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PROBLEM FOR NONHOMOGENEOUS SECOND ORDER EVOLUTION
EQUATION WITH HOMOGENEOUS INTEGRAL CONDITIONS

We propose a method of solving the problem with homogeneous integral conditions
for nonhomogeneous evolution equation with abstract operator in Banach space H .
The right-hand side of the evolution equation, which for fixed time variable be-
longs to special subspace N < H, is represented as a Stieltjes integral over a cer-

tain measure. The solution of this problem is also represented as a Stieltjes integral
over the same measure. We give the examples of applying the method to solving
the problem with integral conditions for PDE of second order in time variable and,
in general, infinite order in spatial variable.

Introduction. Problems with integral conditions, that are direct generali-
zation of discrete nonlocal conditions, for differential-operator equations and
for PDE, have been evoking a great interest of scientists in recent years since
they arise when modeling a diffusion of particles in a turbulent medium, pro-
cesses of heat conduction, moisture transfer in capillary-porous media, the
dynamics of population etc.

The problems with integral conditions for heat equation have been stu-
died in the works [1, 2, 15]. Inverse problems for this equation and for general
parabolic equations with unknown coefficients and with the usage of integral
conditions have been investigated in the work (see [17] and the bibliography
therein).

The works [8—14] deal with studying the problems with integral condi-
tions for other types of equations as well as for typeless and for differential-
operator equations.

1. Statement of the problem. Let H be a Banach space and A be a
given linear operator acting in it (A:H — H). Arbitrary powers A’,
j=2,3,..., are also defined in H.

Assume that for A € C there exists in H the solution of the equation

Ay =2y,
which obviously is the eigenvector y(A) of the operator A, which corresponds
to its eigenvalue A € C.
Consider entire function

ah) = aph*,
k=0

which is not a constant and is the symbol of linear operator a(A). Since
Ajy(X) = ljy(K), j=2,3,..., we conclude
a(A)yr) =a)yr), reC. (1)

Note that, for the operator a(%) and the eigenvector y(A) = e’ of the

operator A = % in the space H = C*(R), equality (1) gets the form
a(%) M = a(L)e" . (2)
Definition 1. We shall say that for arbitrary te[0,T], T >0, vector
f(t) from H belongs to &V, if on A < C there exist a measure p(A) and
linear operator Ff(t,k) :H — H such that f(t) can be represented in the

ISSN 0130-9420. MaT. meTogmu Ta is.-mex. moisa. 2015. — 58, Ne 2. — C. 7-19. 7



form of Stieltjes integral
) = fFf (t, M)yr) du(r). (3)
A
Besides, we assume that operator Ff(t,k) is analytical on t €[0,T] and

abstract operator A: H — H commutes with i, then the operators a(A4)

dt
and % also commute.
We consider the following problem:
2 2
d _ _|d d g2 -

& -aw] o = |4 —2a § + ot - so, @)
T

0,U@®) = [U)dt = ¢, ()
0
T

0,U() = [tU)dt = o, (6)
0

where U :[0,T] > H is an unknown vector-function, f:[0,T] > H is a given
vector-function, i. e. can be represented in the form (3), ¢,,¢, € H.

The solution of problem (4)—(6) could be represented as a sum of the
solution of equation (4) that satisfies homogeneous integral conditions

T

0,U) = [U)dt =0, (7
0
T

0,U(t) = th(t)dt =0, (8)
0

and the solution of homogeneous equation
d> d 2 _
[dtz 2a(A) - +a (A)} Ui =0, 9)

that satisfies nonhomogeneous conditions (5), (6).

In this paper, we will show an approach to solving the abstract problem
(4), (7), (8). Problem (9), (5), (6) has been investigated in [18]. Note that this
work is the continuation of previous investigations [4, 5, 7].

