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ДОСЛІДЖЕННЯ ПРОЦЕСІВ НЕЛІНІЙНОЇ ТЕПЛОПРОВІДНОСТІ 
У ТОВСТОСТІННИХ СКЛАДЕНИХ ТІЛАХ 
 

Äîñë³äæåíî íàáëèæåíèé ðîçâ’ÿçîê íåñòàö³îíàðíî¿ íåë³í³éíî¿ çàäà÷³ òåïëîïðî-
â³äíîñò³ ó òîâñòîñò³ííîìó ò³ë³ ñêëàäíî¿ ôîðìè ç³ ñê³ñíèìè çð³çàìè. Òåïëî-
ºìí³ñòü òà êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ ò³ëà çàëåæàòü â³ä òåìïåðàòóðè. 
Çà äîïîìîãîþ ìåòîäó ïðîì³æíî¿ òî÷êè íåñòàö³îíàðíà êðàéîâà çàäà÷à çâî-
äèòüñÿ äî ïîñë³äîâíîñò³ ñòàö³îíàðíèõ. ×èñåëüíå ðîçâ’ÿçóâàííÿ öèõ çàäà÷ 
çä³éñíþºòüñÿ ìåòîäîì ñê³í÷åííèõ åëåìåíò³â ³ç âèêîðèñòàííÿì ³çîïàðàìåò-
ðè÷íèõ àïðîêñèìàö³é òà ìåòîäó Íüþòîíà – Ðàôñîíà. Íàâåäåíî ðåçóëüòàòè 
÷èñëîâîãî åêñïåðèìåíòó çàäà÷³ ïðî íàãð³â ò³ëà ñêëàäíî¿ ôîðìè. 

 
Ðîçâ’ÿçóâàííÿ çàäà÷ òåïëîïðîâ³äíîñò³ ó òîâñòîñò³ííèõ ò³ëàõ ñêëàäíî¿ 

ôîðìè º âàæëèâîþ ïðîáëåìîþ ïðèêëàäíîãî õàðàêòåðó. Ó â³äîìèõ ç ë³òåðà-
òóðè ðîáîòàõ ç ö³º¿ òåìàòèêè [1] ðîçãëÿíóòî ë³í³éíó ïîñòàíîâêó çàäà÷³ òåï-
ëîïðîâ³äíîñò³, ÿêà íå âðàõîâóº çàëåæíîñò³ êîåô³ö³ºíò³â òåïëîºìíîñò³ òà 
òåïëîïðîâ³äíîñò³ â³ä òåìïåðàòóðè. Îäíàê óðàõóâàííÿ òàêî¿ çàëåæíîñò³ ñóò-
òºâî ïîêðàùóº àäåêâàòí³ñòü ìàòåìàòè÷íî¿ ìîäåë³. Ó ö³é ïðàö³ çàïðîïîíîâà-
íî ìåòîä ðîçâ’ÿçàííÿ çàäà÷³ íåë³í³éíî¿ òåïëîïðîâ³äíîñò³ òà íàâåäåíî ÷èñëî-
âèé ðåçóëüòàò äëÿ ò³ëà ñêëàäíî¿ ôîðìè. 

1. Ìàòåìàòè÷íà ìîäåëü çàäà÷³. Ðîçãëÿíåìî ïðîöåñ òåïëîïðîâ³äíîñò³, 
ùî ïðîõîäèòü ó òâåðäîìó îäíîð³äíîìó òîâñòîñò³ííîìó ò³ë³. Óìîâíî ðîç³á’º-
ìî ò³ëî íà N  ÷àñòèí. Êîæíó ç íèõ â³äíåñåìî äî äåÿêî¿ òðèîðòîãîíàëüíî¿ 
ñèñòåìè êîîðäèíàò, ÿêà ïîâ’ÿçàíà ³ç ë³í³ÿìè êðèâèí íà áàçîâ³é ïîâåðõí³. 
Ñàìó æ áàçîâó ïîâåðõíþ áóäåìî çàäàâàòè àíàë³òè÷íî. Âèõîäÿ÷è ³ç öüîãî, 
ðîçãëÿäàòèìåìî ïðîöåñ òåïëîïðîâ³äíîñò³, ùî ïðîõîäèòü ó ñêëàäåíîìó òîâ-

ñòîñò³ííîìó ò³ë³, ùî çàéìàº îá’ºì ( )
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Äëÿ ñïðîùåííÿ âèêëàäó óñ³ ñï³ââ³äíîøåííÿ íàäàë³ áóäåìî çàïèñóâàòè 
äëÿ n -¿ ÷àñòèíè ò³ëà. 

