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ЗМІШАНА ЗАДАЧА ДЛЯ АНІЗОТРОПНОГО РІВНЯННЯ 
ТРЕТЬОГО ПОРЯДКУ 
 

Äîâåäåíî ³ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó (â ñåíñ³ ðîçïîä³ë³â) çì³øàíî¿ çàäà÷³ 
äëÿ àí³çîòðîïíîãî ã³ïåðáîë³÷íîãî ð³âíÿííÿ òðåòüîãî ïîðÿäêó. Ð³âíÿííÿ ì³ñ-
òèòü íåë³í³éíîñò³ ñòåïåíåâîãî âèãëÿäó, ñòåïåíåì ÿêèõ º ôóíêö³ÿ. 

 
1. Âñòóï. Ïî÷èíàþ÷è ç ê³íöÿ ìèíóëîãî ñòîë³òòÿ, áàãàòî äîñë³äíèê³â ðîç-

ïî÷àëè âèâ÷åííÿ ð³âíÿíü, ÿê³ âèíèêàþòü ïðè îïèñ³ ïîøèðåííÿ õâèëü ó 
â’ÿçêîïðóæíîìó ìàòåð³àë³. Òàê³ ÿâèùà ìîæíà ìîäåëþâàòè çà äîïîìîãîþ çà-
äà÷ äëÿ íåë³í³éíèõ ã³ïåðáîë³÷íèõ ð³âíÿíü òðåòüîãî ïîðÿäêó (äèâ., íàïðè-
êëàä, [5, 8, 9, 17]).  

Ó ö³é ïðàö³ âèâ÷åíî çì³øàíó çàäà÷ó äëÿ ã³ïåðáîë³÷íîãî ð³âíÿííÿ òðå-
òüîãî ïîðÿäêó ç íåë³í³éíîñòÿìè ñòåïåíåâîãî âèãëÿäó, ÿê³ ìàþòü àí³çîòðîï-
íèé õàðàêòåð òà ì³ñòÿòü ôóíêö³¿ ó ïîêàçíèêàõ íåë³í³éíîñò³. Äîñë³äæåíî 
³ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó (â ñåíñ³ ðîçïîä³ë³â) ö³º¿ çàäà÷³ â óçàãàëüíå-
íèõ ïðîñòîðàõ Ñîáîëºâà òà Ëåáå´à. Çàóâàæèìî, ùî ö³ ïðîñòîðè âïåðøå ââ³â 
ó 1931 ðîö³ Â. Îðë³÷ [16], à äåÿê³ ¿õ âëàñòèâîñò³ âèâ÷åíî â [15]. Çàäà÷³ äëÿ 
ð³âíÿíü ç ïåðøîþ àáî äðóãîþ ïîõ³äíîþ çà ÷àñîâîþ çì³ííîþ â óçàãàëüíåíèõ 
ïðîñòîðàõ Ëåáå´à âèâ÷àëè â [1, 3, 6, 10, 11, 14, 15]. Ðîçâ’ÿçí³ñòü çì³øàíèõ 
çàäà÷ äëÿ àí³çîòðîïíèõ ïàðàáîë³÷íèõ ³ ã³ïåðáîë³÷íèõ ð³âíÿíü òà äåÿê³ ¿õ 
âëàñòèâîñò³ äîâåäåíî â [10–13], ïðè÷îìó â [11] ð³âíÿííÿ ì³ñòÿòü ñòåïåíåâ³ 
íåë³í³éíîñò³ ç³ çì³ííèìè ïîêàçíèêàìè. 

Ìåòîþ ðîáîòè º äîñë³äæåííÿ ðîçâ’ÿçíîñò³ â óçàãàëüíåíèõ ïðîñòîðàõ 
Ñîáîëºâà çì³øàíî¿ çàäà÷³ äëÿ àí³çîòðîïíîãî ã³ïåðáîë³÷íîãî ð³âíÿííÿ. 

2. Ôîðìóëþâàííÿ çàäà÷³. Håõàé nΩ ⊂   – îáìåæåíà îáëàñòü ç ìåæåþ 
Γ , ÿêà º ðåãóëÿðíîþ â ñåíñ³ Êàëüäåðîíà [2, ñ. 45]. Ïîçíà÷èìî ÷åðåç τ  ÷èñëî 
ç ïðîì³æêó (0, ]T ; (0, )Qτ = Ω × τ ; (0, )Sτ = Γ × τ ; ( , ) : ,  x t x tτΩ = ∈ Ω = τ{ } ; 

, ( , )sQ sτ = Ω × τ ; [0, )s T∈ , s < τ ; 0 0tΩ = Ω × ={ } . 

Ðîçãëÿíåìî â îáëàñò³ TQ  çàäà÷ó 

 ( ) 2

1 , 1 1

( , ) ( , ) ( , )i
i i i j i

i

n n n
p x

tt i x x ij x t x i x
xi i j i

u a x t u u d x t u b x t u−

= = =

 − − + + 
 ∑ ∑ ∑( )  

 ( ) 2
0 ( , ) ( , ) ( , ) ( , )q x

tb x t u c x t u g x t u u f x t−+ + + = ,  (1) 

 0 1( ,0) ( ), ( ,0) ( ),tu x u x u x u x x= = ∈ Ω , (2) 

 0
TSu = .  (3) 

Ïðèïóñêàòèìåìî, ùî äëÿ êîåô³ö³ºíò³â ð³âíÿííÿ (1) âèêîíóþòüñÿ óìîâè: 

(A) , ( )i it Ta a L Q∞∈ , 1 ( , )ia x tα ≤  ìàéæå äëÿ âñ³õ ( , ) ,Tx t Q∈  1, ,i n=  , 

1α  – äîäàòíà ñòàëà; 

(B) ( )i Tb L Q∞∈ ,  0,1, ,i n=  ; 

(C) ( )i Tc L Q∞∈ ;  

(D) , ( ),ij ijt Td d L Q∞∈  ( , ) ( , ),ij jid x t d x t=  2
0

, 1 1

( , )
n n

ij i j i
i j i

d x t d
= =

ξ ξ ≥ ξ∑ ∑  ìàéæå 

äëÿ âñ³õ Nξ ∈  , , 1, ,i j n=  , 0d  – äîäàòíà ñòàëà;  
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(G) ,  ( )t Tg g L Q∞∈ , 0( , ) 0g x t g≥ >  ìàéæå äëÿ âñ³õ ( , ) Tx t Q∈ ;  

(P) : (1, ),  ( )i ip p L∞Ω → +∞ ∈ Ω , 1 ess inf ( ) ess sup ( )i i i ip p x p x p
ΩΩ

< = ≤ = < ∞
 , 

1,2, ,i n=  ; 

(Q) : (1, ),  ( )q q L∞Ω → +∞ ∈ Ω , 1 ess inf ( ) ess sup ( )q q x q x q
ΩΩ

< = ≤ = < ∞
 ;  

(P1) äëÿ êîæíîãî 1,2, ,i n=   âèêîíóºòüñÿ îäíà ç óìîâ:  

1) 
, 1 ,

( )
,     ;

i
i

i i i

i

np
p n

p R p n p
p n

 < <≤ = −
 +∞ ≥


 

2) ³ñíóþòü ñòàë³ js , js
∗  ³ â³äêðèò³ ìíîæèíè jΩ ⊂ Ω , 1, ,j m=  , ÿê³ ñêëà-

äàþòüñÿ ç³ ñê³í÷åííîãî ÷èñëà êîìïîíåíò ç ë³ïøèöåâîþ ìåæåþ, òàê³, ùî 

1
mes \ 0j

j m≤ ≤

 Ω Ω = 
 

 , 1 2 1 3 2 1 21 m m ms s s s s s s n s∗ ∗ ∗
− −= < < < < < < < < < <  

1m ms s∗ ∗
−< < = + ∞ , ³, êð³ì òîãî, ( )j i js p x s∗≤ ≤  ìàéæå äëÿ âñ³õ jx ∈ Ω , 

