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ÓÄÊ 539.3 
 

Б. М. Калиняк 
 

АНАЛІТИЧНІ ВИРАЗИ ДЛЯ НАПРУЖЕНЬ І ТЕРМОНАПРУЖЕНЬ 
У ДОВГОМУ ПОРОЖНИСТОМУ НЕОДНОРІДНОМУ 
ТЕРМОЧУТЛИВОМУ ЦИЛІНДРІ  
 

Ïðîïîíóºòüñÿ ñïîñ³á îòðèìàííÿ ïðîñòèõ ôîðìóë äëÿ âèçíà÷åííÿ íàïðóæåíü 
ó äîâãîìó íåîäíîð³äíîìó òåðìî÷óòëèâîìó ïîðîæíèñòîìó öèë³íäð³ ç çàëåæ-
íèìè â³ä ðàä³àëüíî¿ êîîðäèíàòè õàðàêòåðèñòèêàìè ìàòåð³àëó. Â³äïîâ³äíó 
îäíîâèì³ðíó êâàç³ñòàòè÷íó çàäà÷ó òåðìîïðóæíîñò³ â íàïðóæåííÿõ çâåäåíî 
äî ñóêóïíîñò³ ³íòåãðàëüíèõ ð³âíÿíü øëÿõîì áåçïîñåðåäíüîãî ³íòåãðóâàííÿ 
ð³âíÿíü ð³âíîâàãè òà ñóö³ëüíîñò³. Ïðîâåäåíî ïîð³âíÿííÿ ÷èñëîâèõ ðåçóëüòà-
ò³â, îòðèìàíèõ çà ö³ºþ ìåòîäèêîþ, ìåòîäîì ïîñë³äîâíèõ íàáëèæåíü, òà 
òî÷íèì ðîçâ’ÿçêîì ó âèïàäêó ñòåïåíåâî¿ çàëåæíîñò³ ìîäóëÿ ïðóæíîñò³.  

 
Âñòóï. Ïðîáëåìà âèçíà÷åííÿ íàïðóæåíü ó öèë³íäðè÷íèõ ò³ëàõ ï³ä ä³ºþ 

ñèëîâèõ ³ òåìïåðàòóðíèõ íàâàíòàæåíü çàëèøàºòüñÿ àêòóàëüíîþ äî ñüîãîä-
í³øíüîãî äíÿ, îñîáëèâî ñòîñîâíî ôóíêö³îíàëüíî ãðàä³ºíòíèõ ìàòåð³àë³â 
(ÔÃÌ) [5–7]. ÔÃÌ – öå ìàòåð³àëè ç òåõíîëîã³÷íî íàïåðåä çàäàíèìè ðîçïî-
ä³ëàìè ô³çè÷íèõ õàðàêòåðèñòèê ó íèõ. Ö³ ìàòåð³àëè çàñòîñîâóþòü ó êîíñò-
ðóêö³ÿõ ïðè âèñîêèõ òåìïåðàòóðàõ.  

Ó ö³é ðîáîò³ ïðîïîíóºòüñÿ ìåòîäèêà îòðèìàííÿ ôîðìóë äëÿ îá÷èñëåí-
íÿ íàïðóæåíü ó íåîäíîð³äíîìó òà òåðìî÷óòëèâîìó äîâãîìó ïîðîæíèñòîìó 
öèë³íäð³ øëÿõîì çâåäåííÿ â³äïîâ³äíî¿ êâàç³ñòàòè÷íî¿ çàäà÷³ òåðìîïðóæíîñ-
ò³ äî ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó òà ³íòåãðàëüíèõ 
óìîâ áåçïîñåðåäí³ì ³íòåãðóâàííÿì ð³âíÿíü ð³âíîâàãè ³ ñóö³ëüíîñò³ â íàïðó-
æåííÿõ [1–3]. Àíàëîã³÷íèé ï³äõ³ä âèêîðèñòàíî, çîêðåìà, äëÿ âèçíà÷åííÿ íà-
ïðóæåíü ó íåñê³í÷åíí³é ñìóç³ [8]. Âëàñòèâîñò³ ìàòåð³àëó ââàæàþòüñÿ íåïå-
ðåðâíî çàëåæíèìè â³ä ðàä³àëüíî¿ êîîðäèíàòè òà òåðìî÷óòëèâèìè. ²ç çàïè-
ñàíî¿ ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü ç âèêîðèñòàííÿì êâàäðàòóðíèõ ôîðìóë 
îòðèìàíî àíàë³òè÷í³ âèðàçè äëÿ ðîçïîä³ëó íàïðóæåíü ³ äåôîðìàö³é.  