Ìàòåìàòè÷íà ìîäåëü ïðîöåñó òåïëîïðîâ³äíîñò³ îïèñóºòüñÿ ð³âíÿííÿì 
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äå 1 2 3( ,  ,  ,  )T τ α α α  – òåìïåðàòóðà ó ò³ë³ â ìîìåíò ÷àñó τ ; w  – ôóíêö³ÿ 

äæåðåë òåïëà; 
sur 0T T T= − , surT  – òåìïåðàòóðà íàâêîëèøíüîãî ñåðåäî-

âèùà; n  – âåêòîð íîðìàë³ äî ïîâåðõí³ S ; ρ  – ãóñòèíà ò³ëà; vc  – òåïëîºì-

í³ñòü îäèíèö³ ìàñè ìàòåð³àëó ïðè ñòàëîìó îá’ºì³; kjλ  – êîåô³ö³ºíòè òåïëî-
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ïðîâ³äíîñò³; α  – êîåô³ö³ºíò òåïëîîáì³íó íà ïîâåðõí³ S ; ( )n
iH , 1,2,3i = , – 

ïàðàìåòðè Ëÿìå n -¿ ÷àñòèíè ò³ëà. 

2. Âàð³àö³éíå ôîðìóëþâàííÿ çàäà÷³. Ðîçâ’ÿçîê çàäà÷³ (1)–(3) â ÷àñ³ 
øóêàòèìåìî ó òî÷êàõ 0 1 10 m m M t+< τ < τ < < τ < τ < < τ =   ìåòîäîì ïðî-

ì³æíî¿ òî÷êè. Çàì³íèìî T∂
∂τ

 ñê³í÷åííîþ ð³çíèöåþ 
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Êðàéîâà çàäà÷à (6), (7) º íåë³í³éíîþ â³äíîñíî mT , òîìó çà äîïîìîãîþ 

³òåðàö³éíîãî ïðîöåñó Íüþòîíà çâåäåìî ¿¿ äî ïîñë³äîâíîñò³ ë³í³éíèõ. Ðîçâ’ÿ-
çîê îòðèìàíî¿ íåë³í³éíî¿ çàäà÷³ áóäåìî øóêàòè ó âèãëÿä³ 
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3. Ìåòîä ÷èñëîâîãî ðîçâ’ÿçóâàííÿ. Äëÿ ÷èñëîâîãî ðîçâ’ÿçóâàííÿ ö³º¿ 

çàäà÷³ âèðàçèìî íåâ³äîìó ôóíêö³þ ( )i
mT∆  çà äîïîìîãîþ ñê³í÷åííîåëåìåíò-

íèõ ³çîïàðàìåòðè÷íèõ àïðîêñèìàö³é. Äëÿ öüîãî ïîäàìî áàçîâó ïîâåðõíþ 
( )nΩ  ó âèãëÿä³ îá’ºäíàííÿ êðèâîë³í³éíèõ ÷îòèðèêóòíèê³â ( )n

eΩ , íà êðàÿõ 
ÿêèõ âèáðàíî 8 âóçëîâèõ òî÷îê. Â³äîáðàçèìî âíóòð³øíþ ÷àñòèíó êâàäðàòà 

: 1 1,  1,2i i iΞ = ξ − ≤ ξ ≤ ={ }  íà îáëàñòü ( )n
eΩ  çà äîïîìîãîþ ïåðåòâîðåííÿ 
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Îòðèìàºìî ïðîñòîðîâ³ ñê³í÷åíí³ åëåìåíòè, íà êðàÿõ ÿêèõ âèáðàíî 16 
âóçëîâèõ òî÷îê. Ö³ åëåìåíòè íå ïîâèíí³ îáìåæóâàòèñü ïîâåðõíÿìè, ùî ïå-
ðåòèíàþòüñÿ ï³ä äóæå ãîñòðèìè êóòàìè. 