1, ,j m=  , ( )k ks R s∗ < , 1, , 1k m= − ;  

(Q1) âèêîíóºòüñÿ îäíà ç óìîâ: 

1) 
, 1 ,

( )
,     ;

nq
q n

q R q n q
q n

 < <≤ = −
 +∞ ≥


 

2) ³ñíóþòü ñòàë³ js , js
∗  ³ â³äêðèò³ ìíîæèíè jΩ ⊂ Ω , 1, ,j m=  , ÿê³ ñêëà-

äàþòüñÿ ç³ ñê³í÷åííîãî ÷èñëà êîìïîíåíò ç ë³ïøèöåâîþ ìåæåþ, òàê³, ùî 

1
mes \ 0j

j m≤ ≤

 Ω Ω = 
 

 , 1 2 1 3 2 1 21 m m ms s s s s s s n s∗ ∗ ∗
− −= < < < < < < < < < <  

1m ms s∗ ∗
−< < = + ∞ , ³, êð³ì òîãî, ( )j js q x s∗≤ ≤  ìàéæå äëÿ âñ³õ jx ∈ Ω , 

1, ,j m=  , ( )k ks R s∗ < , 1, , 1k m= − . 

Ââåäåìî òàê³ ïîçíà÷åííÿ: 1( ) ( ( ), , ( ))np x p x p x=  , 1( , , )np p p=  , p =


 

1( , , )np p=
  , 0 1min , , np p p= { } , 0 1max , , np p p=

  { } . 

Çã³äíî ç ïðèïóùåííÿìè (A), (B), (C), (G) ³ñíóþòü òàê³ ñòàë³ 0 1 0, , cβ β , 

1 2 2 3, , ,g g α α , ùî 2
1

=1

ess sup ( , )
n

i
Q iT

b x tβ = ∑ , 0 0( , )b x t ≥ β , 0( , )c x t c≤ , 1( , )g x t g≤ , 

2( , )tg x t g≤ , 2( , )ia x t ≤ α , 3( , )ita x t ≤ α , 1, ,i n=  , ìàéæå äëÿ âñ³õ ( , ) Tx t Q∈ .  

Ââåäåìî ïðîñòîðè: 
( )

1 2( ), ( ) ( ), ( ), , ( ), ( )s x
nL s x p x p x p x q xΩ ∈ { }  (óçàãàëüíåíèé ïðîñò³ð 

Ëåáå´à) [15] ç íîðìîþ 
( )

( )
( )

; ( ) inf 0 : 1
s x

s x
s x

v
v L dx

Ω

 Ω = µ > ≤ 
µ ∫ ; 

1 1
0 ( ) : ( ),  0

T
T T S

H Q u u H Q u= ∈ ={ } ; 

0 ( ) : ( ),  0 ,  l lH u u H u l
Γ

Ω = ∈ Ω = ∈ { } ; 

( )1, , ( )
0 ( ) : ( ),  ( ),  1, , ,  0i

i

p xp q q x
xV u u L u L i n u

Γ
Ω = ∈ Ω ∈ Ω = ={ } ; 

1, 0 0
0

,
( ) : ( ),  ( ),  1, , ,  0

i

p q pq
xV u u L u L i n u

Γ
Ω = ∈ Ω ∈ Ω = =

  
{ } ; 

( )1, , ( )
0 ( ) : ( ),  ( ),  1, , ,  0i

i T

p xp q q x
T T x T S

V Q u u L Q u L Q i n u= ∈ ∈ = ={ } . 
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3. Äîïîì³æí³ ëåìè. Äîâåäåìî äîïîì³æí³ òâåðäæåííÿ ïðî ââåäåí³ ïðî-
ñòîðè òà ôóíêö³îíàëè, ÿê³ áóäóòü âèêîðèñòàí³ ïðè îòðèìàíí³ îñíîâíèõ ðå-
çóëüòàò³â ñòàòò³. 

Ëåìà 1. Ôóíêö³îíàë 1( ) pJ u u dx
p

Ω

= ∫ , äå p  – ÷èñëî (àáî ôóíêö³ÿ 

( )p x ), á³ëüøå â³ä 1, º âèïóêëèì. 

Ä î â å ä å í í ÿ. Îñê³ëüêè äëÿ âñ³õ [0,1]θ ∈   

 1 1(1 ) (1 ) (1 ) (1 )p p pu v u v u u v v− −− θ + θ ≤ − θ + θ − θ + − θ + θ θ =  

 
1 1/

1/ 1/
1/

(1 ) (1 )
(1 ) ( )

( )

p p
p p

p

u v
p u

p

′−− θ + θ − θ
= ⋅ − θ δ +

δ
  

 
1 1/

1/ 1/
1/

(1 )
( )

( )

p p
p p

p

u v
p v

p

′−− θ + θ θ
+ θ δ ≤

δ
 

 
/

(1 )
(1 )

( )

p
p p

p p

u v
u v

p p
′

− θ + θ
≤ + δ − θ + θ

′δ
[ ] , 

äå 
1

p
p

p
′ =

−
, òî 

/ /
11 (1 ) (1 )p p p

p p p p
u v u v

p p
′ ′− − θ + θ ≤ δ − θ + θ

′δ
[ ] . 

 Íåõàé /
/
1p p

p pp p

′
′δ >

′
. Òîä³ (1 ) ( ) (1 )p p pu v z u v− θ + θ ≤ δ − θ + θ[ ] , äå 

/ /

( )
11

p p p p

z

p p
′ ′

δδ =
−

′δ

. Ïîêàæåìî ³ñíóâàííÿ /
0 0 /

10,  p p
p pp p

′
′δ > δ >

′
, òàêîãî, ùî 

0( ) 1z δ = , òîáòî 0 / /
0

11
p p p pp p

′ ′δ = −
′δ
. Ââåäåìî ôóíêö³þ ( ) af αδ = δ +

δ
, äå 

/
1

p p
a

p p
′=

′
, 1

1
p
p p

′
α = =

−
. Ïîõ³äíà 

1
( ) 1 0af α+

α′ δ = − =
δ

. Çâ³äñè çíàéäåìî 

1/( 1)
0 ( )a α+δ = α . Çàóâàæèìî, ùî  

  1/
0/ / 1

1 1 1 1,   1 ,   ,   ( ) p
p p p p p

p p
a p a a

p p pp p p p

′
′ ′ ′+

′ ′ ′α = = + = α = α = = δ
′

. 

Î÷åâèäíî, ùî /
0 /

1p p
p pp p

′
′δ >

′
 ³  

 1/( 1) /( 1) 1/( 1)
0 0

0

( ) ( ) ( ) ( )af a a a aα+ −α α+ α+
αδ = δ + = α + α = α +

δ
 

 1/( 1) /( 1) 1/( 1) 1 1/( 1) (1 ) 1( ) (1 ) ( ) 1a a a p
p

α + −α α + α + − α + + α
+ α = α + α = α = ⋅ =

α
. 

Òîìó ³ 0( ) 1z δ = . Îòæå, (1 ) (1 )p p pu v u v− θ + θ ≤ − θ + θ  äëÿ 1p >  (äëÿ 

âñ³õ (0, )Tθ ∈ ). Ëåìó äîâåäåíî. ◊ 

 Ïîçíà÷èìî 1 1, ,
1 0 0( ) ( ) ( )p q

T T TV Q H Q V Q=  , à ÷åðåç l  – òàêó ñòàëó, ùî 

âêëàäåííÿ ïðîñòîðó 0 ( )l
TH Q  ó ïðîñò³ð 01,

0
, ( )p qV Ω

 
 º ù³ëüíèì ³ íåïåðåðâíèì.  

Ëåìà 2. Ïðîñò³ð 1
0([0, ]; ( ))lC T H Ω  ù³ëüíî òà íåïåðåðâíî âêëàäåíèé â 

1( )TV Q . 