2. Main results. Consider the entire function
T a()T
I=1 = [ee®)t gy — -1
(a) {e T

(10)
(note that if a(A,) =0 then I =T) as well as its derivatives in a:
T T
I'= jte‘“)t dt, 1" = J't2e“(“t dt .
0 0

Along the lines of equation (4), according to the differential-symbol

method [3, 6], replacing A by A eC, and f(t) by e", we write down the
ODE

[%—a(X)TG =e". (11)



Denote by A(L) = I(a)I"(a) - [I'(@)]*. Then

A(?»)=I2(d%t){1%}:l2( ){11’11}-12( ){m(e” 1)-Ina} =
S

_p {TZeaT(eaT _ 1)_TeaTTeaT +l}
(eaT _ 1)2 a2
(eaT _ 1)2 (eaT _ 1)2 _ aZTZeaT (eaT _ 1)2 _ a2T2eaT
a a2(eaT — 1)2 ot
(eaT -1- aTeaT/zj( -1+ aTe“T/2)

4
a

eaT (eaT/2 _ e—aT/2 _ aT) (eaT/Z _ e—aT/Z + aT)

4
a

2m2
aT (2 sh% - aT) (2 sh %Jr aT) 4¢°7 (shz ﬂ—ﬁj

2 4

a* at

Thus,

4ea(k)T (ShZ a(k)T _ a2 (7\,)T2)
2 4

AL =
() 00

4
Note that if a(k,) =0 then A(k,) = :1P_2
Denote by P the set

- {x eC:sn2 8T _ az(k)Tz}. (12)

2 4

Set P is not empty (see [16]). Besides, P # C since P(N1R = P (iR) =
i = —1 (see [4]).
We consider the function
th _ I(V) I (a) I (a)t at

~I'@)+ (@) o
G = G(t,v,\) = AR)

-I'(v) AL

(v-a)

, (13)

where a =a(rh), AQR) = I(a)I"(a) - [I'(a)]2 )

Lemma 1. Function G(-,v,\) satisfies equation (11) for ve C, L e C\ P,
where P 1is set (12).
P r oo f In fact,

[% B GT Gt v = _la) {[% _ aT o

gl

a—a} ((I"(@) - I'(@)t)e™) -

-3~ (o) -




1 12,V I(V) 7 aty _
T {[v al’e (K)I: }( I'(@)e™)
I a
AE;:; [E - a} (I(a)e t)} =

_ 1 _ 412 vt_I(V). I(V) _ Vvt
S SEC R i i S

This proves our lemma.

L4
Lemma 2. Function (13) satisfies the homogeneous integral conditions
T

[Gt,v,mdt=0,  [tG(t,v,2)dt =0 (14)
0 0
for given ve C, A € C\ P, where P is set (12)

P r o o f. We shall prove the realization of the first integral condition
in (14):
T

T
_ 1 vt I(V) at I(V) at
{Gdt—(v_a)z {Ie O OIAG )j dt+ 3o 1" )jte dt +

I (V) at I (V) at _
A(k)I( )j dt—A(MI(a){te dt}—

L {I(v) _IWI'@I@) , IV @]

(v—a)? A(M) AL
I'(v) ., I'(v) ' _
o @@~ g 1@ (a)}-
1 I"(@I(a) - [I'@) }
= I(v)-1 =0.
(v_ay { M= 1=
For the second condition, we have
TtGdt— 1 te¥t dt — L) po Tt at gt + TV gy [ et g
{ _(v—a2 Ie _A(M (a)J‘e +A(X) (a)J‘ +
I (V) at I (V) 2 at g
A(X)I( )jt dt — A(X)I( )jt }
_ 1

, "I’ (a) ~I'@)I'()
- {1 (v) = I(v) ) +

(v-a)

I (V) " _

1 ' , A(N)
= I'(v)—0—=TI'(v)222 1 _
w—af{(” 0 (VAQ&

This proves our lemma.

L4
Lemma 3. Function G(t,v,*) is analytical in C\ P for all te[0,T]

veC, where P is the set (12). Besides, G(t,+,\) is entire for t e]0,T]
AeC\P.

P r o o f. First we shall prove that function in form (13) contains the

denominator whose zeros are removable singular points for G. For this
purpose, we shall show that

R(t,v,M)|,_, = R,(t,v,M)|,_, =0,

=a
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where

I"(a)-I'(a)t it —I'(a) + I(a)t oot

R(t,v, ) =e"" —I(v) A0 -I'(v) A
In fact,
R(t,a,A) = e — I(a)—I (a)A;xI) (@)t gar _ I'(a)———" ! (aA)(;t)I(a)t e =
— et _ I(a)I”(‘Z)(;)[I,(a)F e =0,

I"(a) - I’(a)t at I"(a) - I,(a) + I(a)t eat —

AG) € AGL)
I'@I(@) - [I'@)f o
A()
Since e", I(v), I'(v) are entire functions with respect to v, we conclude
that G(t,»,A) is also entire. The zeros of the denominator A(A) in function
G(t,v,A) are not removable singular points, hence G(t,v,+) is analytical on

R)(t,a,1) = te® —I'(a)

= te™ —

=0.

