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ÓÄÊ 517.956.4 
 
М. І. Іванчов 
 
ЗАДАЧА ТЕПЛОПРОВІДНОСТІ З ВІЛЬНОЮ МЕЖЕЮ,  
ЯКА ВИРОДЖУЄТЬСЯ У ПОЧАТКОВИЙ МОМЕНТ ЧАСУ 
 

Äëÿ îäíîâèì³ðíîãî ð³âíÿííÿ òåïëîïðîâ³äíîñò³ ðîçãëÿíóòî çàäà÷ó ç â³ëüíîþ 
ìåæåþ, ÿêà âèðîäæóºòüñÿ â ïî÷àòêîâèé ìîìåíò ÷àñó. Âñòàíîâëåíî óìîâè 
³ñíóâàííÿ òà ºäèíîñò³ êëàñè÷íîãî ðîçâ’ÿçêó âêàçàíî¿ çàäà÷³. 

 
1. Ôîðìóëþâàííÿ çàäà÷³. Â îáëàñò³ Ω ≡ < < < <( , ) : 0 ( ),  0T x t x h t t T{ }  

ç íåâ³äîìîþ ìåæåþ = ( )x h t  òàêîþ, ùî ′> ∈ = >( ) 0,  (0, ],  (0) 0,  (0) 0h t t T h h , 
ðîçãëÿíåìî ð³âíÿííÿ òåïëîïðîâ³äíîñò³  

 = + ( , )t xxu u f x t  (1) 

ç êðàéîâèìè óìîâàìè  

 = µ = µ ∈1 2(0, ) ( ),         ( ( ), ) ( ),     [0, ]u t t u h t t t t T , (2) 

òà ³íòåãðàëüíîþ äîäàòêîâîþ óìîâîþ  

 = µ ∈∫
( )

3
0

( , ) ( ),      [0, ]
h t

u x t dx t t T . (3) 

Ââîäÿ÷è íîâó çì³ííó =
( )
txy
h t

, çàäà÷ó (1)–(3) çâîäèìî äî òàêî¿:  

 
′ −= + + ∈

2

2

( ) ( )
( ( ), ),     ( , )

( )( )
t yy y T

th t h ttv v yv f yh t t y t Q
th th t

, (4) 

 = µ = µ ∈1 2(0, ) ( ),           ( , ) ( ),          [0, ]v t t v t t t t T , (5) 

 = µ ∈∫ 3
0

( ) ( , ) ( ),      [0, ]
t

h t v y t dy t t t T , (6) 

äå ≡ < < < <( , ) : 0 ,  0TQ y t y t t T{ } .  
Ðîçâ’ÿçîê çàäà÷³ (4)–(6) ðîçóì³ºìî â êëàñè÷íîìó ñåíñ³: 

 ∈ × 1 2,1( , ) [0, ] ( ) ( )T Th u C T C Q C Q , 

 ′> ∈ = >( ) 0,      (0, ],       (0) 0,      (0) 0h t t T h h . 

Çàóâàæèìî, ùî àíàëîã³÷íó çàäà÷ó ó âèïàäêó, êîëè â³ëüíà ìåæà íå âè-
ðîäæóºòüñÿ, áóëî ðîçãëÿíóòî â [1].  

Óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (4)–(6) âèçíà÷àþòüñÿ òà-
êèìè òåîðåìàìè.  

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:  

(³) µ ∈ = ∈1 1,0[0, ],   1,2,3;   ( )i TC T i f C Q ;  

(³³) µ > = ∈ µ > ∈3( ) 0,  1,2,  [0, ];  ( ) 0,  (0, ]i t i t T t t T , ³ñíóº ñê³í÷åííà äî-

äàòíà ãðàíèöÿ 
→

µ
≥ ∈ ×3

0

( )
lim ;   ( , ) 0,  ( , ) [0, ]
t

t
f x t x t T

t
 ;  

(³³³) µ = µ1 2(0) (0) .  
Òîä³ ³ñíóº ðîçâ’ÿçîê çàäà÷³ (4)–(6).  