Ä î â å ä å í í ÿ. Ïåðåâ³ðèìî âêëàäåííÿ 1
0([0, ]; ( ))lC T H Ω  ó 1( )TV Q . Îñ-

ê³ëüêè 2
0((0, ); ( ))l

tu L T H∈ Ω , äå 1l ≥ , òî 2 1
0 1((0, ); ( )) ( )t Tu L T H V Q∈ Ω ⊂ . Ôóíê-
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ö³ÿ 1
0([0, ]; ( ))lu C T H∈ Ω  ³ ïðîñò³ð 

1, ,0
0 0( ) ( )

p qlH VΩ ⊂ Ω
 

 ù³ëüíî òà íåïåðåðâíî. 

Òîìó 
1, , 1, , 1, ,0
0 0 0 1([0, ]; ( )) ([0, ]; ( )) ( ) ( )

p q p q p q
T Tu C T V C T V V Q V Q∈ Ω ⊂ Ω ⊂ ⊂

 
. 

Äîâåäåìî ù³ëüí³ñòü öüîãî âêëàäåííÿ. Íåõàé 1( )u V Q∈ . Ïðîäîâæèìî 

ôóíêö³þ u  íóëåì ïîçà 0,T[ ]  ³ çáåðåæåìî çà íåþ òå ñàìå ïîçíà÷åííÿ. Ðîç-
ãëÿíåìî ôóíêö³¿  

2 2/( 1) , 1,( )
0, 1,

t tCe tt
t

− − <ω = 
≥

  ( ) ( )n t n ntω = ω ,  
1

( , ) ( ) ( , )n nu x t t u x d= ω − τ τ τ∫


. 

Ñòàëó C  âèáåðåìî ç óìîâè 
1

( ) 1t dtω =∫


. 

Ïîêàæåìî, ùî ôóíêö³¿ nu  íàëåæàòü äî ïðîñòîðó 1
0([0, ]; ( ))lC T H Ω . 

Çàô³êñóºìî äîâ³ëüíå 0ε >  òà 0 [0, ]t T∈ . Ðîçãëÿíåìî  

 
2 2

0 0 , , 0 0( , ) ( , ); ( ) ( , ) ( , ); ( )l l
n n n t n tu x t u x t H u x t u x t H− Ω + − Ω =  

 
    

2

0 ,( , ) ( , ) ( , )n n n t
l l

D u x t D u x t D u x tα α α

α ≤ α ≤Ω


= − + −


∑ ∑∫  

 
1

22
0, 0

( ) ( ) ( , )( , ) n nn t
l

t t D u x ddxD u x t
αα

α ≤Ω

=  ω − τ − ω − τ τ τ +−  
 

∑∫ ∫


( )  

 
1

2

, , 0( ) ( ) ( , )n t n t
l

t t D u x d dx
α

α ≤

ω − τ − ω − τ τ τ+ ≤


∑∫


)(  

 
1 1

2

0( ( ) ( )) ( )n n nt t d t
Ω

≤ ω − τ − ω − τ τ ω − τ −
∫ ∫ ∫

 

(  

 
2 2

0( ) ( , ) ( , )n
l l

t D u x D u x d dx Cα α
τ

α ≤ α ≤

 − ω − τ τ + τ τ ≤ ε   
∑ ∑) , 

îñê³ëüêè ([0, ])nw C T∈  ³ äëÿ 0t t− < δ  ð³çíèöÿ 0( ) ( )n nw t w t− τ − − τ < ε . 

Äîâåäåìî, ùî nu u→  ïðè n → ∞  ó íîðì³ ïðîñòîðó 1( )TV Q . Çàóâàæè-

ìî, ùî äëÿ äîâ³ëüíîãî 1, ,i n∈ { }  ïðè 0h →   

 
1

( )( )
, ( ) ( , ) ( , ) ii

i i i i

T T

p xp x
n x x n x x

Q Q

u u dx dt t u x u x t d dx dt− = ω − τ τ − τ =∫ ∫ ∫ [ ]


 

 

( )1/

1/

( ) ( , ) ( , )
i

i i

p xn

n x x
Q nT

h u x t h u x t dh dx dt
−

= ω + − ≤∫ ∫ [ ]  

 
1/ 1/( )/ ( )

( )

1/ 1/

( ( )) ( , )
i i

i
i

n np x p x
p x

n x
Q n nT

h dh u x t h
′

′

− −

  ≤ ω + −  
  ∫ ∫ ∫  

 0

1/
( )

1/

( , ) (2 ) ( , )
2

i
i i

T

n
pp x

x x
n Q

nu x t dh dx dt C u x t h
−

− ≤ + −
 ∫ ∫


 

 0( )

1/
( , ) (2 ) sup ( , )

2
i

i i

T

pp x
x x

h n Q

nu x t dx dt dh C u x t h
≤

− ≤ + −∫


 

 ( )( , ) 0i
i

p x
xu x t dx dt− →  

(ëåìà 1.5 [2, ñ. 164]), òîìó çã³äíî ç íàñë³äêîì 1 [15] 
( )

, ; ( ) 0i

i i

p x
n x x Tu u L Q− →  

ïðè .n → ∞  Àíàëîã³÷íî äîâîäèìî, ùî ( ); ( ) 0q x
n Tu u L Q− →  ïðè n → ∞ . 
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Çàçíà÷èìî, ùî 

 
1

22
, , ( ) ( , ) ( , )

T T

n t t n t
Q Q

u u dx dt t u x u x t d dx dt− = ω − τ τ − τ =∫ ∫ ∫ [ ]


 

 
1

2
( ) ( , ) ( , )

T

n t
Q

t u x u x t d dx dtτ= ω − τ τ − τ ≤∫ ∫


[ ]  

  22

1/
(2 ) ( , ) ( , ) 0sup

2 t t
h n QT

n C u x t h u x t dx dt
≤

≤ + − →∫ . 

Àíàëîã³÷íî çíàõîäèìî, ùî 2
, 0

i i

T

n tx tx
n

Q

u u dx dt
→∞

− →∫ . Îòæå, 

 1; ( ) 0n Tu u V Q− →  ïðè n → ∞ . 

Äîâåäåìî íåïåðåðâí³ñòü âêëàäåííÿ 1
0([0, ]; ( ))lC T H Ω  â 1( )TV Q . Ââåäåìî 

ìíîæèíè 
( )

0, : ( , ); ( ) 1i

i

p x
xA t T u t L= ∈ ⋅ Ω ≤{ }[ ] , 

( )
0, : ( , ); ( ) 1i

i

p x
xB t T u t L= ∈ ⋅ Ω >{ }[ ] . 

Òîä³, çàñòîñóâàâøè ëåìó 1 [1], îäåðæèìî (äëÿ äîâ³ëüíîãî 1, ,i n∈ { } )  

 1( ) ( ) ( ); ( )i i i
i i i

sp x p x p x
x T x x

Q AT

u L Q u dx dt u dx dt
Ω

≤ ≤ +∫ ∫ ∫  

 
( )( ) ( , ); ( ) iii

i i

pp xp x
x x

B A

u dxdt u t L dt
Ω

+ ≤ ⋅ Ω +∫ ∫ ∫  

 
( ) ( )

( , ); ( ) mes max ( , ); ( )
iii i

i i

p pp x p x
x x

t A
B

u t L dt A u t L
∈

+ ⋅ Ω ≤ ⋅ Ω +∫


 

 
( )

0mes max ( , ); ( ) mes max ( , ); ( )
i ii

i

p pp x l
x

t B t A
B u t L A u t H

∈ ∈
+ ⋅ Ω ≤ ⋅ Ω +



 

 0 0mes max ( , ); ( ) mes ; ( 0, ; ( ))i ip pl l

t B
B u t H A u C T H

∈
+ ⋅ Ω ≤ Ω +


[ ]  

 0 0mes ; ( 0, ; ( )) ; ( 0, ; ( ))i ip pl lB u C T H T u C T H+ Ω ≤ Ω +


[ ] [ ]  

 0; ( 0, ; ( )) iplu C T H+ Ω


[ ] . 

