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І. Є. Баранська  
 
ОБЕРНЕНА ЗАДАЧА В ОБЛАСТІ З ВІЛЬНОЮ МЕЖЕЮ  
ДЛЯ ДВОВИМІРНОГО ПАРАБОЛІЧНОГО РІВНЯННЯ  
 

Âèçíà÷åíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ çíàõîä-
æåííÿ íåâ³äîìîãî ñòàðøîãî êîåô³ö³ºíòà, ùî çàëåæèòü â³ä ÷àñó, ó äâîâèì³ð-
íîìó ïàðàáîë³÷íîìó ð³âíÿíí³ â îáëàñò³ ç íåâ³äîìîþ ìåæåþ.  

 
Îäíèì ³ç ï³äõîä³â äî äîñë³äæåííÿ çàäà÷ ç â³ëüíîþ ìåæåþ [3] º çâåäåí-

íÿ ¿¿ äî çàäà÷ â îáëàñò³ ç ô³êñîâàíèìè ìåæàìè çà äîïîìîãîþ çàì³íè çì³í-
íèõ. Ïðè öüîìó íåâ³äîì³ ôóíêö³¿, ÿê³ çàäàþòü ìåæ³ îáëàñò³, ç’ÿâëÿþòüñÿ ó 
êîåô³ö³ºíòàõ ð³âíÿííÿ. Òîìó òàêó çàäà÷ó ïðèðîäíî ðîçãëÿäàòè ÿê îáåðíåíó 
êîåô³ö³ºíòíó çàäà÷ó òà çàñòîñîâóâàòè äî íå¿ ìåòîäèêó, ðîçðîáëåíó äëÿ äî-
ñë³äæåííÿ îáåðíåíèõ çàäà÷ [4]. Á³ëüøå òîãî, â çàäà÷³ ç â³ëüíîþ ìåæåþ ìîæ-
íà äîäàòêîâî ñòàâèòè çàâäàííÿ â³äòâîðåííÿ íåâ³äîìèõ êîåô³ö³ºíò³â ð³âíÿí-
íÿ. Ó âèïàäêó îäíîâèì³ðíîãî ð³âíÿííÿ òåïëîïðîâ³äíîñò³ òàêèé ï³äõ³ä áóëî 
ðåàë³çîâàíî â [2]. Ó ðîáîò³ [1] äîñë³äæóâàëàñÿ îáåðíåíà çàäà÷à â îáëàñò³ ç 
â³ëüíîþ ìåæåþ äëÿ îäíîâèì³ðíîãî ð³âíÿííÿ ïàðàáîë³÷íîãî òèïó.  

Öÿ ðîáîòà º ïðîäîâæåííÿì äîñë³äæåíü îáåðíåíèõ çàäà÷ ç â³ëüíèìè ìå-
æàìè øëÿõîì çâåäåííÿ ¿õ äî â³äïîâ³äíèõ îáåðíåíèõ çàäà÷. Ðîçãëÿäàºòüñÿ 
îáåðíåíà çàäà÷à äëÿ äâîâèì³ðíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ â îáëàñò³ ç íåâ³-
äîìîþ ìåæåþ. Äëÿ çíàõîäæåííÿ íåâ³äîìî¿ ìåæ³ îáëàñò³ òà íåâ³äîìîãî êî-
åô³ö³ºíòà ð³âíÿííÿ çàäàþòüñÿ òðè äîäàòêîâ³ óìîâè ó âèãëÿä³ ³íòåãðàëüíèõ. 

Â îáëàñò³ 1 2 1 2( , , ) : 0 ( ),  0 ( ),  0T x x t x l t x h t t TΩ ≡ < < < < < < < ∞{ }  ç íå-

â³äîìèìè ôóíêö³ÿìè 1 ( )x l t= , 2 ( )x h t=  ðîçãëÿíåìî ïàðàáîë³÷íå ð³âíÿííÿ  

 
1 1 2 2 1 21 2 1 2( ) ( , , ) ( , , )t x x x x x xu a t u u b x x t u c x x t u 

 
 

= + + + +  

 1 2 1 2( , , ) ( , , )d x x t u f x x t+ +  (1) 

â ÿêîìó ( )a t  – íåâ³äîìèé êîåô³ö³ºíò. Çàäàìî ïî÷àòêîâó óìîâó  

 1 2 1 2 1 2 0 0( , ,0) ( , ),   ( , ) [0, ] [0, ]u x x x x x x l h= ϕ ∈ × , 0 (0)l l≡ , 0 (0)h h≡ , (2) 

êðàéîâ³ óìîâè  

 2 1 2 2 2 2 2(0, , ) ( , ),   ( ( ), , ) ( , ),   [0, ( )],   [0, ]u x t x t u l t x t x t x h t t T= µ = µ ∈ ∈ , 

 1 3 1 1 4 1 1( ,0, ) ( , ),   ( , ( ), ) ( , ),   [0, ( )],   [0, ]u x t x t u x h t t x t x l t t T= µ = µ ∈ ∈ ,(3) 

òà óìîâè ïåðåâèçíà÷åííÿ  

 
( ) ( )

1 2 2 1 5
0 0

( , , ) ( ),           [0, ]
l t h t

u x x t dx dx t t T= µ ∈∫ ∫ , (4) 

 
( ) ( )

2 1 2 2 1 6
0 0

( , , ) ( ),         [0, ]
l t h t

x u x x t dx dx t t T= µ ∈∫ ∫ , (5) 

 
1 0 7( ) (0, , ) ( ),            [0, ]xa t u x t t t T= µ ∈ , (6) 

äå 0x  – äåÿêà ô³êñîâàíà òî÷êà ç (0 ( ))h t, .  

Çàì³íîþ 1 2
1 2,  ,  

( ) ( )
x x

y y t t
l t h t

= = =  çâåäåìî çàäà÷ó (1)–(6) äî îáåðíåíî¿ 

çàäà÷³ ñòîñîâíî íåâ³äîìèõ ( )a t , ( )l t , ( )h t , 1 2 1 2( , , ) ( ( ), ( ), )v y y t u y l t y h t t≡  â îá-

ëàñò³ ç â³äîìèìè ìåæàìè 1 2 1 2( , , ) : 0 1,  0 1,  0TQ y y t y y t T≡ < < < < < <{ } :  

 
1 1 2 2 1

1 2 1
2 2

( ( ) ( ) ) ( )1 1( )
( )( ) ( )

t y y y y y

b y l t y h t t y l t
v a t v v v

l tl t h t

′, , + = + + + 
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2

1 2 2
1 2

( ( ), ( ), ) ( )
( ( ), ( ), )

( ) y

c y l t y h t t y h t
v d y l t y h t t v

h t

′+
+ + +  

 1 2 1 2( ( ), ( ), ),        ( , , ) Tf y l t y h t t y y t Q+ ∈ , (7) 

 1 2 1 0 2 0( , ,0) ( , ),        [0,1],       1,2iv y y y l y h y i= ϕ ∈ = , (8) 

 2 1 2 2 2 2 2(0, , ) ( ( ), ),   (1, , ) ( ( ), ),    [0,1],   [0, ]v y t y h t t v y t y h t t y t T= µ = µ ∈ ∈ , 

 1 3 1 1 4 1 1( ,0, ) ( ( ), ),   ( ,1, ) ( ( ), ),   [0,1],   [0, ]v y t y l t t v y t y l t t y t T= µ = µ ∈ ∈ , (9) 