Ïîñòàíîâêà çàäà÷³. Ðîçãëÿíåìî çàäà÷ó ïðî âèçíà÷åííÿ íàïðóæåíü ³ äå-
ôîðìàö³é ó äîâãîìó ïîðîæíèñòîìó öèë³íäð³ ç çîâí³øíüîþ ïîâåðõíåþ 2r R=  

òà âíóòð³øíüîþ 1r R= , ñïðè÷èíåíèõ â³äîìèì òåìïåðàòóðíèì ïîëåì ³ ð³âíî-
ì³ðíî ðîçïîä³ëåíèìè íàâàíòàæåííÿìè íà âíóòð³øí³é ³ çîâí³øí³é ïîâåðõíÿõ. 
Õàðàêòåðèñòèêè ìàòåð³àëó (ìîäóëü ïðóæíîñò³ E , êîåô³ö³ºíò Ïóàññîíà ν , 
òåìïåðàòóðíèé êîåô³ö³ºíò ë³í³éíîãî òåìïåðàòóðíîãî ðîçøèðåííÿ tα ) çàëå-

æàòü â³ä ðàä³àëüíî¿ êîîðäèíàòè r  ³ òåìïåðàòóðè ( , )t r τ  (òóò τ  – ÷àñ). Ïî-

âåðõíÿ öèë³íäðà 1r R=  ïåðåáóâàº ï³ä ä³ºþ òèñêó 1p , à ïîâåðõíÿ 2r R=  – 

ï³ä ä³ºþ òèñêó 2p .  
Öÿ çàäà÷à ó íàïðóæåííÿõ [1–3] çâîäèòüñÿ äî ðîçâ’ÿçóâàííÿ ð³âíÿíü 

ð³âíîâàãè  

 2( ) ( )r
d f
d

ρ σ = ρ σ − ρ ρ
ρ

( ) , (1) 

³ ð³âíÿííÿ ñóö³ëüíîñò³ 

 r

de
e e

d
ϕ

ϕρ = −
ρ

,  (2) 

ÿêå ç âèêîðèñòàííÿì ñï³ââ³äíîøåíü ì³æ ä³àãîíàëüíèìè êîìïîíåíòàìè re , 

,  ze eϕ  òåíçîðà äåôîðìàö³é ³ êîìïîíåíòàìè ,  ,  r zϕσ σ σ  òåíçîðà íàïðóæåíü  

 1 1( ) ( ) ( ) (1 ) ( )r r z r ze T e T
E Eϕ

+ ν= σ − ν σ + σ + Φ = σ − νσ − ν + + ν Φ[ ] , 

 1 1( ) ( ) (1 ) (1 ) ( )r z r ze T e T
E Eϕ ϕ

+ ν= σ − ν σ + σ + Φ = − ν σ − σ − ν + + ν Φ[ ] [ ] , 
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 1 1( ) ( ) ( ) ( )z z r ze T T
E Eϕ= σ − ν σ + σ + Φ = σ − νσ + Φ[ ] , (3) 

ó íàïðóæåííÿõ ìàº âèãëÿä 

 
21 1 1(1 ) ( )z r

d de T f
d E d E E

− ν + ν + ν  σ − ν + + ν Φ = σ −   ρ ρ  
.  (4) 

Ó ð³âíÿííÿõ ³ ñï³ââ³äíîøåííÿõ (1)–(4) r ϕσ = σ + σ  – ñóìàðíå íàïðóæåííÿ; 

0( ) ( )

p

T

t
T

T t T dTΦ = α∫  – äåôîðìàö³ÿ, âèêëèêàíà òåìïåðàòóðíèì ïîëåì; 
0

tT
t

= ; 

0

p
p

t
T

t
= ; 0t  – â³äë³êîâà òåìïåðàòóðà, ïðè ÿê³é õàðàêòåðèñòèêè ìàòåð³àëó 

ââàæàþòüñÿ ñòàëèìè; pt  – ïî÷àòêîâèé ñòàëèé ðîçïîä³ë òåìïåðàòóðè â öè-

ë³íäð³; 2( ) , ( ,Fo)f R F Tρ = ρ ρ ρ( )  – ìàñîâ³ ñèëè ðîçì³ðíîñò³ íàïðóæåíü çà ðà-

õóíîê ïåðåõîäó äî áåçðîçì³ðíî¿ êîîðäèíàòè 2r Rρ = / . 
Îñê³ëüêè íà ïîâåðõíÿõ öèë³íäðà çàäàíî ð³âíîì³ðíî ðîçïîä³ëåí³ íàâàí-

òàæåííÿ, òî 

 
1

1 21
 ,           r rp p

ρ=ρ ρ=
σ = − σ = − .  (5)   

Îñüîâå íàïðóæåííÿ zσ  ïîâèííî çàäîâîëüíÿòè ³íòåãðàëüíó óìîâó ð³âíî-
âàãè [2, 3]  

 
1

0

( )z d pρσ ρ ρ =∫ ,  (6)   

äå 2
2(2 )p P R= π/ , à P  – çàäàíå íà òîðöÿõ öèë³íäðà çóñèëëÿ. 

