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НЕПЕРЕРВНОГО ДРОБУ 
 

Äëÿ ôóíêö³¿, ùî çàäîâîëüíÿº óìîâè, ÿê³ çàáåçïå÷óþòü ãðàíè÷íèé ïåðåõ³ä â 
îáåðíåíèõ ð³çíèöÿõ ³íòåðïîëÿö³éíî¿ ôîðìóëè Ò³ëå ïðè 0ix x→ , 1, ,i n=  , 

îòðèìàíî ðîçâèíåííÿ ó ïðèºäíàíèé íåïåðåðâíèé äð³á ñïåö³àëüíîãî âèãëÿäó â 
îêîë³ òî÷êè 0x . 

 
1. Ïîïåðåäí³ äîñë³äæåííÿ. Ïðàâèëüíèé íåïåðåðâíèé äð³á, â³äïîâ³äíèé 

äî ôîðìàëüíîãî ðÿäó Òåéëîðà, ìîæíà îòðèìàòè ïðèíàéìí³ äâîìà øëÿõàìè: 
çàñòîñóâàâøè ìåòîä Â³ñêîâàòîâà ÷è çä³éñíèâøè ãðàíè÷íèé ïåðåõ³ä, êîëè âñ³ 
âóçëè ³íòåðïîëÿö³¿ çá³ãàþòüñÿ äî îäí³º¿ òî÷êè â ³íòåðïîëÿö³éí³é ôîðìóë³ 
Ò³ëå [4]. 

Çàóâàæèìî, ùî îáåðíåí³ ðîçä³ëåí³ ð³çíèö³, ç ÿêèõ áóäóºòüñÿ ôîðìóëà 
Ò³ëå, 
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 0 ( ) ( )x f xΦ = , 

º ñèìåòðè÷íèìè ò³ëüêè â³äíîñíî äâîõ îñòàíí³õ çíà÷åíü àðãóìåíòó ³ íå º ñè-
ìåòðè÷íèìè â³äíîñíî ³íøèõ çíà÷åíü àðãóìåíòó, ùî íå äîçâîëÿº çðîáèòè 
ãðàíè÷íèé ïåðåõ³ä ïðè âñ³õ 0kx x→ . Çàóâàæèâøè, ùî âèðàç  

 0 0 2 0 2 4 0 4( , , ) , , , , , ,k k k k k k k kx x x x x x x x− − − −ρ = Φ + Φ + Φ +   [ ] [ ] [ ]  

 2 /2 0 2 /2, ,k k k kx x− −+ + Φ [ ] [ ][ ] , 

äå m[ ]  – ö³ëà ÷àñòèíà ÷èñëà m , ñèìåòðè÷íèé â³äíîñíî âñ³õ 1k +  çíà÷åíü 

àðãóìåíòó, Ò. Ò³ëå [4] çàïðîïîíóâàâ îáåðíåí³ ð³çíèö³ äëÿ ôóíêö³¿ ( )f x  ó 
âèãëÿä³ 
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 1 0,       1,2,k−ρ = =  . 

Îïåðàòîð kρ  íå ìîæíà ðîçóì³òè ÿê ïîâòîðíå çàñòîñóâàííÿ îïåðàòîðà 

1k−ρ , â³í òàêîæ íå º äèñòðèáóòèâíèì. 

ßêùî ð³çíèöÿ 0 1( , , , )k kx x xρ   çàëåæèòü â³ä óñ³õ ïîñë³äîâíèõ çíà÷åíü 

àðãóìåíòó, òî ïîçíà÷àòèìåìî ¿¿ ÷åðåç kρ . 

Çà äîïîìîãîþ îáåðíåíèõ ð³çíèöü kρ  ìîæíà âèçíà÷èòè îáåðíåí³ ðîçä³-

ëåí³ ð³çíèö³ kΦ :  

0 0 0 0 0( ) ( ) ( )x f x xΦ = = ρ , 

1 0 1 1 0 1, ( , )x x x xΦ = ρ[ ] , 

0 0 2 0 2, , ( , , ) ( , , )k k k k k kx x x x x x− −Φ = ρ − ρ  [ ] , 
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³ îòðèìàòè ³íòåðïîëÿö³éíó ôîðìóëó Ò³ëå 
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ç ÿêî¿ ïðè âñ³õ 0kx x→ , 1, 2, ,k n=  , âíàñë³äîê ñèìåòð³¿ îáåðíåíèõ ð³çíèöü 

ìàºìî â³äïîâ³äíèé íåïåðåðâíèé äð³á äî ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó 
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 , 1, 2,n =  , – n -íà îáåðíåíà ïîõ³äíà â³ä 

ôóíêö³¿ ( )f x  ó òî÷ö³ 0x x=  [4]. 