Òóò 

( )

1 ( )

, ; ( ) 1,

, ; ( ) 1.

i

i

p x

i T
p x

i T

p u L Q
s

p u L Q

 ≥= 
 <
  

Àíàëîã³÷í³ îö³íêè ìîæåìî îòðèìàòè äëÿ 

  ( ) 2 1
0 1; ( ) ,      ; ((0, ); ( )) ,      ; ( )q x

T t Tu L Q u L T H u V QΩ .  

Îòæå, âêëàäåííÿ 0([0, ]; ( ))lC T H Ω  â 1( )TV Q  º íåïåðåðâíèì. Ëåìó äîâåäåíî. ◊ 

Ëåìà 3. Ìíîæèíà ôóíêö³é : 1N Nψ ≥{ }  âèãëÿäó 
1

( ) ( )
N

N k
k

k

c t x
=

ϕ∑ , äå 

( ) : 1k x kϕ ≥{ }  – áàçà ïðîñòîðó 1
0 ( ),  ([0, ])l N

kH c C TΩ ∈ , º ù³ëüíîþ â 1( )TV Q . 

Ä î â å ä å í í ÿ. Îñê³ëüêè çà ëåìîþ 2 ïðîñò³ð 1
0([0, ]; ( ))lC T H Ω  ù³ëüíî 

òà íåïåðåðâíî âêëàäåíèé â 1( ),TV Q  òî 21
1 1 0; ( ) ; ([0, ]; ( ))

sl
TV Q C C T H⋅ ≤ ⋅ Ω , 

äå ñòàëà 2s  çàëåæèòü ò³ëüêè â³ä ôóíêö³é ( ), ( )ip x q x , ³ äëÿ äîâ³ëüíî¿ ôóíê-

ö³¿ 1( )u V Q∈  ³ñíóº ôóíêö³ÿ 1
0([0, ]; ( ))lC T Hχ ∈ Ω  òàêà, ùî 1; ( )Tu V Q− χ ≤ ε . 
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Ç òåîðåìè Âåéºðøòðàññà [2, ñ. 150] âèïëèâàº, ùî ³ñíóþòü òàê³ N ∈   òà 

0: 1, , ( )l
ka k N H∈ ⊂ Ω{ { }} , ùî 

  
2

1
1 1 0 1

1 1

; ( ) ; ([0, ]; ( ))
sN N

k k l
k T k

k k

a t V Q C a t C T H C
= =

χ − ≤ χ − Ω < ε∑ ∑ . 

 Äëÿ êîæíîãî ka , 1, ,k N∈ { } , ³ñíóþòü òàê³ ( )kl N ∈   ³ : 1k
m mα ≤ ≤{  

kl≤ ⊂ } , ùî 0
=1

; ( ) ,  1, ,
kl

k k l
k m k

m

a H k N
T N

ε− α ϕ Ω < ∈∑ { } . Íåõàé ( , )N x tψ =  

1 1

( ) ,  ( , )
klN

k k k
m T

k m

x t x t Q
= =

 = α ϕ ∈ 
 ∑ ∑ . Òîä³   

 1 1 1
1

; ( ) ; ( ) ; ( )
N

k
N T T k T

k

u V Q u V Q a t V Q
=

− ψ ≤ − χ + χ − +∑  

 1 1
1

; ( )
N

k
k N T

k

a t V Q C
=

+ − ψ ≤ ε + ε +∑  

 
2

1
1 0 1

1 1 1

; ( 0, ; ( )) (1 )
k

slN N
k k k k l

k m
k k m

C a t t C T H C
= = =

 + − α ϕ Ω ≤ + ε 
 ∑ ∑ ∑ [ ] . 

Ëåìó äîâåäåíî. ◊ 
²ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçêó. 
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (Ñ), (D), (G), (P), (Q), 

(P1), (Q1), à 2( )Tf L Q∈ , 1, , 1 2
0 0 0 1( ) ( ), ( )p qu V H u L∈ Ω Ω ∈ Ω , ÷èñëà 2p > , q >  

2> , 1, ,i n=  . Òîä³ ³ñíóº ðîçâ’ÿçîê u  çàäà÷³ (1)–(3) (â ñåíñ³ ðîçïîä³ë³â) 

òàêèé, ùî 1 1, , 2 1
0 0 0([0, ]; ( )) ( ),  ([0, ]; ( ))p q

T tu C T H V Q u L T H∈ Ω ∈ Ω . 

Ä î â å ä å í í ÿ. Íåõàé ( ) : 1k x kϕ ≥{ }  – áàçà ïðîñòîðó 0 ( ),lH Ω  îðòî-

íîðìîâàíà â 2( )L Ω . Ðîçãëÿíåìî ïîñë³äîâí³ñòü ôóíêö³é  

 
1

( , ) ( ) ( ),         1,2,
N

N N k
k

k

u x t c t x N
=

= ϕ =∑  , 

äå 1 , ,N N
Nc c  º ðîçâ’ÿçêîì çàäà÷³ Êîø³  

 
( ) 2

, 1 1

( , ) ( , ) i

i j i i i

n n p xN k N k N N k
tt ij x t x i x x x

i j i

u d x t u a x t u u
−

= =Ω

 ϕ + ϕ + ϕ + ∑ ∑∫  

 0
=1

( , ) ( , ) ( , )
i

n
N k N k N k

i x t
i

b x t u b x t u c x t u+ ϕ + ϕ + ϕ +∑  

 
( ) 2

( , ) ( , ) 0
q xN N k kg x t u u f x t dx

− + ϕ − ϕ =
, (4) 

 0, , 1,(0) ,      (0) ,      1, , ,      0,N N N N
k k k t kc u c u k N t T= = = ∈ [ ] .  (5) 

Òóò 

 0 0, 1 1,
1 1

( ) ( ),           ( ) ( )
N N

N N k N N k
k k

k k

u x u x u x u x
= =

= ϕ = ϕ∑ ∑ , 

 1, , 21
00

0 0 1 1 ( )( ) ( )
0,       0lim p q

N N
LV H

N
u u u u ΩΩ Ω→∞

− = − = .  

Íà ï³äñòàâ³ òåîðåìè Êàðàòåîäîð³ [4, c. 54] ³ñíóº ðîçâ’ÿçîê çàäà÷³ (4), (5), 
ÿêèé ìàº àáñîëþòíî íåïåðåðâíó ïîõ³äíó òà âèçíà÷åíèé íà ïðîì³æêó 

0 00, ,  (0, ]t t T∈[ ] . Ç îö³íîê, îòðèìàíèõ íèæ÷å, âèïëèâàòèìå, ùî 0t T= . 
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Äîìíîæèìî êîæíå ð³âíÿííÿ ñèñòåìè (4) â³äïîâ³äíî íà ôóíêö³þ , ( )N t
k tc t e−æ , 

0>æ , ï³äñóìóºìî çà k  â³ä 1 äî N , ïðî³íòåãðóºìî çà t  ïî ïðîì³æêó 0, τ[ ] , 
Tτ ≤ . Ï³ñëÿ âèêîíàííÿ öèõ îïåðàö³é îäåðæèìî ð³âí³ñòü  

 
( ) 2

, 1 1

( , ) ( , ) i

i j i i

n n p xN N N N N N N
tt t ij x t x t i x x t

i j iQ

u u d x t u u a x t u u u
−

= =τ

 + + + ∑ ∑∫  

 2
0

1

( , ) ( , )( ) ( , )
i

n
N N N N N

i x t t t
i

b x t u u b x t u c x t u u
=

+ + + +∑  

 
( ) 2

( , ) ( , ) 0
q xN N N N t

t tg x t u u u f x t u e dx dt
− −+ − =

æ . (6) 