Âèçíà÷åííÿ òåðìîíàïðóæåíü. Ç³íòåãðóâàâøè ð³âíÿííÿ ð³âíîâàãè (1) ç 
âèêîðèñòàííÿì ïåðøî¿ ³ç ãðàíè÷íèõ óìîâ (5), îòðèìàºìî çâ’ÿçîê ì³æ ðàä³-
àëüíèìè òà ñóìàðíèìè íàïðóæåííÿìè [3]: 

 

1

2
1 1

2 2
1( ) ( )r

p
f d

ρ

ρ

ρ
σ ρ = − + η σ − η η η

ρ ρ ∫ ( ) . (7)  

Çàñòîñóâàâøè äðóãó ç ãðàíè÷íèõ óìîâ (5) ó ôîðìóë³ (7), îòðèìàºìî ³íòåã-
ðàëüíó óìîâè ð³âíîâàãè 

 

1

1
2
1 1 2( )f d p p

ρ

ρ σ − ρ ρ ρ = ρ −∫ ( ) .  (8) 

Ï³ñëÿ ³íòåãðóâàííÿ ð³âíÿííÿ ñóö³ëüíîñò³ (4) îòðèìàºìî ³íòåãðàëüíå ð³â-
íÿííÿ Âîëüòåððà äðóãîãî ðîäó äëÿ âèçíà÷åííÿ ñóìàðíèõ íàïðóæåíü σ  [3]: 

 
2

, ( ,Fo)
( ) , ( ,Fo) 1

1 , ( , Fo)
z

E T
A T e

T

ρ ρ σ ρ = + ν ρ ρ − +
− ν ρ ρ 

( )
( )

( )
[  

 
0

, ( ,Fo) ( ,Fo) ( ) ( ) ( ) ( )rT T f d
ρ

′+ ν ρ ρ Φ ρ + σ η ϕ η − ϕ η η η 
∫( ) ( )] [ ] , (9) 

äå 
1 , ( , )

( )
, ( , )

T

E T

+ ν ρ ρ τ
ϕ ρ =

ρ ρ τ
( )

( )
; 

1 , ( , )
( )

, ( , )

Td
d E T η=ρ

+ ν η η τ ′ϕ ρ =  η η η τ 
( )

( )
; ,  zA e  – ñòàë³, ÿê³ 

âèçíà÷àþòüñÿ ç ãðàíè÷íèõ ³íòåãðàëüíèõ óìîâ (6), (8). Íàäàë³ ó õàðàêòåðèñ-
òèêàõ ìàòåð³àëó çàïèñóºìî çàëåæí³ñòü ò³ëüêè â³ä ðàä³àëüíî¿ çì³ííî¿ ρ , 
îñê³ëüêè õàðàêòåðèñòèêè ìàòåð³àë³â ³ â³äîìå òåìïåðàòóðíå ïîëå çàëåæàòü 
â³ä ðàä³àëüíî¿ çì³ííî¿ ρ , à â³ä ÷àñó τ  – ÿê ïàðàìåòðà. 
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Íà â³äì³íó â³ä ìåòîäó ïîñë³äîâíèõ íàáëèæåíü, çàñòîñîâàíîãî äëÿ ðîç-
â’ÿçóâàííÿ ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü (7), (9) [3], ó ö³é ðîáîò³ çàñòîñóºìî 
³íøó ìåòîäèêó. Ïîðîæíèñòèé öèë³íäð ä³ëèìî íà N  òîíêèõ øàð³â. Ââàæà-
ºìî, ùî òîâùèíà k -ãî øàðó º òàêîþ, ùî äëÿ íåïåðåðâíî¿ ôóíêö³¿ ( )Y x  
âèêîíóºòüñÿ ôîðìóëà òðàïåö³é 

 
1

21
1 1( ) ( ) ( ) ( )

2

k

k

k k
k k k kY d Y Y o

+ρ
+

+ +
ρ

ρ − ρ
η η = ρ + ρ + ρ − ρ∫ ( )[ ] .  (10) 

Ð³âíÿííÿ (9) äëÿ ïåðøîãî øàðó ç âèêîðèñòàííÿì (10) ìàº âèãëÿä 

 
2

( )
( ) ( ) [1 ( )] ( )

1 ( )
z

E
A e

ρ σ ρ = + ν ρ − + ν ρ Φ ρ +
− ν ρ 

 

 1
1 1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 r r f f
ρ − ρ ′ ′+ σ ρ ϕ ρ + σ ρ ϕ ρ − ϕ ρ ρ − ϕ ρ ρ 


[ ] .  (11) 

Ï³ñëÿ ï³äñòàíîâêè âèðàçó (7) äëÿ ( )rσ ρ  ÷åðåç ñóìàðí³ íàïðóæåííÿ 

( )σ ρ  ó (11) ³ ãðóïóâàííÿ ÷ëåí³â ç ( )σ ρ  îòðèìàºìî 

 11 12 0( ) ( ) ( ) ( )zA eσ ρ = δ ρ + δ ρ + δ ρ ,  (12) 
äå 

 1 1 1
11 2 2 2

1

( )( )
( ) 1 ( )

1 ( ) ( ) 4 1 ( )

EE ρ − ρ ρ ρρ  ′δ ρ = + ϕ ρ 
− ν ρ ψ ρ ρ − ν ρ [ ]
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 1 1 1 1
12 2 2 2

