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Y. Z. Povstenko 
 
THERMOELASTICITY WHICH USES FRACTIONAL 
HEAT CONDUCTION EQUATION 
 

A survey of nonlocal generalizations of the Fourier law and heat conduction 
equation is presented. More attention is focused on the heat conduction with time 
and space fractional derivatives and on the theory of thermal stresses based on this 
equation. 

 
1. Essentials of fractional calculus. In this section we recall the main 

idea of fractional calculus [5, 7, 23, 37, 38, 45, 51, 54]. It is common knowledge 
that integrating by parts 1n −  times the calculation of n -fold primitive of a 
function ( )f t  can be reduced to the calculation of a single integral of the 
convolution type 
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where n  is a positive constant, ( )nΓ  is the gamma function.  
The Riemann – Liouville fractional integral is introduced as a natural ge-

neralization of the convolution-type form (1): 
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The Laplace transform rule for the fractional integral (2) reads 

 1( ) ( )L I f t L f t
s

α
α= { }{ } , 

where s  is the transform variable. 
The Riemann – Liouville derivative of the fractional order α  is defined 

as left-inverse to the fractional integral Iα : 
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and for its Laplace transform requires the knowledge of the initial values of 

the fractional integral ( )nI f t−α  and its derivatives of the order 1,2, ,k =   
1n − : 

 
1

1
RL

0

( ) ( ) (0 ) ,     1
n

k n n k

k

L D f t s L f t D I f s n n
−

α α −α + − −

=

= − − < α <∑{ }{ } . 

An alternative definition of the fractional derivative was proposed by 
Caputo [8]: 
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For its Laplace transform rule the Caputo fractional derivative requires the 
knowledge of the initial values of the function ( )f t  and its integer derivatives 

of the order 1,2, , 1k n= − : 
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The Caputo fractional derivative is a regularization in the time origin for 
the Riemann – Liouville fractional derivative by incorporating the relevant 
initial conditions [25]. The major utility of the Caputo fractional derivative is 
caused by the treatment of differential equations of the fractional order for 
physical applications, where the initial conditions are usually expressed in 
terms of a given function and its derivatives of integer (not fractional order), 
even if the governing equation is of fractional order [41, 54]. If care is taken, 
the results obtained using the Caputo formulation can be recast to the Rie-
mann – Liouville version and vice versa. 

The convolution type form of the Riemann – Liouville fractional integral 
(2) can be extended to 
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These integrals are sometimes called the left-sided and right-sided fracti-
onal integrals, respectively. It should be mentioned that replacing t  by x  we 
have changed notation in equations (3) and (4) in comparison with equation (2) 
as the following consideration will concern space-fractional differential opera-
tors. 

The corresponding left-sided and right-sided Riemann – Liouville fractio-
nal derivatives of order 0α >  are defined by 
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The left-sided and right-sided Liouville fractional integrals on the real 

axis have the form 
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while the fractional derivatives corresponding to these integrals are expressed 
by 
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The Fourier transform rules for Liouville fractional integrals and derivatives 
are calculated according to the following formulae: 
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where ξ  is the Fourier transform variable and ( )i α± ξ  means 
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2
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 The Riesz form of the fractional derivative is a symmetric operator with 
respect to x  [22, 42] (we consider this operator for the values 0 2< β < ): 
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The Fourier transform rule for the Riesz derivative reads 

   

  

( )
( )

d f x
F F f x

d x

β
β

β
  = − ξ 
 

{ } . 

The Riesz-Feller fractional derivative of order 0 2< β ≤  and skewness 

ϑ  with min , 2ϑ = β − β{ }  modifies the Riesz derivative introducing asym-
metry [52] 
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and has the following Fourier transform rule 
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The one-dimensional Riesz derivative is the first step in the direction of defi-
ning fractional partial operators in higher dimensions. For example, negative 

powers of the Laplace operator /2( )−β−∆ , 0β > , are called the Riesz potentials 
(integrals), and their Fourier transforms are defined as [37] 
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whereas the positive powers /2( )β−∆ , 0β > , are called Riesz derivatives 
having the Fourier transforms 

   

/2( ) ( ) ( )F f F fββ−∆ =x x{ }{ } ξ , 0β > , (5) 

where ξ  is the transform variables vector. 
It is obvious that equation (5) is a fractional generalization of the 

standard formula for the Fourier transform of the Laplace operator 

   

2( ) ( )F f F f−∆ =x x{ } { }ξ . 