 
1 1

1 2 2 1 5
0 0

( ) ( ) ( , , ) ( ),         [0, ]l t h t v y y t dy dy t t T= µ ∈∫ ∫ , (10) 

 
1 1

2
2 1 2 2 1 6

0 0

( ) ( ) ( , , ) ( ),      [0, ]l t h t y v y y t dy dy t t T= µ ∈∫ ∫ , (11) 

 
1

1
0 7

( )
0, ( ), ( ),         [0, ]

( ) y
a t

v x h t t t t T
l t

 
 
 

− = µ ∈ . (12) 

Îçíà÷åííÿ. Ôóíêö³¿ 1 2 2,1( , , , ) [0, ] ( [0, ]) ( )Ta l h v C T C T C Q∈ × × , ( ) 0a t > , 

( ) 0l t > , ( ) 0h t > , [0, ]t T∈ , ÿê³ çàäîâîëüíÿþòü óìîâè (7)–(12), íàçâåìî ðîç-
â’ÿçêîì çàäà÷³ (7)–(12).  

Çàóâàæèìî, çàïèñ 2,1( )Tv C Q∈  îçíà÷àº, ùî ôóíêö³ÿ v  º äâ³÷³ íåïå-
ðåðâíî äèôåðåíö³éîâíîþ çà ïðîñòîðîâèìè çì³ííèìè òà íåïåðåðâíî äèôå-

ðåíö³éîâíîþ çà ÷àñîâîþ çì³ííîþ â îáëàñò³ TQ .  
Òåîðåìà ³ñíóâàííÿ. Íåõàé âèêîíóþòüñÿ óìîâè:  
(i) ([0, ) [0, )),     ([0, ) [0, ]),     1, , 4iC C T iϕ ∈ +∞ × +∞ µ ∈ +∞ × =  ,  

([0, ) [0, ) [0, ])f C T∈ +∞ × +∞ × ;  

(ii) 0 1 2 1 1 20 ( , ) ,   ( , ) [0, ) [0, )x x x x< ϕ ≤ ϕ ≤ ϕ < ∞ ∈ +∞ × +∞ ,  

( ) 0,     5,6,7,    [0, ]i t i t Tµ > = ∈ ,  

0 2 1 20 ( , ) ,     1,2,     ( , ) [0, ) [0, ]i i ix t i x t T< µ ≤ µ ≤ µ < ∞ = ∈ +∞ × , 

0 1 1 10 ( , ) ,    3, 4,    ( , ) [0, ) [0, ]k k kx t k x t T< µ ≤ µ ≤ µ < ∞ = ∈ +∞ × ,  

1 2 1 2( , , ) 0,      ( , , ) [0, ) [0, ) [0, ]d x x t x x t T≤ ∈ +∞ × +∞ × ,  

1 2 1 1 20 ( , , ) ,      ( , , ) [0, ) [0, ) [0, ]f x x t f x x t T≤ ≤ < ∞ ∈ +∞ × +∞ × ,  

1 1 1 2( , ) 0,         ( , ) [0, ] [0, ],      3, 4kx x t x t L T kµ > ∈ × = ,  

1 1 2 1 2 0 0 0 1( , ) 0,        ( , ) [0, ] [0, ],       0x x x x x l h x Hϕ > ∈ × < < ,  

äå 0 0 1, ,l h H  – â³äîì³ ñòàë³, ïðî ÿê³ áóäå ñêàçàíî íèæ÷å;  

(iii) 2 1
0 0 7([0, ] [0, ]),     [0, ],    5, 6,    [0, ]mC l h C T m C Tϕ ∈ × µ ∈ = µ ∈ , 

 2,1 2,1
2 2    ([0, ] [0, ]),   1,2,     ([0, ] [0, ]), 3, 4i kC H T i C L T kµ ∈ × = µ ∈ × = , 

 1,0
2 2([0, ] [0, ] [0, ])f C L H T∈ × × ,  

äå 2H , 2L  – äåÿê³ äîäàòí³ ñòàë³, çíà÷åííÿ ÿêèõ áóäå âêàçàíî íèæ÷å;  
(iiii)  óìîâè óçãîäæåííÿ íóëüîâîãî òà ïåðøîãî ïîðÿäê³â.  
Òîä³ ìîæíà âêàçàòè òàêå ÷èñëî 0 0,  0t t T< ≤ , ùî ðîçâ’ÿçîê çàäà÷³ 

(7)–(12) ³ñíóº ïðè 00 1,  1,2,  0iy i t t≤ ≤ = ≤ ≤ .  

Ä î â å ä å í í ÿ. Ç óìîâ (2), (4), (5) îòðèìàºìî ñèñòåìó ð³âíÿíü ñòîñîâ-
íî íåâ³äîìèõ 0 0,l h :  

 
0 0 0 0

1 2 2 1 5 2 1 2 2 1 6
0 0 0 0

( , ) (0),      ( , ) (0)
l h l h

x x dx dx x x x dx dxϕ = µ ϕ = µ∫ ∫ ∫ ∫ . (13) 
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Ïîçíà÷èâøè 
0

1 2 1 0 2
0

( , ) ( , )
l

x x dx l xϕ ≡ ψ∫ , ñèñòåìó (13) çàïèøåìî ó âèãëÿä³  

 
0 0

0 2 2 5 2 0 2 2 6
0 0

( , ) (0),          ( , ) (0)
h h

l x dx x l x dxψ = µ ψ = µ∫ ∫ . 

Ç ïðèïóùåíü òåîðåìè îòðèìàºìî, ùî 
0

0 0 0 2 1 2 1 1 0
0

( , ) ( , )
l

l l x x x dx lϕ ≤ ψ = ϕ ≤ ϕ∫ . 

Òîä³ 
0

0 0 0 0 2 2 1 0 0
0

( , )
h

l h l x dx l hϕ ≤ ψ ≤ ϕ∫ . Ôóíêö³ÿ 
0

0 2 2
0

( , )
h

y l x dx= ψ∫  ïðè äîâ³ëü-

íîìó ô³êñîâàíîìó 0 0l >  º ìîíîòîííî çðîñòàþ÷îþ ñòîñîâíî 0h . Îòæå, ç 

óìîâ òåîðåìè âèïëèâàº, ùî ³ñíóº ºäèíå çíà÷åííÿ 0 0( )h l , ÿêå º ðîçâ’ÿçêîì 

ð³âíÿííÿ 
0 0( )

0 2 2 5
0

( , ) (0)
h l

l x dxψ = µ∫  ³ 5 5
0 0

1 0 0 0

(0) (0)
( )h l

l l
µ µ

≤ ≤ϕ ϕ . Òîä³  

 
0 0( )2 2 2 2

0 5 0 0 0 0 1 5
0 0 2 0 2 2 1 02 2

1 0 0 00

(0) ( ) ( ) (0)
( )

2 22 2

h l
h l h l

l x l x dx l
l l

ϕ µ ϕ µ
≤ ϕ ≤ ψ , ≤ ϕ ≤ .

