
ISSN 0130–9420. Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 2007. – 50, ¹ 3. – Ñ. 129-139. 129 

ÓÄÊ 539.3 
 
Я. Й. Бурак, Є. Я. Чапля, Г. І. Мороз 
 
ПРО ВАРІАЦІЙНЕ ФОРМУЛЮВАННЯ КРАЙОВИХ ЗАДАЧ 
НЕСИМЕТРИЧНОЇ ТЕОРІЇ ПРУЖНОСТІ 
З УРАХУВАННЯМ ГАЛУЖЕННЯ ПРОЦЕСУ ДЕФОРМУВАННЯ 
 

Çàïðîïîíîâàíî âàð³àö³éíó ïîñòàíîâêó êðàéîâèõ çàäà÷ ìåõàí³êè ïðóæíèõ ñèñ-
òåì, ÿê³ çíàõîäÿòüñÿ ï³ä ä³ºþ ñèëîâîãî íàâàíòàæåííÿ, ÿê ó ðàìêàõ ìîäåë³ 
êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³, òàê ³ ìîäåë³ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³. Ïî-
êàçàíî, ùî â ðàìêàõ ìîäåë³ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ çà îäíîãî é òîãî æ 
çîâí³øíüîãî ñèëîâîãî íàâàíòàæåííÿ ó ïðóæíîìó ò³ë³ âðàõîâóºòüñÿ äîäàòêî-
âî ðåëàêñàö³ÿ íàïðóæåíîãî ñòàíó, ÿêà çóìîâëþº çìåíøåííÿ åíåðã³¿ ïðóæíîãî 
äåôîðìóâàííÿ. Ïðè öüîìó äîäàòêîâèìè âíóòð³øí³ìè ñòóïåíÿìè ñâîáîäè º 
âåêòîð ãóñòèíè ìîìåíòíîãî ³ìïóëüñó òà òåíçîð ãðàä³ºíòà ëîêàëüíîãî ïîâî-
ðîòó. 

 
Âñòóï. Ïðè ïîáóäîâ³ ìàòåìàòè÷íèõ ìîäåëåé íåë³í³éíî¿ ìåõàí³êè ïðóæ-

íèõ ñèñòåì åôåêòèâíî âèêîðèñòîâóþòü åíåðãåòè÷í³ ï³äõîäè íà îñíîâ³ ïîâ-
íèõ ôóíêö³îíàë³â Ãàì³ëüòîíà â ðàìêàõ ìîäåë³ íåë³í³éíî¿ òåîð³¿ ïðóæíîñò³ 
äëÿ ìåõàí³÷íèõ ñèñòåì, ÿê³ çíàõîäÿòüñÿ ï³ä ä³ºþ çîâí³øíüîãî ñèëîâîãî íà-
âàíòàæåííÿ [3, 4, 7]. Ïðè öüîìó áàçîâèì º âñòàíîâëåííÿ âèçíà÷àëüíèõ ô³-
çè÷íèõ ñï³ââ³äíîøåíü, ÿê³ õàðàêòåðèçóþòü ëîêàëüíèé ñòàí ñèñòåìè, òà ôîð-
ìóëþâàííÿ â³äïîâ³äíèõ êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¿ ô³çèêè. Íà ö³é îñíîâ³ 
äîäàòêîâî âñòàíîâëþþòü òàêîæ äîñòàòí³ óìîâè ³ñíóâàííÿ ³ ºäèíîñò³ ðîç-
â’ÿçê³â êðàéîâèõ çàäà÷. 

ßê ðîçâèòîê òàêîãî ï³äõîäó â ðîáîò³ [9] çàïðîïîíîâàíî ìåòîäèêó ïîáó-
äîâè âèçíà÷àëüíèõ ñï³ââ³äíîøåíü íåë³í³éíî¿ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ òà 
ïîñòàíîâêó â³äïîâ³äíèõ êðàéîâèõ çàäà÷. Äëÿ òàêî¿ ìîäåë³ ôóíêö³îíàë Ãà-
ì³ëüòîíà âèçíà÷àºòüñÿ íà ðîçøèðåíîìó ïðîñòîð³ ôàçîâèõ êîîðäèíàò: âåêòî-
ð³â ñèëîâîãî òà ìîìåíòíîãî ³ìïóëüñ³â ³ â³äïîâ³äíî òåíçîðà ´ðàä³ºíòà ïåðåì³-
ùåííÿ ³ òåíçîðà ´ðàä³ºíòà ëîêàëüíîãî ïîâîðîòó.  

Ó ö³é ðîáîò³ àíàë³çóþòüñÿ äâà âàð³àíòè âàð³àö³éíî¿ ïîñòàíîâêè êðàéî-
âèõ çàäà÷ äëÿ ïðóæíèõ ñèñòåì: ó ðàìêàõ òåîð³¿ ïðóæíîñò³ òà ìîìåíòíî¿ òå-
îð³¿ ïðóæíîñò³, ÿê³ çíàõîäÿòüñÿ ï³ä ä³ºþ îäíîãî é òîãî æ çàäàíîãî çîâí³ø-
íüîãî ñèëîâîãî íàâàíòàæåííÿ. ²äåÿ ïîñòàíîâêè òàêî¿ çàäà÷³ íà îñíîâ³ äâîõ 
ïîñë³äîâíèõ ìîäåëüíèõ íàáëèæåíü (òåîð³¿ ïðóæíîñò³ òà ìîìåíòíî¿ òåîð³¿ 
ïðóæíîñò³) ³íäóêîâàíà, çîêðåìà, ðîáîòîþ [1], ó ÿê³é ðîçâ’ÿçêè ñèñòåì äèôå-
ðåíö³àëüíèõ ð³âíÿíü áóäóþòüñÿ ç âèêîðèñòàííÿì ã³ëëÿñòèõ ëàíöþãîâèõ 
äðîá³â. Â³äçíà÷èìî òàêîæ ïðàö³ [3, 5], ó ÿêèõ çàïðîïîíîâàíî ïîñë³äîâí³ñíèé 
âàð³àö³éíèé ï³äõ³ä äî êîíñòðóêòèâíî¿ ïîáóäîâè ðîçâ’ÿçê³â êðàéîâèõ çàäà÷ 
òåîð³¿ ïðóæíèõ ïëàñòèí. 

1. Âàð³àö³éíà ïîñòàíîâêà êðàéîâèõ çàäà÷ êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³. 