C\ P, where P is set (12), that completes our proof. ¢
Lemma 4. On the set [0,T] x C x (C \ P) there holds the following identity

d 2
& —a@)] {6 vy} = ey0.),

where y(L) is the eigenvector of operator A corresponding to the eigenvalue
LeC\P.

Proof From equality (1) and Lemma 1, for arbitrary (t,v,A) e
€ (0, TYxCx(C\ P) we have:

d ’ d?
& @] {6 vy} = L (G v w0} -

=24 ()G, v, My} + 2 (A{G(E, v, My} =
1 Gevalum - 20000 L cav b yon +

a2 oY de oMY
+a®W{G(E v, MYk =

d 2
= {[E - a(?u)] G(t, v,k)} y(L) = e"y(h). N

Theorem 1. Let the wvector-function f(t) in equation (4) for arbitrary
t €[0,T] belongs to &V, i. e. could be represented in the form (3), and G(t,v, L)
be function (13), A = C\ P, where P is set (12). Then the formula

du(h) (15)
v=0

U = [ F, (% , x) {G(t, v, )y}
A

defines a formal solution of problem (4), (7), (8).
P r o o f. We shall show that vector-function (15) satisfies equation (4).

In fact, using Lemma 1 and equality (3), we obtain:

2 d d

d _wa | ve = wl [F M{GE v, My} dun) =
[ —aa)| ve = [£-a@)] { f(a, ]{ &V, M| dn)=

v=
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dud) =

(]
(&) {eyony

Fy (8, My(h) du(r) = £(2).

du(r) =

v=0

> — >'—.

Using Lemma 2, we prove the realization of condition (7):

T

jU(t)dt = j “F ( ){G t,v, My}, dp(k)}dt =
0

du(r) =

d T
- { F, (E’X) H G(t, v,k)dt} y(L)

- [F, (%,xj [0]y()],_ di(h) = 0.
A

v=0

Similarly, using Lemma 2, we show that vector-function (15) satisfies
condition (8):

T T d
Jtuwde = | { | 7 (E,x) {G(t.v. 1y}
0 0 LA

du(k)} dt =
v=0

T
d
= [F, [E’k) [j tG(t, V,X)dt}y(k) du(r) =
A 0 v=0
_ a -
=[5 (& loem =0
This completes our proof. ¢

Remark 1. The Stieltjes integral in formula (15) is taken only on A =C\ P
since function G(t,v,\) is analytical with respect to A only in A (by Lemma 3).

Remark 2. Vector-function (15) defines a formal solution of problem (4),
(7), (8), since we assume the following equalities to hold:

d d
[E - a(A)} { F, (5’7‘) _du =
= [ F, (%,x) 4 - a(A)T ),
A =
t d
{ U F, (E’ xj {G(t, v, )y\)} » du(x)} dt =

T
= [F, [ K)[JG(t,v,x)dt}y(k) du(h),
A 0 v=0
T d
jt[ (d— ){G(tvx)yx)} dM(X)}dt:
0 v=0
T
= [F, [ k)[JtG(t,v,k)dt}y(k) du(r),
A 0 v=0

as well as the integrals in those formulas to exist.
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Remark 3. If a(A) =a = const and sh% #* i% (e.g. aeR or aeiR)
then P = . Then in Theorem 1 A = C. If for a € C there holds the condition
sh%: i%, then P = C. In this case, the solution of problem (4), (7), (8)

does mot exist for f(t)# 0, and problem (4), (7), (8) has monzero solutions if

f&)=0.