ϕ ϕ∫  

Ôóíêö³ÿ 
0 0( )

2 0 2 2
0

( , )
h l

y x l x dx= ψ∫  – ìîíîòîííî ñïàäíà ôóíêö³ÿ â³ä çì³ííî¿ 0l , 

ÿêà ïåðåòíå ïðÿìó 6 (0)y = µ  ëèøå â îäí³é òî÷ö³. Îòæå, ³ñíóº ºäèíå çíà÷åí-

íÿ 0 0,  l h , ÿêå º ðîçâ’ÿçêîì ñèñòåìè (13).  
Ç ïðèïóùåíü òåîðåìè çà ïðèíöèïîì ìàêñèìóìó äëÿ ðîçâ’ÿçêó çàäà÷³ 

(7)–(9) ñïðàâäæóºòüñÿ îö³íêà  

 0 1 2 1 1 20 ( , , ) ,     ( , , ) TM v y y t M y y t Q< ≤ ≤ < ∞ ∈ , (14) 

äå 0 1,  M M  – â³äîì³ âåëè÷èíè, ÿê³ âèçíà÷àþòüñÿ ÷åðåç âèõ³äí³ äàí³.  
Ç óìîâ (10) òà (11) îòðèìàºìî  

 

1 1

6 1 2 2 1
0 0

1 1

5 2 1 2 2 1
0 0

( ) ( , , )

( ) ,      [0, ]

( ) ( , , )

t v y y t dy dy

h t t T

t y v y y t dy dy

µ

= ∈

µ

∫ ∫

∫ ∫
, (15) 

 

1 1
2
5 2 1 2 2 1

0 0
21 1

6 1 2 2 1
0 0

( ) ( , , )

( ) ,      [0, ]

( ) ( , , )

t y v y y t dy dy

l t t T

t v y y t dy dy

µ

= ∈
 

µ  
 

∫ ∫

∫ ∫
. (16) 

Òîä³, âðàõîâóþ÷è (14), ïðàâèëüí³ òàê³ îö³íêè:  
 1 2 1 20 ( ) ,          0 ( )H h t H L l t L< ≤ ≤ < ∞ < ≤ ≤ < ∞ . (17) 
Çàäà÷à (7)–(9) åêâ³âàëåíòíà ð³âíÿííþ  
 1 2 0 1 2( , , ) ( , , )v y y t v y y t= +  

 
1

1 1
1 2 1

11 1 2 1 2 1 2
0 0 0

( ( ), ( ), ) ( )
( , , , , , ) ( , , )

( )

t b l h l
G y y t v

l ξ

′ξ τ ξ τ τ + ξ τ+ ξ ξ τ ξ ξ τ + τ∫ ∫ ∫  

 
2

1 2 2
1 2

( ( ), ( ), ) ( )
( , , )

( )
c l h h

v
h ξ

′ξ τ ξ τ τ + ξ τ
+ ξ ξ τ +

τ
 

 1 2 1 2 1 2 1 2( ( ), ( ), ) ( , , ) ,     ( , , ) Td l h v d d d y y t Q+ ξ τ ξ τ τ ξ ξ τ ξ ξ τ ∈


, (18) 
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äå  

 
1 1

0 1 2 11 1 2 1 2 1 2 1 2
0 0

( , , ) ( , , , , , 0) ( (0), (0))v y y t G y y t l h d d= ξ ξ ϕ ξ ξ ξ ξ +∫ ∫  

 
1

1

11 1 2 2 1 2 22
0 0

( )
( , , ,0, , ) ( ( ), )

( )

t
a

G y y t h d d
l

ξ
τ+ ξ τ µ ξ τ τ ξ τ −
τ∫ ∫  

 
1

1

11 1 2 2 2 2 22
0 0

( )
( , , ,1, , ) ( ( ), )

( )

t
a

G y y t h d d
l

ξ
τ− ξ τ µ ξ τ τ ξ τ +
τ∫ ∫  

 
2

1

11 1 2 1 3 1 12
0 0

( )
( , , , , 0, ) ( ( ), )

( )

t
a

G y y t l d d
h

ξ
τ+ ξ τ µ ξ τ τ ξ τ −
τ∫ ∫  

 
2

1

11 1 2 1 4 1 12
0 0

( )
( , , , ,1, ) ( ( ), )

( )

t
a

G y y t l d d
h

ξ
τ− ξ τ µ ξ τ τ ξ τ +
τ∫ ∫  

 
1 1

11 1 2 1 2 1 2 1 2
0 0 0

( , , , , , ) ( ( ), ( ), )
t

G y y t f l h d d d+ ξ ξ τ ξ τ ξ τ τ ξ ξ τ∫ ∫ ∫ , (19) 

 1 2 1 2( , , , , , )kG y y t ξ ξ τ =  

 
2

1 1

1 1,1 1 2 2

( 2 )1 exp
4( ( ) ( ))4 ( ( ) ( ))( ( ) ( )) m n

y n
tt t

+∞

=−∞

− ξ +  = − +  θ − θ τ π θ − θ τ θ − θ τ
∑  

 
2 2

1 1 2 2

1 1 2 2

( 2 ) ( 2 )
( 1) exp exp

4( ( ) ( )) 4( ( ) ( ))
k y n y m

t t
+ ξ + − ξ +    + − − − +    θ − θ τ θ − θ τ    

 

 
2

2 2

2 2

( 2 )
( 1) exp ,      , 1, 2,

4( ( ) ( ))
y m

k
t

+ ξ +  + − − =  θ − θ τ  
   

 1 22 2
0 0

( ) ( )
( ) ,       ( )

( ) ( )

t t
a a

t d t d
l h

σ σθ = σ θ = σ
σ σ∫ ∫ . 

Çàçíà÷èìî, ùî 11 1 2 1 2( , , , , , )G y y t ξ ξ τ  – ôóíêö³ÿ ¥ð³íà ð³âíÿííÿ  

 
1 1 2 2

 1 2 1 22 2
1 1( ) ( ( ), ( ), ) ,  ( , , )
( ) ( )

t y y y y Tv a t v v f y l t y h t t y y t Q
l t h t

 = + + ∈ 
 

, (20) 

ç êðàéîâèìè óìîâàìè (9), à 0 1 2( , , )v y y t  º ðîçâ’ÿçêîì çàäà÷³ (20), (8), (9). Ç 
(18), âðàõîâóþ÷è âëàñòèâîñò³ ôóíêö³¿ ¥ð³íà  

 
1 1 2 2 1 111 212 2

( ) ( )
,     ,      1,2

( ) ( ) i iy
a a

G G G G G i
l h

τ ξ ξ ξ ξ ξ ξ ξ
τ τ− = + = − =
τ τ

, 

çíàéäåìî 
1 1 2( , , )yv y y t :  

 
1 11 2 0 1 2( , , ) ( , , )y yv y y t v y y t= +  

 
1 1

1 1
1 2 1

11 1 2 1 2 1 2
0 0 0

( ( ), ( ), ) ( )
( , , , , , ) ( , , )

( )

t

y

b l h l
G y y t v

l ξ

′ξ τ ξ τ τ + ξ τ+ ξ ξ τ ξ ξ τ + τ∫ ∫ ∫  

 
2

1 2 2
1 2

( ( ), ( ), ) ( )
( , , )

( )
c l h h

v
h ξ

′ξ τ ξ τ τ + ξ τ
+ ξ ξ τ +

τ
 

 1 2 1 2 1 2 1 2( ( ), ( ), ) ( , , ) ,   ( , , ) Td l h v d d d y y t Q+ ξ τ ξ τ τ ξ ξ τ ξ ξ τ ∈