Ï³äñòàâèìî ïîáóäîâàí³ àïðîêñèìàö³¿ ó ôóíêö³îíàë (8), ó ÿêîìó ðîç³á’º-
ìî ³íòåãðàëè ïî V  íà ñóìó ³íòåãðàë³â ïî ñêëàäîâèõ ÷àñòèíàõ ò³ëà. Ç óìîâè 
ì³í³ìóìó îòðèìàíî¿ êâàäðàòè÷íî¿ ôîðìè âèïëèâàº êëþ÷îâà ñèñòåìà ë³í³é-
íèõ àëãåáðà¿÷íèõ ð³âíÿíü Kq F= . Ðîçâ’ÿçêàìè ö³º¿ ñèñòåìè º íåâ³äîì³ âóç-
ëîâ³ çíà÷åííÿ òåìïåðàòóðíîãî ïîëÿ ó âóçëàõ ñê³í÷åííèõ åëåìåíò³â. 

Çàçíà÷èìî, ùî ëèöåâ³ ïîâåðõí³ àïðîêñèìóþòüñÿ ïîâåðõíåþ äðóãîãî ïî-
ðÿäêó çà 1 2,  α α  òà ïåðøîãî – çà 3α  ó êðèâîë³í³éí³é ñèñòåì³, ïîâ’ÿçàí³é ³ç 
÷àñòèíîþ ò³ëà. 

Çàïðîïîíîâàíà ìåòîäèêà ïîáóäîâè ïðîñòîðîâî¿ ñê³í÷åííîåëåìåíòíî¿ 
ñ³òêè, ïî-ïåðøå, äîçâîëÿº âðàõóâàòè ñê³ñí³ çð³çè òîâñòîñò³ííîãî ò³ëà, ÿê³ íå 
âðàõîâóþòüñÿ ïðè âèêîðèñòàíí³ ã³ïîòåç òåîð³¿ îáîëîíîê. Ïî-äðóãå, ïðè òàê³é 
ïîáóäîâ³ ñ³òêè âñ³ íåâ³äîì³ âóçëîâ³ çíà÷åííÿ øóêàíèõ ôóíêö³¿ àñîö³þþòüñÿ 
³ç âóçëîì íà áàçîâ³é ïîâåðõí³, ùî äîçâîëÿº ïðîñòî ðîçâ’ÿçóâàòè ïðîáëåìó 
³äåíòèô³êàö³¿ ïðîñòîðîâèõ ñê³í÷åííèõ åëåìåíò³â. 

4. Àíàë³ç ÷èñëîâèõ åêñïåðèìåíò³â. Áóäåìî ââàæàòèìåìî íàäàë³, ùî ò³-
ëî º ³çîòðîïíèì ³ òîâñòîñò³íí³ ñêëàäîâ³ âèãîòîâëåí³ ³ç âóãëåâîäèñòî¿ ñòàë³ 
ìàðêè 15, ÿêà ìàº òàê³ òåïëîô³çè÷í³ õàðàêòåðèñòèêè [2]: 
 ρ = 7860 êã/ì3,  = ⋅ − +0.251046 ( 373) 468.619vc T [Äæ/(êã ⋅ °C)], 

 λ = − ⋅ − +0.04742 ( 373) 65.7835T [Äæ/(ì ⋅ °C ⋅ ñ)],  α =800 Äæ/(ì2 ⋅ °C ⋅ ñ). 
Ê³ëüê³ñòü ñê³í÷åííèõ åëåìåíò³â ³ êðîê³â ÷èñëîâîãî ³íòåãðóâàííÿ çà ÷à-

ñîì çàäàºòüñÿ òàêîþ, ùîá ïðè ïîäàëüøîìó ¿õ çá³ëüøåíí³ ÷åòâåðòèé çíàê íå 
óòî÷íþâàâñÿ. 

Ïðèêëàä 1. Ðîçãëÿíåìî ïðîöåñ òåïëîïðîâ³äíîñò³ ó ïëàñòèí³, ÿêà îïèñó-
ºòüñÿ ðàä³óñîì-âåêòîðîì 

 
1 1

3 3

, 0 1,
0,

, 0.04 0.04.