Ðîçãëÿäàºìî ïðóæíå äåôîðì³âíå òâåðäå ò³ëî K∗ . Ó â³äë³êîâ³é êîíô³ãóðàö³¿ 
(ïðèðîäíèé ñòàí) ïðóæíà ñèñòåìà íåíàâàíòàæåíà, îäíîð³äíà ³ â åâêë³äî-
âîìó ïðîñòîð³ çàéìàº îáëàñòü 0X , ÿêà îáìåæåíà ïîâåðõíåþ 0X∂ . Ì³ñöå 

äîâ³ëüíî¿ òî÷êè k K∗∈  ó â³äë³êîâ³é êîíô³ãóðàö³¿ ( 1t t< )  õàðàêòåðèçóºìî 

ðàä³óñîì-âåêòîðîì 0r . Ó ÷àñîâîìó ³íòåðâàë³ 1 2( , )t t  äåôîðì³âíà ïðóæíà 

ñèñòåìà çíàõîäèòüñÿ ï³ä ä³ºþ ïîâåðõíåâèõ ³ ìàñîâèõ ñèë ³ â àêòóàëüí³é 

êîíô³ãóðàö³¿ ( 1 2t t t≤ ≤ ) çàéìàº îáëàñòü ( ) ( )X t X t∂ . Ì³ñöå òî÷êè k K∗∈  ó 

äîâ³ëüíèé ìîìåíò ÷àñó t  ( 1 2t t t≤ ≤ ) âèçíà÷àºòüñÿ ðàä³óñîì-âåêòîðîì =r  

0 0 0( , ) ( , )t t= = +r r r u r , äå 0( , )tu r  – âåêòîð ïåðåì³ùåííÿ ö³º¿ òî÷êè ç âèõ³ä-

íî¿ êîíô³ãóðàö³¿ â àêòóàëüíó. 
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Ïðè âàð³àö³éíîìó ôîðìóëþâàíí³ ìàòåìàòè÷íî¿ ìîäåë³ íåë³í³éíî¿ òåîð³¿ 
ïðóæíîñò³ çà âèõ³äíèé ïðèéìàþòü ïîâíèé åíåðãåòè÷íèé ôóíêö³îíàë Ãà-
ì³ëüòîíà [3] 

 
2

1 0

0 0 0, ( , )
t

t X

d
F H dV

dt
+  ⊗ = ⊗ + ⋅ − ⋅ −   ∫ ∫

p
p u p u u f u[ ]   

 

0 0

0 (2) (2) 0( )n
X X

d dt dV+ +

∂

− ⋅ Σ − ⋅
∫ ∫u u p ( ) , (1) 

äå 0( , )H ⊗p u  – ôóíêö³ÿ Ãàì³ëüòîíà; ˆ
1

0( )
t

t

dt+= ⋅ +∫p f    – âåêòîð ãóñòèíè 

ñèëîâîãî ³ìïóëüñó; ̂  – òåíçîð íàïðóæåíü Ï³îëè – Ê³ðõãîôà ïåðøîãî ðîäó; 

0 0/≡ ∂ ∂r  – íàáëà-îïåðàòîð Ãàì³ëüòîíà; ˆ
0 0⊗ = ⊗ −u r  I ; 0 ⊗ r  – 

òåíçîð ´ðàä³ºíòà ì³ñöÿ; Î  – îäèíè÷íèé òåíçîð; 0( , )n n t+ += r   – âåêòîð 

ïîâåðõíåâèõ çóñèëü; 0( , )t+ +=f f r  – âåêòîð ãóñòèíè çàäàíèõ çîâí³øí³õ 

ìàñîâèõ ñèë; (2) 0 2( , )t+ =u u r  – çàäàíèé âåêòîð ïåðåì³ùåííÿ ó ìîìåíò ÷àñó 

2t t= ; (2) 0 2( , )t≡p p r . 

Òóò ³ íàäàë³ âñ³ àäèòèâí³ ïàðàìåòðè ô³çè÷íî ìàëî¿ îáëàñò³ K K∗δ ⊂  
íîðìîâàí³ çà ãåîìåòðè÷íèìè õàðàêòåðèñòèêàì ö³º¿ îáëàñò³ – îá’ºìó 0Vδ  ³ 

ïëîù³ 0δΣ  åëåìåíòàðíî¿ ïîâåðõí³ K K∗δ∂ ⊂ ∂  ó âèõ³äí³é êîíô³ãóðàö³¿. Òîìó  

 0 0,                    H V Vδ = δ δ = δP pH , 

 0 0,              n nd d dV dV+∗ ∗ + +∗ ∗ +Σ = Σ =f f  , 

äå H  ³ p  – ãóñòèíè àäèòèâíèõ ïàðàìåòð³â δH  ³ δP ; n
+∗  – âåêòîð çîâí³ø-

í³õ ïîâåðõíåâèõ çóñèëü ³ +∗f  – âåêòîð ìàñîâèõ ñèë, ÿê³ íîðìîâàí³ çà îá’º-

ìîì Vδ  ô³çè÷íî ìàëî¿ îáëàñò³ K K∗δ ⊂  ³ ïëîùåþ δΣ  ïîâåðõí³ åëåìåíòàð-

íî¿ ïëîùèíêè K K∗δ∂ ⊂ ∂  â àêòóàëüí³é êîíô³ãóðàö³¿. 
Íåîáõ³äíîþ óìîâîþ ì³í³ìóìó ôóíêö³îíàëà Ãàì³ëüòîíà (1) º ð³âí³ñòü íó-

ëåâ³ éîãî ïåðøî¿ âàð³àö³¿: 

 ˆ
2

1 0

0 0
0

, , ( )
t

t X

H HF
 ∂ ∂    δ ⊗ = − ⋅ δ + − ⋅ ⋅ δ ⊗ +     ∂ ∂ ⊗    ∫ ∫u u p v p u

p u
[ ]  


 

 

0 0

0 (2) (2) (2)( ) ( )n n
X X

d dt+ +

∂

+ − ⋅ δ Σ + − ⋅ δ −
∫ ∫u u u p[ ] [   

 (1) (1) 0 0dV− ⋅ δ =u p ] . (2) 

Òóò d
dt

= uv  – âåêòîð øâèäêîñò³ ëîêàëüíîãî ïîñòóïàëüíîãî ðóõó;   – ñèì-

âîë îïåðàö³¿ òðàíñïîíóâàííÿ. 
Ç óìîâè íåçàëåæíîñò³ âàð³àö³é δu , 0( )δ ⊗ u , δp  îòðèìóºìî òàê³ âè-

çíà÷àëüí³ ô³çè÷í³ ñï³ââ³äíîøåííÿ ìàòåìàòè÷íî¿ ìîäåë³ äåôîðì³âíîãî ïðóæ-
íîãî ò³ëà â îáëàñò³ 0 1 2,X t t× [ ] : 
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 0( , )H∂= ≡ ⊗
∂

v v p u
p

 , (3) 

 ˆ ˆ
0

0

( , )H∂= ≡ ⊗
∂ ⊗

p u
u

  


, (4) 

ïðèðîäí³ ãðàíè÷í³ óìîâè íà ïîâåðõí³ ò³ëà 0X∂  

 ˆ
0( , )n n t+≡ ⋅ =n r     (5) 

³ ãðàíè÷í³ óìîâè â ÷àñîâîìó ³íòåðâàë³ 1 2,t t[ ]  

 
1 2

(2) 0 20,             ( , )
t t t t

t+
= =

= =u u u r . (6) 

Ç³ ñôîðìóëüîâàíèõ ô³çè÷íèõ ñï³ââ³äíîøåíü (3), (4) âèïëèâàº, ùî ôóíê-
ö³ÿ Ãàì³ëüòîíà 0( , )H ⊗p u  º ôóíêö³ºþ ëîêàëüíîãî ñòàíó íà ôàçîâîìó ïðî-

