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НЕОБМЕЖЕНІСТЬ РОЗВ’ЯЗКІВ У СКІНЧЕННИЙ МОМЕНТ ЧАСУ ОДНОГО 
СЛАБКО НЕЛІНІЙНОГО РІВНЯННЯ ЧЕТВЕРТОГО ПОРЯДКУ  
 

Îäåðæàíî óìîâè, ïðè ÿêèõ óçàãàëüíåíèé ðîçâ’ÿçîê ñëàáêî íåë³í³éíîãî ïàðàáî-
ë³÷íîãî ð³âíÿííÿ ç äðóãîþ ïîõ³äíîþ çà ÷àñîì ñòàº íåîáìåæåíèì ó ñê³í÷åííèé 
ìîìåíò ÷àñó. 

 
Ïàðàáîë³÷íå ð³âíÿííÿ ç äðóãîþ ïîõ³äíîþ çà ÷àñîì ³ ÷åòâåðòèìè ïîõ³ä-

íèìè çà ïðîñòîðîâèìè çì³ííèìè âèãëÿäó  

 2 2div ( )tt tu u u u= σ ∇ + ∆ − δ ∆ , 

äå 0,  0 1σ ≥ < δ < , ìîäåëþº ïðîöåñè ôàçîâîãî ïåðåõîäó ó â’ÿçêîïðóæíèõ 
ñåðåäîâèùàõ ç êàï³ëÿðí³ñòþ. Çàäà÷³ äëÿ íåë³í³éíèõ ð³âíÿíü òàêîãî òèïó äî-
ñë³äæåíî â [4–7]. 

Êð³ì òîãî, â ïðàöÿõ [1, 2] âèâ÷åíî çì³øàí³ çàäà÷³ äëÿ ïåâíèõ êâàç³ë³-
í³éíèõ ïàðàáîë³÷íèõ ð³âíÿíü ÷åòâåðòîãî ïîðÿäêó â óçàãàëüíåíèõ ïðîñòîðàõ 
Ëåáå´à. Äëÿ êâàç³ë³í³éíèõ åâîëþö³éíèõ ð³âíÿíü âèñîêîãî ïîðÿäêó ç äðóãîþ 
ïîõ³äíîþ çà ÷àñîâîþ çì³ííîþ, ÿê³ ì³ñòÿòü, çîêðåìà, äåÿê³ ïàðàáîë³÷í³ ð³â-
íÿííÿ, ó ïðàö³ [3] äîñë³äæåíî ïðèíöèï Ôðàãìåíà – Ë³íäåëüîôà. 
 Ó ö³é ïðàö³ îäåðæàíî óìîâè, ïðè ÿêèõ óçàãàëüíåíèé ðîçâ’ÿçîê ñëàáêî 
íåë³í³éíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ ÷åòâåðòîãî ïîðÿäêó ñòàº íåîáìåæåíèì ó 
ñê³í÷åííèé ìîìåíò ÷àñó. 

Íåõàé Ω  – îáìåæåíà îáëàñòü ó ïðîñòîð³ n  ç ìåæåþ 1C∂Ω ∈ ; TQ =  

(0, )T= Ω × , äå T < ∞ ; ,  0,TQ t TτΩ = = τ τ ∈ { } [ ] . 

Â îáëàñò³ TQ  ðîçãëÿíåìî çàäà÷ó äëÿ ð³âíÿííÿ ç ä³éñíîçíà÷íèìè êîåô³-
ö³ºíòàìè  
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ç ïî÷àòêîâèìè óìîâàìè  

 0 1( ,0) ( ),           ( ,0) ( )tu x u x u x u x= = , (1) 

³ êðàéîâèìè óìîâàìè  

 
∂Ω× ∂Ω×

∂= =
∂ν(0, ) (0, )

0,      0
T T

uu , (2) 

äå ν  – çîâí³øíÿ íîðìàëü äî ïîâåðõí³ (0, ).T∂Ω ×  
Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ: 

(A)  

 ( ),        s s ij
ij ij sa L a a∞∈ Ω = 

  â Ω , 

 
= =

ξ ξ ≥ ξ >∑ ∑




2
0 0

, , , 1 , 1

( ) ,       0
n n

s
ij ij s ij

i j s i j

a x A A , 

äëÿ ìàéæå âñ³õ x ∈ Ω  ³ âñ³õ ξ ∈ij  ,  

 ( ),                0, ,ia L i n∞∈ Ω =  , 

 ≥ ≥ α > = 0 0( ) 0,      0,      1, ,ia x a i n ; 
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(B)  