Remark 4. The solution of problem (4)—(6) is a sum of a solution of
problem (4), (7), (8) and a solution of problem (9), (), (6), i.e. it could be
represented in the form

U) = [ £, (2 {6 v yo}
A

du(h) +
0

v=

2
+ 20 [ Ry, 0){M, (£, M)y()} du(),

k=1 A
where {M,(t, ), M,(t,1)} is the system of solutions of the ODE
2

[%—a(k)} M=o,

which satisfies the conditions

T T
le(t,x)dt=1, thl(t,k)dtz(),
0 0

T T
[ Myt 0dt =0, [tM,(t,0)de =1,
0 0

and the vectors ¢,, ¢, are represented in the form

0 = [R, (Wyrdur),  ke{1,2},
A

where R% ), R% (A) are certain linear operators in H, L e A =C\ P (see

[18]).

3. Problem for nonhomogeneous PDE with homogeneous integral con-
ditions. In this section, we shall describe the usage of the proposed abstract
approach for solving a similar problem with integral conditions for PDE of
second order in time and generally infinite order in a spatial variable:

) o \T
2oL utw-rea).  coelTIxR, (16)
T T
jU(t,x)dt:O, th(t,x)dt:O, xeR, (17)
0 0

where a (i) is a differential expression with entire symbol a(L) # const .

ox
We can treat problem (16), (17) as a particular case of the problem (4),

(7), (8) with operator A =%, and its eigenvector e acting in a Banach

space H of entire functions U(t, x).
As a class & we take the class of entire functions f(t,x), which for

tixed t € [0,T] are quasipolynomials of the form

x

flt,x) = Q,(t, x)e”™ (18)
j=1

13



where a,,0,,...,a, € C\ P, P is the set (12), @,(t,x),...,Q,,(t,x) are entire

functions which for fixed t € [0,T] are polynomials, m € N.

m

For f e dV, as a measure pu(A) on A =C\ P take the Dirac measure on

A, for which Ig(k)du(k) equals g(0) (under assumption 0 € A), as analytical
A

operator F; take the operator defined as follows:

o< ()

E=h
We shall show that for f e dV there holds the equality (analogue of
equality (3)):
f(t,x) = [ Fy(t, )™ du(r).
A

In fact,

jF (t,M)e™™ du(n) = j f( az‘;)e&x S d\ =

E=1
= [ ft, 2™ sy dh = f(1, m)e |, = f(t,x).
A

From solution (15) of problem (4), (7), (8), for problem (16), (17) we have
Ult,x) = jf(a ax){G(t v, 1) “} du(k) =

- (£ G (et vme=y,

_0
Theorem 2. Let f(t,x) in equation (16) be entire function of the form (18)

and belongs to V. Then in class N there exists a unique solution of the
problem (16), (17) which can be represented in the form

U(t,x) = f(aa a‘i){a(t v, ey

(19)
v:O
where G(t,v,\) is the function (13).
P r oo f Function G(t,v,A) by Lemma 4 is entire with respect to v
and analytical in C\ P with respect to A. For f € ¢V, we define the infinite

order differential expression f( 66 %) as a formal substitution of t by 8%

and x by % in Maclaurin series of f(t,x). Then expression (19) is a series

that defines entire function U(t,x), which is entire with respect to ¢
(G(t,v,\) is a first order entire function with respect to t) and for each
t € [0,T] is a quasipolynomial of the form (18), that follows from the equality

< 0 0 o0l o
|:]Z_;Q] (a_vva ) :|{G(t7 v, }

— Z Q; (a—av , %) {G(t,v, k)e“}

=a;
v=0

i.e. U(t,x) belongs to oV .
14



Let’s show that function (19) satisfies equation (16):

%‘“(QTU“’” [%—a%ﬂ (& & e v i)

{ [% —a (%)T (G(t, v, 1)e) Hé_o

)

A=0
v=0
0 0 Ax+vt x4V —
= f(g,a {e™ ™} - ft, x){e™" t}|ﬁ28 = f(t,x)
Now let’s show that integral conditions (17) hold for function (19)
T T
_ 0 0 Ax _
[u(t,x)dt _jf(a ax){Gt v, e} » dt =
0 0 =
v=0
o @ T
_ o o Ax —
- f(&v’ﬁ?»){ IG(t,V,k)dt . 0,
0 =
v=0
T o @
[tut,x)dt = jtf < —){G(t v, e} dt =
ov’ O\ 20
0 0
v=0
=0.

