{  àáñîëþòíî íåïåðåðâíà íà , ;  a b y′[ ]  àáñîëþòíî 

 íåïåðåðâíà íà 1 1 2 2 cl, 0) ( 0, 0) ( 0, ;  a c c c c b l y H− + − + ∈ [ ] [ ] } , (5) 

 max max cl( )         y D L L y l y∀ ∈ = [ ] . (6) 

(Òóò ³ íàäàë³ ï³ä cl [ ]l y  ìàºìî íà óâàç³ âèðàç (1), ó ÿêîìó âñ³ ïîõ³äí³ òðåáà 
ðîçóì³òè ó êëàñè÷íîìó ñåíñ³.)  

Äàë³, íåõàé (1) (2)
0, ( , )H HΦ Φ ∈   (íàïðèêëàä, ( ) ( ) ( )

b
i

i
a

y x y x dxΦ = ϕ∫ , äå 

0  , ( ) ( )ix a b x H∀ ∈ ϕ ∈ [ ] , 2( ) ,  1,2
b

i
a

x dx iϕ < ∞ =∫ ), à 0( )ij Hα ∈  , ,i j =  

1, ,4=  , òàê³, ùî îïåðàòîðíà ìàòðèöÿ 4
, 1( )ij i j=α  îáîðîòíà â 4

0H( ) . 
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Ïðèéìåìî, ùî  

 1 2 3 4( ) ( ) ( ) ( ) ( ),       1, ,4i i i i iu y y a y b y a y b i′ ′= α − α + α + α =  , 

òà îçíà÷èìî îñíîâíèé îá’ºêò íàøîãî äîñë³äæåííÿ – îïåðàòîð T  – çà äîïî-
ìîãîþ ñï³ââ³äíîøåíü  

 ( ) ( )
max( ) ( ) : ( ) ( )i i

i iD T y D L u y P y c y= ∈ = + Φ{ , 

 ( )
2 ( ) ( 0) ( 0),  1,2i

i i iP u y y c y c i+
′ ′= + − − = } , (7) 

 (1) (2)
cl 3 4( )        ( ) ( )y D T Ty l y u y u y∗ ∗∀ ∈ = + Φ + Φ( ) ( )[ ] . (8) 

Ìåòà ö³º¿ ðîáîòè – äîâåñòè çàìêíåí³ñòü òà ù³ëüíó âèçíà÷åí³ñòü îïåðà-

òîðà (7), (8) ³ ïîáóäóâàòè ñïðÿæåíèé îïåðàòîð T∗ .  

3. Îïåðàòîðè Ψ  òà •Ψ . ßê áóëî çàçíà÷åíî âèùå, 1
0H  º åíåðãåòè÷íèì 

ïðîñòîðîì îïåðàòîðà 0L , à (2) – â³äïîâ³äíèì ñêàëÿðíèì äîáóòêîì, òîìó íà-

äàë³ ïèñàòèìåìî eH  çàì³ñòü 1
0H , à çâóæåííÿ ñêàëÿðíîãî äîáóòêó (2) íà eH  

(â ñèòóàö³¿, êîëè ,  a bα = β = ) ïîçíà÷àòèìåìî ÷åðåç ( . | . )e .  

ßêùî 1: HΛ → H  (äå H  – äåÿêèé ã³ëüáåðò³â ïðîñò³ð) – ë³í³éíèé îïå-

ðàòîð òàêèé, ùî ( , )e eH HΛ | ∈ H , òî îïåðàòîð ( , )eH′Λ ∈ H  îçíà÷èìî òà-
êèì ÷èíîì:  

 ,          ( | )( | )e eu H h u hu h ′∀ ∈ ∀ ∈ = ΛΛ HH . 

Íåõàé a c b< <  ³ äëÿ áóäü-ÿêîãî 1u H∈  
def

( )cu u cΨ = . Çðîçóì³ëî, ùî 

0,c e eH H HΨ | ∈( ) , òîìó îïåðàòîð c
•Ψ  îçíà÷åíî êîðåêòíî. Äàë³, íåõàé 1( )xω , 

2 ( )xω  – îïåðàòîðí³ ðîçâ’ÿçêè ð³âíÿííÿ ( ) 0Y p x Y′′− + = , ÿê³ çàäîâîëüíÿþòü 
óìîâè  

 
01 1( ) ,      ( ) 0Ha bω = ω =1 , 

 
02 2( ) 0,        ( ) Ha bω = ω = 1 . 

Ââåäåìî ïîçíà÷åííÿ  

 11 2 11 12

21 221 2

( ) ( ) ( ) ( )
( ) ,          ( )

( ) ( )( ) ( )
x x x x

x x
x xx x

−ω ω ω ω
Ω = Ω =′ ′ ω ωω ω

 
  , (9) 

 • •Ψ = Ψ ∈ ∈[ ]( ) ( )
def

0( ) ( ),        , ,        c cx h h x x a b h H .  