Òåîðåìà 2. Ïðè âèêîíàíí³ óìîâè  
(³³³³) µ ≠ ∈ µ ≠ ∈2 3( ) 0,  [0, ],  ( ) 0,  (0, ]t t T t t T ,  

ðîçâ’ÿçîê çàäà÷³ (4)–(6) ºäèíèé.  
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2. Çîáðàæåííÿ ðîçâ’ÿçêó çàäà÷³ (4), (5) çà äîïîìîãîþ ôóíêö³¿ ¥ð³íà. 
Ïîçíà÷èìî ÷åðåç , , ξ, τ( )G x t  ôóíêö³þ ¥ð³íà çàäà÷³  

 = + ∈( ) ( , ),       ( , )t yy Tv a t v f y t y t Q , (7) 

 = µ = µ ∈1 2(0, ) ( ),          ( , ) ( ),         [0, ]v t t v t t t t T . (8) 

Çàïèøåìî ð³âíÿííÿ äëÿ ôóíêö³¿ ¥ð³íà  

 τ ηη= + τ0 ( )G a G  (9) 

³ ïîäàìî ð³âíÿííÿ (7) ó âèãëÿä³  

 τ ηη= − τ − η τ0 ( ) ( , )v a v f . (10) 

Äîìíîæóþ÷è ð³âíÿííÿ (9) ³ (10) íà η τ( , )v  ³ η τ( , , , )G y t  â³äïîâ³äíî, äîäàþ÷è 

¿õ òà ³íòåãðóþ÷è ïî îáëàñò³ TQ , îòðèìàºìî  

 
τ

ηη
∂= η τ η τ + τ η τ η τ − ∂τ∫ ∫

0 0

0 ( , , , ) ( , ) ( ) ( , ) ( , , , )
t

G y t v a v G y t( ) (  

 ηη
− η τ η τ η τ


( , ) ( , , , )v G y t d d) . 

Çâ³äñè ³íòåãðóâàííÿì ÷àñòèíàìè ç âèêîðèñòàííÿì âëàñòèâîñòåé ôóíêö³¿ 
¥ð³íà îòðèìóºìî ôîðìóëó  

 η= τ τ µ τ τ + τ τ µ τ τ −∫ ∫2 1
0 0

( , ) ( , , , ) ( ) ( , ,0, ) ( ) ( )
t t

v y t G y t d G y t a d  

 
τ

η− τ τ τ µ τ τ + η τ η τ η τ∫ ∫ ∫2
0 0 0

( , , , ) ( ) ( ) ( , , , ) ( , )
t t

G y t a d G y t f d d . (11) 

3. Ïîáóäîâà ôóíêö³¿ ¥ð³íà. Äëÿ âñòàíîâëåííÿ ³ñíóâàííÿ ôóíêö³¿ ¥ð³íà 
çàäà÷³ (7), (8) çàñòîñóºìî àíàëîã ìåòîäà ïàðàìåòðèêñà [3, 4], ïîäàþ÷è ôóíê-
ö³þ ¥ð³íà ó âèãëÿä³  

 
σ

τ

η τ = η τ + σ ξ σ Φ ξ σ η τ ξ∫ ∫0 0
0

( , , , ) ( , , , ) ( , , , ) ( , , , )
t

G y t G y t d G y t d , 

äå  

 
∞

=−∞

− η +  η τ = − −  θ − θ τ π θ − θ τ
∑

2

0
( 2 )1( , , , ) exp
4 ( ) ( )2 ( ) ( ) n

y nt
G y t

tt ( )( )
 

 
+ η +  − − θ − θ τ 

2( 2 )
exp

4 ( ) ( )
y nt

t( )
, 

 θ = τ τ∫
0

( ) ( )
t

t a d . 

Ëåãêî ïåðåêîíàòèñü ó òîìó, ùî ôóíêö³ÿ η τ0 ( , , , )G y t  º ðîçâ’ÿçêîì ð³âíÿííÿ  

 τ ηη= + τ0 00 ( )G a G  

³ çàäîâîëüíÿº êðàéîâ³ óìîâè  

 
= =

η τ = η τ =0 00
( , , , ) ( , , , ) 0

y y t
G y t G y t . 