Çàóâàæèìî, ùî çà óìîâ (P1), (Q1) ³ çã³äíî ç òåîðåìîþ 2 [1] ó ïåðøîìó 
äîäàíêó ö³º¿ ð³âíîñò³ ìîæíà ïðî³íòåãðóâàòè ÷àñòèíàìè. Âðàõóâàâøè óìîâè 
(A), (B), (C), (P), (D), (G), (Q), (P1), (Q1), ïðè 0 10,  0δ > δ >  îäåðæèìî  

2 2 2

1 1

0

1 1:  
2 2 2

N N t N N t N
tt t t t

Q Q

I u u e dx dt u e dx u e dx dt u dx− − τ −

Ω Ωτ τ τ

= = + −∫ ∫ ∫ ∫æ æ ææ , 

2
2 0

, 1 1

:  ( , ) ( )
i j i

n n
N N t N t

ij x t x t x t
i j iQ Q

I d x t u u e dx dt d u e dx dt− −

= =τ τ

= ≥∑ ∑∫ ∫æ æ , 

( ) 2

3
1

:  ( , ) i

i i i

n p xN N N t
i x x x t

iQ

I a x t u u u e dx dt
− −

=τ

= =∑∫ æ  

 
( ) ( )

0,
1 1

0

( , ) ( ,0)
( ) ( )

i i

i i

n np x p xN Ni i
x x

i ii i

a x a x
u e dx u dx

p x p x
− τ

= =Ω Ωτ

τ
= − +∑ ∑∫ ∫æ  

 
( )

1

( , ) ( , )
( )

i

i

n p xN ti it
x

iiQ

a x t a x t
u e dx dt

p x
−

=τ

−
+ ≥∑∫ ææ

 

 

0

( ) ( )1 2
0,

0 01 1

i i

i i

n np x p xN N
x x

i i

u e dx u dx
p p

− τ

= =Ω Ωτ

α α
≥ − +∑ ∑∫ ∫ æ  

 
( )2 3

0 1

i

i

n p xN t
x

iQ

u e dx dt
p

−

=τ

α − α
+ ∑∫ ææ

, 

2 2

4 0 1
01 1

1 1: ( , )
2i i

n n
N N t N N t

i x t x t
i iQ Q

I b x t u u e dx dt u u e dx dt− −

= =τ τ

 
= ≤ δ β + δ 

∑ ∑∫ ∫æ æ , 

2 2
5 0 0: ( , )( ) ( )N t N t

t t
Q Q

I b x t u e dx dt u e dx dt− −

τ τ

= ≥ β∫ ∫æ æ , 

2 20
6 1

1

1: ( , ) ( )
2

N N t N N t
t t

Q Q

c
I c x t u u e dx dt u u e dx dt− −

τ τ

= ≤ δ +
δ∫ ∫æ æ , 

( ) 2 ( )

7
1: ( , ) ( , )
( )

q x q xN N N t N
t

Q

I g x t u u u e dx dt g x t u e dx
q x

− − − τ

Ωτ τ

= ≥ −∫ ∫æ æ  

 
( ) ( )0 2

0

0

1 ( ,0)
( )

q x q xN N t

Q

g g
g x u dx u e dx dt

q x q
−

Ω τ

−
− + ≥∫ ∫ ææ

 

 
( ) ( ) ( )0 0 21

0

0

q x q x q xN N N t

Q

g g gg
u e dx u dx u e dxdt

q q q
− τ −

Ω Ωτ τ

−
≥ − +∫ ∫ ∫ æ ææ

, 

22
8

1: ( , ) ( , )
2

N t N t
t t

Q Q

I f x t u e dx dt f x t u e dx dt− −

τ τ

= ≤ +∫ ∫æ æ[ ] . 
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Âðàõîâóþ÷è îö³íêè ³íòåãðàë³â 1I – 8I , ç (6) ìàòèìåìî íåð³âí³ñòü 

 
( ) ( ) 22 01

0
0 1 1

22
( ) 2

i i

n np x q xN N N Ni
t x x t

i iQ

g
u u u e dx d u

p q
− τ

= =Ωτ τ

α  + + + +   
∑ ∑∫ ∫  æ  

 
2 ( )0 2 3

0
0 1 0 1

2( )12 1 i

i

n p xN N
t x

i

c
u u

p
=

α − α + + β − − − + − δ δ  ∑
æ

æ
 

 

 
2 2 ( )0 2

0 1 0 1
1 1

2( )
i i

n n q xN N N t
x x

i i

g g
u c u u e dx dt

q
−

= =

− − δ β − δ + ≤∑ ∑
 ææ

 

 

0

2 ( ) ( )2 1
1 0, 0

0 1 1

2 2i

i

n np x q xN N N
x

i i

g
u u u dx

p q
= =Ω

α ≤ + + +  
∑ ∑∫  

 2( , ) ,       (0, ]t

Q

f x t e dx dt T−

τ

+ τ ∈∫ æ . (7) 

Îñê³ëüêè 
22 2 2 2

0 0
0 0

( , ) 2 ( , ) 2 ( ( , ))N N N N N
t tu x u u x t dt u T u x t dt

τ τ
    τ ≤ + ≤ +        ∫ ∫ , òî 

 
2 2 2

0

0

( , ) 2 2 ( ( , ))N N N t
t

Q

u x e dx u dx T u x t e dx dt− τ −

Ω Ω τ

τ ≤ +∫ ∫ ∫æ æ , (8) 

³  

 
2 2 2 2

0

0

( , ) 2 2 ( ( , ))N t N N t
t

Q Q

u x t e dx dt T u dx T u x t e dx dt− −

Ωτ τ

≤ +∫ ∫ ∫æ æ .  (9) 

Ïîä³áíî îòðèìàºìî îö³íêó  

 
2 2 2 2

0,

0

( , ) 2 2 ( ( , ))
i i i

N t N N t
x x x t

Q Q

u x t e dx dt T u dx T u x t e dx dt− −

Ωτ τ

≤ +∫ ∫ ∫æ æ , 

 1, ,i n=  .  (10) 
Òîìó 

 
2 2

0 1 0 1 0

0

( , ) 2N t N

Q

c u x t e dx dt Tc u dx−

Ωτ

δ ≤ δ +∫ ∫æ  

 2 2
0 12 ( ( , ))N t

t
Q

T c u x t e dx dt−

τ

+ δ ∫ æ  

³  

 
2 2

0 1 0 1 0,

0

( , ) 2
i i

N t N
x x

Q

u x t e dx dt T u dx−

Ωτ

δ β ≤ δ β +∫ ∫æ  

 2 2
0 12 ( ( , )) ,       1, ,

i

N t
x t

Q

T u x t e dx dt i n−

τ

+ δ β =∫ æ . 

Âðàõóâàâøè îäåðæàí³ îö³íêè, íåð³âí³ñòü (7) ïåðåïèøåìî ó âèãëÿä³ 

 
( ) ( )2 2 01

0
0 1

22
( ) ( ) (2i

i

n p x q xN N N N
t x

i Q

g
u u u u e dx d

p q
− τ

=Ωτ τ

α  + + + + −   
∑∫ ∫  æ  

 
222 20

0 1 0 0 0 1
1 01

12 4 ) 2 1 4 2
i

n
N

x t
i

c
T u T T c u

=

− − − − δ β − δ + + β − − δ + δ δ ∑ æ  

 
( )( ) 0 22 3

0 1

2( )2( )
i

i

n q xp x N t
x

i

g g
u u e dx dt

p q
−

=

−α − α + + ≤∑ 
 æææ

 

 

0

2 ( ) 22
1 0, 0 1 0 1 0

0 1

2
(2 4) (2i

i

n p xN N N
x

i

u u Tc u T
p

=Ω

α≤ + + δ + + β δ + ∑∫  
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2 ( ) 21

0 0, 0
1 1

2
4 ) ( , )

i

n n q xN N t
x

i i Q

T u u dx f x t e dxdt
q

−

= = τ

δ + δ + +
∑ ∑ ∫ æ . (11) 