Ëåìà 1. Äëÿ áóäü-ÿêîãî [ ]x a b∈ ,   

 
2 22

1 12

( ) ( ), ,
( )

( ) ( ), ,c

x c a x c
x

x c c x b
• ω ω ≤ ≤Ψ = 

−ω ω ≤ ≤




 (10) 

äå 12 ( )cω , ω 22( )c  âèçíà÷åí³ çã³äíî ç (9).  
Çîêðåìà,  

 
0

0 0
( ) 0,        ( )

0 0c c H
c c

x x
c c

• •+ +
Ψ = Ψ = −− −

′ 1( ) . (11) 

Ä î â å ä å í í ÿ. Ïîçíà÷èìî òèì÷àñîâî ïðàâó ÷àñòèíó ð³âíîñò³ (10) 
÷åðåç ψ ( )c x  ³ îçíà÷èìî îïåðàòîð ψ : →0c eH H  ð³âí³ñòþ ψ = ψ( )( ) ( )c ch x x h . 

Ìàºìî 0,   eu H h H∀ ∈ ∀ ∈   
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 ′ψ = ψ + ψ =′∫ [ ]( ) (( ) ) ( ( ) )
0 0

| ( ) | ( ) ( ) ( ) | ( )
b

c e c H c H
a

h u h x u x p x h x u x dx  

 
0 02 22 2 22( ) ( ) | ( ) ( ) ( ) ( ) | ( )

c

H H
a

x c h u x p x x c h u x dx′ ′= ω ω + ω ω −∫  ( ) ( )[ ]  

 
0 01 12 1 12( ) ( ) | ( ) ( ) ( ) ( ) | ( )

b

H H
c

x c h u x p x x c h u x dx′ ′− ω ω + ω ω =∫  ( ) ( )[ ]  

 
02 22 2( ) ( ) | ( ) ( )

c
x c

H x a
a

x c h u x x
=

=
′ ′′= ω ω + − ω +∫( ) ((  

 
0 02 22 1 12( ) ( ) ( ) | ( ) ( ) ( ) | ( )

x b
H H cx

p x x c h u x dx x c h u x
=

=
′+ ω ω − ω ω + ) ) ( )  

 
01 1 12( ) ( ) ( ) ( ) | ( )

b

H
c

x p x x c h u x dx′′+ −ω + ω ω =∫ (( ) )  

 
0 02 22 1 12( ) ( ) | ( ) ( ) ( ) | ( )H Hc c h u c c c h u c′ ′= ω ω + ω ω = ( ) ( )  

 
01 12 2 22( ) ( ) ( ) ( ) | ( ) Hc c c c h u c′ ′= ω ω + ω ω = ( )[ ]  

 
0 0

| ( ) | |H c H c eh u c h u h u•= = Ψ = Ψ( ) ( ) ( ) , 

òîáòî •Ψ = ψc c , à, îòæå, •Ψ = ψ ∈ [ ]( ) ( ),  ,c cx x x a b . Çîêðåìà (äèâ. (9)),  

 • + +Ψ = ψ = ω ω + ω ω =
− −

 
2 22 1 12

0 0
( ) ( ) ( ) ( ) ( ) ( ) 0

0 0c c
c c

x x c c c c
c c

,  

 • + +′ ′ ′Ψ = ψ = − ω ω − ω ω = −
− −

′  ( )
01 12 2 22

0 0
( ) ( ) ( ) ( ) ( ) ( )

0 0c c H
c c

x x c c c c
c c

1 .  

Ëåìó äîâåäåíî. ◊ 
Íåõàé ( ) ( ) ( ), , ,i i i

iG P Q c  òàê³, ÿê âèùå, (1) (2)G G G= ⊕  ³  
1 ( ) ( )     ( ),       1,2i i

iu H u P u c i∀ ∈ Ψ = = ,  
(1) (2)

1 2( ), ( )u P u c P u cΨ = ( ) ,  òîáòî (1) (2)Ψ = Ψ ⊕ Ψ .  
Çðîçóì³ëî, ùî  

 
1 21 2 1 2( , )        ( ) ( ) ( )c cg g g G g x x g x g• • •∀ = ∈ Ψ = Ψ + Ψ( ) , 

çîêðåìà (äèâ. (11)),  

 
0 0

( ) 0,       ( ) ,       1,2
0 0

i i
i

i i

c c
g x g x g i

c c
• •+ +

Ψ = Ψ = − =− −
′( ) ( ) . (12) 

4. Äåÿê³ óçàãàëüíåííÿ ôîðìóëè Ëàãðàíæà. Íåõàé ( , )L α β , 0 ( , )L α β  òà-

ê³, ÿê âèùå. Ïðèéìåìî 0 0H H= ⊕  ³ 2( , ) ( , )y D L H∀ ∈ α β = α β( )   

1 2( , ) ( ), ( ) ,      ( , ) ( ), ( )y y y y y y′ ′Γ α β = α − β Γ α β = α β( ) ( )  

(ó âèïàäêó, êîëè ,  a bα = β = , ïèñàòèìåìî iΓ  çàì³ñòü ( , )iΓ α β , 1,2i = ). Â³-