, (21) 

äå  

 
1 1 0

1 1

0 1 2 0 21 1 2 1 2 2 0 1 2
0 0

( , , ) ( , , , , , 0) ( , )y l
v y y t l G y y t h d dη η=ξ

= ξ ξ ϕ η ξ ξ ξ −∫ ∫  

 
1

21 1 2 2 2 1 1
0 0

( , , ,0, , ) ( ) ( , ) ( ) ( , )
t

G y y t h aη ηη
′− ξ τ ξ τ µ η τ − τ µ η τ +∫ ∫ [  
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2

1

1 2 21 1 2 2 2 2( )
0 0

( , ) ( , , ,1, , ) ( ) ( , )
t

h
d d G y y t hτ ηη=ξ τ

′+ µ η τ ξ τ + ξ τ ξ τ µ η τ −∫ ∫] [  

 
2

2 2 2( )
( ) ( , ) ( , )

h
a d dηη τ η=ξ τ

− τ µ η τ + µ η τ ξ τ +]  

 
2 1

1

21 1 2 1 3 12 ( )
0 0

( )
( , , , , 0, ) ( ) ( , )

( )

t

l

a
G y y t l d d

h
ξ η η=ξ τ

τ+ ξ τ τ µ η τ ξ τ −
τ∫ ∫  

 
2 1

1

21 1 2 1 4 12 ( )
0 0

( )
( , , , ,1, ) ( ) ( , )

( )

t

l

a
G y y t l d d

h
ξ η η=ξ τ

τ− ξ τ τ µ η τ ξ τ +
τ∫ ∫  

 
1

1 1

11 1 2 1 2 1 2 1 2
0 0 0

( , , , , , ) ( ( ), ( ), )
t

yG y y t f l h d d d+ ξ ξ τ ξ τ ξ τ τ ξ ξ τ∫ ∫ ∫ . (22) 

Îö³íèìî â (22) ñóìó òàêèõ äîäàíê³â:  

 
1 0

1 1

0 21 1 2 1 2 2 0 1 2
0 0

( , , , , , 0) ( , )
l

l G y y t h d dη η=ξ
ξ ξ ϕ η ξ ξ ξ +∫ ∫  

 
2 1

1

21 1 2 1 3 12 ( )
0 0

( )
( , , , , 0, ) ( ) ( , )

( )

t

l

a
G y y t l d d

h
ξ η η=ξ τ

τ+ ξ τ τ µ η τ ξ τ −
τ∫ ∫  

 
2 1

1

21 1 2 1 4 12 ( )
0 0

( )
( , , , ,1, ) ( ) ( , )

( )

t

l

a
G y y t l d d

h
ξ η η=ξ τ

τ− ξ τ τ µ η τ ξ τ ≥
τ∫ ∫  

 
1

1 2 0 0

1 1

0 1 2 21 1 2 1 2 1 2
( , ) [0, ] [0, ]

0 0

min ( , ) ( , , , , , 0)x
x x l h

l x x G y y t d d
∈ ×

≥ ϕ ξ ξ ξ ξ +∫ ∫  

 
1 2

1 2

1

3 1 21 1 2 1 12( , ) [0, ] [0, ]
0 0

( )
min ( ) ( , ) ( , , , , 0, )

( )

t

x
x t L T

a
l t x t G y y t d d

h
ξ∈ ×

τ+ µ ξ τ ξ τ +
τ∫ ∫  

 
1 2

1 2

1

4 1 21 1 2 1 12( , ) [0, ] [0, ]
0 0

( )
min ( ) ( , ) ( , , , ,1, )

( )

t

x
x t L T

a
l t x t G y y t d d

h
ξ∈ ×

τ + µ − ξ τ ξ τ ≥ 
 τ∫ ∫  

 
1 1

1 2 0 0 1 2
1 2 3 1

( , ) [0, ] [0, ] ( , ) [0, ] [0, ]
min min ( , ),  min ( ) ( , )x x

x x l h x t L T
x x l t x t

∈ × ∈ ×

≥ ϕ µ


, 

 
1

1 2

1

4 1 1 2 2 2
( , ) [0, ] [0, ]

0

min ( ) ( , ) ( , , ,0)x
x t L T

l t x t G y t d
∈ ×

 µ ξ ξ +
 ∫  

 
2 21 2 1 22 2

0 0

( ) ( )
( , ,0, ) ( , ,1, )

( ) ( )

t t
a a

G y t d G y t d
h h

ξ ξ
τ τ + τ τ − τ τ

τ τ∫ ∫ , 

äå  

 
2

1
2 22 2

( 2 )1( , , , ) exp
4( ( ) ( ))2 ( ( ) ( )) m

y m
G y t

tt

+∞

=−∞

− ξ +  ξ τ = − −  θ − θ τ π θ − θ τ
∑  

 
2

2 2

( 2 )
exp

4( ( ) ( ))
y m

t
+ ξ +  − −  θ − θ τ  

 

– ôóíêö³ÿ ¥ð³íà ð³âíÿííÿ  

 
2
1( ) ,       0 1,      0
( )

t yyv a t v y t T
h t

= < < < < , (23) 

ç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó.  
Ðîçãëÿíóâøè äîïîì³æíó çàäà÷ó äëÿ ð³âíÿííÿ (23) ç óìîâàìè ( ,0) 1v y = , 

[0,1]y ∈ , (0, ) 1v t = , (1, ) 1v t = , [0, ]t T∈ , ëåãêî ïåðåêîíàòèñÿ, ùî  

 
2 2

1

1 2 2 2 1 2 1 22 2
0 0 0

( ) ( )
( , , ,0) ( , ,0, ) ( , ,1, ) 1

( ) ( )

t t
a a

G y t d G y t d G y t d
h h

ξ ξ
τ τξ ξ + τ τ − τ τ ≡
τ τ∫ ∫ ∫ . 
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Îòæå,  

 
1 0

1 1

0 21 1 2 1 2 2 0 1 2
0 0

( , , , , , 0) ( , )
l

l G y y t h d dη η=ξ
ξ ξ ϕ η ξ ξ ξ +∫ ∫  

 
2 1

1

21 1 2 1 3 12 ( )
0 0

( )
( , , , , 0, ) ( ) ( , )

( )

t

l

a
G y y t l d d

h
ξ η η=ξ τ

τ+ ξ τ τ µ η τ ξ τ −
τ∫ ∫  

 
2 1

1

21 1 2 1 4 1 22 ( )
0 0

( )
( , , , ,1, ) ( ) ( , ) 0

( )

t

l

a
G y y t l d d M

h
ξ η η=ξ τ

τ− ξ τ τ µ η τ ξ τ ≥ >
τ∫ ∫ . 