ñòîð³ ïàðàìåòð³â p , 0 ⊗ u . Ïðè öüîìó ð³âíÿííÿ (2)–(5) º âèõ³äíèìè ô³çè÷-

íèìè ð³âíÿííÿìè ìîäåë³, à â³äïîâ³äíà äèôåðåíö³àëüíà 1-ôîðìà  

 ˆ
0( )dH d d= ⋅ + ⋅ ⋅ ⊗v p u    

º ïîâíèì äèôåðåíö³àëîì äëÿ ôóíêö³¿ Ãàì³ëüòîíà. 
Ó çâ’ÿçêó ç öèì ôóíêö³ÿ Ãàì³ëüòîíà 0( , )H ⊗p u  áóäå 

 ˆ
0

1 ( )
2

H = ⋅ + ⋅ ⋅ ⊗v p u [ ]  . (7) 

Äîñòàòíüîþ óìîâîþ ì³í³ìóìó ôóíêö³îíàëà Ãàì³ëüòîíà (1) º óìîâà éîãî 
îïóêëîñò³  

 
2

1 0 0

2
0 (2) (2) (1) (1) 0( ) 0

t

n
t X X

F d dt dV
∂

 
δ = δ ⋅ δ Σ + δ ⋅ δ − δ ⋅ δ > 

 
∫ ∫ ∫u u p u p[ ] . (8) 

Îòðèìàíó óìîâó îïóêëîñò³ (8) ïîäàìî òàêèì ÷èíîì: 

 ˆ ˆ
2

1 0

2
0 0 0( ) 2( )

t

t X

F dV dt
 δ = δ ⋅ δ + δ ⋅ ⋅ δ ⊗ + ⋅ δ ⋅ δ = 
 ∫ ∫ v p u u[ ]     

 ˆ
2

1 0

2
0 02( ) 0

t

t X

H dV dt
 = δ + ⋅ δσ ⋅ δ > 
 ∫ ∫ u[ ] . 

Òîä³ çà äîñòàòí³ óìîâè îïóêëîñò³ ôóíêö³îíàëà F  ìîæíà ïðèéíÿòè, 
çîêðåìà, óìîâè 

 ˆ
2 2

1 0 1 0

2
0 0 00,             ( ) 0

t t

t X t X

HdV dt dV dt
   

δ > ⋅ δ ⋅ δ ≥   
   

∫ ∫ ∫ ∫ u  . (9) 

Ñï³ââ³äíîøåííÿ (3)–(6), (9) ñêëàäàþòü ïîâíó ñèñòåìó âèçíà÷àëüíèõ ñï³â-
â³äíîøåíü ìîäåëüíîãî îïèñó äèíàì³÷íèõ ïðîöåñ³â ó ïðóæíèõ ò³ëàõ ó ðàì-
êàõ ìàòåìàòè÷íî¿ ìîäåë³ êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³. 

Ñêîíêðåòèçóºìî îòðèìàí³ ðåçóëüòàòè äëÿ ³çîòðîïíèõ ìàòåð³àë³â. Ó 
öüîìó âèïàäêó ïîòåíö³àë 0( , )H ⊗p u  º ôóíêö³ºþ íåçàëåæíèõ ñêàëÿðíèõ 

³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó 0,  ⊗p u  [8, 9]. 

Äëÿ âñòàíîâëåííÿ ë³í³éíî¿ ñèñòåìè ô³çè÷íèõ ñï³ââ³äíîøåíü (2), (3) îá-
ìåæèìîñÿ íàäàë³ ïîäàííÿì ôóíêö³¿ Ãàì³ëüòîíà 0( , )H ⊗p u  ó âèãëÿä³ ïîë³-

íîì³àëüíî¿ ôóíêö³¿ ñêàëÿðíèõ ³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó äî 
äðóãîãî ïîðÿäêó âêëþ÷íî. Çà íåçàëåæí³ ³íâàð³àíòè ôàçîâèõ êîîðäèíàò p , 

0 ⊗ u  ïðèéìåìî òàê³ ³íâàð³àíòè: 
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 ˆ(1) (2)
2 1 0 0( ),                           ( )I I I I= ⊗ = ⊗ ≡ ⊗ ⋅ ⋅p p u u  I , 

 (2) s s (2) a a
2 0 0 21 0 0( ) ( ) , ( ) ( )      I I I I= ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗u u u u    ( ) ( ( ) ) . 

Òóò ³íäåêñàìè « s », « a » ïîçíà÷åíî â³äïîâ³äíî ñèìåòðè÷íó òà àíòèñèìåòðè÷-
íó ñêëàäîâ³ òåíçîðà 0 ⊗ u . 

Äî íàâåäåíèõ ñêàëÿðíèõ ³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó íåîá-
õ³äíî äîäàòè òàêîæ ñêàëÿðíèé ³íâàð³àíò, ÿêèé õàðàêòåðèçóº åôåêòè âçàº-
ìîâïëèâó ïàðàìåòð³â ïîñòóïàëüíîãî ðóõó òà ïðîöåñó äåôîðìóâàííÿ: 

 (13)
2 0( )I I= × ⊗p u . 

Ó ï³äñóìêó ô³çè÷í³ ñï³ââ³äíîøåííÿ (3), (4) ë³í³éíî¿ ïîñòàíîâêè çàäà÷³ 
íàáóâàþòü âèãëÿäó 

 0
1 ( )= − γ ×
ρ

v p u( ) , 

 ˆˆˆ s a
0 0 0

2 1( ) ( ) ( )
3

K G G G  ′= − ⋅ + ⊗ + ⊗ − ⋅ γ  ρ 
u u u ª p   I . 

Òóò ª̂  – àíòèñèìåòðè÷íèé òåíçîð Ëåâ³ – ×èâ³òà; ρ  – ³íåðö³éíà õàðàêòå-

ðèñòèêà ïîñòóïàëüíî¿ ôîðìè ðóõó; K , G , G′  – ìîäóë³ ïðóæíîãî äåôîðìó-
âàííÿ ô³çè÷íî ìàëî¿ ï³äñèñòåìè; γ  – íåâ³ä’ºìíèé êîåô³ö³ºíò âçàºìîâïëèâó 
ïàðàìåòð³â ëîêàëüíîãî ðóõó òà äåôîðìóâàííÿ. 

Ôóíêö³þ Ãàì³ëüòîíà (7) ç óðàõóâàííÿì ñï³ââ³äíîøåíü (3) ³ (4) ïîäàìî 
òàêèì ÷èíîì: 

 [ ] 2
0 0

1 1 2( ) ( )
2 2 3

H K G = ⋅ − γ × ⋅ + − ⋅ + ρ  
p p u p u   

 s s a
0 0 0 02 ( ) ( ) 2 ( ) ( )aG G′+ ⊗ ⋅ ⋅ ⊗ + ⊗ ⋅ ⋅ ⊗ −u u u u    ( )  

 ˆ
0

1 ( ) − ⋅ γ ⋅ ⋅ ⊗ ρ
ª p u . 