äîìî [16], ùî 1 2, ( , ), ( , )Γ α β Γ α β( )  º ïðîñòîðîì ãðàíè÷íèõ çíà÷åíü â ñåíñ³ 
îçíà÷åííÿ, çàïðîïîíîâàíîãî â [7], (äèâ. òàêîæ [1]), çîêðåìà,  

 ( , ) ( , ), ( , ) ( , ) | | ( , )      H Hy z D L L y z y L zα β α β∀ ∈ α β α β − α β =( ) ( ) ( )  

 1 2 2 1( , ) | ( , ) ( , ) | ( , )y z y z= Γ α β Γ α β − Γ α β Γ α β ( ) ( )  (13) 

(ôîðìóëà Ëàãðàíæà).  
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Äàë³, îçíà÷èìî îïåðàòîðè 0,   òàêèì ÷èíîì:  

 1 1 2 2 0 0 1 0 1 2 0 2( , ) ( , ) ( , ),       ( , ) ( , ) ( , )L a c L c c L c b L a c L c c L c b= ⊕ ⊕ = ⊕ ⊕  . 

Ëåãêî áà÷èòè, ùî 0, ( )H∈    i 0
∗ =  . Êð³ì òîãî, ÿê íåâàæêî çì³ðêóâàòè, 

3
1 1 2 2 1 2( , ( , , , ), ( , , , ))a c c b a c c bΓ Γ , äå  

 1 2 1 1 2 2( , , , ) ( , ) ( , ) ( , ),       1,2i i i ia c c b a c c c c b iΓ = Γ ⊕ Γ ⊕ Γ = , 

º ïðîñòîðîì ãðàíè÷íèõ çíà÷åíü îïåðàòîðà 0 , à, îòæå, 6
1 2, ( , , , )a c c bΓ( ) , äå  

 1 2 1 1 2 2 1 2( , , , ) ( , , , ) ( , , , )a c c b a c c b a c c bΓ = Γ ⊕ Γ  

– êðàéîâà ïàðà äëÿ 0( , )  , òîáòî [11]  

 6
1 2 1 2 0( , , , ) ,       ker ( , , , ) ( )R a c c b a c c b DΓ = Γ = ( ) ( ) . (14) 

Òåîðåìà 1. min max, ( )L L H∈   ³ min maxL L∗ = .  

Ä î â å ä å í í ÿ. Çðîçóì³ëî, ùî  

 0 min 0 maxL L L L⊂ ⊂ ⊂ ⊂ ⊂  . 

Çâ³äñè âèïëèâàº, ùî min max,L L  ù³ëüíî âèçíà÷åí³ ³ minL∗ ⊂  . Äàë³, ñï³ââ³ä-
íîøåííÿ (4)–(6) ìîæíà ïåðåïèñàòè ó òàêîìó âèãëÿä³:  

 ( ) ( )
min( ) ( ) : ( 0) ( 0)i i

i iD L y D P y c P y c= ∈ − = +{ , 

 ( ) ( )( 0) ( 0),    ( 0) ( 0),    1,2i i
i i i iQ y c Q y c y c y c i′ ′− = + − = + = , 

 min( ) ( ) 0,   ( ) ( ) 0 ,       y a y b y a y b L′ ′= = = = ⊂ } , (15) 

 max( ) ( ) : ( 0) ( 0)i iD L y D y c y c= ∈ − = +{ , 

 ( ) ( )
max( 0) ( 0) ,           i i

i iQ y c Q y c L′ ′− = + ⊂ } . (16) 

Çâ³äñè âèïëèâàº çàìêíåí³ñòü îïåðàòîð³â min max,L L , îñê³ëüêè îáëàñòü âè-
çíà÷åííÿ êîæíîãî ç íèõ ÿâëÿº ñîáîþ ìíîãîâèä íóë³â äåÿêîãî ë³í³éíîãî íåïå-
ðåðâíîãî íà D [ ]  îïåðàòîðà.1 

Áåðó÷è äî óâàãè (13), (15), (16), ïðèõîäèìî äî âèñíîâêó, ùî max minL L∗⊂ . 

Äàë³, íåõàé min( )z D L∗∈ . Îñê³ëüêè minL∗ ⊂  , òî  

 
0

2

min
1

( )          ( ) ( 0) ( 0)i i i H
i

y D L y c z c z c
=

′∀ ∈ | + − − +∑ ( )  

 
0

2
( ) ( ) ( )

1

( ) ( 0) ( 0) 0i i i
i i i H

i

Q y c Q z c Q z c
=

′ ′+ | − − + =∑ ( ) . 