Âèáðàâøè òóò 1 1δ = , 0
0 2

12 4

d

T
δ =

β +
, 0 0

0

1max 1,  2 2 4c T
= − β + + + + + δ

æ  

2 3 2
0

2 0
2 ,  1,  1

g
T c

g
α + + + α 

, îòðèìàºìî  

 
( ) 2 22 2

1 1 1

( ) ( ) i

i i i

n n np xN N N N N
t x x x t

i i i

u u u u u
= = =Ωτ

 + + + + + ∑ ∑ ∑∫  

 
( )

1

q xNu e dx M− τ+ ≤
æ , (12) 

äå 1[0, ],  1T Mτ ∈ ≥ , ïðè öüîìó ñòàëà 1M  íå çàëåæèòü â³ä .N  

Òîä³ ç (12), óìîâ (P1), (Q1) ³ ëåì 1, 5 [1] îäåðæóºìî îö³íêè  

 1, ,
0 2((0, ); ( ))p q

N
L T Vu M∞ Ω ≤ ,      2 1

0 2((0, ); ( ))
N

L T Hu MΩ ≤ ,  (13) 

 1, ,
0 2( )p q

T

N
V Qu M≤ ,  (14) 

 1
0 2((0, ); ( ))

N
t L T H

u M∞ Ω ≤ ,  (15) 

äå ñòàëà 2M  íå çàëåæèòü â³ä .N  Ââåäåìî îïåðàòîð 1, ,
0: ( )p q

TA V Q →  
1, ,
0( ( ))p q

TV Q ∗→  çà ôîðìóëîþ  

  
( ) 2 ( ) 2

0,
1

, ( , ) ( , )i

i i i

T

n p x q xN N N N
T i x x x

iQ

Au v a x t u u v g x t u u v dx dt
− −

=

 = + 
∑∫ , 

äå 1, ,
0, ( )p q

Tu v V Q∈ , ÷åðåç 0,, T⋅ ⋅  ïîçíà÷åíî ñêàëÿðíèé äîáóòîê ì³æ ïðî-

ñòîðàìè 1, ,
0( ( ))p q

TV Q ∗  ³ 1, ,
0 ( )p q

TV Q . Î÷åâèäíî, ùî A  – ìîíîòîííèé îïåðàòîð. 

Îñê³ëüêè 

 ( ) 2
0,

1

( ), ( , ) ( )i
i i i i i

T

n
p x

T i x x x x x
iQ

A u w v a x t u w u w v−

=

+ λ = + λ + λ + ∑∫  

 ( ) 2( , ) ( )q xg x t u w u w v dx dt− + + λ + λ 
, 

òî  

 
0,

1

( ) ( ), ( , )( ( ) 1)
i

n

i i xT
iQ

A u w A u v a x t p x u
=τ

+ λ − = λ − +∑∫  

 ( ) 2 ( ) 2( , )( ( ) 1)i
i i i

p x q x
x x xw w v g x t q x u w wv dx dt− − + λ + − + λ 

, 

 1, ,
0, , ( )p q

Tu v w V Q∈ . 

Ðîçãëÿíåìî ôóíêö³îíàë  

  ( ) ( )

1

( , ) ( , )
( )

( ) ( )
i

i

T

n
p x q xi

x
iiQ

a x t g x t
J v v v dx dt

p x q x=

 = +  
∑∫ . 

Çã³äíî ç ëåìîþ 1 öåé ôóíêö³îíàë º âèïóêëèì. Òîä³ 

 
0,0

1lim ( ) ( ) ( ),
Th

J u hv J v J u v
h→

′+ − =[ ] , 

ïðè÷îìó ( ) ( ).J u A u′ =  Íà ï³äñòàâ³ òâåðäæåííÿ 1.1 [7, c. 169] A  – íàï³âíå-
ïåðåðâíèé. Çã³äíî ç íàñë³äêîì 1.2 [2, c. 84]  
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 1, ,
0

3( ( ))p q
T

N

V Q
Au M∗ ≤ , (16) 

äå ñòàëà 3M  íå çàëåæèòü â³ä .N  Îòæå, çã³äíî ç (13)–(16) ³ñíóº ï³äïîñë³-

äîâí³ñòü 1
kN

ku ∞
={ }  ïîñë³äîâíîñò³ 1

N
Nu ∞

={ }  òàêà, ùî  

 ( , )kN
u T u⋅ →  ñëàáêî â 2 1

0((0, ); ( ))L T H Ω ,     ( , )kN
tu T⋅ → ω   ñëàáêî â 2 ( )L Ω , 

 ( , )kN
tu T u⋅ →  *-ñëàáêî â 1

0((0, ); ( ))L T H∞ Ω ,   
Nku u→ ñëàáêî â 1, ,

0 ( )p q
TV Q , 

 kN
u u→      ñèëüíî â 2( )TL Q ,        kN

Au → χ  ñëàáêî â 1, ,
0( ( ))p q

TV Q ∗ .  (17) 

Íåõàé NP  – îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ 
2 ( )L Ω  íà 

1, , Nϕ ϕ{ } . 

Îïåðàòîð 2 2{ ( ), ( )}NP L L∈ Ω Ω  ³ îáìåæåíèé ð³âíîì³ðíî. Îçíà÷èìî îïåðàòîðè 
1 1

0 0: ( ) ( )B H H−Ω → Ω , 1 2
1 0: ( ) ( )B H LΩ → Ω , 1, , 1, ,

0 0 0: ( ) ( ( )) ( )p q p q lA V V H∗ −Ω → Ω ⊂ Ω  

â³äïîâ³äíî òàêèìè ôîðìóëàìè: 

 0 0
, 1

( , ) ( , ) ( , )
i j

n

ij x x
i j

B u v d x t u v b x t uv dx
=Ω

 = +  ∑∫ , 

  1
1

( , ) ( , ) ( , )
n

i xi
i

B u v b x t u v c x t uv dx
=Ω

 = +  ∑∫ , 

 0, 0
0

( , ) ( , )
T

TAu v A u v dt= ∫ . 

Äëÿ îïåðàòîðà NP  âèêîíóþòüñÿ âêëþ÷åííÿ 

 1 1 1 1
0 0( ( ), ( )),  ( ( ), ( )),  ( ( ), ( ))l l

N N NP H H P H H P H H− − − −∈ Ω Ω ∈ Ω Ω ∈ Ω Ω   . 

Òîä³ ç (4) âèïëèâàº, ùî 

 0 1 0( ) ( ) ( )N N N N
tt N t N N Nu P B u P B u P A u P f+ + + = . 

Ìàºìî 

 2 -1 2 -10 3 1 3((0, ); ( )) ((0, ); ( ))
,            N N

t L T H L T H
B u M B u M

Ω Ω
≤ ≤ , 

 2 - 3((0, ); ( ))l
N

L T H
Au M

Ω
≤ . 

Îòæå, âðàõîâóþ÷è ð³âíîì³ðíó îáìåæåí³ñòü îïåðàòîðà ïðîåêòóâàííÿ NP , 

 2 3((0, ); ( ))l
N
tt L T H

u M− Ω
≤ . 

Îñê³ëüêè 2 1
0

3((0, ); ( ))

N
t L T H

u M
Ω

≤  ³ 1 2
0 ( ) ( )H LΩ ⊂ Ω  êîìïàêòíî, òî íà ï³ä-

ñòàâ³ òåîðåìè 5.1 [7, ñ. 70] kN
t tu u→  ñèëüíî â 2( )TL Q  ïðè .kN → ∞  

Çàçíà÷èìî, ùî 1
0([0, ]; ( ))u C T H∈ Ω . Êð³ì òîãî, ìîæíà ââàæàòè, ùî 

( , )kNu T⋅ → ξ  ñëàáêî â 1
0 ( )H Ω  ïðè kN → ∞ . 