Òîä³ äëÿ åíåðã³¿ äåôîðìàö³¿ (7) ñïðàâäæóºòüñÿ òàêå ñï³ââ³äíîøåííÿ: 

 s a
0 0 0( , ) , ( ) , ( )H E J⊗ = ⊗ + ⊗p u p u p u( ) ( )   . 

Òóò ïðóæíèé ïîòåíö³àë s
0, ( )E ⊗p u( )  ïîäàºòüñÿ ÿê ñóìà ê³íåòè÷íî¿ 

åíåðã³¿ ïîñòóïàëüíî¿ ôîðìè ðóõó òà åíåðã³¿ ïðóæíîãî äåôîðìóâàííÿ: 

 s
0, ( )E ⊗ =p u( )  

 2 s s
0 0 0

1 1 2 ( ) 2 ( ) ( )
2 2 3

K G G
  = ⋅ + − ⋅ + ⊗ ⋅ ⋅ ⊗  ρ   

p p u u u   . 

Äèñèïàòèâíà ñêëàäîâà åíåðã³¿ ïðîöåñó äåôîðìóâàííÿ ìàº âèãëÿä 

 a a a a
0 0 0 0, ( ) ( ) ( ) ( )J J G′⊗ ≡ ⊗ = ⊗ ⋅ ⋅ ⊗p u u u u ( ) ( ) ( )    . (10) 

Ó ñï³ââ³äíîøåíí³ (10) ôóíêö³ÿ a
0( )J ⊗ u( )  º äîäàòíî âèçíà÷åíîþ. Îò-

æå, ìîæíà ñòâåðäæóâàòè, ùî ðîçâ’ÿçîê çàäà÷³ êëàñè÷íî¿ íåñèìåòðè÷íî¿ òå-
îð³¿ ïðóæíîñò³ ïðè çàäàíîìó çîâí³øíüîìó ñèëîâîìó íàâàíòàæåíí³ õàðàêòå-
ðèçóº ÿê äèíàì³÷í³ ïðîöåñè ïîñòóïàëüíîãî ðóõó òà ïðóæíîãî äåôîðìóâàí-
íÿ, òàê ³ ðåëàêñàö³éí³ åôåêòè, ÿê³ ïîâ’ÿçàí³ ç óðàõóâàííÿì íåñèìåòðè÷íî¿ 
ñêëàäîâî¿ òåíçîðà ´ðàä³ºíòà ïåðåì³ùåíü. 
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2. Âàð³àö³éíå ôîðìóëþâàííÿ êðàéîâèõ çàäà÷ ìîìåíòíî¿ òåîð³¿ ïðóæ-
íîñò³. Ôóíêö³îíàë Ãàì³ëüòîíà ìàòåìàòè÷íî¿ ìîäåë³ íåë³í³éíî¿ ìîìåíòíî¿ òå-
îð³¿ ïðóæíîñò³ ïîäàºòüñÿ òàê [9]: 

 
2

1 0

0 0 0 0, , , ( , , , )
t

t X

d
F H

dt∗
 ⊗ ⊗ = ⊗ ⊗ + ⋅ + ∫ ∫

p
p q u p q u u[ ]       

 

0

0 0n n
X

d
dV d dt

dt
+ + + +

∂

+ ⋅ − ⋅ − ⋅ − ⋅ + ⋅ Σ − ∫
q

f u u    [ ]  

 

0

(2) (2) (2) (2) 0
X

dV+ +− ⋅ + ⋅∫ u p q[ ] , (11) 

äå 0 0( , , , )H∗ ⊗ ⊗p q u    – ôóíêö³ÿ Ãàì³ëüòîíà; ˆ
1

0( )
t

t

dt+= ⋅ +∫q    – âåê-

òîð ãóñòèíè ìîìåíòíîãî ³ìïóëüñó; ̂  – òåíçîð ìîìåíòíèõ íàïðóæåíü;   – 

âåêòîð êóòà ëîêàëüíîãî ïîâîðîòó ô³çè÷íî ìàëîãî åëåìåíòà; 0 ⊗   – òåí-

çîð ´ðàä³ºíòà ëîêàëüíîãî ïîâîðîòó; 0( , )n n t+ += r   – âåêòîð çàäàíèõ ìîìåíò-

íèõ ïîâåðõíåâèõ çóñèëü; 0( , )t+ += r   – âåêòîð ãóñòèíè ìàñîâèõ ìîìåíò-

íèõ çóñèëü; (2)
+  – çàäàíèé âåêòîð êóòà ïîâîðîòó â ìîìåíò ÷àñó 2t t= . Òóò 

0n nd d+ +∗ ∗Σ = Σ  ; 0dV dV+ +∗ ∗=  ; n
+∗  – âåêòîð çîâí³øí³õ ïîâåðõíåâèõ çó-

ñèëü ³ +∗  – âåêòîð ìîìåíòíèõ ñèë, ÿê³ íîðìîâàí³ çà îá’ºìîì Vδ  ô³çè÷íî 

ìàëî¿ îáëàñò³ K K∗δ ⊂  ³ ïëîùåþ δΣ  ïîâåðõí³ åëåìåíòàðíî¿ ïëîùèíêè 

K K∗δ∂ ⊂ ∂  â àêòóàëüí³é êîíô³ãóðàö³¿. 
Íåîáõ³äíîþ óìîâîþ ì³í³ìóìó ôóíêö³îíàëà Ãàì³ëüòîíà (11) º ð³âí³ñòü 

íóëåâ³ éîãî ïåðøî¿ âàð³àö³¿: 

 
2

1 0

0 0( , , , , , )
t

t X

H
F ∗∂  δ ⊗ ⊗ = − ⋅ δ +   ∂  ∫ ∫u p q u p

p
v[ ]     

 ˆ
0

0

( )
H H∗ ∗∂ ∂   + − ⋅ δ + − ⋅ ⋅ δ ⊗ +   ∂ ∂ ⊗   

q u
p u

  


 

 ( )ˆ
0

0 0
0

( ) n n
X

H
dV +∗

∂

∂  + − ⋅ ⋅ δ ⊗ + − ⋅ δ +  ∂ ⊗   ∫ u   
 

 [  

 

0

0 (2) (2) (2) (1) (1)( ) ( )n n
X

d dt+ ++ − ⋅ δ Σ + − ⋅ δ − ⋅ δ +
 ∫ u u p u p  ] [  

 (2) (2) (2) (1) (1) 0( ) 0dV++ − ⋅ δ − ⋅ δ =q q   ] . 

Òóò /d dt=   – âåêòîð øâèäêîñò³ ëîêàëüíîãî îáåðòàëüíîãî ðóõó. 