Ðåøòà äîäàíê³â ó (21), (22) ïðè 0t =  äîð³âíþþòü íóëåâ³. Òîìó ³ñíóº äåÿêå 
÷èñëî 1 1: 0t t T< ≤ , ïðè ÿêîìó âèêîíóºòüñÿ îö³íêà  

 
1 11 2 2 1 2

1( , , ) , ( , , )
2y tv y y t M y y t Q≥ ∈ . (24) 

Ç (12), âðàõîâóþ÷è óìîâè òåîðåìè òà îö³íêè (17), (24), îòðèìàºìî îö³íêó 
çâåðõó äëÿ ( )a t :  

 1 10 ( ) ,           [0, ]a t A t t< ≤ ∈ . (25) 

Ïðîäèôåðåíö³þºìî (10) òà (11) çà t . Âèêîðèñòîâóþ÷è ð³âíÿííÿ (7), ð³âíîñò³ 
(10) òà (11), îòðèìàºìî  

 
1 1

2 2
2 2 2 4 1 1

0 0

( ) ( ) ( ) ( ( ), ) ( ) ( ) ( ) ( ( ), )l t l t h t y h t t dy h t h t l t y l t t dy′ ′µ + µ =∫ ∫  

 
1 1

1
2

5 2 2 2
0

( ) ( ) ( ) ( ) ( ) (1, , ) (0, , )y yt l t h t a t h t v y t v y t dy′= µ − − −∫ [ ]  

 
2 2

1
2

1 1 1
0

( ) ( ) ( ,1, ) ( , 0, )y ya t l t v y t v y t dy− − −∫ [ ]  

 
1

2
2 2 2 2 1 2 2

0

( ) ( ) ( ( ), ( ), ) ( ( ), ) (0, ( ), ) ( ( ), )l t h t b l t y h t t y h t t b y h t t y h t t dy− µ − µ −∫ [ ]  

 
1

2
1 4 1 1 3 1 1

0

( ) ( ) ( ( ), ( ), ) ( ( ), ) ( ( ),0, ) ( ( ), )h t l t c y l t h t t y l t t c y l t t y l t t dy− µ − µ +∫ [ ]  

 
1 2

1 1
2 2

2 1( ) ( )
0 0

( ) ( ) ( , ( ), ) ( ( ), , )
y l t y h t

l t h t b y h t t c y l t tη ηη= η=
+ η + η −
∫ ∫  

 1 2 1 2 1 2( ( ), ( ), ) ( , , )d y l t y h t t v y y t dy dy− −


 

 
1 1

2 2
1 2 1 2

0 0

( ) ( ) ( ( ), ( ), )l t h t f y l t y h t t dy dy− ∫ ∫ , (26) 

 
1

2
2 2 2 2 5 6

0

( ) ( ) ( ) (1 ) ( ( ), ) ( ) ( ) ( ) ( ) ( )l t l t h t y y h t t dy t l t h t t l t′ ′ ′− µ = µ − µ −∫  

 
1 1

1
2

2 2 2 2
0

( ) ( ) (1 ) (1, , ) (0, , )y ya t h t y v y t v y t dy− − − +∫ [ ]  

 
2

1
2

1 4 1 3 1 1
0

( ) ( ) ( ,0, ) ( ( ), ) ( ( ), )ya t l t v y t y l t t y l t t dy+ − µ + µ +∫ [ ]  

 
1

2
1 3 1 1

0

( ) ( ) ( ( ),0, ) ( ( ), )h t l t c y l t t y l t t dy+ µ +∫  

 
1 1

2
1 2 1 2 1 2

0 0

( ) ( ) ( ( ), ( ), ) ( , , )h t l t c y l t y h t t v y y t dy dy+ −∫ ∫  
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1

2
2 2 2 2

0

( ) ( ) (1 ) ( ( ), ( ), ) ( ( ), )l t h t y b l t y h t t y h t t− − µ −∫ [  

 2 1 2 2(0, ( ), ) ( ( ), )b y h t t y h t t dy− µ +]  

 
1 2

1 1
2 2

2 2 1( ) ( )
0 0

( ) ( ) (1 ) ( , ( ), ) ( ( ), , )
y l t y h t

l t h t y b y h t t c y l t tη ηη= η=
+ − η + η −
∫ ∫  

 1 2 1 2 1 2( ( ), ( ), ) ( , , )d y l t y h t t v y y t dy dy− −


 

 
1 1

2 2
2 1 2 1 2

0 0

( ) ( ) (1 ) ( ( ), ( ), )l t h t y f y l t y h t t dy dy− −∫ ∫ . (27) 

Îòæå, çàäà÷ó (7)–(12) çâåäåíî äî ñèñòåìè ð³âíÿíü (15), (16), äå 1[0, ]t t∈ , òà  

 7
11

1 0

( ) ( )
( ) ,       [0, ]

0, ( ),

t l t
a t t t

w x h t t−

µ
= ∈

( )
, (28) 

 
1 1

2 2
2 2 2 4 1 1

0 0

( ) ( ) ( ) ( ( ), ) ( ) ( ) ( ) ( ( ), )p t l t h t y h t t dy g t h t l t y l t t dyµ + µ =∫ ∫  

 
1

2
5 1 2 1 2 2

0

( ) ( ) ( ) ( ) ( ) (1, , ) (0, , )t l t h t a t h t w y t w y t dy′= µ − − −∫ [ ]  

 
1

2
2 1 2 1 1

0

( ) ( ) ( ,1, ) ( , 0, )a t l t w y t w y t dy− − −∫ [ ]  

 
1

2
2 2 2

0

( ) ( ) ( ( ), ( ), ) ( ( ), )l t h t b l t y h t t y h t t− µ −∫ [  

 
1

2
2 1 2 2 1 4 1

0

(0, ( ), ) ( ( ), ) ( ) ( ) ( ( ), ( ), ) ( ( ), )b y h t t y h t t dy h t l t c y l t h t t y l t t− µ − µ −∫] [  

 
1

1 1
2 2

1 3 1 1 2 ( )
0 0

( ( ), 0, ) ( ( ), ) ( ) ( ) ( , ( ), )
y l t

c y l t t y l t t dy l t h t b y h t tη η=
− µ + η +
∫ ∫]  

 
2

1 1 2 1 2 1 2( )
( ( ), , ) ( ( ), ( ), ) ( , , )

y h t
c y l t t d y l t y h t t v y y t dy dyη η=

+ η − −


 

 
1 1

2 2
1 2 1 2 1

0 0

( ) ( ) ( ( ), ( ), ) ,       [0, ]l t h t f y l t y h t t dy dy t t− ∈∫ ∫ , (29) 

 
1

2
2 2 2 2 5 6

0

( ) ( ) ( ) (1 ) ( ( ), ) ( ) ( ) ( ) ( ) ( )p t l t h t y y h t t dy t l t h t t l t′ ′− µ = µ − µ −∫  

 
1

2
2 1 2 1 2 2

0

( ) ( ) (1 ) (1, , ) (0, , )a t h t y w y t w y t dy− − − +∫ [ ]  

 
1

2
2 1 4 1 3 1 1

0

( ) ( ) ( ,0, ) ( ( ), ) ( ( ), )a t l t w y t y l t t y l t t dy+ − µ + µ +∫ [ ]  

 
1

2
1 3 1 1

0

( ) ( ) ( ( ),0, ) ( ( ), )h t l t c y l t t y l t t dy+ µ +∫  

 
1 1

2
1 2 1 2 1 2

0 0

( ) ( ) ( ( ), ( ), ) ( , , )h t l t c y l t y h t t v y y t dy dy+ −∫ ∫  

 
1

2
2 2 2 2

0

( ) ( ) (1 ) ( ( ), ( ), ) ( ( ), )l t h t y b l t y h t t y h t t− − µ −∫ [  
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 2 1 2 2(0, ( ), ) ( ( ), )b y h t t y h t t dy− µ +]  