1

( ) ( )( )
( ) ( ) ( )

1 ( ) ( ) 4 1 ( )

EE ρ − ρ ρ ρ ν ρρ  ′δ ρ = ν ρ + ϕ ρ 
− ν ρ ψ ρ ρ − ν ρ [ ]

, 

 1
0 1 12

( )
( ) 1 ( ) ( ) ( ) ( )

21 ( ) ( )
r

E ρ − ρρ  ′δ ρ = − + ν ρ Φ ρ + σ ρ ϕ ρ +
− ν ρ ψ ρ 

[ ]
[ ]

 

 
2 2 2

1 1 1 1 1
12 2 2
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( ) ( ) ( )
( ) ( ) ( ) 1

2 4 1 ( )
r

Eρ − ρ ρ ρ − ρ ρ ρ′ ′+ σ ρ ϕ ρ − ϕ ρ +
ρ ρ − ν ρ

[  

 
2

2 21
1 1 1 12

( )
( ) ( ) ( ) ( ) ( )

4
f f

ρ − ρ ′+ ν ρ Φ ρ − ϕ ρ ρ ρ + ρ ρ −
ρ

] [ ]  

 1
1 1( ) ( ) ( ) ( ) ( )

2
f f

ρ − ρ − ϕ ρ ϕ ρ ρ + ϕ ρ ρ 


[ ] ,  (13) 

 
2

1
2 2

( )( )
( ) 1 ( )

1 ( ) 4

E ρ − ρρ ′ψ ρ = − ϕ ρ
− ν ρ ρ

.  (14) 

Îñê³ëüêè 1 1( )r pσ ρ = − , òî ôóíêö³¿ 11( )δ ρ , 12 ( )δ ρ , 0 ( )δ ρ  âèðàæàþòüñÿ 
÷åðåç ãðàíè÷íó óìîâó, õàðàêòåðèñòèêè ìàòåð³àëó òà ïîõ³äí³ â³ä õàðàêòå-
ðèñòèê ìàòåð³àëó. Ï³äñòàíîâêà îòðèìàíîãî âèðàçó (12) äëÿ ( )σ ρ  ó ð³âíÿííÿ 

(7) äîçâîëÿº çàïèñàòè ( )rσ ρ  ó âèãëÿä³ 

 11 12 0( ) ( ) ( ) ( )r zA eσ ρ = γ ρ + γ ρ + γ ρ , (15) 
äå 

 

1

1
11 11 1 11 1 112 2

1( ) ( ) ( ) ( )
2

d
ρ

ρ

ρ − ρ
γ ρ = ηδ η η ≈ ρ δ ρ + ρδ ρ

ρ ρ∫ [ ] , 

 

1

1
12 12 1 12 1 122 2

1( ) ( ) ( ) ( )
2

d
ρ

ρ

ρ − ρ
γ ρ = ηδ η η ≈ ρ δ ρ + ρδ ρ

ρ ρ∫ [ ] ,  

 

1

2
1 1

0 02 2
1( ) ( ) ( )

p
f d

ρ

ρ

ρ
γ ρ = − + η δ η − η η η ≈

ρ ρ ∫ [ ]  

 
2

2 21 1 1
1 0 1 0 1 12 2

( ) ( ) ( ) ( )
2

p
f f

ρ ρ − ρ
≈ − + ρ δ ρ + ρδ ρ − ρ ρ − ρ ρ

ρ ρ
[ ] .  (16) 
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Àíàëîã³÷í³ âèêëàäêè äëÿ ³íøèõ øàð³â ç óðàõóâàííÿì òîãî ôàêòó, ùî 
äëÿ 1( , )k k+ρ ∈ ρ ρ  

 ( )
2

2 2

( ) 1( ) )( ( )

k

r k k
r f d

ρ

ρ

σ ρ ρ
σ ρ = + η − η ησ η η

ρ ρ ∫ , 

ïðèâîäÿòü äî òàêèõ âèðàç³â äëÿ ( )σ ρ  ³ ( )rσ ρ : 

 11 12 0( ) ( ) ( ) ( )zA eσ ρ = δ ρ + δ ρ + δ ρ , 

 11 12 0( ) ( ) ( ) ( )r zA eσ ρ = γ ρ + γ ρ + γ ρ ,  (17) 

äå 

 11 11 112

( )
( ) 1 ( ) ( ) ( )

21 ( ) ( )

E ∗ ∗ρ ∆ρ ′δ ρ = + χ ρ + γ ρ ϕ ρ +
− ν ρ ψ ρ [ ]

 

  
2 2

112 2 2

( ) ( ) ( )
( ) ( ) ( )

2 4 1 ( )

E∗ ∗ ∗
∗

∗
ρ ∆ρ ∆ρ ρ ρ ′ ′+ γ ρ ϕ ρ + ϕ ρ 

ρ ρ − ν ρ [ ]
, 

 12 12 122

( )
( ) ( ) ( ) ( ) ( )

21 ( ) ( )