Ç óìîâè íåçàëåæíîñò³ âàð³àö³é δu , δ , 0( )δ ⊗ u , 0( )δ ⊗  , δp , δq  

îòðèìóºìî òàê³ âèçíà÷àëüí³ ô³çè÷í³ ñï³ââ³äíîøåííÿ ìàòåìàòè÷íî¿ ìîäåë³ 
äåôîðì³âíîãî ïðóæíîãî ò³ëà â îáëàñò³ 0 1 2,X t t× [ ] : 

 0 0( , , , )
H∗∂

= ≡ ⊗ ⊗
∂

v v p q u
p

   , 

 0 0( , , , )
H∗∂

= ≡ ⊗ ⊗
∂

p q u
q

    , (12) 
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 ˆ ˆ
0 0

0

( , , , )
H∗∂

= ≡ ⊗ ⊗
∂ ⊗

p q u
u

    


, 

 ˆ ˆ
0 0

0

( , , , )
H∗∂

= ≡ ⊗ ⊗
∂ ⊗

p q u  
 

  , (13) 

ïðèðîäí³ ãðàíè÷í³ óìîâè íà ïîâåðõí³ ò³ëà 0X∂  

 ˆ ˆ
0 0( , ),         ( , )n n n nt t+ +≡ ⋅ = ≡ ⋅ =n r n r       (14) 

³ ãðàíè÷í³ óìîâè â ÷àñîâîìó ³íòåðâàë³ 1 2,t t[ ]  

 
1 2

(2) 0 20,             ( , )
t t t t

t+
= =

= =u u u r , 

 
21

(2) 0 20,             ( , )
t tt t

t+
==

= = r   . (15) 

Ç³ ñôîðìóëüîâàíèõ ô³çè÷íèõ ñï³ââ³äíîøåíü (12), (13) âèïëèâàº, ùî 
ôóíêö³ÿ Ãàì³ëüòîíà 0 0( , , , )H∗ ⊗ ⊗p q u    º ôóíêö³ºþ ëîêàëüíîãî ñòàíó íà 

ôàçîâîìó ïðîñòîð³ ïàðàìåòð³â 0 0,  ,  ,  ⊗ ⊗p q u   . Ïðè öüîìó ð³âíÿííÿ 

(12)–(15) – âèõ³äí³ ð³âíÿííÿ ìîäåë³, à â³äïîâ³äíà äèôåðåíö³àëüíà 1-ôîðìà  

 ˆ ˆ
0 0( ) ( )dH d d d d∗ = ⋅ + ⋅ + ⋅ ⋅ ⊗ + ⋅ ⋅ ⊗v p q u       

º ïîâíèì äèôåðåíö³àëîì äëÿ ôóíêö³¿ Ãàì³ëüòîíà. 
Òîä³ ôóíêö³ÿ Ãàì³ëüòîíà 0 0( , , , )H∗ ⊗ ⊗p q u    áóäå 

 ˆ ˆ
0 0

1 ( ) ( )
2

H∗
 = ⋅ + ⋅ + ⋅ ⋅ ⊗ + ⋅ ⋅ ⊗  
v p q u      . (16) 

Çà äîñòàòí³ óìîâè îïóêëîñò³ ôóíêö³îíàëà F  ìîæíà ïðèéíÿòè, çîêðåìà, 
óìîâè 

 ˆ
2 2

1 0 1 0

2
0 0 00,            ( ) 0

t t

t X t X

H dV dt dV dt∗
   

δ > ⋅ δ ⋅ δ ≥   
   

∫ ∫ ∫ ∫ u  , 

 ˆ
2

1 0

0 0( ) 0
t

t X

dV dt
 

⋅ δ ⋅ δ ≥ 
 

∫ ∫   . (17) 

Ñï³ââ³äíîøåííÿ (12)–(15), (17) ñêëàäàþòü ïîâíó ñèñòåìó âèçíà÷àëüíèõ 
ñï³ââ³äíîøåíü äèíàì³÷íèõ ïðîöåñ³â ó ïðóæíèõ ò³ëàõ â ðàìêàõ 
ìàòåìàòè÷íî¿ ìîäåë³ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³. 

Äëÿ ³çîòðîïíèõ ìàòåð³àë³â ïîòåíö³àë 0 0( , , , )H∗ ⊗ ⊗p q u    º ôóíêö³-

ºþ íåçàëåæíèõ ñêàëÿðíèõ ³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó ,  p q , 

0 0,  ⊗ ⊗u   . Äëÿ âñòàíîâëåííÿ ë³í³éíî¿ ñèñòåìè ô³çè÷íèõ ñï³ââ³äíîøåíü 

(12), (13), ÿê ³ ó âèïàäêó êëàñè÷íî¿ òåîð³¿ ïðóæíîñò³, îáìåæèìîñÿ ïîäàííÿì 
ôóíêö³¿ 0 0( , , , )H∗ ⊗ ⊗p q u    ó âèãëÿä³ ïîë³íîì³àëüíî¿ ôóíêö³¿ ñêàëÿðíèõ 

³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó äî äðóãîãî ïîðÿäêó âêëþ÷íî. Çà 
íåçàëåæí³ ³íâàð³àíòè ôàçîâèõ êîîðäèíàò 0 0,  ,  ,  ⊗ ⊗p q u    ïðèéìåìî 

òàê³ ³íâàð³àíòè: 

 ˆ ˆ(3) (4)
1 0 0 1 0 0( ) ,            ( )I I I I= ⊗ ≡ ⊗ ⋅ ⋅ = ⊗ ≡ ⊗ ⋅ ⋅u u     I I , 

 (1) (2)
2 2( ),                          ( )  I I I I= ⊗ = ⊗p p q q , 

 (3) s s (4) s s
2 0 0 2 0 0( ) ( ) ,          ( ) ( )I I I I= ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗u u     ( ) ( ) , 

 (3) a a (4) a a
21 0 0 21 0 0 ( ) ( ) ,     ( ) ( )I I I I= ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗u u  ( ( ) ) ( ( ) )      . 
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Òóò ³íäåêñàìè « s », « a » ïîçíà÷åíî â³äïîâ³äíî ñèìåòðè÷íó òà àíòèñèìåòðè÷-
íó ñêëàäîâ³ â³äïîâ³äíèõ òåíçîð³â. 

Äî çàïèñàíèõ ñêàëÿðíèõ ³íâàð³àíò³â ïàðàìåòð³â ëîêàëüíîãî ñòàíó äîäà-
ìî òàêîæ ñêàëÿðí³ ³íâàð³àíòè, ÿê³ õàðàêòåðèçóþòü åôåêòè âçàºìîâïëèâó 
ïàðàìåòð³â ïîñòóïàëüíîãî ³ îáåðòàëüíîãî ðóõ³â: 

 (12) (13)
2 2 0( ),      ( )I I I I= ⊗ = × ⊗p q p u , 

 (14) (23) (24)
2 0 2 0 2 0( ),      ( ),      ( )I I I I I I= × ⊗ = × ⊗ = × ⊗p q u q     , 

 (34) a a (34) s s
2 0 0 2 0 0( ) ( ) ,     ( ) ( )I I I I∗ = ⊗ ⋅ ⊗ = ⊗ ⋅ ⊗u u ( ( ) ) ( ( ) )      . 