Çâ³äñè ³ ç (14) âèïëèâàº, ùî (1) (2)
1 2 1 2 min( ), ( ), ( ), ( ) : ( )y c y c Q y c Q y c y D L′ ′ ∈ ={( ) }  

G= ⊕ , òîìó ( 0) ( 0)i iz c z c− = + , ( ) ( )( 0) ( 0)i i
i iQ z c Q z c′ ′− = + , 1,2i = , òîáòî 

max( )z D L∈ . Òåîðåìó äîâåäåíî. ◊ 

Îçíà÷èìî îïåðàòîðè [ ] [ ]
1 2 max, [ ]D LΨ ΨΓ Γ : →   ³ [ ] [ ]

3 4 max, : [ ]D L GΨ ΨΓ Γ → , 
òàêèì ÷èíîì: 

[ ] [ ]
1 2( ), ( ) ,           ( ), ( )y y a y b y y a y bΨ Ψ′ ′Γ = − Γ =( ) ( ) ,  

 [ ] (1) (2)
3 1 1 2 2( 0) ( 0) ,  ( 0) ( 0)y P y c y c P y c y cΨ ′ ′ ′ ′Γ = + − − + − −( ( ) ( ))  

(îïåðàòîðè (1) (2),P P  ìîæíà îïóñòèòè),  

 [ ] (1) (2)
4 1 2( ), ( )y P y c P y cΨΓ = ( ) ,  òîáòî [ ]

4 max| ( )D LΨΓ = Ψ . 

                                           
1Òóò ³ íàäàë³ ï³ä [ ]D T , äå ( )T H∈  , ðîçóì³ºìî ìíîãîâèä ( )D T , òðàêòîâàíèé ÿê 

ã³ëüáåðò³â ïðîñò³ð ç³ ñêàëÿðíèì äîáóòêîì ( ) ( ) ( )Ty z y z Ty Tz| = | + | . 
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Òåîðåìà 2. [ ] [ ] [ ] [ ]
1 3 2 4, ,Ψ Ψ Ψ Ψ⊕ Γ ⊕ Γ Γ ⊕ Γ ( )  – ïðîñò³ð ãðàíè÷íèõ çíà-

÷åíü îïåðàòîðà minL , çîêðåìà, äëÿ áóäü-ÿêèõ max, ( )y z D L∈  

 [ ] [ ] [ ] [ ]
max max 1 2 2 1| | | |L y z y L z y z y zΨ Ψ Ψ Ψ− = Γ Γ − Γ Γ + ( ) ( ) ( ) ( )   

 [ ] [ ] [ ] [ ]
3 4 4 3| |G Gy z y zΨ Ψ Ψ Ψ+ Γ Γ − Γ Γ( ) ( ) . (17) 

Ä î â å ä å í í ÿ. Ç (14), (16) âèïëèâàº, ùî 
4

[ ] 2 2

1
i

i
R GΨ

=

 ⊕ Γ = ⊕ 
 

 , à ç 

(15) – ùî 
4

[ ]
min

1
ker ( )i

i
D LΨ

=

 ⊕ Γ = 
 

. Òîìó 
4

2 2 [ ]

1
, i

i
G Ψ

=

 ⊕ ⊕ Γ 
 
  – êðàéîâà ïàðà 

äëÿ max min( , )L L . Ð³âí³ñòü (17) îòðèìóºìî ç (13), (16) çà äîïîìîãîþ áåçïîñå-

ðåäí³õ îá÷èñëåíü. ◊ 
Ëåìà 2.  

 à) ( ) ( ) 0R D L•Ψ = { } ;  á) 0( ) | ( )R R D L GΨ = Ψ =( ) . (18) 

Ä î â å ä å í í ÿ.  à) Íåõàé 1 2( , )g g G∈  ³ 1 2( , ) ( )g g D L•Ψ ∈ . Òîä³  

• +
Ψ = =−

′( )1 2

0
( , )( ) 0,        1,2

0
i

i

c
g g x i

c
.  

Àëå ç îãëÿäó íà (12) öå ìîæëèâî ò³ëüêè ïðè 1 2 0g g= = .  
á) Ïðàâèëüí³ñòü öüîãî òâåðäæåííÿ âèïëèâàº áåçïîñåðåäíüî ç (14) òà 

îçíà÷åííÿ îïåðàòîðà Ψ . ◊ 
Òåîðåìà 3.  

 à) max( ) ( ) ( )
.

D L D L R •= + Ψ ; (19) 

á) îïåðàòîð 
def

[ ]
3Q • Ψ= − Ψ Γ  – ïðîåêòîð •→ Ψmax( ) ( )D L R , ùî 

â³äïîâ³äàº ðîçêëàäîâ³ (19);  

 â) maxker ker ( )
.

L L R •= + Ψ ; (20) 

 ã) [ ]
max max 3( )      y D L L y L y y• Ψ∀ ∈ = + Ψ Γ( ) . (21) 

Ä î â å ä å í í ÿ.  Ç (10)–(12) òà îçíà÷åííÿ îïåðàòîðà Ψ  çðîçóì³ëî, ùî  

 max max( ) ker ( )R L D L•Ψ ⊂ ⊂ , (22) 
à, îòæå,  

 max( ) ( ) ( )
.