E ∗ ∗ρ ∆ρ ′δ ρ = ν ρ + χ ρ + γ ρ ϕ ρ +
− ν ρ ψ ρ [ ]

 

   
2 2

122 2 2
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∗

∗
ρ ∆ρ ∆ρ ρ ρ ν ρ ′ ′+ γ ρ ϕ ρ + ϕ ρ 

ρ ρ − ν ρ [ ]
, 

 0 0 02
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( ) 1 ( ) ( ) ( ) ( ) ( )

21 ( ) ( )

E ∗ ∗ρ ∆ρ ′δ ρ = − + ν ρ Φ ρ + χ ρ + γ ρ ϕ ρ +
− ν ρ ψ ρ 

[ ]
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0 02 2 2
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2 4 1 ( )

E ∗ ∗ ∗∗ ∗
∗ ∗

∗

ρ + ν ρ Φ ρρ ∆ρ ρ ∆ρ′ ′+ γ ρ ϕ ρ − γ ρ ϕ ρ −
ρ ρ − ν ρ
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2 2
2
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 4
f f f f∗ ∗ ∗ ∗∆ρ ∆ρ ′− ϕ ρ ρ + ϕ ρ ρ − ϕ ρ ρ ρ + ρ ρ 

ρ 
[ ] [ ] , 

 1 1 1
1

( ) ( ),    
N

k k k
k

S∗ ∗
+ + +

=

ρ = ρ + ρ − ρ ρ − ρ ∆ρ = ρ − ρ∑ , 
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1, 0, ( )
( )         ( ) 1 ( )

0, 0, 1 ( ) 4

x E
S x

x+
≥ ρ ∆ρ ′= ψ ρ = − ϕ ρ < − ν ρ ρ
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11 11 11 1 1 1

1
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2

N
k

k k k k k
k

S+
+ + + +

=

∆ρ ′ ′χ ρ = γ ρ ϕ ρ + γ ρ ϕ ρ ρ − ρ∑ [ ] , 
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12 12 12 1 1 1

1
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2

N
k

k k k k k
k

S+
+ + + +

=

∆ρ ′ ′χ ρ = γ ρ ϕ ρ + γ ρ ϕ ρ ρ − ρ∑ [ ] ,  

 1
0 0 0 1 1

1

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

N
k

k k k k k k
k

f+
+ +

=

∆ρ ′ ′χ ρ = γ ρ ϕ ρ + γ ρ ϕ ρ − ϕ ρ ρ −∑ [  

 1 1 1( ) ( ) ( )k k kf S+ + + +− ϕ ρ ρ ρ − ρ] , 

 
2 2

11 11
11 112 2 2

( ) ( ) ( ) ( )1( ) ( )d
∗

ρ∗ ∗ ∗ ∗

ρ

ρ γ ρ ρ γ ρ
γ ρ = + ηδ η η ≈ +

ρ ρ ρ∫  
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 11 112
( ) ( )

2
∗ ∗∆ρ+ ρ δ ρ + ρδ ρ

ρ
[ ] , 

 
2 2

12 12
12 122 2 2

( ) ( ) ( ) ( )1( ) ( ) d
∗

ρ∗ ∗ ∗ ∗

ρ

ρ γ ρ ρ γ ρ
γ ρ = + ηδ η η ≈ +

ρ ρ ρ∫  

 12 122
( ) ( )

2
∗ ∗∆ρ+ ρ δ ρ + ρδ ρ

ρ
[ ] , 

 
2

2 20
0 0 02

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

2
f f

∗ ∗
∗ ∗ ∗ ∗ρ γ ρ ∆ργ ρ = + ρ δ ρ + ρδ ρ − ρ ρ + ρ ρ

ρ
[ ] .  (18) 

Ñòàë³ A , ze , âèçíà÷åí³ ç ñèñòåìè ë³í³éíèõ àëãåáðè÷íèõ ð³âíÿíü 

 11 12 1zAd e d c+ = , 

 21 22 2zAd e d c+ = , 

îòðèìàíî¿ âíàñë³äîê âèêîðèñòàííÿ ³íòåãðàëüíèõ óìîâ (6), (8), ìàþòü âèãëÿä 

 1 22 2 12 2 11 1 21

11 22 21 12 11 22 21 12
,          z

c d c d c d c d
A e

d d d d d d d d
− −

= =
− −

,  (19) 

äå 

 

1 1

1 1

11 11 12 12( ) ,            ( )d d d d
ρ ρ

= ηδ η η = ηδ η η∫ ∫ ,  

 

1 1

1 1
2 2

1 1 1 2 0( ) ( )c p p f d d
ρ ρ

= ρ − + η η η − ηδ η η∫ ∫ , 

 

1 1

1 1

21 11 22 12( ) ( ) ,         ( ) ( ) ( )d d d E d
ρ ρ

= ην η δ η η = η ν η δ η + η η∫ ∫ [ ] , 

 

1

1

2 0( ) ( ) ( ) ( )c p E d
ρ

= − η ν η δ η − η Φ η η∫ [ ] .  (20) 