α ≤ α ≤  =  
  α − ≤ α ≤

R  

Äëÿ ïîð³âíÿííÿ ³ç àíàë³òè÷íèì ðîçâ’ÿçêîì âèáåðåìî çàäà÷ó, ó ÿê³é òåï-
ëîô³çè÷í³ ïàðàìåòðè íå çàëåæàòü â³ä òåìïåðàòóðè T , à âèçíà÷àþòüñÿ ïðè 

= 273T K. Ó ðåçóëüòàò³ îòðèìàºìî ë³í³éíó çàäà÷ó â³äíîñíî òåìïåðàòóðè T . 
Íåõàé 1 2S S S=  , 

äå 1 1 2 30 1,  0 2 ,  0.04S = ≤ α ≤ ≤ α ≤ π α ={ } ,  

 = α = − ≤ α ≤ ≤ α ≤ α = − 2 1 3 1 30,  0.04 0.04 0 1,  0.04S { } { }  

α = − ≤ α ≤ 1 31,  0.04 0.04{ } . 
Ïî÷àòêîâ³ òà êðàéîâ³ óìîâè çàäàìî òàêèìè: 

 0 273T τ= = , 

 
=

 ∂λ + α − = ∂α 
∑

1

3

sur
, 1

1 1( ) ( ) 0kj k
j j kk j S

TT n T T
H H

, 

 
=

 ∂λ = ∂α 
∑

2

3

, 1

1 1( ) 0kj k
j j kk j S

TT n
H H

, 

äå =sur 1273T K. 

Ðîçâ’ÿçîê çàäà÷³ íå çàëåæèòü â³ä çì³ííî¿ 1α . Äëÿ ¿¿ ÷èñëîâîãî ðîçâ’ÿ-

çóâàííÿ çàäàìî êðîê çà ÷àñîì 0.05∆τ =  òà 256 ñê³í÷åííèõ åëåìåíò³â çà 3α . 
Ó òàáë. 1 íàâåäåíî àíàë³òè÷íèé ðîçâ’ÿçîê [3] (âåðõíº çíà÷åííÿ) òà ðîçâ’ÿ-
çîê, îòðèìàíèé çà îïèñàíîþ ÷èñëîâîþ ñõåìîþ (íèæíº çíà÷åííÿ), ó ð³çí³ ìî-
ìåíòè ÷àñó. 
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 Таблиця 1  

3α  1.0t =  2.0t =  5.0t =  10.0t =  50.0t =  100.0t =  

328.061 349.80 389.755 431.875 578.393 666.224 
0.04 

327.702 349.226 389.596 431.765 578.349 666.201 

276.485 286.096 315.435 353.749 505.398 601.085 
0.03 

276.618 286.113 315.361 353.667 505.353 601.062 

273.025 273.897 283.956 307.799 444.428 543.773 
0.02 

273.054 273.980 284.005 307.787 444.390 543.751 

273.000 273.014 274.926 285.509 395.524 494.808 
0.01 

273.000 273.031 274.984 285.547 395.498 494.790 

273.000 272.996 273.220 276.702 358.033 454.533 
0.0 

273.000 273.000 273.245 276.744 358.022 454.519 

273.000 272.994 273.014 273.893 330.836 423.138 
-0.01 

273.000 273.000 273.020 273.917 330.841 423.130 

273.000 273.001 273.003 273.177 312.641 400.706 
-0.02 

273.000 273.000 273.001 273.184 312.659 400.702 

273.000 273.011 273.007 273.033 302.271 387.253 
-0.03 

273.000 273.000 273.000 273.030 302.297 387.252 

273.000 273.012 273010 273.013 298.911 382.771 
-0.04 

273.000 273.000 273.000 273.008 298.940 382.770 

²ç äàíèõ, íàâåäåíèõ ó òàáë. 1, âèïëèâàº, ùî ÷èñëîâèé ðîçâ’ÿçîê, îòðè-
ìàíèé çà çàäàíîþ ÷èñëîâîþ ñõåìîþ, äîáðå óçãîäæóºòüñÿ ³ç àíàë³òè÷íèì. 