 
1 2

1 1
2 2

2 2 1( ) ( )
0 0

( ) ( ) (1 ) ( , ( ), ) ( ( ), , )
y l t y h t

l t h t y b y h t t c y l t tη ηη= η=
+ − η + η −
∫ ∫  

 1 2 1 2 1 2( ( ), ( ), ) ( , , )d y l t y h t t v y y t dy dy− −


 

 
1 1

2 2
2 1 2 1 2 1

0 0

( ) ( ) (1 ) ( ( ), ( ), ) ,    [0, ]l t h t y f y l t y h t t dy dy t t− − ∈∫ ∫ , (30) 

 1 2 0 1 2( , , ) ( , , )v y y t v y y t= +  

 
1 1

1 2 1
11 1 2 1 2 1 1 2

0 0 0

( ( ), ( ), ) ( )
( , , , , , ) ( , , )

( )

t b l h p
G y y t w

l
ξ τ ξ τ τ + ξ τ+ ξ ξ τ ξ ξ τ + τ∫ ∫ ∫  

 1 2 2
2 1 2

( ( ), ( ), ) ( )
( , , )

( )
c l h g

w
h

ξ τ ξ τ τ + ξ τ
+ ξ ξ τ +

τ
 

 
11 2 1 2 1 2 1 2( ( ), ( ), ) ( , , ) ,   ( , , ) td l h v d d d y y t Q+ ξ τ ξ τ τ ξ ξ τ ξ ξ τ ∈


, (31) 

 1 2 0 1 2( , , ) ( , , )
ii yw y y t v y y t= +  

 
1 1

1 2 1
11 1 2 1 2 1 1 2

0 0 0

( ( ), ( ), ) ( )
( , , , , , ) ( , , )

( )i

t

y

b l h p
G y y t w

l
ξ τ ξ τ τ + ξ τ+ ξ ξ τ ξ ξ τ + τ∫ ∫ ∫  

 1 2 2
2 1 2

( ( ), ( ), ) ( )
( , , )

( )
c l h g

w
h

ξ τ ξ τ τ + ξ τ
+ ξ ξ τ +

τ
 

 1 2 1 2 1 2( ( ), ( ), ) ( , , ) ,       1,2d l h v d d d i+ ξ τ ξ τ τ ξ ξ τ ξ ξ τ =


, 

 
11 2( , , ) ty y t Q∈ , (32) 

äå ( ) ( )p t l t′≡ ; ( ) ( )g t h t′≡ ; 1 2 1 2( , , ) ( , , ),  1,2
ii yw y y t v y y t i≡ = ; 

10yv  çàäàíî ôîð-

ìóëîþ (22), à 
20yv  ìàº âèãëÿä 

 
2 2 0

1 1

0 1 2 0 12 1 2 1 2 1 0 1 2
0 0

( , , ) ( , , , , , 0) ( , )y h
v y y t h G y y t l d dη η=ξ

= ξ ξ ϕ ξ η ξ ξ −∫ ∫  

 
1

12 1 2 1 1 3
0 0

( , , , , 0, ) ( ) ( , )
t

G y y t l η
′− ξ τ ξ τ µ η τ −∫ ∫ [  

 
1

3 3 1( )
( ) ( , ) ( , )

l
a d dηη τ η=ξ τ

− τ µ η τ + µ η τ ξ τ +]  

 
1

12 1 2 1 1 4
0 0

( , , , ,1, ) ( ) ( , )
t

G y y t l η
′+ ξ τ ξ τ µ η τ −∫ ∫ [  

 
1

4 4 1( )
( ) ( , ) ( , )

l
a d dηη τ η=ξ τ

− τ µ η τ + µ η τ ξ τ +]  

 
1 2

1

12 1 2 2 1 22 ( )
0 0

( )
( , , ,0, , ) ( ) ( , )

( )

t

h

a
G y y t h d d

l
ξ η η=ξ τ

τ+ ξ τ τ µ η τ ξ τ −
τ∫ ∫  

 
1 2

1

12 1 2 2 2 22 ( )
0 0

( )
( , , ,1, , ) ( ) ( , )

( )

t

h

a
G y y t h d d

l
ξ η η=ξ τ

τ− ξ τ τ µ η τ ξ τ +
τ∫ ∫  

 
2

1 1

11 1 2 1 2 1 2 1 2
0 0 0

( , , , , , ) ( ( ), ( ), )
t

yG y y t f l h d d d+ ξ ξ τ ξ τ ξ τ τ ξ ξ τ∫ ∫ ∫ . (33) 
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Îòæå, ÿêùî ôóíêö³¿ 
1

1 2 2,1
1 1( , , , ) [0, ] ( [0, ]) ( )ta l h v C t C t C Q∈ × × , ( ) 0a t > , 

( ) 0l t > , 1( ) 0,  [0, ]h t t t> ∈ , º ðîçâ’ÿçêîì çàäà÷³ (7)–(12), òî ôóíêö³¿ ( , , ,a l h p , 

1

5 3
1, , ,  1,2) [0, ]) ( ( )i tg v w i C t C Q= ∈ ×( ) , ( ) 0a t > , ( ) 0l t > , ( ) 0h t > , º ðîçâ’ÿç-

êîì ñèñòåìè (15), (16), (28)–(32). Ïîêàæåìî, ùî ñïðàâäæóºòüñÿ é îáåðíåíå 
òâåðäæåííÿ, òîáòî, ÿêùî ôóíêö³¿ ( , , , , , , ,  1,2)ia l h p g v w i = , ( ) 0a t > , ( )l t >  

0> , ( ) 0h t > , ç êëàñó 
1

5 3
1[0, ]) ( ( )tC t C Q×( )  º ðîçâ’ÿçêîì ñèñòåìè (15), (16), 

(28)–(32), òî ôóíêö³¿ ( , , , )a l h v , ( ) 0a t > , ( ) 0l t > , ( ) 0h t > , íàëåæàòü äî êëà-

ñó 
1

1 2 2,1
1 1[0, ] ( [0, ]) ( )tC t C t C Q× ×  ³ º ðîçâ’ÿçêîì çàäà÷³ (7)–(12). Îñê³ëüêè 

ôóíêö³ÿ 0 1 2( , , )v y y t  º ðîçâ’ÿçêîì çàäà÷³ (20), (8), (9), òî ç óìîâ òåîðåìè âè-

ïëèâàº, ùî 
1

2,1
0 ( )tv C Q∈ . Ïðîäèôåðåíö³þâàâøè (31) çà ³y , 1, 2i = , îòðèìàº-

ìî, ùî 
iy iv w≡ , 1, 2i = . Ç ð³âíîñò³ (31) âèïëèâàº, ùî 

1

2,1( )tv C Q∈  º ðîç-

â’ÿçêîì ð³âíÿííÿ  

 
1 1 2 2 1

1 2 1
2 2

( ( ), ( ), ) ( )1 1( )
( )( ) ( )

t y y y y y

b y l t y h t t y p t
v a t v v v

l tl t h t

+ = + + + 
 

 

 
2

1 2 2( ( ), ( ), ) ( )
( ) y

c y l t y h t t y g t
v

h t
+

+ +  

 1 2 1 2( ( ), ( ), ) ( ( ), ( ), )d y l t y h t t v f y l t y h t t+ +  (34) 