Âèêîðèñòîâóþ÷è âèðàçè äëÿ ñóìàðíèõ ³ ðàä³àëüíèõ íàïðóæåíü (17), ç 
îçíà÷åííÿ ñóìàðíèõ íàïðóæåíü r ϕσ = σ + σ  âèçíà÷àºìî êîëîâ³ íàïðóæåííÿ 

( )ϕσ ρ . Îñüîâ³ íàïðóæåííÿ ³ äåôîðìàö³¿ ëåãêî âèçíà÷èòè ç³ ñï³ââ³äíîøåíü 

ì³æ òåíçîðàìè äåôîðìàö³é ³ íàïðóæåíü (3) ç âèêîðèñòàííÿì âèðàçó (19) 
äëÿ îñüîâî¿ äåôîðìàö³¿ ze . 

Ïðèêëàäè ³ âèñíîâêè. Äëÿ îö³íêè åôåêòèâíîñò³ òàêîãî ï³äõîäó îá÷èñ-

ëèìî íàïðóæåííÿ ó âèïàäêó, êîëè constν = , 0
nE E= ρ , ( ) 0f ρ = , ( ) 0Φ ρ = . 

Ó öüîìó âèïàäêó çàäà÷à ìàº òî÷íèé àíàë³òè÷íèé ðîçâ’ÿçîê [4], à ð³âíÿííÿ 
ñóö³ëüíîñò³ (4) ìàº âèãëÿä 

 
21 ( ) 1 ( )

( ) ( )r
d d
d E d E

− ν ρ + ν ρ   σ = σ   ρ ρ ρ ρ   
,  (21) 

çâ³äêè âèïëèâàº, ùî îñòàòî÷íèé âèðàç äëÿ σ  íå çàëåæèòü â³ä 0E . ßêùî 
2 ( )1( ) rd
d

ρ σ ρ
σ ρ =

ρ ρ
[ ]

, âèçíà÷åíå ç ð³âíÿííÿ ð³âíîâàãè, ï³äñòàâèòè ó ð³âíÿííÿ 

ñóö³ëüíîñò³ (21), âèáðàòè ðîçâ’ÿçîê äëÿ ( )rσ ρ  ó âèãëÿä³ λρ , ï³äñòàâèòè éîãî 

â îòðèìàíå ð³âíÿííÿ, òî çàãàëüíèé ðîçâ’ÿçîê äëÿ ( )rσ ρ  áóäå  
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 1 22 2(ex)
1 2( )r D Dλ − λ −σ ρ = ρ + ρ ,  (22) 

äå êîðåí³ 1λ , 2λ  õàðàêòåðèñòè÷íîãî ð³âíÿííÿ ³ ñòàë³ 1D , 2D , âèçíà÷åí³ ç 
ãðàíè÷íèõ óìîâ (5), çàïèøóòüñÿ ÿê 

 2
1

1 12 ( 2) 4
2 1

n n n λ = + + + − − ν 
,  

 2
2

1 12 ( 2) 4
2 1

n n n λ = + − + − − ν 
, 

 
2 1

1 2 1 2

2 2
1 2 1 1 2 1

1 22 2 2 2
1 1 1 1

,       
p p p p

D D
λ − λ −

λ − λ − λ − λ −

− + ρ − ρ
= =

ρ − ρ ρ − ρ
. 

Íà îñíîâ³ ð³âíÿííÿ ð³âíîâàãè (1) îòðèìàíî òî÷íèé àíàë³òè÷íèé âèðàç 
äëÿ ñóìàðíèõ íàïðóæåíü ( )σ ρ : 

 1 22 2(ex)
1 1 2 2( ) D Dλ − λ −σ ρ = λ ρ + λ ρ .  (23) 

Çàóâàæèìî, ùî çàïèñàíèé ðîçâ’ÿçîê ñïðàâäæóºòüñÿ äëÿ 1n ≠ , îñê³ëüêè 

  
1

0

0

0

1 , 1,
1 ( )

1 ln( ), 1.

n

n

n n
Ed

d E n
E

+
− ≠
+ ν ρ  ρ  =  ρ  ρ  ρ =


 

ßê âèäíî ç ôîðìóë (17) ³ (19), íàïðóæåííÿ çàëåæàòü â³ä çíà÷åíü õà-
ðàêòåðèñòèê ìàòåð³àëó òà ¿õ ïîõ³äíèõ ó òî÷ö³ òà õàðàêòåðó ðîçïîä³ëó õà-
ðàêòåðèñòèê ìàòåð³àëó ³ ¿õ ïîõ³äíèõ ó ïîðîæíèñòîìó öèë³íäð³ (ó âèãëÿä³ 
³íòåãðàë³â (ñóì) â³ä õàðàêòåðèñòèê ÷åðåç ñòàë³ A , ze ). 