D L R D L•+ Ψ ⊂ . (23) 

Íàâïàêè, íåõàé max( )y D L∈ . Ìàºìî (äèâ. (12))  

 
0 0

( ) ( ) ( )
0 0

i i

i i

c c
y Qy x y x

c c
+ +′ ′− = +− −  

 
0 0 0

( ) , ( ) ( )
0 0 0

i i i

i i i

c c c
y x y x x

c c c
• ′+ + +  ′ ′+ Ψ =  − − −  

 

 
0 0

( ) ( ) 0,       1,2
0 0

i i

i i

c c
y x y x i

c c
+ +′ ′= − = =− − . 

Òàêèì ÷èíîì,  

 ( ),           ( )y Qy D L Qy R •− ∈ ∈ Ψ . (24) 

Ç (23), (24) âèïëèâàº ïðàâèëüí³ñòü òâåðäæåíü à) ³ á).  

Äàë³, ç îãëÿäó íà (22) maxker ( ) ker
.

L R L•+ Ψ ⊂ . Íàâïàêè, íåõàé y ∈ 

maxkerL∈ . Îñê³ëüêè [8] ( ) ( ) ker
.

FD L D L L= + , òî (äèâ. (19))  
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 max( ) ( ) ker ( )
. .

FD L D L L R •= + + Ψ , 

òîìó ³ñíóþòü 1 ( )Fy D L∈ , 2 kery L∈ , 3 ( )y R •∈ Ψ  òàê³, ùî 1 2 3y y y y= + + . 

Ìàºìî max 10 FL y L y= = , çâ³äêè 1 0y = . Òîìó ker ( )
.

y L R •∈ + Ψ . Ð³âí³ñòü (20) 
äîâåäåíî.  

Íàðåøò³, äëÿ âñÿêîãî max( )y D L∈   

 [ ] [ ] [ ]
max max 3 max 3 3L y L y y L y L y y• Ψ • Ψ • Ψ= + Ψ Γ − Ψ Γ = + Ψ Γ( ) ( ) . ◊ 

Ïåðø í³æ ôîðìóëþâàòè îñíîâíèé ðåçóëüòàò öüîãî ïóíêòó, ââåäåìî â 
ðîçãëÿä äåÿê³ äîïîì³æí³ îïåðàòîðè. Îòæå, íåõàé 0( )ij Hα ∈   ò³ ñàì³, ùî â 

ï. 2, òîáòî òàê³, ùî îïåðàòîðíà ìàòðèöÿ 4
, 1( )ij i jA == α  îáîðîòíà â 4

0H( ) ,  

 11 12 13 14
11 12

21 22 23 24
,          A A

α α α α
= =α α α α , 

 31 32 33 34
21 22

41 42 43 44
,          A A

α α α α
= =α α α α , (25) 

 1 11 1 12 2 2 21 1 22 2 1 2,      ,      A A A A= Γ + Γ = Γ + Γ = ⊕     , (26) 

 
0

0
i

J
i

= −
1

1



. (27) 

Äàë³, íåõàé 0( )ij Hα ∈  , , 1, ,4i j =  , òàê³, ùî îïåðàòîð 4
, 1( )ij i jA == α   

(îäíîçíà÷íî) âèçíà÷àºòüñÿ ç ð³âíÿííÿ  

 AJA J∗ = , (28) 

 11 12 13 14
11 12

21 22 23 24
,           A A

α α α α
= =α α α α
    
    , 

 31 32 33 34
21 22

41 42 43 44
,          A A

α α α α
= =α α α α
    
    , (29) 

 1 11 1 12 2 2 21 1 22 2 1 2,        ,       A A A A= Γ + Γ = Γ + Γ = ⊕            , (30) 

 [ ] [ ] [ ] [ ] [ ] [ ]
1 1 2 2 1 2,    1,2,          i i iA A iΨ Ψ Ψ Ψ Ψ Ψ= Γ + Γ = = ⊕    , (31) 

 [ ] [ ] [ ] [ ] [ ] [ ]
1 1 2 2 1 2,    1,2,          i i iA A iΨ Ψ Ψ Ψ Ψ Ψ= Γ + Γ = = ⊕        , (32) 

 [ ] [ ] [ ] [ ] [ ] [ ]
3 4 3 4 1 2( ) ,                    Ψ Ψ Ψ Ψ Ψ ΨΓ ⊕ Γ = Γ ⊕ Γ Γ = Γ ⊕ Γ . 