Ñòîñîâíî íåâ³äîìî¿ ôóíêö³¿ Φ η τ( , , , )y t  îòðèìóºìî ³íòåãðàëüíå ð³âíÿííÿ  

 
σ

τ

Φ η τ = − η τ − σ ξ σ Φ ξ σ η τ ξ∫ ∫0 0
0

( , , , ) ( , , , ) ( , , , ) ( , , , )
t

y t L G y t d L G y t d , (12) 
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ó ÿêîìó îïåðàòîð L  âèçíà÷àºòüñÿ ôîðìóëîþ ∂ ∂= −
∂ ∂

2

2
( )L a t

t y
. ²ñíóâàííÿ 

ðîçâ’ÿçêó ð³âíÿííÿ (12) âñòàíîâëþºòüñÿ ïîä³áíî, ÿê ó [3, 4].  

4. Çâåäåííÿ çàäà÷³ (4)–(6) äî ñèñòåìè ð³âíÿíü. Ç óìîâè (6) îòðèìóºìî 
ð³âíÿííÿ, ðîçâ’ÿçàíå ñòîñîâíî íåâ³äîìî¿ ôóíêö³¿ ( )h t :  

 
µ

= ∈

∫

3

0

( )
( ) ,      [0, ]

( , )
t

t t
h t t T

v y t dy

. (13) 

Ïîáóäîâó ðîçâ’ÿçêó ïðÿìî¿ çàäà÷³ çâåäåìî äî ð³âíÿííÿ  

 0
0 0

( ) ( )
( , ) ( , ) ( , , , ) ( , )

( )

t
h h

v y t v y t d G y t v d
h

τ

η
′τ τ − τ= + τ η τ η η τ η
τ τ∫ ∫ , (14) 

äå 0 ( , )v y t  º ðîçâ’ÿçêîì ð³âíÿííÿ  

 = + ∈
2

0 02
( ( ), ),     ( , )

( )
t yy T

tv v f yh t t y t Q
h t

, 

ÿêèé çàäîâîëüíÿº óìîâè (5). ²íòåãðóþ÷è ÷àñòèíàìè òà âðàõîâóþ÷è (11), çâå-
äåìî (14) äî âèãëÿäó  

 η η
τ τ= τ µ τ τ − τ τ µ τ τ +

τ τ∫ ∫
2 2

1 22 2
0 0

( , ) ( , ,0, ) ( ) ( , , , ) ( )
( ) ( )

t t

v y t G y t d G y t d
h h

 

 
τ

η
′τ τ+ τ η τ η τ τ η + τ τ µ τ τ −
τ∫ ∫ ∫ 2

0 0 0

( )
( , , , ) ( ( ), ) ( , , , ) ( )

( )

t t
h

d G y t f h d G y t d
h

 

 
τ

η
′ τ − − τ η τ + η η τ η τ η τ τ ∫ ∫

0 0

( ) 1 ( ( , , , ) ( , , , )) ( , )
( )

t
h

d G y t G y t v d
h

. (15) 

Äëÿ çíàõîäæåííÿ ïîõ³äíî¿ ( , )yv y t  çðîáèìî çàì³íó  

 = + µ + µ − µ
1 2 1( , ) ( , ) ( ) ( ( ) ( ))

y
v y t v y t t t t

t
. 