Íèæ÷å ó òàáë. 1–3 ïîäàíî ðåçóëüòàòè çíà÷åíü ñóìàðíèõ íàïðóæåíü 
(ex)( )σ ρ  (ÿê â³äîìî [4], äëÿ îäíîð³äíèõ ò³ë âîíè ñòàë³), îá÷èñëåíèõ çà 

òî÷íèìè ôîðìóëàìè (23) ³ íàáëèæåíèìè âèðàçàìè (17) äëÿ ( )σ ρ  ïðè íàÿâ-
íîñò³ âíóòð³øíüîãî òèñêó, ñòåïåíåâ³é çàëåæíîñò³ ìîäóëÿ ïðóæíîñò³ â³ä ρ  ç 

2n =  òà 5n = . Â³äñòàíü ì³æ òî÷êàìè ðîçáèòòÿ ââàæàëè ð³âíîþ 0.05. 
Ê³ëüê³ñòü øàð³â N  äëÿ âíóòð³øí³õ ðàä³óñ³â öèë³íäðà 1 0.7ρ =  ³ 1 0.5ρ =  â³ä-

ïîâ³äíî ïðèéìàëè ð³âíèìè 6N =  ³ 10N = . Ò³ëüêè ó âèïàäêó 1 0.9ρ =  öè-

ë³íäð ââàæàëè òîíêîñò³ííèì ( 1)N = .  
   Таблиця 1 

2n =  5n =   
 

ρ  ( )σ ρ  (ex) ( )σ ρ  
(ex)( ) ( )

( )
σ ρ − σ ρ

σ ρ
, % ( )σ ρ  (ex) ( )σ ρ  

(ex)( ) ( )
( )

σ ρ − σ ρ
σ ρ

, % 

  0.9   9.29137 9.29793 0.07 7.59266 7.61717 0.32 
  0.91   9.53637 9.54304 0.07 8.11975 8.14552 0.32 
  0.92    9.78019 9.78679 0.07 8.66214 8.68844 0.30 
  0.93  10.023  10.0292 0.06  9.2209 9.24627 0.27 
  0.94  10.2651  10.2704 0.05 9.79708     9.8193 0.23 
  0.95  10.5067  10.5103 0.03  10.3917  10.4079 0.16 
  0.96  10.7479  10.749 0.01  11.0059  11.0123 0.06 
  0.97  10.9889  10.9866 0.02  11.6407  11.6329 0.07 
  0.98  11.2298  11.2231 0.06  12.2971  12.27 0.22 
  0.99  11.4709  11.4585 0.11  12.9761  12.9239 0.40 
  1.0   11.7122  11.6928 0.17  13.6788  13.5949 0.62 
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 Таблиця 2 
2n =  5n =   

 
ρ  ( )σ ρ  (ex) ( )σ ρ  

(ex)( ) ( )
( )

σ ρ − σ ρ
σ ρ

, % ( )σ ρ  (ex) ( )σ ρ  
(ex)( ) ( )

( )
σ ρ − σ ρ

σ ρ
, % 

  0.7    1.9054   1.9148 0.49   -0.271   -0.232            16.43 
  0.72    5.5926   5.5855 0.13    0.1197    0.1618            25.99 
  0.75    2.5819   2.5871 0.20     0.7721    0.7965 3.06 
  0.77    2.8418   2.8471 0.18     1.2245    1.2507 2.10 
  0.8    3.2268   3.2287 0.06    1.9715    1.9827 0.56 
  0.83    3.6   3.6014 0.04    2.77    2.7798 0.35 
  0.86    3.967   3.9661 0.02    3.6493    3.6475 0.05 
  0.9    4.4448   4.4415 0.07    4.9378    4.9232 0.30 
  0.93    4.7947   4.7908 0.08    5.9946    5.9762 0.31 
  0.96    5.1401   5.1346 0.11    7.1462    7.1176 0.40 
  1.0    5.5926   5.5855 0.13    8.8277    8.7869 0.46 

 

 Таблиця 3 
2n =  5n =   

 
ρ  ( )σ ρ  (ex) ( )σ ρ  

(ex)( ) ( )
( )

σ ρ − σ ρ
σ ρ

, % ( )σ ρ  (ex) ( )σ ρ  
(ex)( ) ( )

( )
σ ρ − σ ρ

σ ρ
, % 

  0.5   -1.25   -1.21 3.37   -4.31   - 4.136 4.20 
  0.55   -0.383   -0.356 7.71   -3.458    -3.321 4.12 
  0.6     0.4028    0.4202 4.14   -2.535    -2.431 4.28 
  0.65    1.1276    1.1371 0.84   -1.506    -1.433 5.13 
  0.7    1.8051    1.8083 0.17   -0.339    -0.295             14.72 
  0.75    2.4453    2.4432 0.09    0.9988     1.0119 1.29 
  0.8    3.0557    3.049 0.22    2.5376     2.5188 0.74 
  0.85    3.642    3.6314 0.29    4.3085     4.2561 1.23 
  0.9    4.2085    4.1943 0.34    6.3434     6.2546 1.42 
  0.95    4.7586    4.7412 0.37    8.6743     8.5461 1.50 
  1.0    5.295    5.2746 0.39   11.334   11.163 1.53 