Òîä³ âèçíà÷àëüí³ ñï³ââ³äíîøåííÿ (12), (13) ë³í³éíî¿ ïîñòàíîâêè çàäà÷³ 
íàáóâàþòü âèãëÿäó 

 1 0 2 0
1 ( ) ( )= − α − γ × − γ ×
ρ

v p q u( )   , 

 1 0 2 0
1 ( ) ( )∗ ∗ ∗

∗

ρ ρ ρ = − α − α × − α × ρ ρ ρ ρ 
q p u   , 

 ˆˆ s s
0 0 0

2 ( ) ( ) ( )
3

K G G = − ⋅ + ⊗ − β ⊗ + 
 

u u( )    I  

 ˆa a
0 0 1 2

1( ) ( ) ( )G′ ′+ ⊗ − β ⊗ − ⋅ γ + α
ρ

u p q( )   Є , 

 ˆˆ s s
0 0 0

2 ( ) ( ) ( )
3m m m

m

GK G G
G

   = − ⋅ + ⊗ − β ⊗ +   
   

u     I  

 ˆa a
0 0 1 2

1( ) ( ) ( )m
m

GG
G

′ ′ ′+ ⊗ − β ⊗ − ⋅ α + γ ′ ρ 
u q p   Є . (18) 

Òóò ∗ρ  – ³íåðö³éíà õàðàêòåðèñòèêà îáåðòàëüíî¿ ôîðìè ðóõó; mK , mG  – 

ìîäóë³ ìîìåíòíîãî äåôîðìóâàííÿ ô³çè÷íî ìàëî¿ ï³äñèñòåìè, mG′  – êîåô³ö³-

ºíò æîðñòêîñò³ íåñèìåòðè÷íî¿ ñêëàäîâî¿ òåíçîðà ´ðàä³ºíòà ëîêàëüíîãî ïîâî-
ðîòó; α , β , ′β , 1α , 2α , 1γ , 2γ  – êîåô³ö³ºíòè âçàºìîâïëèâó ïàðàìåòð³â ïðî-
öåñó äåôîðìóâàííÿ ³ ëîêàëüíîãî ïîâîðîòó. 

Åíåðãåòè÷íîþ ì³ðîþ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó ò³ëà â ðàìêàõ 
ìîäåë³ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ º åíåðã³ÿ äåôîðìàö³¿ (16), ÿêà ç óðàõó-
âàííÿì ñï³ââ³äíîøåíü (18) ïîäàºòüñÿ ó âèãëÿä³ á³ë³í³éíî¿ ôîðìè 

 1 1
2 2

H∗
∗

α= ⋅ + ⋅ − ⋅ +
ρ ρ ρ

p p q q p q  

 2 2
0 0

1 2 2( ) ( )
2 3 3m mK G K G

    + − ⋅ + − ⋅ +   
   

u    

 s s s s
0 0 0 02 ( ) ( ) ( ) ( )G+ ⊗ ⋅ ⋅ ⊗ − β ⊗ ⋅ ⋅ ⊗ +u u u( )      

 s s s s
0 0 0 02 ( ) ( ) ( ) ( )m

m

GG
G

 + ⊗ ⋅ ⋅ ⊗ − β ⊗ ⋅ ⋅ ⊗ +  
u        

 a a a a
0 0 0 02 ( ) ( ) ( ) ( )G′ ′+ ⊗ ⋅ ⋅ ⊗ − β ⊗ ⋅ ⋅ ⊗ +u u u( ( ) ( ) )       

 a a a a
0 0 0 02 ( ) ( ) ( ) ( )m

m

GG
G

′  ′ ′+ ⊗ ⋅ ⋅ ⊗ − β ⊗ ⋅ ⋅ ⊗  ′  
u( ) ( )        . (19) 

Ôóíêö³þ (19) ìîæíà ïîäàòè òàêèì ÷èíîì: 

 0 0( , , , )H∗ ⊗ ⊗ =p q u    

 0 0 0 0( , , , ) ( , , , )E J∗ ∗= ⊗ ⊗ + ⊗ ⊗p q u p q u      . 

Òóò 0 0( , , , )E∗ ⊗ ⊗p q u    – ïðóæíèé ïîòåíö³àë, 0 0( , , , )J∗ ⊗ ⊗p q u    – 

ïîòåíö³àë ðîçñ³ÿííÿ. Ïðè öüîìó  
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 2 2
0 0

1 1 1 2 2( ) ( )
2 2 2 3 3m mE K G K G∗

∗

    = ⋅ + ⋅ + − ⋅ + − ⋅ +   ρ ρ    
p p q q u    

 s s s s
0 0 0 02 ( ) ( ) 2 ( ) ( )mG G

+ ⊗ ⋅ ⋅ ⊗ + ⊗ ⋅ ⋅ ⊗ 


u u      ,  (20) 

 a a a a
0 0 0 0( ) ( ) ( ) ( )mJ G G∗

′ ′= ⊗ ⋅ ⋅ ⊗ + ⊗ ⋅ ⋅ ⊗ −u u( ) ( )        

 s s s s
0 0 0 0( ) ( ) ( ) ( )G− β ⊗ ⋅ ⋅ ⊗ + ⊗ ⋅ ⋅ ⊗ −u u( )       

 a a a a
0 0 0 0( ) ( ) ( ) ( )G′ ′− β ⊗ ⋅ ⋅ ⊗ + ⊗ ⋅ ⋅ ⊗u u( ( ) ( ) )       . (21) 

Ó ñï³ââ³äíîøåíí³ (21) ôóíêö³ÿ 0 0( , , , )J∗ ⊗ ⊗p q u    º äîäàòíî âèçíà-

÷åíîþ. Îòæå, ìîæíà ñòâåðäæóâàòè, ùî ðîçâ’ÿçîê çàäà÷³ ìîìåíòíî¿ òåîð³¿ 
ïðóæíîñò³ ïðè ô³êñîâàíîìó çîâí³øíüîìó ñèëîâîìó íàâàíòàæåíí³ õàðàêòå-
ðèçóº ðåëàêñàö³éí³ åôåêòè, ÿê³ ïîâ’ÿçàí³ ³ç âçàºìîâïëèâîì ïàðàìåòð³â ÿê 
ïîñòóïàëüíîãî, òàê ³ îáåðòàëüíîãî ðóõ³â. 

3. Ïîñòàíîâêà êðàéîâèõ çàäà÷ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ çà â³äñóò-
íîñò³ ìîìåíòíîãî íàâàíòàæåííÿ. Ðîçãëÿíåìî ôóíêö³îíàë Ãàì³ëüòîíà ìàòå-
ìàòè÷íî¿ ìîäåë³ íåë³í³éíî¿ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ äëÿ ò³ëà, ÿêå çíàõî-
äèòüñÿ ï³ä ä³ºþ ëèøå çîâí³øíüîãî ñèëîâîãî íàâàíòàæåííÿ:  

 0 0, , ,F ⊗ ⊗ =p q u[ ]    

 
2

1 0

0 0( , , , )
t

t X

d d
H

dt dt∗
 = ⊗ ⊗ + ⋅ + ⋅ − ∫ ∫

p q
p q u u     

 

0 0

0 0 (2) (2) 0n
X X

dV d dt dV+ + +

∂

− ⋅ − ⋅ Σ − ⋅ ∫ ∫f u u u p[ ] [ ] . (22) 

Ïåðøà âàð³àö³ÿ ôóíêö³îíàëà (22) áóäå 

 * ˆ
2

1 0

0
0

( )
( )

t

t X

H H H
F ∗ ∗∂ ∂ ∂    δ = − ⋅ δ + − ⋅ ⋅ δ ⊗ + ⋅ δ +     ∂ ∂ ⊗ ∂   ∫ ∫ v p u q

p u q
 


  

 

0

0 0 0
0

( ) ( )
( ) n n

X

H
dV d dt+∗

∂

∂ + ⋅ ⋅ δ ⊗ + − ⋅ δ Σ +∂ ⊗  ∫ u   
 

  

 

0

(2) (2) (2) (1) (1) 0( )
X

dV++ − ⋅ δ − ⋅ δ∫ u u p u p[ ] . 