Äëÿ ïîáóäîâè ïðèºäíàíîãî äðîáó äî ôîðìàëüíîãî ðÿäó Òåéëîðà ìåòîä, 
ïîä³áíèé äî ìåòîäó Â³ñêîâàòîâà, çàïðîïîíîâàíî â ìîíîãðàô³¿ Ó. Äæîóíñà òà 
Â. Òðîíà [2]. Ç âèêîðèñòàííÿì ö³º¿ ³äå¿ íàìè îòðèìàíî ç ôîðìàëüíîãî ðÿäó 
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0,nϕ ≠  1,2, .n =  , ³ äîñë³äæåíî éîãî âëàñòèâîñò³ [5]. 

Ó ö³é ðîáîò³ ïðîïîíóºìî íîâó ñõåìó îá÷èñëåííÿ êîåô³ö³ºíò³â äðîáó (4), 
ó ÿê³é áóäåìî âèêîðèñòîâóâàòè ôîðìóëó Ò³ëå (2) òà ³íòåðïîëÿö³éíó ôîðìó-
ëó, ùî áàçóºòüñÿ íà ïðèºäíàíîìó íåïåðåðâíîìó äðîá³ (4) [1]: 
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äëÿ ôóíêö³¿ îäí³º¿ çì³ííî¿ ( )f x , ÿêùî â³äîì³ ¿¿ çíà÷åííÿ ó âóçëàõ ³íòåðïî-

ëÿö³¿ 0 1 2 1, , , nx x x + . Äëÿ çä³éñíåííÿ ãðàíè÷íîãî ïåðåõîäó ó ôîðìóë³ (5) 

ïðè âñ³õ 0 ,  1, 2, ,2 1ix x i n→ = + , çì³øàí³ ð³çíèö³ (6), (6′) âèðàæàþòüñÿ 

÷åðåç îáåðíåí³ ð³çíèö³ ³íòåðïîëÿö³éíî¿ ôîðìóëè Ò³ëå (2). 
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Çàóâàæèìî, ùî ïàðíîþ ÷àñòèíîþ íåïåðåðâíîãî äðîáó 
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Òåîðåìà 1. Îáåðíåíèé äð³á äî ³íòåðïîëÿö³éíîãî äðîáó (5) º ïàðíîþ 
÷àñòèíîþ äðîáó îáåðíåíîãî äî äðîáó Ò³ëå (2) òîä³ é ò³ëüêè òîä³, êîëè  
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çíàìåííèêè äðîáó (5). ßêùî îáåðíåíèé äð³á äî ³íòåðïîëÿö³éíîãî äðîáó (5) º 
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2 2 2
1 5 3 1 5 3

5 12 2
3 1 3 1 7 5

( ) ( )
( ) P

( ) ( ) ( )
x x

ρ ρ − ρ ρ ρ − ρ − − − ⋅ρ − ρ ρ − ρ ρ − ρ 
, 

 3 4 5 2 6 6 7 7 6 1P ( )( ) P ( ) ( )( ) Px x x x W x W x x x= − − ⋅ + + − ⋅  [ ] , 

 
2 2
1 5 3 6 4

3 4 5 2 2
3 1

( ) ( )
Q ( )( ) Q

( )
x x x x

ρ ρ − ρ ρ − ρ= − − ⋅ + − − ρ − ρ
  

 
2 2 2
1 5 3 1 5 3

5 12 2
3 1 3 1 7 5

( ) ( )
( ) Q

( ) ( ) ( )
x x

ρ ρ − ρ ρ ρ − ρ − − − ⋅ρ − ρ ρ − ρ ρ − ρ 
, 

 3 4 5 2 6 6 7 7 6 1Q ( )( ) Q ( ) ( )( ) Qx x x x W x W x x x= − − ⋅ + + − ⋅  [ ] . 