Ôóíêö³ÿ ( , )v y t  º ðîçâ’ÿçêîì çàäà÷³  

 
′ − ′= + + − µ + µ − µ −  

2

1 2 12 2

( ) ( )
( ( ), ) ( ) ( ( ) ( ))

( )( )
t yy y

yth t h ttv v yv f yh t t t t t
th th t t

 

 
′ −′ ′− µ − µ + µ − µ ∈2 1 2 12

( ) ( )
( ) ( ) ( ) ( ) ,    ( , )

( )
T

y th t h t
t t t t y y t Q

t t h t
( ) ( ) , (16) 

 = = ∈ (0, ) ( , ) 0,               [0, ]v t v t t t T . (17) 

Çàäà÷ó (16), (17) çâåäåìî äî åêâ³âàëåíòíîãî ð³âíÿííÿ  

 
τ η ′= τ η τ η τ τ − µ τ + µ τ − µ τ −

 τ∫ ∫
1 2 12

0 0

( , ) ( , , , ) ( ( ), ) ( ) ( ( ) ( ))
t

v y t d G y t f h  

 
′η τ τ − τ ′ ′− µ τ − µ τ + µ τ − µ τ η η +τ τ τ2 1 2 12

( ) ( )
( ( ) ( )) ( ( ) ( ))

( )

h h
d

h
 

 
τ

η
′τ τ − τ+ τ η τ η η τ η
τ τ∫ ∫ 

0 0

( ) ( )
( , , , ) ( , )

( )

t
h h

d G y t dvh
. (18) 
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Äèôåðåíö³þþ÷è (18) çà y , ïîâåðòàþ÷èñü äî ôóíêö³¿ v  ³ ïîçíà÷àþ÷è 

≡yv w , çàïèøåìî  

 
τµ − µ = + τ η τ η τ τ −

∫ ∫2 1

0 0

( ) ( )
( , ) ( , , , ) ( ( ), )

t

y

t t
w y t d G y t f h

t
 

 
η η ′ ′ ′− µ τ + µ τ − µ τ − µ τ − µ τ η +τ τ1 2 1 2 12

( ) ( ( ) ( )) ( ( ) ( )) d  

 
τ ′τ τ − τ+ τ η τ η η τ η ∈

τ τ∫ ∫
0 0

( ) ( )
( , , , ) ( , ) ,    ( , )

( )

t

y T
h h

d G y t w d y t Q
h

. (19) 

Äî îòðèìàíèõ ð³âíÿíü ïðèºäíàºìî ð³âíÿííÿ, ÿêå îòðèìóºòüñÿ äèôåðåí-
ö³þâàííÿì óìîâè (6) çà t  òà âèêîðèñòàííÿì (4). Ïîçíà÷àþ÷è ′≡( ) ( )p t h t , 
ìàºìî  

  ′= µ − −µ  3
2

1( ) ( ) ( ( , )
( ) ( )

tp t t w t t
t h t

 

 − − ∈
∫

0

( )
(0, )) ( ( ), ) ,          [0, ]

t
h t

w t f yh t t dy t T
t

. (20) 

Îòæå, çàäà÷ó (4)–(6) çâåäåíî äî ñèñòåìè ð³âíÿíü (13), (15), (19), (20). 
Ëåãêî ïåðåêîíàòèñü â ¿õí³é åêâ³âàëåíòíîñò³.  

5. Äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó. ²ñíóâàííÿ ðîçâ’ÿçêó ñèñòåìè ð³â-
íÿíü (13), (15), (19), (20) âñòàíîâèìî çà äîïîìîãîþ òåîðåìè Øàóäåðà ïðî íå-
ðóõîìó òî÷êó ö³ëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ öüîãî ñïî÷àòêó çíàéäåìî 
àïð³îðí³ îö³íêè íåïåðåðâíèõ ðîçâ’ÿçê³â ñèñòåìè ð³âíÿíü (13), (15), (19), (20). 
Ç ïðèíöèïó ìàêñèìóìó âèïëèâàþòü îö³íêè ðîçâ’ÿçêó çàäà÷³ (4), (5)  

 < ≤ ≤ < ∞ ∈0 10 ( , ) ,            ( , ) TM v y t M y t Q , (21) 

à, îòæå, ³ ðîçâ’ÿçêó ð³âíÿííÿ (15). Âðàõîâóþ÷è óìîâè òåîðåìè, ç (13) îòðè-
ìóºìî îö³íêè :( )h t   

 µ ≤ ≤ µ ∈1 3 2 3( ) ( ) ( ),               [0, ]C t h t C t t T . (22) 