Íåõàé 0N  – äîâ³ëüíå ô³êñîâàíå íàòóðàëüíå ÷èñëî, 

 
0

10 0
00

1

: ( , ) ( ) ( ),  ([0, ]), 1, ,
N

N Nk
N k k

k

M w w x t z t x z C T k N
=

 = = ϕ ∈ = 
 

∑    

³ 
0

0 1
N

N
M M

∞

=
=  . Çà ëåìîþ 3 ìíîæèíà M  ù³ëüíà ó ïðîñòîð³ òàêèõ ôóíê-

ö³é v , ùî 1, , 1
0 0( ) ( )p q

T Tv V Q H Q∈  . 
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Òîä³, âèêîðèñòàâøè âëàñòèâîñò³ (17), ç (4) îäåðæóºìî ð³âí³ñòü  

 
0,

, 1 1

, ( , ) ( , )
i j i j

T

n n

t t ij x x i x xT
i j iQ

v u v d x t u v b x t u v
= =

χ + − + + + ∑ ∑∫  

 0 ( , ) ( , ) ( , )tb x t u v c x t uv f x t v dx dt+ + − +
 

 

0

1( ) 0

T

v dx u x vdx
Ω Ω

+ ω − =∫ ∫ , (18) 

ïðàâèëüíó äëÿ äîâ³ëüíî¿ ôóíêö³¿ 0 1 1, ,
0 0( ) ( )N p q

T Tv H Q V Q∈  , ïðè÷îìó  

 1 1 1, , 1, ,
0 0 0((0, ); ( )) ( ) ((0, ); ( ))p q p q

Tu H T H V Q L T V∞∈ Ω Ω  . 

Êð³ì òîãî, îñê³ëüêè 1 1, ,
0( ) ( )p q

T Tu H Q V Q∈   ³ 2 1
0((0, ); ( ))tu L T H∈ Ω , òî 

ð³âí³ñòü (18) ñïðàâäæóºòüñÿ ³ äëÿ v u= . Çíàéäåìî çíà÷åííÿ χ . Ïîçíà÷èìî 

( ) ( ), ( )k kN N t
ky A u A v u v e−= − − æ . Òîä³  

 
0, 0,

0 lim lim ( ), ( ),k k kN N Nt t
k T Tk k

y A u u e A u ve− −

→∞ →∞

≤ = − −
æ æ  

 
2

0,( ), ( ) limk k k

T

N N Nt
T t

k
Q

A v u v e fu u−

→∞

− − = + −   ∫æ  

 
, 1 1

( , ) ( , )k k kk k k

i j

n n
N N NN N N

ij t ix t x xi
i j i

d x t u u u u b x t u u
= =

− + − −∑ ∑æ  

 

0

2

1 0( , ) k k k k k

T

N N N N Nt t
tc x t u e dxdt u u e dx u u dx− −

Ω Ω

− + − − ∫ ∫æ æ  

 
0, 0,

( ), ( ), ( ) limk k k

T

N N Nt t

T T k
Q

A u ve A v u v e fu− −

→∞

− − − = +  ∫æ æ  

 
2

, 1

1 ( ( , ) ( , ))
2

k kk k k

i j

n
N NN N N

t t ij ijt x x
i j

u u u d x t d x t u u
=

+ + − − −∑æ æ  

 
2

1

( , ) ( , )k k k

i

n
N N N t

i x
i

b x t u u c x t u e dxdt−

=

− − −∑ æ  

 

0

0, 0,
, =1 , =1

1 1( , ) ( ,0)
2 2

k k k k

i j i j
T

n n
NN N Nt

ij ijx x x x
i j i j

d x t u u e dx d x u u dx−

Ω Ω

− − −∑ ∑∫ ∫æ  

 

0

1 0 0,

1 1 ( ),
2 2

N k kk k k

T

N NN Nt t
t T

u u e dx u u dx A u ve− −

Ω Ω

− − − −∫ ∫æ æ  

 2

0,
, 1

1( ), ( ) ( ( , )
2

k
n

N t
t ijT

i jQT

A v u v e fu u u u d x t−

=

− − = + + − − 
∑∫æ æ æ  

 2
0

1

( , )) ( , ) ( , ) ( , )
i j i

n
t

ijt x x i x t
i

d x t u u b x t u u b x t u u c x t u e dxdt−

=

− − − − −∑ æ  

 

0

0, 0,
, 1 , 1

1 1( , ) ( ,0)
2 2i j i j

T

n n
t

ij x x ij x x
i j i j

d x T e dx d x u u dx−

= =Ω Ω

− ξ ξ + +∑ ∑∫ ∫æ  

 

0

1 0 0,

1 ,
2

T

t t

T
ue dx u u dx ve− −

Ω Ω

+ ω − − χ −∫ ∫æ æ  

 
0,

( ), ( ) t

T
A v u v e−− − æ   (19) 

ïðè äîñòàòíüî âåëèêîìó æ . 



51 

Ç ð³âíîñò³ (18) ïðè tv ue−= æ  îäåðæóºìî  

 

0

2
0 0

, 1 , 1

1 1( , ) ( ,0)
2 2i j i j

T T

n n
T

ij x x ij x x t
i j i j Q

d x T u u e dx d x u u dx u−

= =Ω Ω

+ + +∑ ∑∫ ∫ ∫æ  

 
, 1 1

1 ( ( , ) ( , )) ( , ) ( , )
2 i j i

n n

ij ijt x x ij x
i j i

d x t d x t u u f x t u b x t u u
= =

+ − − + +∑ ∑æ  

 2
0 ( , ) ( , ) ( , )

T

t T
tb x t u u c x t u e dxdt u x T e dx− −

Ω

+ + + ω − ∫æ æ  

 

0

1 0 0,
, 0t

T
u u dx ue−

Ω

− + χ =∫ æ . (20) 

Îñê³ëüêè ( ,0) ( ,0)kN
u u⋅ → ⋅  ñëàáêî â 1

0 ( )H Ω  ³ 0 0( ,0) kk NN
u u u⋅ = →  ñèëü-

íî â 1
0 ( ),H Ω  òî 0( ,0) ( )u x u x= . Òîä³ 

 

0

2
2| | 2 ( )( )k k k k

T T

N N N N
t t

Q

u u dx u u dx u u u u dx dt
Ω Ω

− ≤ − + − −∫ ∫ ∫  

³ 
2

0k

T

N
u u dx

Ω

− →∫ . Îòæå, ( , )u x T = ξ  ³ 

 

0

0,0,( ) ( ) ( )k k k

i i ii i i

T T

N NN
x x x tx x x t

Q

u u v dx u u vdx u u v dx dt
Ω Ω

− = − + − +∫ ∫ ∫  

 ( )k

ii

T

N
x tx

Q

u u v dx dt+ −∫ . 

Òîìó ( , ) ( , )k

ii

N
xxu T u T⋅ → ⋅  ñëàáêî â 2 ( )L Ω , àëå ( , )k

ii

N
xxu T⋅ → ξ  ñëàáêî â 

2 ( )L Ω , îòæå, ( , )
i ix xu T⋅ = ξ . 

 Äîäàâøè (19) ³ (20), îòðèìàºìî  

 
0, 0, 0,

, , ( ), ( ) 0t t t

T T T
ue ve A v u v e− − −χ − χ − − ≥æ æ æ . 

Îòæå,  

 
0,

( ), ( ) 0t

T
A v u v e−χ − − ≥æ . (21) 

Âèáåðåìî â ö³é íåð³âíîñò³ v u w= + λ , äå 1, ,
00,  ( )p q

Tw V Qλ > ∈ . Ïîä³ëè-

ìî (21) íà λ  òà ñïðÿìóºìî λ  äî 0. Âðàõóâàâøè íàï³âíåïåðåðâí³ñòü îïå-
ðàòîðà A , îòðèìàºìî, ùî ( )A uχ = . 