Òåîðåìà 4. à) 2 2 [ ] [ ]
3 4,  ( )G Ψ Ψ⊕ ⊕ Γ ⊕ Γ ( ) , 2 2 [ ]

3,  (G Ψ⊕ ⊕ Γ ⊕ (  
[ ]

4 )
Ψ⊕ Γ )  – êðàéîâ³ ïàðè äëÿ max min( , )L L ;  

á) max, ( )y z D L∀ ∈  

 [ ] [ ] [ ] [ ]
max max 1 2 2 1| | | |L y z y L z y z y zΨ Ψ Ψ Ψ− = − +     ( ) ( ) ( ) ( )   

 [ ] [ ] [ ] [ ]
3 4 4 3| |G Gy z y zΨ Ψ Ψ Ψ+ Γ Γ − Γ Γ( ) ( ) . (33) 

Ä î â å ä å í í ÿ.  à) Ïðàâèëüí³ñòü öüîãî òâåðäæåííÿ âèïëèâàº ç òåîðå-

ìè 2 ³ ç òîãî, ùî ÿê [ ] [ ]
3 4( )Ψ Ψ⊕ Γ ⊕ Γ( ) , òàê ³ [ ] [ ]

3 4( )Ψ Ψ⊕ Γ ⊕ Γ( )  ìîæíà 

îòðèìàòè ç 
4

[ ]

1
i

i

ψ

=
⊕ Γ  ìíîæåííÿì çë³âà íà îáîðîòíèé â 2 2G⊕ ( )  îïåðàòîð.  



45 

á) Äîñòàòíüî ïåðåêîíàòèñÿ (ïîð. (17) ³ (33)), ùî max, ( )y z D L∀ ∈   

 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
1 2 2 1 1 2 2 1| | | |y z y z y z y zΨ Ψ Ψ Ψ Ψ Ψ Ψ Ψ− = Γ Γ − Γ Γ       ( ) ( ) ( ) ( ) , 

àáî, ùî åêâ³âàëåíòíî, (äèâ. (25)–(27), (29)–(32))  

 2 2
[ ] [ ] [ ] [ ]| |JA y A z J y zΨ Ψ Ψ ΨΓ Γ = Γ Γ

 
( ) ( ) . 

Òîìó äîñèòü äîâåñòè, ùî A JA J∗ = . Àëå öå âèïëèâàº áåçïîñåðåäíüî ç (28) ³ 

ð³âíîñò³ 2
2J = 1


. ◊ 

Çàóâàæåííÿ 1. Îïåðàòîðè [ ] [ ]
1 4, ,ψ ψΓ Γ , à, îòæå, é îïåðàòîðè [ ]

i
ψ , [ ]

i
ψ  

ìàþòü íóëüîâ³ maxL -ìåæ³ â ñåíñ³ Ò. Êàòî [5]. Öå âèïëèâàº áåçïîñåðåäíüî ç 

òîãî, ùî, ÿê äîâåäåíî â [17], îïåðàòîðè 1( , )Γ α β , 2 ( , )Γ α β  ìàþòü íóëüîâ³ 

( , )L α β -ìåæ³.  

5. Îïåðàòîð T∗ . Íåõàé T  – îïåðàòîð, îçíà÷åíèé çà äîïîìîãîþ ñï³ââ³ä-

íîøåíü (7), (8). Ïðèéìåìî (1) (2)Φ = Φ ⊕ Φ , χ = Φ + Ψ , (1) (2)
GP P P= ⊕ . Çàñòî-

ñîâóþ÷è ö³, à òàêîæ ââåäåí³ âèùå ïîçíà÷åííÿ, ìàºìî  

 [ ] [ ] [ ] [ ]
max 1 4 2 3( ) ( ) : , GD T y D L y y y P y yΨ Ψ Ψ Ψ= ∈ − Γ = Φ = Γ { } , (34) 

 max 2( )        y D T Ty L y yψ∗∀ ∈ = + Φ  [ ] . (35) 

Áåðó÷è äî óâàãè òåîðåìó 3 ³ ð³âí³ñòü 1
FL• − ∗Φ = Φ , ö³ ñï³ââ³äíîøåííÿ ìîæíà 

ïåðåïèñàòè òàêèì ÷èíîì:  

 [ ] [ ]
2 1( ) ( ) ( ) : ( ),  

.
D T y D L R y y D L y y• • Ψ Ψ= ∈ + χ + χ ∈ = χ { } , (36) 

 [ ]
2( )         y D T Ty L y y• Ψ∀ ∈ = + χ ( ) . (37) 

Äàë³, íåõàé ,  , 1, ,4ij i jα =  , ò³ ñàì³, ùî â (28), (29), ³ max( )z D L∀ ∈   

 1 2 3 4( ) ( ) ( ) ( ) ( ),        1, ,4i i i i iu z z a z b z a z b i′ ′= α − α + α + α =     . 

Òåîðåìà 5. à) ( )T H∈  ;  

 á) ( ) ( )
max( ) ( ) : ( ) ( )i i

i iD T z D L u z P z c z∗ = ∈ = + Φ{ , 

 ( )
2 ( ) ( 0) ( 0),  1,2i

i i iP u z z c z c i+
′ ′= + − − = } , (38) 

 (1) (2)
cl 3 4( )       ( ) ( )z D T T z l z u z u z∗ ∗ ∗ ∗∀ ∈ = + Φ + Φ [ ] ( ) ( ) . (39) 

Ä î â å ä å í í ÿ. Áóäåìî âèõîäèòè ç òîãî, ùî îïåðàòîð T  âèçíà÷åíî 
çà äîïîìîãîþ ñï³ââ³äíîøåíü (34), (35). Çàìêíåí³ñòü ³ ù³ëüíà âèçíà÷åí³ñòü 
öüîãî îïåðàòîðà âèïëèâàº ³ç çàóâàæåííÿ 1 òà ðåçóëüòàò³â ïðàö³ [17].  