Ç àíàë³çó íàâåäåíèõ ó òàáëèöÿõ äàíèõ âèïëèâàº, ùî âåëèê³ â³äíîñí³ 
ïîõèáêè ó ïîîäèíîêèõ çíà÷åííÿõ íàïðóæåíü îáóìîâëåí³ áëèçüê³ñòþ çíà-
÷åíü íàïðóæåíü äî 0. Îòðèìàí³ äëÿ íàïðóæåíü ôîðìóëè (17) âêàçóþòü, ùî 
çàòðàòè ÷àñó äëÿ ¿õ îá÷èñëåííÿ çàïðîïîíîâàíèì ï³äõîäîì ñóì³ðí³ ç ÷àñîì 
îá÷èñëåííÿ îäí³º¿ ³òåðàö³¿ ïðè âèêîðèñòàíí³ ìåòîäó ïîñë³äîâíèõ íàáëèæåíü.  

Ïðè çàñòîñóâàíí³ ìåòîäó ïîñë³äîâíèõ íàáëèæåíü â³äïîâ³äíà òî÷í³ñòü 
äîñÿãàºòüñÿ ó 2-é àáî 3-é ³òåðàö³¿ [3]. Îñîáëèâ³ñòþ ôîðìóë (17) º òàêîæ òå, 
ùî ïðè îá÷èñëåíí³ çíà÷åíü íàïðóæåíü ó íàñòóïí³é òî÷ö³ âèêîðèñòîâóþòüñÿ 
¿õ çíà÷åííÿ ó ïîïåðåäí³é. Òîìó çàòðàòè ÷àñó íà îá÷èñëåííÿ º ïðîïîðö³éíè-
ìè äî ê³ëüêîñò³ øàð³â, ÿêà º ñóì³ðíîþ ç ê³ëüê³ñòþ âóçë³â ïðè ÷èñåëüíîìó 
³íòåãðóâàíí³ ó ìåòîä³ ïîñë³äîâíèõ íàáëèæåíü. Àíàë³òè÷íå ïîäàííÿ ê³íöåâèõ 
ðåçóëüòàò³â ³ çíèæåííÿ ÷àñîâèõ çàòðàò íà îá÷èñëåííÿ âêàçóº íà åôåêòèâ-
í³ñòü çàñòîñóâàííÿ ôîðìóë (17) äëÿ âèçíà÷åííÿ íàïðóæåíü ó äîâãèõ íåîä-
íîð³äíèõ òåðìî÷óòëèâèõ ïîðîæíèñòèõ öèë³íäðàõ. 
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АНАЛИТИЧЕСКИЕ ВЫРАЖЕНИЯ ДЛЯ НАПРЯЖЕНИЙ И ТЕРМОНАПРЯЖЕНИЙ 
В ДЛИННОМ ПОЛОМ НЕОДНОРОДНОМ ТЕРМОЧУВСТВИТЕЛЬНОМ ЦИЛИНДРЕ  
 
Ïðåäëîæåí ñïîñîá ïîëó÷åíèÿ ïðîñòûõ ôîðìóë äëÿ îïðåäåëåíèÿ íàïðÿæåíèé â 
äëèííîì íåîäíîðîäíîì òåðìî÷óâñòâèòåëüíîì ïîëîì öèëèíäðå ñ çàâèñèìûìè îò 
ðàäèàëüíîé êîîðäèíàòû õàðàêòåðèñòèêàìè ìàòåðèàëà. Ñîîòâåòñòâóþùàÿ îä-
íîìåðíàÿ êâàçèñòàòè÷åñêàÿ çàäà÷à òåðìîóïðóãîñòè â íàïðÿæåíèÿõ ñâåäåíà ê 
ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé íåïîñðåäñòâåííûì èíòåãðèðîâàíèåì óðàâíåíèé 
ðàâíîâåñèÿ è ñïëîøíîñòè. Ïðîâåäåíî ñðàâíåíèå ÷èñëåííûõ ðåçóëüòàòîâ, ïîëó÷åí-
íûõ ïðåäëîæåííûì ñïîñîáîì, ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé è òî÷íîãî 
ðåøåíèÿ äëÿ ñëó÷àÿ ñòåïåííîé çàâèñèìîñòè ìîäóëÿ óïðóãîñòè îò ðàäèàëüíîé 
êîîðäèíàòû.  
 
ANALYTICAL EXPRESSIONS FOR STRESSES AND THERMAL STRESSES IN LONG 
INHOMOGENEOUS THERMAL SENSITIVE HOLLOW CYLINDER 
 
An approach for obtaining stresses in an inhomogeneous thermal sensitive hollow cy-
linder with characteristics of the material dependent on the radial coordinate has been 
proposed. The corresponding one-dimensional quasi-static problem in terms of stresses 
has been reduced to solving a series of integral equations. The last have been obtained by 
direct integration of both the equilibrium and compatibility equations. The numerical 
results obtained by using the proposed approach, the iteration procedure, and the exact 
analytical solution in the case when the elasticity modulus has power dependence on ra-
dial coordinate have been compared.  
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