Ç íåîáõ³äíî¿ óìîâè åêñòðåìóìó ôóíêö³îíàëà Ãàì³ëüòîíà – ð³âíîñò³ íó-
ëåâ³ éîãî ïåðøî¿ âàð³àö³¿, îòðèìóºìî òàê³ âèçíà÷àëüí³ ñï³ââ³äíîøåííÿ: 

 0 0      ( , , , ),         0
H H∗ ∗∂ ∂

= ≡ ⊗ ⊗ = ≡
∂ ∂

v v p q u
p q

    , (23) 

 ˆ ˆ ˆ
0 0

0 0

( , , , ),           0
H H∗ ∗∂ ∂

= ≡ ⊗ ⊗ = ≡
∂ ⊗ ∂ ⊗

p q u
u

    
  

 , (24) 

à òàêîæ ãðàíè÷í³ óìîâè íà ïîâåðõí³ ò³ëà 0X∂  ³ â ÷àñîâîìó ³íòåðâàë³ 1 2,t t[ ]  

 ˆ
0( , )n n t+≡ ⋅ =n r   , 

 
1 2

(2) 0 20,         ( , )
t t t t

t+
= =

= =u u u r . 
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Ç îòðèìàíèõ ô³çè÷íèõ ñï³ââ³äíîøåíü (23), (24) âèïëèâàº, ùî ïðè áåçìî-
ìåíòíîìó çîâí³øíüîìó ñèëîâîìó íàâàíòàæåíí³ ïðîöåñè ïðóæíîãî äåôîðìó-
âàííÿ â ðàìêàõ ìîäåë³ ìîìåíòíî¿ òåîð³¿ ïðóæíîñò³ ñóïðîâîäæóþòüñÿ äîäàò-
êîâî âèíèêíåííÿì ïîëÿ âåêòîðà ³ìïóëüñó îáåðòàëüíîãî ðóõó q  ³ ïîëÿ òåí-

çîðà ´ðàä³ºíòà ëîêàëüíîãî ïîâîðîòó 0 ⊗  . Ïðè öüîìó â êîæåí ìîìåíò ÷à-

ñó âåêòîð øâèäêîñò³ îáåðòàëüíîãî ðóõó   ³ òåíçîð ìîìåíòíèõ íàïðóæåíü 

̂  äîð³âíþþòü íóëåâ³. Òîä³ ó âèïàäêó ³çîòðîïíèõ ìàòåð³àë³â ìàºìî 

 1 0 2 0
1 ( ) ( ) 0∗ ∗ ∗

∗

ρ ρ ρ ≡ − α − α × − α × = ρ ρ ρ ρ 
q p u   , (25) 

 ˆˆ s s
0 0 0

2 ( ) ( ) ( )
3m m m

m

GK G G
G

   ≡ − ⋅ + ⊗ − β ⊗ +   
   

u     I  

 ˆa a
0 0 1 2

1( ) ( ) ( ) 0m
m

GG
G

′ ′ ′+ ⊗ − β ⊗ − ⋅ α + γ = ′ ρ 
u q p   Є . (26) 

Ñï³ââ³äíîøåííÿ (25), (26) äîçâîëÿþòü âñòàíîâèòè ïîëå ³ìïóëüñó îáåð-
òàëüíîãî ðóõó q  ³ òåíçîðà ´ðàä³ºíòà ëîêàëüíèõ ïîâîðîò³â 0 ⊗  , ÿê³ âèíè-

êàþòü ó ïðîöåñ³ äåôîðìóâàííÿ ò³ëà â ðàìêàõ ìîäåë³ ìîìåíòíî¿ òåîð³¿ 
ïðóæíîñò³: 
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1 2 1 2
02 2 2 2

1 1
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2 2
m m

m m

G G G
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′ ′ ′ ′αρ + α γ ρ α ρ β + α ρρ  = + × ρ ′ ′ρ − α ρ ρ − α ρ 
q p u , 

 ˆ
2

s a1 2 1 2
0 0 02 2 2 2

1 1

2
( ) ( )

2 2m m m

GG
G G G

∗ ∗

∗ ∗

′ ′ρ β + α α ρ αα ρ + γ ρ
⊗ = β ⊗ + ⊗ + ⋅

′ ′ρ − α ρ ρ − α ρ
u u p    Є . 

Îäåðæàí³ ñï³ââ³äíîøåííÿ äîçâîëÿþòü òàêîæ âñòàíîâèòè òàê³ ìîäèô³-
êîâàí³ ô³çè÷í³ ñï³ââ³äíîøåííÿ äëÿ ïîëÿ øâèäêîñòåé ïîñòóïàëüíîãî ðóõó v  

³ òåíçîðà íàïðóæåíü ̂ :  

 1 1 3 5 0
1 (1 ) ( )= − ζ − γ + ζ + ζ ×
ρ

v p u[ ] , (27) 

 ˆˆ 2 s
0 0

2 ( ) 1 ( )
3 m

GK G G
G

   = − ⋅ + − β ⊗ +   
   

u u  I  

 a
2 0 2 3 4

1(1 )( ) ( )G′+ − ζ ⊗ − γ + ζ + ζ
ρ

u p , (28) 

äå 

 
2 2

1 2 2
1 2 2

1

4 2

2
m

m

G

G
∗ ∗

∗

′α ρρ + αα γ ρ + γ ρ
ζ =

′ρ − α ρ
, 

 
2 2 2

1 2 1
2 2 2

1

( ) 2 ( ) 2

( 2 )
m

m

G G G G

G G
∗ ∗

∗

′ ′ ′ ′ ′ ′ ′ρ β + α α ρ β + + α ρ β
ζ =

′ ′ρ − α ρ
, 

 1 2
3 2 2

1

( )

2m

G

G
∗

∗

′ ′ρβ αα ρ + γ ρ
ζ =

′ρ − α ρ
,  

 1 1 2
4 2 2

1

( 2 )

2
m

m

G

G
∗

∗

′ρ α αρ + α γ
ζ =

′ρ − α ρ
, 

 2 1 2
5 2 2

1

( 2 )

2
m

m

G

G
∗

∗

′ρ α αρ + α γ
ζ =

′ρ − α ρ
.  