Çâ³äñè ïðè 6x x=  ìàºìî 

  1

2
5 3 5 3 6 4 6 5

6 6 2
3 1

( ) ( )( ) ( )
( )

( )

x x
W x

ρ ρ − ρ ρ − ρ ρ − ρ + −
= −

ρ − ρ

[ ]
, 

à ïðè 7x x=  îòðèìóºìî 

 
2
1 5 3 7 3

7 7 2
3 1 7 5

( )( )
( )

( ) ( )
W x

ρ ρ − ρ ρ − ρ
= −

ρ − ρ ρ − ρ
. 

Àíàëîã³÷íî ç ð³âíîñò³ 4 4

4 4

P P
Q Q

=

  âèçíà÷àºìî 8 8( )W x , 9 9( )W x : 

 
2

3 1 7 5 7 5 8 6 8 7
8 8 2 2

1 5 3

( ) ( ) ( )( ) ( )
( )

( )

x x
W x

ρ − ρ ρ − ρ ρ − ρ ρ − ρ + −
=

ρ ρ − ρ

[ ]
, 

 
2

3 1 7 5 9 5
9 9 2 2

1 5 3 9 7

( ) ( )( )
( )

( ) ( )
W x

ρ − ρ ρ − ρ ρ − ρ
=

ρ ρ − ρ ρ − ρ
. 

Ïðèïóñòèìî, ùî ñï³ââ³äíîøåííÿ (9)–(12) âèêîíóþòüñÿ äëÿ âñ³õ 2n k=  ³ 

äîâåäåìî, ùî âîíè ñïðàâäæóþòüñÿ äëÿ 2 1n k= + . Íåõàé 2 1 2 1

2 1 2 1

P P
Q Q

k k

k k

+ +

+ +

=

 . Âè-

êîðèñòîâóþ÷è ðåêóðåíòí³ ôîðìóëè äëÿ ï³äõ³äíèõ ÷èñåëüíèê³â ³ çíàìåííè-
ê³â, îòðèìàºìî ð³âí³ñòü 
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2 2
1 4 1 4 1 4 2 4

1
2 1 4 4 1 2

2
4 1 4 3

1

( ) ( )

P ( )( ) P

( )

k

i i k k
i

k k k k k

i i
i

x x x x
+ − +

=
+ +

− −
=

 ρ ρ − ρ ρ − ρ


= − − ⋅ + −
 ρ − ρ

∏

∏
 

 

1
2 2
1 4 1 4 1 4 1 4 1 4 1

1

2
4 1 4 3

1

( ) ( )( )

( )

k

i i k k k
i

k

i i
i

x x
−

+ − + − +
=

− −
=

ρ ρ − ρ ρ − ρ −
− −

ρ − ρ

∏

∏
 

 

2 2
1 4 1 4 1 4 1

1
2 -1

2
4 1 4 3 4 3 4 1

1

( ) ( )

P

( ) ( )

k

i i k
i

kk

i i k k
i

x x+ − +
=

− − + +
=

ρ ρ − ρ −


− ⋅
ρ − ρ ρ − ρ 

∏

∏
, 

 2 1 4 4 1 2P ( )( ) Pk k k kx x x x+ += − − ⋅ +   

 4 2 4 2 4 3 4 3 4 2 2 -1( ) ( )( ) Pk k k k k kW x W x x x+ + + + ++ + − ⋅ [ ]   

òà  

 

2 2
1 4 1 4 1 4 2 4

1
2 1 4 4 1 2

2
4 1 4 3

1

( ) ( )

Q ( )( ) Q

( )

k

i i k k
i

k k k k k

i i
i

x x x x
+ − +

=
+ +

− −
=

ρ ρ − ρ ρ − ρ
= − − ⋅ + −
 ρ − ρ

∏

∏
 

 

1
2 2
1 4 1 4 1 4 1 4 1 4 1

1

2
4 1 4 3

1

( ) ( )( )

( )

k

i i k k k
i

k

i i
i

x x
−

+ − + − +
=

− −
=

ρ ρ − ρ ρ − ρ −
− −

ρ − ρ

∏

∏
 

 

2 2
1 4 1 4 1 4 1

1
2 -1

2
4 1 4 3 4 3 4 1

1

( ) ( )

Q

( ) ( )

k

i i k
i

kk

i i k k
i

x x+ − +
=

− − + +
=

ρ ρ − ρ −
− ⋅
ρ − ρ ρ − ρ 

∏

∏
, 

 2 1 4 4 1 2Q ( )( ) Qk k k kx x x x+ += − − ⋅ +   

 4 2 4 2 4 3 4 3 4 2 2 -1( ) ( )( ) Qk k k k k kW x W x x x+ + + + ++ + − ⋅ [ ] . 