Ç ð³âíÿííÿ (1) âèïëèâàº, ùî  

 
, 1 , 1

( , ) ( ( , ) )
i j

n n

tt ij x ij x t xi
i j i j

u b x t u d x t u
= =

= − + +∑ ∑  

 ( ) 2
0

, 1

( , ) ( , ) ( , )i
i i

i

n
p x

i x x t
xi j

a x t u u b x t u c x t u−

=

 + − − − 
 ∑  

 ( ) 2( , ) ( , )q xg x t u u f x t−− + . 
Âðàõóâàâøè ãëàäê³ñòü ïðàâî¿ ÷àñòèíè ö³º¿ ð³âíîñò³, îäåðæèìî âêëàäåí-

íÿ 1, , 2 1
0( ( )) ((0, ); ( ))p q

tt Tu V Q L T H∗ −∈ + Ω . 

Îñê³ëüêè 1, , 1, ,
0 0( ) ((0, ); ( )),  min ,p q r p q

TV Q L T V r p q⊂ Ω = { } , òî  

1, , 1, ,
0( ( )) ((0, ); ( ( )) )p q r p q

TV Q L T V
′∗ ∗⊂ Ω . 

Îòæå,  

 1, , 1
0((0, ); ( ( )) ( ))r p q

ttu L T V H
′ ∗ −∈ Ω + Ω ,  äå  

1
rr

r
′ =

−
. 



52 

Îñê³ëüêè 2 1
0((0, ); ( ))tu L T H∈ Ω  ³ 1 2 1

0 ( ) ( ) ( )H L H−Ω ⊂ Ω ⊂ Ω , òî íà ï³äñòàâ³ 

ëåìè 1.2 [7, ñ. 20] 1 1, ,
0([0, ]; ( ) ( ( )) )p q

tu C T H V− ∗∈ Ω + Ω , òîáòî ( , 0)tu ⋅  ìàº ñåíñ. 

Îñê³ëüêè ( ,0) ( ,0)kN
t tu u x⋅ →  ñëàáêî â 2 ( )L Ω , 1 1( ,0) kk NN

tu u u⋅ → →  â 2 ( )L Ω , 

îòæå, ìàéæå âñþäè â .Ω  Òîìó çà [7, ñ. 25] 1( ,0) ( )tu x u x= . Àíàëîã³÷íî 

( , )tu x T = ω . Îòæå, u  º ðîçâ’ÿçêîì çàäà÷³ (1)–(3) â ñåíñ³ ðîçïîä³ë³â. ◊ 

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (Ñ), (D), (G), (P), (Q) òà 
2 1, , 1 2

0 0 0 1( ),  ( ) ( ),  ( )p q
Tf L Q u V H u L∈ ∈ Ω Ω ∈ Ω , ÷èñëà 2, 2, 1, ,ip q i n> > =  . 

Òîä³ ðîçâ’ÿçîê u  çàäà÷³ (1)–(3) (ó ñåíñ³ ðîçïîä³ë³â) ºäèíèé ó êëàñ³ ôóíêö³é 
2, ( ),  ( )

ix T tt Tu u L Q u L Q∞∈ ∈ , 1, , 1
0 0( ) ([0, ]; ( ))p q

Tu V Q C T H∈ Ω .  

Ä î â å ä å í í ÿ. Äîâåäåìî ºäèí³ñòü ðîçâ’ÿçêó çàäà÷³ (1)–(3). Ïðèïóñ-

òèìî, ùî ³ñíóº äâà ðîçâ’ÿçêè (1) (2),u u  çàäà÷³ (1)–(3). Òîä³ äëÿ 
def

(1) (2)u u u= −  
ïðàâèëüíà ð³âí³ñòü  

 
( ) 222 (1) (1)

1

1 ( , )
2 2

i

i i

n p x

t t i x x
iQ

u e dx u a x t u u
−− τ

=Ωτ τ

+ + − ∑∫ ∫æ æ  

 
( ) 2(2) (2)

, 1 1

( , ) ( , )i

i j ii i

n np x

x t ij x t x t i x tx x i
i j i

u u u d x t u u b x t u u
−

= =

− + + +
 ∑ ∑  

 
( ) 22 (1) (1)

0 ( , ) ( , ) ( , )
q x

t tb x t u c x t uu g x t u u
−+ + + −


 

 
( ) 2(2) (2) 0

q x t
tu u u e dx dt

− − − = 
æ . (22) 

Êð³ì òîãî, ( ,0) 0,  ( ,0) 0tu x u x= = . Îö³íêè äîäàíê³â ö³º¿ ð³âíîñò³ àíàëîã³÷í³ 

äî îö³íîê 1I – 8I , à íà ï³äñòàâ³ óìîâè (A) ìàºìî 

 
( ) 2 ( ) 2(1) (1) (2) (2)

1

( , ) i

ii i i i

T

n p x p x ti
i x tx x x x

iQ

a x t u u u u u e dx dt
− − −

=

 − = 
 ∑∫ æ  

 

(1)

(2)

( ) 2

1

( , ) ( ( ) 1)
i

i

x

i
i

T x

u
n

p x t
i i x t

iQ u

a x t p x d u e dx dt− −

=

= − τ τ τ ≤∑∫ ∫ æ  

 
( ) 2 ( ) 2(1) (2)

1

( ( ) 1) i i

i ii i

T

n p x p x t
i x x tx x

iQ

p x u u u u e dx dt
− − −

=

 ≤ α − + ≤ 
 ∑∫

 æ  

 2 25

1

1
2 i i

T

n
t

x x t
iQ

M
u u e dx dt−

=

 ≤ + δ δ ∑∫ æ . 

Òîä³ ç (22) âèïëèâàº íåð³âí³ñòü  

 2 22 5
0 5 0 1

1 1

1 (2 )
2 ii

T

n n

t x t x
i iQ

M
u e dx d M u u− τ

= =Ωτ

 + − δ + δ β − + δ ∑ ∑∫ ∫æ  

 2 20
0 0 1

0 1

12 2 0t
t

c
u c u e dx dt−  + + β − − − − δ ≤  δ δ 

ææ . 

Âèáðàâøè 0 1,δ δ  òàêèìè æ, ÿê ³ ïðè äîâåäåíí³ ³ñíóâàííÿ ðîçâ’ÿçêó, òà 
âðàõóâàâøè îö³íêè (8), (9), (10), îäåðæèìî îö³íêó  

 2 2 2 22

1 =1

0
i i

T

n n
t

t x x t t
i iQ

u e dx dy u u u u e dx dt− τ −

=Ω

 + + + + ≤  ∑ ∑∫ ∫æ æ , 

çâ³äêè (1) (2) 0u u u≡ − ≡  ìàéæå âñþäè â TQ . Îòæå, (1) (2)u u= . ◊ 
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 5. Âèñíîâêè. Çíàéäåíî êëàñ íåë³í³éíèõ àí³çîòðîïíèõ ã³ïåðáîë³÷íèõ ð³â-
íÿíü, äëÿ ÿêîãî ³ñíóº ºäèíèé ðîçâ’ÿçîê çì³øàíî¿ çàäà÷³ â óçàãàëüíåíèõ ïðî-
ñòîðàõ Ëåáå´à. 
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СМЕШАННАЯ ЗАДАЧА ДЛЯ АНИЗОТРОПНОГО УРАВНЕНИЯ ТРЕТЬЕГО ПОРЯДКА 
 
Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ (â ñìûñëå ðàñïðåäåëåíèé) 
ñìåøàííîé çàäà÷è äëÿ àíèçîòðîïíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïî-
ðÿäêà. Óðàâíåíèå ñîäåðæèò íåëèíåéíîñòè ñòåïåííîãî âèäà, ñòåïåíüþ êîòîðûõ 
ÿâëÿåòñÿ ôóíêöèÿ. 
 
MIXED PROBLEM FOR ANISOTROPIC THIRD-ORDER EQUATION  
 
The existence and uniqueness of solution (in the sense of distribution) for anisotropic 
hyperbolic equation of the third order is proved. The equation contains function power 
non-linearities. 
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