Çàñòîñîâóþ÷è òåîðåìó 4, à òàêîæ òåîðåìó 4.4.9 ³ íàñë³äîê 4.4.10 ç [11] ³ 
ì³ðêóþ÷è òàê, ÿê ïðè äîâåäåíí³ òåîðåìè 2 ç ïðàö³ [23], ïåðåêîíóºìîñü, ùî  

 [ ] [ ] [ ] [ ]
max 1 4 2 3( ) ( ) : , GD T z D L z z z P z z∗ Ψ Ψ Ψ Ψ= ∈ − Γ = Φ = Γ  { } , (40) 

 [ ]
max 2( ) z D T Tz L z z∗ ∗ Ψ∀ ∈ = + Φ  . (41) 

Çðîçóì³ëî, ùî ñï³ââ³äíîøåííÿ (38), (39) òà (40), (41) – åêâ³âàëåíòí³. ◊ 
Çàóâàæåííÿ 2. Ñï³ââ³äíîøåííÿ (40), (41) ìîæíà ïåðåïèñàòè â òàêîìó 

âèãëÿä³:  

 [ ] [ ]
2 1( ) ( ) ( ) : ( ),D T z D L R z z D L z z∗ • • Ψ Ψ= ∈ + χ + χ ∈ = χ  { } , (42) 

 [ ]
2( )   z D T T z L z z∗ ∗ • Ψ∀ ∈ = + χ ( ) . (43) 
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6. Óìîâè âçàºìíî¿ ñïðÿæåíîñò³ çáóðåíèõ îïåðàòîð³â. Íåõàé ⊕ ( , 

   
2 21 1

,  ,⊕ ⊕ ⊕     ) ( )  – äâ³ êðàéîâ³ ïàðè äëÿ 0( , )L L , à äëÿ áóäü-ÿêî-

ãî îïåðàòîðà âèãëÿäó 1 1 2 2W B B= Γ + Γ , äå 1 2, ( )B B ∈   , 
def

[ ] [ ]
1 1W BΨ Ψ= Γ +  

[ ]
2 2B Ψ+ Γ . Îçíà÷èìî îïåðàòîðè ,T T  çà äîïîìîãîþ ñï³ââ³äíîøåíü  

   [ ] [ ]
2 1( ) ( ) ( ) ( ),  

.
D T y D L R y y D L y yΨ Ψ• •= ∈ + χ : + χ ∈ = χ { } , 

    [ ]
2( )           y D T Ty L y yΨ•∀ ∈ = + χ ( ) , 

 [ ] [ ]
2 1( ) ( ) ( ) : ( ),  

.
D T z D L R z z D L z z• • Ψ Ψ= ∈ + χ + χ ∈ = χ   { } , 

 [ ]
2( )            z D T Tz L z z• Ψ∀ ∈ = + χ   ( ) . 

Äàë³, íåõàé Pχ  – îðòîïðîåêòîð ( )R→ χ . Ïîêëàäåìî 2 2U Pχ=  , 2U =  

  
2 2 2 1 1 1 1 1 1,  ;  ,  ,  P V P U U P Vχ χ χ= = = = =        (äëÿ óí³ô³êàö³¿); 1 2U U U= ⊕ , 

  
1 2U U U= ⊕ , 1 2V V V= ⊕   .  

Çðîçóì³ëî, ùî  

 [ ] [ ]
2 1( ) ( ) ( ) : ( ),  

.
D T y D L R y U y D L U y y• • Ψ Ψ= ∈ + χ + χ ∈ = χ{ } , (44) 

 [ ]
2( )              y D T Ty L y U y• Ψ∀ ∈ = + χ( ) , (45) 

   [ ] [ ]
2 1( ) ( ) ( ) : ( ),  

.
D T y D L R y U y D L U y yΨ Ψ• •= ∈ + χ + χ ∈ = χ{ } , (46) 

    [ ]
2( )             y D T Ty L y U yΨ•∀ ∈ = + χ( ) , (47) 

 [ ] [ ]
2 1( ) ( ) ( ) : ( ),  

.
D T z D L R z V z D L V z z• • Ψ Ψ= ∈ + χ + χ ∈ = χ  { } , (48) 

 [ ]
2( )              z D T Tz L z V z• Ψ∀ ∈ = + χ  ( ) . (49) 

Ëåìà 3. T T=  òîä³ é ò³ëüêè òîä³, êîëè ³ñíóº á³ºêö³ÿ ( )RΩ ∈ ⊕ χ ( )  

òàêà, ùî χ ⊕Ω χ ⊕ ={ } ( ) {0}| ( ) 0 RR 1 , ⊕ χΩ ⊕ χ ={ } {0} ( )| 0 ( ) RR 1 , U U= Ω .  