T
_f[ 0 0 )]
_f(av,ak){e {tG(t,v,k)dt}

Now we shall prove the uniqueness of the solution of problem (16), (17) in
the class ¢V. Assume that for f € ¢V in the class ¢V there exist two solutions

U,(t,x), Uy(t,x) of problem (16), (17) in the strip [0,T]x R. Then they could
be represented in the form:

U, (t,x) = f(a akj{G (t,v x)e“}

r=0
v=0

0

U,(t,x) = f(aa ai){c; (v, ) “}

_0
where G,(t,v,A), G,(t,v,A) are solutions of equation (11).

Function U(t,x) = U,(t,x) — Uy(t,x) in the strip [0,T]xR satisfies the
homogeneous equation

2
0 0 _
{a “(aﬂ vt x) =0
and the homogeneous conditions (17). Thus, we obtain

90 0 _ ha -
(2. 2 G - Gy Y
The left-hand side of the last equation is a quasipolynomial with respect

to A. It contains the values of the function G,(t,v,A)-G,(t,v,A) and its
derivatives with respect to v and A at the points (t,v,A) € [0,T]xCx(C\ P).
Since G,(t,v,A) - G,(t,v, L) satisfies the homogeneous ODE

15



e

and the homogeneous integral conditions (14) as well as AeC\ P, ie.
A(L) #0, we conclude that G,(t,v,A)—G,(t,v,A)=0 on [0,T]xCx(C\P).
Hence U, (t,x) = Uy(t,x). ¢

[d (?»)TG:O

4. Examples of applications.
Example 1. Find the solution of the problem for bicalorical equation

2 \2
X

with homogeneous integral conditions

1 1
jU(t,x)dt = th(t,x)dt =0.
0 0

> For the given problem, we have a(A) = A2, T =1, f(t,x)=e""",
497”2 (sh2 k—z - Ej
A = 7#2 2/

P:{XGC\{O}:shL;:iL;}, leg P,
I'(a)=-T'(a)t 22t . —I'(a)+I(a)t 22t
AGy ¢ TG
[v 22T

eVt —I(v)
G(t,v,\) =

}\42
I(a) = &1

7\‘2
Using formula (19), we obtain

U(t,x) = o/ M+olov {G(t,v,k)e“}k:g = {G(t,v,k)e“}kzl.
= =1

Since the denominator of the function G(t,v,A) vanishes at v=1, A =1,
we treat the substitution in the last expression as the calculation of a limit:

U(t,x) = im {G(t, v,A)e** }.
v—1
r—1
After simplification, we obtain
e ((e* —3e + 1)t® + (2e® —Te + 4)t — e +2e +2)

Ut,x) =
() 2e? - 3e +1)

This solution is unique in the class of entire functions V. <

Example 2. Find the solution of the differential-functional equation
2
L Ut,a) 22 Utz + 1)+ Utz +2) = te'*" (20)
ot ot

which satisfies homogeneous integral conditions

1 1
jU(t,x)dt = th(t, x)dt = 0. (21)
0 0

16



> It’s easy to see that equation (20) could be represented in the form

(16), where a(%) =e%% | f(t,x) = te""®. Function G(¢,v,A) has the form

evt _ I(V) I”(a) - I'(a)t ee}ht _ I’(V)

—I'(a) + I(a)t ¢
AL ¢

G(t,v,\) = AR

[v—e"]
et -1
ek

Set (12) for problem (20), (21) achieves the form

4ee~A shzé—ﬁ
2" 4)_,

4 - )
e A

where a()) = ek, I(a) = €

P={LeC:AQM) =

and 1 ¢ P at that.
By formula (19), we compute the solution of the problem (20), (21):

U(t,x) = f(a—av ’a%j (G(t,v,M)e*"}

v=0
A=0

v=0 =

= dlov+ofon. Q{G(t,v,k)e“}
ov 1o

_i rx
== {G(t, v, )e""}

— ! x
v =G (t,1,1)e”.
r=1
After simplification, we obtain:

x
U(t,x) = € (t — 2)et — te!™ + (-2t + 4)e!*C +
(e —1)3 (e —e® +2¢° —1) [

+ 2tet+e+1 +(—t+ z)et+e+2 + tet+e+3 +(t- 2)et+2e _
_ tet+2e+1 + 6eet+1 + (3t _ lo)eet+2 + (_ Tt + 3)eet+3 +
+ (315 _ 1)eet+4 _ teet+5 _ Geet+e+1 + (_ 3t + 16)eet+e+2 +

10— 196 1 (D 4 - ],
The found solution of problem (20), (21) is unique in the class of entire
functions @V . -

Conclusions. We propose an approach to solving a problem for nonhomo-
geneous differential-operator equation of second order with homogeneous in-
tegral conditions.