138 

Á³ë³í³éí³é ôîðì³ (19) ç óðàõóâàííÿì ìîäèô³êîâàíèõ ô³çè÷íèõ ñï³ââ³ä-
íîøåíü (27), (28) â³äïîâ³äàº òàêà êâàäðàòè÷íà ôîðìà: 

 2
1 0

1 1 2(1 ) ( )
2 2 3

H K G∗
 = − ζ ⋅ + − ⋅ + ρ  

p p u  

 2 s s
0 01 ( ) ( )

m

GG
G

 + − β ⊗ ⋅ ⋅ ⊗ + 
 

u u   

 a a2
0 0( ) ( )G

G

ζ ′+ − ⊗ ⋅ ⋅ ⊗ − ′ 
u u ( )  

 1 2 3 4 5 0
1 ( 2 ) ( )
2

− γ + γ + ζ + ζ + ζ ⋅ ×
ρ

p u . (29) 

Ôóíêö³þ (29) ìîæíà ïîäàòè ÿê ñóìó äâîõ ñêëàäîâèõ – ïðóæíîãî ïîòåí-
ö³àëó 0( , )E∗ ⊗p u  ³ ïîòåíö³àëó ðîçñ³ÿííÿ 0( , )J∗ ⊗p u : 

 2
0 1 0

1 1 2( , ) (1 ) ( )
2 2 3

E K G∗
 ⊗ = − ζ ⋅ + − ⋅ + ρ  

p u p p u   

 2 s s
0 01 ( ) ( )

m

GG
G

 + − β ⊗ ⋅ ⋅ ⊗ 
 

u u  ,  (30) 

 a a2
0 0 0( , ) ( ) ( )J G

G∗
ζ ′⊗ = − ⊗ ⋅ ⋅ ⊗ − ′ 

p u u u  ( )   

 1 2 3 4 5 0
1 ( 2 ) ( )
2

− γ + γ + ζ + ζ + ζ ⋅ ×
ρ

p u . (31) 

Ó ñï³ââ³äíîøåíí³ (31) ôóíêö³ÿ 0( , )J∗ ⊗p u  º äîäàòíî âèçíà÷åíîþ ³ õà-
ðàêòåðèçóº ðåëàêñàö³éí³ åôåêòè, ïîâ’ÿçàí³ ç óðàõóâàííÿì äîäàòêîâèõ ñòó-
ïåí³â â³ëüíîñò³: ïîëÿ âåêòîðà ãóñòèíè ìîìåíòíîãî ³ìïóëüñó q  ³ òåíçîðà ´ðà-
ä³ºíòà ëîêàëüíèõ ïîâîðîò³â 0 ⊗  . 

Âèñíîâêè. Ðåçóëüòàòè ìîäåëüíîãî îïèñó äåôîðì³âíèõ ïðóæíèõ ñèñòåì 
íà îñíîâ³ íåñèìåòðè÷íî¿ òåîð³¿ ïðóæíîñò³ òà ìîìåíòíî¿ òåîð³¿ â³äïîâ³äíî çà 
ä³¿ çàäàíîãî çîâí³øíüîãî ñèëîâîãî íàâàíòàæåííÿ ï³äòâåðäæóþòü íåîáõ³ä-
í³ñòü ³òåðàö³éíîãî ï³äõîäó äî ïîáóäîâè ìàòåìàòè÷íèõ ìîäåëåé ç óðàõóâàí-
íÿì ãàëóæåííÿ ïðîöåñó äåôîðìóâàííÿ. Ïðè öüîìó ãóñòèíà åíåðã³¿ ëîêàëü-
íîãî îïèñó ïîäàºòüñÿ ÿê ñóìà ïðóæíî¿ åíåðã³¿ òà åíåðã³¿ ðîçñ³ÿííÿ. Âñòàíîâ-
ëåíî, ùî, ÿêùî ñèñòåì³ íàäàòè äîäàòêîâ³ ñòóïåí³ â³ëüíîñò³, ÿê³ â³äïîâ³äàþòü 
ìîìåíòí³é òåîð³¿, òî ñèñòåìà, ïðèðîäíî, âèêîðèñòîâóº ¿õ äëÿ çìåíøåííÿ 
ñâîãî åíåðãåòè÷íîãî ñòàíó. 

Îòðèìàí³ ó ðîáîò³ ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàí³ òàêîæ ïðè ïî-
ñòàíîâö³ òà ðîçâ’ÿçóâàíí³ â³äïîâ³äíèõ êðàéîâèõ çàäà÷ ïðî îïòèì³çàö³þ íà-
ïðóæåíî-äåôîðìîâàíîãî ñòàíó åëåìåíò³â òîíêîñò³ííèõ êîíñòðóêö³é ÿê ïðè 
ñèëîâîìó íàâàíòàæåíí³, òàê ³ â óìîâàõ íàãð³âó [2, 6]. 
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О ВАРИАЦИОННОМ ФОРМУЛИРОВАНИИ КРАЕВЫХ ЗАДАЧ 
НЕСИММЕТРИЧНОЙ ТЕОРИИ УПРУГОСТИ 
С УЧЕТОМ ВЕТВЛЕНИЯ ПРОЦЕССА ДЕФОРМИРОВАНИЯ 
 
Ïðåäëîæåíà âàðèàöèîííàÿ ïîñòàíîâêà êðàåâûõ çàäà÷ ìåõàíèêè óïðóãèõ ñèñòåì, 
íàõîäÿùèõñÿ ïîä âîçäåéñòâèåì ñèëîâîãî íàãðóæåíèÿ, êàê â ðàìêàõ ìîäåëè êëàññè-
÷åñêîé òåîðèè óïðóãîñòè, òàê è ìîäåëè ìîìåíòíîé òåîðèè óïðóãîñòè. Ïîêàçàíî, 
÷òî â ðàìêàõ ìîäåëè ìîìåíòíîé òåîðèè ïðè îäíîì è òîì æå âíåøíåì ñèëîâîì 
íàãðóæåíèè â óïðóãîì òåëå ó÷èòûâàåòñÿ äîïîëíèòåëüíî ðåëàêñàöèÿ íàïðÿæåí-
íîãî ñîñòîÿíèÿ, êîòîðàÿ ïðèâîäèò ê óìåíüøåíèþ ýíåðãèè óïðóãîãî äåôîðìèðîâà-
íèÿ. Ïðè ýòîì äîïîëíèòåëüíûìè âíóòðåííèìè ñòåïåíÿìè ñâîáîäû ÿâëÿþòñÿ 
âåêòîð ïëîòíîñòè ìîìåíòíîãî èìïóëüñà è òåíçîð ãðàäèåíòà ëîêàëüíîãî ïîâî-
ðîòà. 
 
ON VARIATIONAL FORMULATION OF BOUNDARY-VALUE PROBLEMS 
OF NONSYMMETRICAL ELASTICITY THEORY 
WITH TAKING INTO ACCOUNT BRANCHING STRAINING PROCESS 
 
The variational formulations of boundary-value problems of mechanics of the elastic 
systems, which are under force loading, are proposed within the framework of classical 
model of elasticity theory and model of the couple elasticity theory. It is shown, that 
within the framework of model of couple elasticity theory at the same external force 
loading in an elastic body the relaxation of stressed state is taken into account in addi-
tion. This relaxation results in reduction of energy of elastic deformation. Thus additi-
onal internal degrees of freedom are the density vector of couple pulse and tensor of 
gradient of local rotation. 
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