 ∞∈ Ω =( ),      ij ij jib L b b , 

 
=

ξ ξ ≥∑
, 1

( ) 0
n

ij i j
i j

b x  äëÿ âñ³õ ξ ∈ n , 

 ∞∈ Ω ≥0 0( ),      ( ) 0b L b x ; 

(C)  

 ∞∈ Ω ≥ γ >0 0 0( ),      ( ) 0c L c x ; 

(P)  

  ∈  − 
22,

4
np

n
 ïðè > 4n  ³ > 2p  ïðè = 1, , 4n , 

 
−− − ≤ ∈2

(2 )( 1) ,      (1,2)
2

p
q q q . 

Ââåäåìî ïîçíà÷åííÿ  

 
= =Ω

= ∇ =∑ ∑∫
2 2 2 22

2
, 1 1

,      

t

n n

x x xi j i
i j i

D u u dx u u ,  

 
= =Ω


= + + +


∑ ∑∫ 2

, , , 1 , 1

1( ) ( ) ( )
2

n n
s

t ij x x x x ij x xi j s i j
i j s i j

t

E t u a x u u b x u u



 

  
Ω

+


− ∈


∫2
0 0 

1( ) ( ) ,      0,p

t

b x u dx c x u dx t T
p

[ ] .  (3) 

Îçíà÷åííÿ 1. Ôóíêö³þ ∈ Ω Ω2
00, ; ( ) 0, ; ( )pu C T H C T L[ ] [ ]( ) ( )  òàêó, ùî 

1, 2
00, ; ( ) ,  (0, ); ( )q

t ttu C T W u L T L∞∈ Ω ∈ Ω( ) ( )[ ] , ³ u  çàäîâîëüíÿº ïî÷àòêîâ³ óìî-

âè (2) ³ ð³âí³ñòü 

 −

= =Ω

 + + +
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0 0 0

, 1

( ) ( ) ( ) ( ) 0
n

p
ij x x ti j

i j

b x u v a x u v b x uv c x u uv dx−

=

+ + + − =
∑  

äëÿ ìàéæå âñ³õ ∈ 0,t T[ ]  ³ äëÿ âñ³õ ∈ Ω Ω2
0 ( ) ( )pv H L , íàçâåìî óçàãàëüíå-

íèì ðîçâ’ÿçêîì çàäà÷³ (1)–(3).  
Çàóâàæåííÿ 1. Çã³äíî ç òåîðåìîþ âêëàäåííÿ Ñîáîëºâà ç óìîâè (P) 

âèïëèâàº, ùî −

Ω
∫ 2p

t

u uv dx  ìàº ñåíñ.  

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (À), (Â), (Ñ), (P), 2
0 0 ( ) ( )pu H L∈ Ω Ω , 

∈ Ω1
1 0 ( )u H . ßêùî ≤(0) 0E , òîä³ ( ) 0E t′ ≤ . 

Ä î â å ä å í í ÿ. Ïðîäèôåðåíö³þºìî ð³âí³ñòü (4) çà t :  

 
= =Ω
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p
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Ω

+ − ∫ . 
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Îñê³ëüêè  

 
= = =Ω

 + + + +
∑ ∑ ∑∫

, , , 1 1 , 1

( ) ( ) ( )
n n n

qs
tt t ij x x tx x i tx ij x txi j s i i j

i j s i i j
t

u u a x u u a x u b x u u



 

 22
0 0 0( ) ( ) ( ) p

t t t

t

a x u b x uu dx c x u uu dx−

Ω

+ + = ∫ , 

òî  

 
=Ω

 ′ = − + ≤  
∑∫ 2

0
1

( ) ( ) ( ) 0
n

q
i tx ti

i
t

E t a x u a x u dx . ◊ 

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (À), (Â), (Ñ), (P), 1
1 0 ( )u H∈ Ω , 

∈ Ω Ω2
0 0 ( ) ( )pu H L , (0) ,  0E = − λ λ > . Òîä³ ³ñíóº òàêå ñê³í÷åííå >0 0T , ùî 

ðîçâ’ÿçîê çàäà÷³ (1)–(3) ïðÿìóº äî íåñê³í÷åííîñò³ ïðè → −0 0t T . 