Provided that the right-hand side of the equation is expressed in the
form of Stieltjes integral over a certain measure, the solution of the problem
is also expressed in such a form.

We also extend the proposed method to the case of the problem with
homogeneous time integral conditions for PDE of second order in time and, in
general, infinite order in spatial variable.

In future research, it would be interesting to study similar problems with
integral conditions in the form of moments for differential-operator equation
of any finite order.
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3A0AYA ANA HEOOHOPIOHOIO EBOMIOLIAHOIO PIBHAHHA APYIFOro
NOoPAAKY 3 OOAHOPIOAHUMU IHTErPAITbHUMU YMOBAMMU

3anpononosano memood po3e’a3ysanus 3a0aul 3 00OHOPIOHUMU THMEZPALLHUMU YMOBAMU
0a5 HeOOHOPIOHO020 eBOAIOYIUHO20 PIBHAHHA 3 AOCMPAKMHUM ONEePAMOPOM Y ATHIUHOMY
npocmopi H. IIpasa uwacmuna esoatoyitinozo PIleHAHHSA, W0 0as HIKCO8AHOT 1ac080%
3MIHHOT Hanexcums 00 cneyiarvHozo nionpocmopy N < H, 306paxcaemsvbcsa inmezpasom
Cminmveca 3a Oeaxoro wmipoto. Pose’sizox 3adaui 300pajcero makKox Y euzasioi
iHmeepara Cmiamuveca 3a yier s miporo. Ilodarno npuraadu 3acmocysarnti memody 0o
P0368’A3Y8aHHA 3a0aul 3 THMEZPALLHUMU YMO8AMU OAf PIBHAHHA 13 UACMUHHUMU
noxiOHumu O0pYy2020 NOPa0KYy 3a UACOBON 3MIHHOMW 1 8 3A2AABHOMY 6uUnadKy —
HECKIHUEeHHO020 NOPAOKY 3a NPOCMOPOBOI0 3MIHHOMO.

3AOAYA OnA HEOOQHOPOAHOIO 3BOMIOUMOHHOIO0 YPABHEHUA BTOPOIO
NOPAQOKA C OAHOPOAHbLIMU MHTEIPAITIbHLIMU YCITOBUAMU

ITpedaoscen memod pewerHus 3a0aus ¢ 0OHOPOOHBLIMU UHMELPAABHBLIMU YCAOBUAMU OASL
HEeOOHOPOOHO20 IBONIOUUOHHO20 YPABHEHUA C AOCPAKMHBLM ONePATOPOM 8 AUHETHOM
npocmparcmee H . IIpasas wacmb 960410UUOHHO20 YPABHEHUSA, KOmopas 0ai Purcupo-
8AHHOU 8PeMEeHHOU NepemMeHHOU NPUHAOALH UM CReYUALBHOMY NOONPOCMPAHCMEY
N c H, npedcmasasemcs unmezparom Cmuamveca no Hekomopoi mepe. Pewenue 3a-
OJauu npedcmasseno maxkdice 8 sude unmezpara Cmuamuveca no amoil sHe mepe. IIpugede-
Hbl MPUMEDPDLL UCTOABI0BAHUSL Memo0a K PeweHuto 3a0auu ¢ UHMeZPAAbHbLUU YCA08US-
MU O YPABHEHUSA C UACTIHBLUU NPOUIBOOHBLMU 8MOPO20 NOPATKA NO 8PeMeHHOU nepe-
MmenHotl u 8 obwem cayuae — O0eCKOHeuHoz0 NopaAdKa NO MPOCMPAHCMEEHHOU
nepemeHHoU.
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