Çâ³äñè âèïëèâàº, ùî, ç îäíîãî áîêó, â³äíîøåííÿ 
( )h t
t

 îáìåæåíå ïðè ∈t  

∈ 0,T[ ] , à ç ³íøîãî áîêó,  

 ≤ ≤ ∈20 ( ) ,                    [0, ]h t M t T . (23) 

Ïîçíà÷èìî 
≤ ≤

≡
0

( ) max ( , )
y t

W t w y t . Ç ð³âíÿííÿ (20) ìàºìî  

 ≤ + ∈3 4( ) ( ),             [0, ]p t C C W t t T . (24) 

Âèêîðèñòîâóþ÷è îö³íêè ôóíêö³¿ ¥ð³íà [2] òà íåð³âí³ñòü (24), ç ð³âíÿííÿ (19) 
çíàõîäèìî  

 
+ τ τ

≤ + τ ∈
− τ∫5 6

0

1 ( ) ( )
( ) ,             [0, ]

t W W
W t C C d t T

t

( )
. (25) 

Ðîçâ’ÿçóþ÷è íåð³âí³ñòü (24) ìåòîäîì, âèêëàäåíèì â [1], îòðèìàºìî îö³íêó  
 ≤ < ∞ ∈3 1( ) ,            [0, ]W t M t t , 
àáî 

  ≤ < ∞ ∈
13( , ) ,        ( , ) tw y t M y t Q , (26) 

äå ÷èñëà >3 0M  ³ < ≤10 t T  âèçíà÷àþòüñÿ ñòàëèìè ,5 6 C C .  
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Ïîäàìî ñèñòåìó ð³âíÿíü (13), (15), (19), (20) ó âèãëÿä³ îïåðàòîðíîãî ð³â-
íÿííÿ  
 ω = ωP , (27) 

äå ω ≡ ( , , , )h p v w , à îïåðàòîð P  âèçíà÷åíèé ïðàâèìè ÷àñòèíàìè ð³âíÿíü 

(13), (15), (19), (20). Ç îö³íîê (21), (23), (26), (24) âèïëèâàº, ùî îïåðàòîð P  
ïåðåâîäèòü ìíîæèíó  

 2 2
2 4( , , , ) [0, ]) ( ( ) : 0 ( ) ,   ( )Th p v w C T C Q h t M p t M≡ ∈ × ≤ ≤ ≤N ( ){ , 

 
11 0 1 3[0, ],   ( , ) ,   ( , ) ,  ( , ) tt t M v y t M w y t M y t Q∈ ≤ ≤ ≤ ∈ }  

â ñåáå (òóò = +4 3 4 3M C C M ). Òå, ùî îïåðàòîð P  ö³ëêîì íåïåðåðâíèé, âñòà-

íîâëåíî â [4]. Îòæå, çà òåîðåìîþ Øàóäåðà íà ìíîæèí³ N  ³ñíóº íåðóõî-
ìà òî÷êà îïåðàòîðà P , ùî çàâåðøóº äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó çàäà-
÷³ (4)–(6).  

6. Äîâåäåííÿ ºäèíîñò³ ðîçâ’ÿçêó. Ïðèïóñòèìî, ùî çàäà÷à (4)–(6) ìàº 
äâà ðîçâ’ÿçêè =( ), ( , ) ,  1,2i ih t v y t i( ) . Ïîçíà÷èìî ≡ −1 2( ) ( ) ( )h t h t h t , ≡( )p t  

′ ′≡ −1 2( ) ( )h t h t , ≡ −1 2( , ) ( , ) ( , )v y t v y t v y t . Ç (4)–(6) îòðèìóºìî  

 
′ − += + + −



22
1 1 1 2

22 2 2
11 1 2

( ) ( ) ( ( ) ( ))
( , )

( )( ) ( ) ( )
t yy y yy

th t h t t h t h ttv v yv v y t
th th t h t h t

 

 
′ − + +


2

2 2
1 2 1

( )
( , ) ( ) ( , ) ( )