³ çàäîâîëüíÿº óìîâè (8), (9). Âèêîíàííÿ óìîâ (10), (11) âèïëèâàº ç (15) ³ (16). 
Ïðîäèôåðåíö³þºìî (15), (16) ³ âðàõóºìî, ùî 1 2( , , )v y y t  º ðîçâ’ÿçêîì ð³âíÿí-
íÿ (34). Ïðîâ³âøè ñïðîùåííÿ, îòðèìàºìî  

 
1

2
2 2 2 2 5 6

0

( ) ( ) ( ) (1 ) ( ( ), ) ( ) ( ) ( ) ( ) ( )p t l t h t y y h t t dy t l t h t t l t′ ′− µ = µ − µ −∫  

 
1

2
2 1 2 1 2 2

0

( ) ( ) (1 ) (1, , ) (0, , )a t h t y w y t w y t dy− − − +∫ [ ]  

 
1

2
2 1 4 1 3 1 1

0

( ) ( ) ( ,0, ) ( ( ), ) ( ( ), )a t l t w y t y l t t y l t t dy+ − µ + µ +∫ [ ]  

 
1

2
1 3 1 1

0

( ) ( ) ( ( ),0, ) ( ( ), )h t l t c y l t t y l t t dy+ µ +∫  

 
1 1

2
1 2 1 2 1 2

0 0

( ) ( ) ( ( ), ( ), ) ( , , )h t l t c y l t y h t t v y y t dy dy+ −∫ ∫  

 
1

2
2 2 2 2

0

( ) ( ) (1 ) ( ( ), ( ), ) ( ( ), )l t h t y b l t y h t t y h t t− − µ −∫ [  

 2 1 2 2(0, ( ), ) ( ( ), )b y h t t y h t t dy− µ +]  

 
1

1 1
2 2

2 2 ( )
0 0

( ) ( ) (1 ) ( , ( ), )
y l t

l t h t y b y h t tη η=
+ − η +
∫ ∫  

 
2

1 1 2 1 2 1 2( )
( ( ), , ) ( ( ), ( ), ) ( , , )

y h t
c y l t t d y l t y h t t v y y t dy dyη η=

+ η − −


 

 
1 1

2 2
2 1 2 1 2

0 0

( ) ( ) (1 ) ( ( ), ( ), )l t h t y f y l t y h t t dy dy− − +∫ ∫  

 5( ) ( ) ( ) ( ) ( ) ( ) ( )g t h t l t p t l t h t t′ ′+ − + − µ −[ ]( ) ( )  

 6
2 ( )

( ) ( ) ( ) ( ) ( )
( )
l t

g t h t p t l t t
h t

 ′ ′− − + − µ 
 
( ) ( ) , 
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1 1

2 2
2 2 2 4 1 1

0 0

( ) ( ) ( ) ( ( ), ) ( ) ( ) ( ) ( ( ), )p t l t h t y h t t dy g t h t l t y l t t dyµ + µ =∫ ∫  

 
1

2
5 1 2 1 2 2

0

( ) ( ) ( ) ( ) ( ) (1, , ) (0, , )t l t h t a t h t w y t w y t dy′= µ − − −∫ [ ]  

 
1

2
2 1 2 1 1

0

( ) ( ) ( ,1, ) ( , 0, )a t l t w y t w y t dy− − −∫ [ ]  

 
1

2
2 2 2

0

( ) ( ) ( ( ), ( ), ) ( ( ), )l t h t b l t y h t t y h t t− µ −∫ [  

 2 1 2 2(0, ( ), ) ( ( ), )b y h t t y h t t dy− µ −]  

 
1

2
1 4 1

0

( ) ( ) ( ( ), ( ), ) ( ( ), )h t l t c y l t h t t y l t t− µ −∫ [  

 1 3 1 1( ( ), 0, ) ( ( ), )c y l t t y l t t dy− µ +]  

 
1 2

1 1
2 2

2 1( ) ( )
0 0

( ) ( ) ( , ( ), ) ( ( ), , )
y l t y h t

l t h t b y h t t c y l t tη ηη= η=
+ η + η −
∫ ∫  

 1 2 1 2 1 2( ( ), ( ), ) ( , , )d y l t y h t t v y y t dy dy− −


 

 
1 1

2 2
1 2 1 2 5

0 0

( ) ( ) ( ( ), ( ), ) ( ) ( ) ( ) ( )l t h t f y l t y h t t dy dy p t l t h t t′− + − µ +∫ ∫ ( )  

 5( ) ( ) ( ) ( ) .g t h t l t t′+ − µ( )  

Â³äíÿâøè â³ä öèõ ð³âíîñòåé (29), (30), îòðèìàºìî îäíîð³äíó ñèñòåìó ð³â-
íÿíü:  

 5 6 5 6
2 ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
( )
l t

g t h t l t t t p t l t h t t t
h t

 ′ ′− µ − µ + − µ − µ = 
 

( ) ( )( ) , 

 5 5( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0g t h t l t t p t l t h t t′ ′− µ + − µ =( ) ( ) . 

Âèçíà÷íèê ö³º¿ ñèñòåìè 5 6( ) ( ) ( ) 0l t t t∆ = µ µ ≠ . Îòæå, ( ) ( )p t l t′≡ , ( ) ( )g t h t′≡ . 
Ç ð³âíîñò³ (28) âèïëèâàº âèêîíàííÿ óìîâè (12). Åêâ³âàëåíòí³ñòü çàäà÷³ (7)–
(12) ³ ñèñòåìè ð³âíÿíü (15), (16), (28)–(32) âñòàíîâëåíî.  

Çàñòîñîâóþ÷è òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó ö³ëêîì íåïåðåðâ-
íîãî îïåðàòîðà, äîâåäåìî ³ñíóâàííÿ ðîçâ’ÿçêó ñèñòåìè ð³âíÿíü (15), (16), 
(28)–(32). Âñòàíîâèìî îö³íêè íåâ³äîìèõ 1 2( , , ),  1, 2iw y y t i = , ( )a t , ( )p t , ( )g t . 
Ââåäåìî ïîçíà÷åííÿ  

 1 1 2 2 1 2
0 1, 1,2 0 1, 1,2

( ) max ( , , ) max ( , , )
i iy i y i

W t w y y t w y y t
≤ ≤ = ≤ ≤ =

≡ + .  

Ç (32) îòðèìàºìî  

 1 2
1 1 2 20

1 1( )
( ) ( ) ( ) ( )

t

W t C C d
t t

 ≤ + + τ + 
 θ − θ τ θ − θ τ∫  

 3
1 1 2 20

1 1 1 ( ) ( ) ( )
( ) ( ) ( ) ( )

t

C p g W d
t t

 + + + τ + τ τ τ 
 θ − θ τ θ − θ τ∫ ( ) . (35) 

Ç (29) òà (30) âèïëèâàº  

 4 5( ) ( ) ( )p t C C a t W t≤ + , (36) 

 6 7( ) ( ) ( )g t C C a t W t≤ + . (37) 
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Îòæå, ââ³âøè ïîçíà÷åííÿ ( ) 1 ( )W t W t∗ ≡ +  òà âðàõóâàâøè íåð³âíîñò³ (36), 

(37), îö³íêè (17) äëÿ ( )l t , ( )h t , íåð³âí³ñòü (35) çàïèøåìî ó âèãëÿä³  

 
2

8 9
0

( ) ( )
( )