Çã³äíî ç ïðèïóùåííÿì ³íäóêö³¿ 
P P
Q Q

n n

n n

=

 , 0,1, ,2n k=  , òîìó, ïîêëàäà-

þ÷è 4 2kx x += , ìàòèìåìî ôîðìóëó (9). Àíàëîã³÷íî äîâîäèìî ïðàâèëüí³ñòü 

ôîðìóë (10)–(12). 

Äîñòàòí³ñòü. Íåõàé âèêîíóþòüñÿ ôîðìóëè (8), òîä³ 

 0 1
0 1 0

2 3 2

( )( )
( )

( )
x x x x

W W x x
W W x x

− −
+ − + =

+ −
 

 0 0 1
0

21 1 3 2
1 2 0 1 2 1

3 1

( ) ( )( )

( )
( ) ( )

( )

x x x x x x

x x
x x

− − −
= ρ + +

ρ ρ ρ −
− ρ ρ − ρ − ρ − −

ρ − ρ

. 
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Ïåðåòâîðèâøè çíàìåííèê äðóãîãî äðîáó: 

 2 1 3
1 2 0 1 2 1 2

3 1
( ) ( ) ( )

( )
x x x x

ρ ρ
− ρ ρ − ρ − ρ − − − =

ρ − ρ
 

 2
1 2 0 1 2 1( ) ( )x x= − ρ ρ − ρ − ρ − −  

 1 3
2 1 1 1 1

3 1
( ) ( ) ( )

( )
x x x x x x

ρ ρ
− − − ρ − + ρ − =

ρ − ρ
 

 2 1 3
1 2 0 1 1 2 1

3 1
( ) ( ) ( )

( )
x x x x

ρ ρ = − ρ ρ − ρ − ρ − + − ρ − =  ρ − ρ
 

 
2

2 1
1 2 0 1 1 2

3 1
( ) ( ) ( )

( )
x x x x

ρ
= − ρ ρ − ρ − ρ − − −

ρ − ρ
, 

îòðèìàºìî, ùî 1 1

1 1

P P
Q Q

=

 . 

Âñ³ ³íø³ ôîðìóëè äîâîäèìî àíàëîã³÷íî. Òåîðåìó äîâåäåíî. ◊ 

ßêùî ôóíêö³ÿ ( )f x  çàäîâîëüíÿº óìîâè, ùî çàáåçïå÷óþòü ãðàíè÷íèé 

ïåðåõ³ä â ôîðìóëàõ (1) ïðè 0ix x→ , 1, , 2 1i n= + , òî ìàºìî ðîçâèíåííÿ 

ôóíêö³¿ ó ïðèºäíàíèé íåïåðåðâíèé äð³á â îêîë³ òî÷êè 0x : 

 0
0

1( )
( )

f x
f x

+ +


 

 

0 0

2
0

2 2
0 0 0 0

( )

( ) 2 ( ) ( ) 3 ( ) ( ) ( )x x x x

x x

f x f x f x f x f x x x= =

−
+ +

− ⋅ − ⋅ + −       ( ) ( )( )[ ] [ ]
 

 0 0

2
2

0 2
0

3 ( ) 4 ( )
( )

( )

x x x xf x f x
x x

f x

= =⋅
+ − ⋅ +



      



( )

( )

[ ] [ ]
 

 0 0 0

0

1(4)

02 (4)
0

3 ( ) 5 ( ) 3 ( )
( )

( ) 5 ( )

x x x x x x

x x

f x f x f x
x x

f x f x

−
= = =

=

⋅ +  + − +  ⋅  


      

 

[ ] [ ] [ ]

[ ]( )

( )
. (13) 

 Íåâàæêî ïîêàçàòè, ùî ïðèºäíàíèé íåïåðåðâíèé äð³á (4) ³ ïðèºäíàíèé 
íåïåðåðâíèé äð³á (13) çá³ãàþòüñÿ. 