Ïðèêëàä 2. Äîñë³äèìî ïðîöåñ òåïëîïðîâ³äíîñò³ ó ñêëàäíîìó ò³ë³, óìîâ-
íî ïîä³ëåíîìó íà äâ³ ÷àñòèíè, ÿê³ îïèñóþòüñÿ ðàä³óñ-âåêòîðàìè 

 
 

(1)
1 3 2 3

(1) (1)
1 3 2 2

1 1 3

cos , 0.01 0.01,

sin ,      0 2 ,
, 0.6 ,

r

r

 + α α − ≤ α ≤
 = + α α < α ≤ π 
 − α − ≤ α ≤ −α 

R

( )
( ) , 

 
1 2 3

(2)
1 2 2

(1) (1)
3 1 3 1 1

     

cos ,   0.01 0.01,
sin ,     0 2 ,

, 0.06r r

 α α − ≤ α ≤
 = α α < α ≤ π 
 α + α ≤ α ≤ + 

R , 

äå (1)
1 1.0r = . 
Íà ðèñ. 1à òà 1á çîáðàæåíî ïåðøó òà äðóãó ÷àñòèíè ñêëàäíîãî ò³ëà, ÿê³ 

çàäàþòüñÿ â³äïîâ³äíî ðàä³óñàìè-âåêòîðàìè (1)R  òà (2)R . 

 

α3

α1

)a 

1.01 

0.99 

-0.01 

0.01 

-0.06 

  

α3

α1

)á 
 

1.01 

0.99 

0.01 

-0.01 
1.06 

 
Рис. 1 

Çíà÷åííÿ òåïëîô³çè÷íèõ ïàðàìåòð³â ó ë³í³éí³é çàäà÷³ â³çüìåìî ïðè 
= 273T K. 
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Ïî÷àòêîâó óìîâó çàïèøåìî ó âèãëÿä³ 

 
τ=

=
0

273T . 

Íåõàé íà íèæí³é ëèöåâ³é ïîâåðõí³ ò³ëà ( 3 0.004α = − ) çä³éñíþºòüñÿ òåï-

ëîîáì³í ³ç ñåðåäîâèùåì, òåìïåðàòóðà ÿêîãî =sur 1273T K. Íà ³íøèõ ãðàíè-

öÿõ çàáåçïå÷óºòüñÿ òåïëî³çîëÿö³ÿ. Ïðè òàêèõ óìîâàõ çàäà÷à º îñåñèìåòðè÷-
íîþ çà êîîðäèíàòîþ 2α . Äëÿ ¿¿ ÷èñëîâîãî ðîçâ’ÿçóâàííÿ çàäàìî 32 ñê³í÷åíí³ 

åëåìåíòè çà 1α  òà 64 – çà 3α , êðîê çà ÷àñîì 0.05∆τ = . Ïàðàìåòð ïðîì³æ-

íî¿ òî÷êè 1
2

θ =  (ñõåìà Êðàíêà – Í³êîëñîíà). 

Íà ðèñ. 2–4 íàâåäåíî ðîçâ’ÿçêè (³çîë³í³¿ òåìïåðàòóðíîãî ïîëÿ) íåë³í³é-
íî¿ (ðèñ. 2à–4à) ³ ë³í³éíî¿ (ðèñ. 2á–4á) çàäà÷ ó ìîìåíòè ÷àñó = 1.0,  5.0t , 
10.0 ñ. Áà÷èìî, ùî ç³ çá³ëüøåííÿì ÷àñó ð³çíèöÿ ì³æ ðîçâ’ÿçêàìè öèõ çàäà÷ 
çðîñòàº.  
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1.0t = ñ 

 
Рис. 2  
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5.0t = ñ 

 
Рис. 3 

Íîìåð ³çîë³í³¿ 1 2 3 4 5 
Çíà÷åííÿ 290.839 308.615 326.391 344.168 361.944 

Íîìåð ³çîë³í³¿ 1 2 3 4 5 
Çíà÷åííÿ 327.561 360.915 394.268 427.622 460.976 
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 Рис. 4  
5. Âèñíîâêè. Ðîçãëÿíóòî ìåòîä ÷èñåëüíîãî ðîçâ’ÿçóâàííÿ çàäà÷³ òåïëî-