( ) ( )

t a W d
W t C C

t
∗

∗
τ τ τ

≤ +
θ − θ τ∫ , 

äå 
0

( ) ( )
t

t a dθ = σ σ∫ . Ì³ðêóâàííÿìè, àíàëîã³÷íèìè äî íàâåäåíèõ â [1] ïðè äî-

âåäåíí³ òåîðåìè ³ñíóâàííÿ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ â îáëàñò³ ç â³ëüíîþ 
ìåæåþ äëÿ îäíîâèì³ðíîãî ð³âíÿííÿ ïàðàáîë³÷íîãî òèïó, îòðèìàºìî ïðè 
âóæ÷îìó ïðîì³æêó ÷àñó 2[0, ]t  íàñòóïíó îö³íêó:  

 
21 2 3 1 2( , , ) ( ) ,     1,2,     ( , , )i tw y y t W t M i y y t Q∗≤ ≤ < ∞ = ∈ . (38) 

Òîä³ ç (28) ñïðàâäæóºòüñÿ îö³íêà äëÿ ( )a t  çíèçó, à ç (36), (37) ìàºìî îö³íêè 
äëÿ ( )p t  òà ( )g t :  

 2 1 2 2( ) 0,      ( ) ,      ( ) ,       [0, ]a t A p t P g t P t t≥ > ≤ ≤ ∈ . (39) 

Ñèñòåìó ð³âíÿíü (15), (16), (28)–(32) ïîäàìî ó âèãëÿä³ ð³âíÿííÿ Fν = ν , 

äå 1 2 1 2( ), ( ), ( ), ( ), ( ), ( , , ), ( , , ),  1,2ia t l t h t p t g t v y y t w y y t iν = =( ) , à îïåðàòîð F  
âèçíà÷àºòüñÿ ð³âíÿííÿìè (15), (16), (28)–(32). Îçíà÷èìî ìíîæèíó  

1 2 1 2( ), ( ), ( ), ( ), ( ), ( , , ), ( , , ),  1,2ia t l t h t p t g t v y y t w y y t i≡ = ∈N ( ){  

0

5 3
0 2 1 1 2( [0, ]) ( ( )) :  ( ) ,  ( )tC t C Q A a t A L l t L∈ × ≤ ≤ ≤ ≤ ,  

1 2 1 2 0 1 2 1( ) ,  ( ) ,  ( ) ,  ( , , )H h t H p t P g t P M v y y t M≤ ≤ ≤ ≤ ≤ ≤ ,  

2 1 1 2 3 2 1 2 3
1 ( , , ) ,  ( , , )
2

M w y y t M w y y t M≤ ≤ ≤ } ,  

äå 0 1 2min ,t t t= { } . Ç îö³íîê (14), (17), (25), (38), (39) âèïëèâàº, ùî îïåðàòîð 

F  â³äîáðàæàº ìíîæèíó N  â ñåáå. Òå, ùî îïåðàòîð F  º ö³ëêîì íåïåðåðâ-
íèì, äîâåäåíî â [4]. Çà òåîðåìîþ Øàóäåðà ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (15), 
(16), (28)–(32) ³ñíóº, à îòæå, ³ñíóº ³ ðîçâ’ÿçîê çàäà÷³ (7)–(12). ◊ 

Òåîðåìà ºäèíîñò³. Íåõàé âèêîíóþòüñÿ óìîâè:  

(i) 
2

1,0 ([0, ) [0, ) [0, ]),    ([0, ) [0, ]),  1,2itxf C T C T i∈ +∞ × +∞ × µ ∈ +∞ × = , 

 
1

([0, ) [0, ]),  3, 4ktx C T kµ ∈ +∞ × = ;  

(ii) 0 1 2 1 1 20 ( , ) ,  ( , ) [0, ) [0, )x x x x< ϕ ≤ ϕ ≤ ϕ < ∞ ∈ +∞ × +∞ , 

 ( ) 0,    [0, ],  5,6i t t T iµ > ∈ = ,  

1 1 1( , ) 0,       ( , ) [0, ) [0, ],   3, 4kx x t x t T kµ > ∈ +∞ × = ,  

 
1 1 2 1 2( , ) 0,      ( , ) [0, ) [0, )x x x x xϕ > ∈ +∞ × +∞ , 

2 2 2( , ) 0,         ( , ) [0, ) [0, ]x t x t Tµ ≠ ∈ +∞ × , 

 4 1 1( , ) 0,         ( , ) [0, ) [0, ]x t x t Tµ ≠ ∈ +∞ × .  

Òîä³ ðîçâ’ÿçîê çàäà÷³ (7)–(12) ºäèíèé.  

Ä î â å ä å í í ÿ  ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (7)–(12) ïðîâîäèìî çà ñõå-
ìîþ äîâåäåííÿ òåîðåìè ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ â îáëàñò³ ç 
â³ëüíîþ ìåæåþ äëÿ îäíîâèì³ðíîãî ð³âíÿííÿ ïàðàáîë³÷íîãî òèïó [1]. Ïðè-
ïóñêàºìî, ùî ³ñíóº äâà ðîçâ’ÿçêè çàäà÷³. Òîä³ çàïèñóºìî çàäà÷ó â³äíîñíî 
ð³çíèöü öèõ ðîçâ’ÿçê³â, ÿêó çâîäèìî äî ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü Âîëü-
òåðà äðóãîãî ðîäó. Âíàñë³äîê ºäèíîñò³ ðîçâ’ÿçêó òàêèõ ñèñòåì îäåðæóºìî 
ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (7)–(12). ◊ 



28 

 
 1. Áàðàíñüêà ². ª. Îáåðíåíà çàäà÷à äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ â îáëàñò³ ç â³ëüíîþ 

ìåæåþ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2005. – 48, ¹ 2. – Ñ. 32–42. 
 2. ²âàí÷îâ Ì. ². Îáåðíåíà çàäà÷à ç â³ëüíîþ ìåæåþ äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³ 

// Óêð. ìàò. æóðí. – 2003. – 55, ¹ 7. – Ñ. 901–910.  
 3. Ôðèäìàí À. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïàðàáîëè÷åñêîãî òèïà. – 

Ìîñêâà: Ìèð, 1968. – 428 ñ. 
 4. Ivanchov M. Inverse problems for equations of parabolic type / Math. Studies: Mo-

nograph Ser. – Lviv: VNTL Publ., 2003. – Vol. 10. – 238 p. 
 
ОБРАТНАЯ ЗАДАЧА В ОБЛАСТИ СО СВОБОДНОЙ ГРАНИЦЕЙ 
ДЛЯ ДВУХМЕРНОГО ПАРАБОЛИЧЕСКОГО УРАВНЕНИЯ  
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è îïðåäåëåíèÿ íåèçâåñòíîãî ñòàðøåãî êîýôôèöèåíòà, çàâèñÿùåãî îò âðåìåíè, â 
äâóõìåðíîì ïàðàáîëè÷åñêîì óðàâíåíèè â îáëàñòè ñî ñâîáîäíîé ãðàíèöåé.  
 
INVERSE PROBLEM IN DOMAIN WITH FREE BOUNDARY FOR  
TWO-DIMENSIONAL PARABOLIC-TYPE EQUATION  
 
We establish the conditions for existence and uniqueness of solution to the inverse 
problem for the two-dimensional parabolic-type equation with unknown time-dependent 
leading coefficient in a domain with free boundary.  
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