Ä î â å ä å í í ÿ. Ââåäåìî ïîçíà÷åííÿ 

 = −( ) ( )H t E t . 

Òîä³ ′ ≥( ) 0H t  ³ ôóíêö³ÿ H  ìîíîòîííî çðîñòàº.  
Ìàºìî  

 
Ω

γ
λ = ≤ ≤ ≤∫ 1

0
1(0) ( ) ( ) p p

p

t

H H t c x u dx u
p p

, 

äå 1 0 ( )ess sup c x
Ω

γ = . 

Íåõàé  
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L t H t uu dx−α
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= + ε α ∈∫ , 

òîä³  
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t

L t H t H t u uu dx−α

Ω

′ ′= − α + ε +∫ [ ] . 
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 2
0(1 ) ( ) ( ) ( ) p

t
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H t H t u dx c x u dx−α

Ω Ω

′≥ − α + ε + ε −∫ ∫  

 2
0

, , , 1 , 1

( ) ( ) ( )
n n

s
ij x x x x ij x xi j s i j
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∑ ∑∫ 


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 2 20
0 0
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2 2t
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a x u dx a x u dx
Ω Ω

εδε− − −
δ ∫ ∫  

 ′
= =Ω Ω

εδ α ε− −′ δ
∑ ∑∫ ∫1 1
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1 11
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, 

äå ≤ α = δ > δ >1 0 1( ) ,  0,1, , ,  0,  0ia x i n . 

Îòæå, áóäåìî ìàòè  
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Â³çüìåìî  

 0 2 1 2 1 2( ) ,           ( ) ,          ( )q q q q q qH t H t H t
′ ′ ′α α αδ = δ δ = δ δ = δ/ / /[ ] . 
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 1( ) q p q q qq q
q p qH t u C u u

′′ αα ∇ ≤ ∇ ≤//[ ]  

 2
2 3 2

p q q qp q q q
qC u C D u

′α +′α +≤ ∇ ≤
// , 

 α +α ≤2 2
42( ) p

pH t u C u , 

äå 1 4, ,C C  – äîäàòí³ êîíñòàíòè.  
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Íåõàé α + ≤2p p , òîáòî 
−α ≤ 2p
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. Ïðèéìåìî 
−

α = ′
(2 )q q
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/

2 12

1 1( ) ( ) 1 ( )
2

n
q

i x tq q i
i

t

L t H t a x u
q

−α
′

=Ω

   ′ ≥ − α − ε + +   δ   δ
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Íåõàé β = β ε < β <0 0,  2 p . Òîä³ ³ñíóþòü òàê³ ε > 0  ³ δ >2 0 , ùî  
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Îòæå,  

 −α′ ≥ 1 (1 )
4( ) ( )L t M L t /[ ] . (4) 

Îñê³ëüêè ′= λ > ≥(0) 0,  ( ) 0H H t , òî ≥ λ( )H t . Òîìó ε  ìîæíà âèáðàòè 
òàêèì, ùî  

 1
0 1(0) (0)
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L H u u dx−α
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λ= + ε ≥∫ . 

Ïîçíà÷èìî γ = γ >
− α
1 ,  1

1
. Ïðî³íòåãðóâàâøè îáèäâ³ ÷àñòèíè íåð³âíîñò³ 
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
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НЕОГРАНИЧЕННОСТЬ РЕШЕНИЙ В КОНЕЧНЫЙ МОМЕНТ ВРЕМЕНИ ОДНОГО 
 СЛАБО НЕЛИНЕЙНОГО УРАВНЕНИЯ ЧЕТВЕРТОГО ПОРЯДКА  
 
Ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ îáîáùåííîå ðåøåíèå ñëàáî íåëèíåéíîãî ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ ñî âòîðîé ïðîèçâîäíîé ïî âðåìåíè ñòàíîâèòñÿ íåîãðàíè÷åííûì 
â êîíå÷íûé ìîìåíò âðåìåíè.  
 
UNBOUNDEDNESS OF SOLUTIONS AT THE FINITE TIME OF ONE 
SEMI-LINEAR FOURTH ORDER EQUATION  
 
In the paper the conditions, at which the generalized solution of semi-linear parabolic 
equation with the second time derivative is unbounded at the finite moment of time 
have been obtained. 
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