( ) ( ) ( )y y

yh t y
v y t h t v y t p t

h t h t h t
 

 + − ∈1 2( ( ), ) ( ( ), ),               ( , ) Tf yh t t f yh t t y t Q , (28) 

 = = ∈(0, ) ( , ) 0,                   [0, ]v t v t t t T , (29) 

 = − ∈
µ ∫1 2

3 0

( ) ( )
( ) ( , ) ,      [0, ]

( )

th t h t
h t v y t dy t T

t t
. (30) 

Ðîçâ’ÿçîê çàäà÷³ (28), (29) ïîäàìî ó âèãëÿä³  

 
τ

∗
ηη

τ τ + τ = τ η τ η τ −  τ τ∫ ∫
2

1 2
22 2

1 20 0

( ( ) ( ))
( , ) ( , , , ) ( , )

( ) ( )

t h h
v y t d G y t v

h h
 

 η

′η τ − η τ τ +τ τ 
2

2
1 2

( )
( , ) ( )

( ) ( )
h

v h
h h η

η η τ τ +
τ 2

1
( , ) ( )

( )
v p

h
 

 + η τ τ − η τ τ τ ∈
1 2( ( ), ) ( ( ), ) ,          ( , ) Tf h f h d y t Q , (31) 

äå ∗ η τ( , , , )G y t  – ôóíêö³ÿ ¥ð³íà ïåðøî¿ êðàéîâî¿ çàäà÷³ äëÿ ð³âíÿííÿ  

 
′ −

= +
2

1 1
2

11

( ) ( )
( )( )

t yy y

th t h ttv v yv
th th t

. 

Ç ð³âíÿííÿ (20) çíàõîäèìî  

 = − + −µ  2
2 1 1 2

1( ) (0, ) ( , ) ( ( , )
( ) ( ) ( ) ( )y y y

t tp t v t v t t v t t
t h t h t h t

( )  

 − − − −∫1
2 1 2

0

( )
(0, )) ( ) ( ( ( ), ) ( ( ), ))

t

y

h t
v t h t f yh t t f yh t t dy

t
 

 − ∈
∫ 2

0

( )
( ( ), ) ,           [0, ]

t
h t

f yh t t dy t T
t

. (32) 
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Ï³äñòàâëÿþ÷è v  òà ,yv  çíàéäåí³ ç (31), â (30) ³ (32), îòðèìóºìî ñèñòåìó 

îäíîð³äíèõ ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó, ÿäðà ÿêèõ ìàþòü 
ñëàáê³ îñîáëèâîñò³. Çà âëàñòèâîñòÿìè ñèñòåì ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåð-
ðà ≡ ≡ ∈( ) 0,  ( ) 0,  [0, ]h t p t t T . Âðàõîâóþ÷è öå â çàäà÷³ (28), (29), ìàºìî 

≡ ∈( , ) 0,  ( , ) Tv y t y t Q , ùî çàâåðøóº äîâåäåííÿ òåîðåìè ºäèíîñò³. ◊ 
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ЗАДАЧА ТЕПЛОПРОВОДНОСТИ СО СВОБОДНОЙ ГРАНИЦЕЙ, 
ВЫРОЖДАЮЩЕЙСЯ В НАЧАЛЬНЫЙ МОМЕНТ ВРЕМЕНИ 
 
Äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ðàññìîòðåíà çàäà÷à ñî ñâîáîäíîé 
ãðàíèöåé, êîòîðàÿ âûðîæäàåòñÿ â íà÷àëüíûé ìîìåíò âðåìåíè. Óñòàíîâëåíû 
óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ óêàçàííîé 
çàäà÷è. 
 
HEAT CONDUCTION PROBLEM WITH FREE BOUNDARY  
WHICH DEGENERATES AT THE INITIAL MOMENT 
 
A free boundary problem for one-dimensional heat equation is considered under assum-
ption that the free boundary degenerates at the initial moment. The existence and uni-
queness conditions for classical solution of the problem are established. 
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