Ä î â å ä å í í ÿ  àíàëîã³÷íå äî äîâåäåííÿ ëåìè 3 ïðàö³ [23]. ◊ 
Çàóâàæåííÿ 3. Ï³äñòàâëÿþ÷è 0χ =  â (44)–(49), îòðèìóºìî  

   def def def

1 11 1 1 1| ker ,   | ker ,   | kerT L U L T L U L T L U L= = = = = =  , (50) 

ïðè öüîìó , ,T T T  òðàêòóºìî ÿê çáóðåííÿ îïåðàòîð³â 
1 1 1, ,L L L  â³äïîâ³äíî. 

Çàçíà÷èìî, ùî òàêå çáóðåííÿ çì³íþº íå ò³ëüêè çàêîí ä³¿ îïåðàòîðà, àëå é 
éîãî îáëàñòü âèçíà÷åííÿ.  

Òåîðåìà 6. Îïåðàòîðè T  òà T  º âçàºìíî ñïðÿæåíèìè òîä³ é ò³ëüêè 
òîä³, êîëè  

 à) 
1

2

( )

( )

0 0

0 0 0
0 0

R

R

ULV
χ

χ

−
′ =

1

1

 , 

äå îïåðàòîð ′ → [ ]2:V D L  âèçíà÷àºìî ç îãëÿäó íà óìîâó  

 ′∀ ∈ ∀ ∈ =


  
2

2( ),                  ( | ) ( | )Ly D L h Vy h y V h , 

à ULV′  òðàêòóºìî ÿê â³äîáðàæåííÿ ç ( ) ( ) ( )R R R⊥χ ⊕ χ ⊕ χ  â ñåáå;  

á) îïåðàòîðè 1L  òà 1L , îçíà÷åí³ çã³äíî ç (50), âçàºìíî ñïðÿæåí³.  
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Íàñë³äîê. Íåõàé 0( )ij Hβ ∈  , , 1, ,4i j =  , òàê³, ùî îïåðàòîð B =  

4
, 1( )ij i j== β  îáîðîòíèé â 4

0( )H , ³ max( )z D L∀ ∈  

 1 2 3 4( ) ( ) ( ) ( ) ( ),       1, ,4i i i i iv z z a z b z a z b i′ ′= β − β + β + β =  , 

à îïåðàòîð T  ìàº òàêèé âèãëÿä:  

 ( ) ( )
max( ) ( ) : ( ) ( )i i

i iD T z D L v z P z c z= ∈ = + Φ { , 

 ( )
2 ( ) ( 0) ( 0),  1,2i

i i iP v z z c z c i+
′ ′= + − − = } , 

 (1) (2)
cl 3 4( )              [ ] ( ) ( ) ( ) ( )z D T Tz l z v z v z∗ ∗∀ ∈ = + Φ + Φ  . 

Ó öüîìó âèïàäêó T T∗ =   òîä³ é ò³ëüêè òîä³, êîëè  

 0P AJB J P∗
χ χ⊕ − ⊕ =1 1 [ ]( ) ( ) , 

äå J  îçíà÷åíî çã³äíî ç (27), ³ 1 1L L∗ =  .  
Ä î â å ä å í í ÿ öèõ òâåðäæåíü àíàëîã³÷í³ äî äîâåäåíü òåîðåìè 3 òà 

íàñë³äêó ç íå¿ â [23]. ◊ 
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ОБ ОДНОМ КЛАССЕ ВОЗМУЩЕНИЙ ОПЕРАТОРА ШТУРМА – ЛИУВИЛЛЯ 
С ОГРАНИЧЕННЫМ ПОЛОЖИТЕЛЬНЫМ ОПЕРАТОРНЫМ ПОТЕНЦИАЛОМ  
 
Ðàññìàòðèâàåòñÿ îäèí êëàññ äèôôåðåíöèàëüíî-ãðàíè÷íûõ îïåðàòîðîâ òèïà 
Øòóðìà – Ëèóâèëëÿ ñ ìíîãîòî÷å÷íî-èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè, äåé-
ñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâå âåêòîð-ôóíêöèé, ïðèíèìàþùèõ çíà÷å-
íèÿ â àáñòðàêòíîì ãèëüáåðòîâîì ïðîñòðàíñòâå. Äîêàçàíû çàìêíóòîñòü è 
ïëîòíàÿ îïðåäåëåííîñòü, à òàêæå óñòàíîâëåíû óñëîâèÿ âçàèìíîé ñîïðÿæåííîñòè 
ðàññìàòðèâàåìûõ îïåðàòîðîâ.  
 
ON A CLASS OF PERTURBATIONS OF THE STURM – LIOUVILLE OPERATOR 
WITH BOUNDED POSITIVE OPERATOR POTENTIAL  
 
A class of differential-boundary operators of the Sturm – Liouville type with multi-
point-integral boundary conditions, acting in Hilbert space of vector-functions taking 
values in abstract Hilbert space, is considered. It is proved that investigated operators 
are closed and densely defined ones. In addition, the criterion of mutual adjointness of 
these operators is established.  
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