ïðîâ³äíîñò³ ó òîâñòîñò³ííîìó ò³ë³ ñêëàäíî¿ ôîðìè ç âèêîðèñòàííÿì ñê³í÷åí-
íîåëåìåíòíî¿ ³çîïàðàìåòðè÷íî¿ àïðîêñèìàö³¿. Ïðè öüîìó âðàõîâàíî çàëåæ-
íîñò³ êîåô³ö³ºíò³â òåïëîºìíîñò³ òà òåïëîïðîâ³äíîñò³ â³ä òåìïåðàòóðè ò³ëà. 
Íàâåäåíî âàð³àö³éíå ôîðìóëþâàííÿ òàêî¿ çàäà÷³. Íà ïðèêëàä³ çàäà÷³ ïðî 
íàãð³â ïëàñòèíè ïîêàçàíî äîáðó çá³æí³ñòü ÷èñëîâîãî ðîçâ’ÿçêó äî àíàë³òè÷-
íîãî. Íàâåäåíî òàêîæ ïðèêëàäè íåë³í³éíî¿ òà ë³í³éíî¿ çàäà÷ òåïëîïðîâ³ä-
íîñò³ äëÿ ò³ëà îáåðòàííÿ ñêëàäíî¿ ôîðìè. Ïîêàçàíî, ùî ç âèêîðèñòàííÿì 
íåë³í³éíî¿ ìîäåë³ òåïëîïðîâ³äíîñò³ ìîæíà îòðèìàòè á³ëüø àäåêâàòíó êàð-
òèíó òåìïåðàòóðíîãî ïîëÿ â äîñë³äæóâàíîìó ñåðåäîâèù³. 
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ИССЛЕДОВАНИЕ ПРОЦЕССОВ НЕЛИНЕЙНОЙ ТЕПЛОПРОВОДНОСТИ 
В ТОЛСТОСТЕННЫХ СОСТАВНЫХ ТЕЛАХ 
 
Èññëåäîâàíî ïðèáëèæåííîå ðåøåíèå íåñòàöèîíàðíîé íåëèíåéíîé çàäà÷è òåïëîïðî-
âîäíîñòè â òîëñòîñòåííîì òåëå ñëîæíîé ôîðìû ñ êîñûìè ñðåçàìè. Òåïëîåì-
êîñòü è êîýôôèöèåíò òåïëîïðîâîäíîñòè òåëà çàâèñÿò îò òåìïåðàòóðû. Çà ìå-
òîäîì ïðîìåæóòî÷íîé òî÷êè íåñòàöèîíàðíàÿ êðàåâàÿ çàäà÷à ñâîäèòñÿ ê ïîñëå-
äîâàòåëüíîñòè ñòàöèîíàðíûõ. ×èñëåííîå ðåøåíèå ýòèõ çàäà÷ îñóùåñòâëÿåòñÿ ñ 
ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ èñïîëüçîâàíèåì èçîïàðàìåòðè÷åñêèõ àï-
ïðîêñèìàöèé è ìåòîäà Íüþòîíà – Ðàôñîíà. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî 
ýêñïåðèìåíòà äëÿ çàäà÷è î íàãðåâå òåëà ñëîæíîé ôîðìû. 
 
STUDY OF PROCESSES OF NON-LINEAR HEAT CONDUCTION 
IN THICK-WALLED SOLIDS OF COMPLICATED FORM 
 
Approximate solution of non-stationary and non-linear heat conduction problem in a 
thick-walled solid of complicated form and with slanting cuts is studied. Heat capacity 
and heat conductivity depend on the temperature. By the middle point algorithm the 
non-stationary boundary-value problem is reduced to the sequence of stationary prob-
lems. Numerical solution of that type of problems is based on isoparametric approxima-
tions of finite element methods and Newton – Raphon’s method. Numerical results for 
compound form solid heating are presented. 
 
Ëüâ³â. íàö. óí-ò ³ì. ²âàíà Ôðàíêà, Ëüâ³â Îäåðæàíî 
 05.05.06 

Íîìåð ³çîë³í³¿ 1 2 3 4 5 
Çíà÷åííÿ 379.147 417.569 455.990 494.412 532.834 