Ä³éñíî, ïðèïóñêàþ÷è, ùî äð³á (4) ³ äð³á (13) º çîáðàæåííÿìè îäí³º¿ ³ ò³-
º¿ æ ôóíêö³¿ ( )f x  â îêîë³ òî÷êè 0x x= , ç òîòîæíîñò³ 

 0 1 0( )c c x x+ − +  

2
1 0

02
2 0 0

1 0
2 0

( ) 1( )
( ) ( )

1 ( )
1 ( )
                     

k x x
f x

k x x f x
l x x

l x x

−
+ = + +

−
+ − −

+ − −


  

0 0

2
0

2 2
0 0 0 0

( )

( ) 2 ( ) ( ) 3 ( ) ( ) ( )

                                                                                          
x x x x

x x

f x f x f x f x f x x x= =

−
+

− ⋅ − ⋅ + − +


       ( ) ( )( )[ ] [ ]
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ïðè 0x x=  îòðèìóºìî, ùî 0 0( )c f x= . Â³äêèíóâøè ö³ ÷ëåíè òà ñêîðîòèâøè 

îáèäâ³ ÷àñòèíè òîòîæíîñò³ íà 0( )x x− , ìàòèìåìî 1
0

1

( )
c

f x
=


, äàë³, çä³éñíèâ-

øè åëåìåíòàðí³ ïåðåòâîðåííÿ, ïðè 0x x=  îòðèìóºìî  

 
0

2
0

1

1 ( ) 2 ( ) x xf x f x
k == − ⋅  ( ) [ ]       ³ ò. ä. 

3. Âèñíîâêè. Çàïðîïîíîâàíó àïðîêñèìàö³éíó ôîðìóëó ó âèãëÿä³ ïðèºä-
íàíîãî íåïåðåðâíîãî äðîáó ñïåö³àëüíîãî âèãëÿäó îòðèìàíî øëÿõîì ãðàíè÷-
íîãî ïåðåõîäó ïðè âñ³õ 0ix x→ , 1, , 2 1i n= + , ç ³íòåðïîëÿö³éíî¿ ôîðìóëè 

òèïó Íüþòîíà – Ò³ëå ç âèêîðèñòàííÿì çîáðàæåííÿ çì³øàíèõ ð³çíèöü ÷åðåç 
îáåðíåí³ ð³çíèö³ Ò³ëå. Íà íàø ïîãëÿä, ö³êàâî ïåðåéòè äî ãðàíèö³ â ³íòåðïî-
ëÿö³éíèõ ôîðìóëàõ ó âèãëÿä³ äâîâèì³ðíèõ íåïåðåðâíèõ äðîá³â [3] ³ ïîáóäó-
âàòè çðó÷í³ àëãîðèòìè îá÷èñëåííÿ êîåô³ö³ºíò³â îòðèìàíèõ ôîðìóë. 
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АППРОКСИМАЦИОННАЯ ФОРМУЛА В ВИДЕ ПРИСОЕДИНЕННОЙ 
НЕПРЕРЫВНОЙ ДРОБИ 
 
Äëÿ ôóíêöèè, óäîâëåòâîðÿþùåé óñëîâèÿì, îáåñïå÷èâàþùèì ïðåäåëüíûé ïåðåõîä â 
îáðàòíûõ ðàçíîñòÿõ èíòåðïîëÿöèîííîé ôîðìóëû Òèëå ïðè 0ix x→ , 1, ,i n=  , 

ïîëó÷åíî ðàçëîæåíèå â ïðèñîåäèíåííóþ íåïðåðûâíóþ äðîáü ñïåöèàëüíîãî âèäà â 
îêðåñòíîñòè òî÷êè 0x . 

 
APPROXIMATED FORMULA IN THE FORM OF ASSOCIATED 
CONTINUED FRACTION 
 
The expansion into the associated continued fraction of a special type in the neighbor-
hood of the point 0x  for the function, satisfying the conditions, providing the passage 

to the limit in the reciprocal differences of the Thiele interpolated formula at 0ix x→ , 

1, ,i n=  , has been obtained. 
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