It should be noted that the cumbersome aspects of space-fractional diffe-
rential operators disappear when one computes their integral transforms. 

2. Physical backgrounds. The classical theory of heat conduction is based 
on the Fourier law 

 k T= − ∇q  (6) 

relating the heat flux vector q  to the temperature gradient, where k  is the 
thermal conductivity of a solid. In combination with the law of conservation of 
energy, this equation leads to the parabolic heat conduction equation 

  ,T a T
t

∂ = ∆
∂

 

where a  is the thermal diffusivity coefficient. 
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 It should be noted that Eq. (6) is a phenomenological law which states the 
proportionality of the flux to the gradient of the transported quantity. It is 
met in several physical contexts with different names. It is well known that 
from mathematical viewpoint, the Fourier law (6) in the theory of heat con-
duction, and the Fick law in the theory of diffusion, 

 c= − ∇J æ , 

where J  is the matter flux, c  is the concentration, æ  is the diffusion conduc-
tivity, are identical. In combination with the balance equation for mass, the 
Fick law leads to the classical diffusion equation: 

  .c
c a c
t

∂ = ∆
∂

 

Similarly, the classical empirical Darcy law, describing the flow of fluid 
through a porous medium, states proportionality between the fluid mass flux 
and the gradient of the pore pressurep  

  p= − ζ ∇J  

and leads to the parabolic equation for the pressure 

  .p
p

a p
t

∂ = ∆
∂

 

In this paper we discuss heat conduction and thermal stresses, but it obvious 
that the discussion concerns also diffusion and diffusive stresses as well as the 
theory of fluid flow through the porous solid. 
 Nonclassical theories, in which the Fourier law and the standard heat 
conduction equations are replaced by more general equations, constantly at-
tract the attention of the researchers. The time-nonlocal constitutive equation 
for the heat flux was considered in [18, 28, 46, 47, 49, 50] 

 
0

( ) ( )grad ( )
t

t k a t T d= − − τ τ τ∫q .  (7) 

The corresponding heat conduction equation has the form [47, 48] 

  

0

( ) ( )
t

T a a t T d
t

∂ = − τ ∆ τ τ
∂ ∫ , 

while the corresponding thermoelasticity theory was formulated by Chen and 
Gurtin [17]. 

The Cattaneo [12, 13] and Vernotte [65] generalization of the Fourier law 
can be considered as time-nonlocal (7) with «short-tale» exponential kernel 
and leads to the telegraph equation for the temperature. On its basis Kaliski 
[36] and Lord and Shulman [39] introduced the theory of generalized elastici-
ty. The first book on the generalized elasticity was published by Podstrigach 
and Kolyano [2] in 1976. 

In the case of constant kernel («full memory») the constitutive equation 
proposed by Nigmatullin [47] and Green and Naghdi [27] is obtained. In this 
theory the temperature is described by the wave equation (the ballistic heat 
conduction): 

 
2

2
T a T
t

∂ = ∆
∂

. 

Green and Naghdi [27] also considered the theory of thermal stresses based on 
the wave heat conduction equation. Such a theory is called thermoelasticity 
without energy dissipation. 

For an extensive bibliography on this subject and further generalizations 
see [1, 2, 14, 15, 30, 31, 33–35, 64] and references therein. 
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3. Fractional thermoelasticity. In this paper we consider the constitutive 
equation with the «long-tale» power time-nonlocal kernel (see also [21, 26]) 

 1
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Constitutive equations (8) and (9) can be rewritten in term of fractional 
integrals and derivatives  

 1
RL( ) grad ( ),      0 1t kD T t−α= − < α <q , 

 1( ) grad ( ),       1 2t kI T tα −= − < α <q , 

and yield the time-fractional heat conduction equation 

 ,                      0 2T a T
t

α

α
∂ = ∆ < α <
∂

, (10) 

with Caputo fractional derivative of order α . Equation (10) describes the 
whole spectrum from local heat conduction 0α =  through the standard heat 
conduction 1α =  to the ballistic heat conduction 2α = . 

Space-nonlocal constitutive equations for the heat flux were also consi-
dered. In nonlocal thermoelastcity proposed by Eringen [20] (see also [19]), the 
«short-tale» exponential kernel was assumed. Another type of space-nonloca-
lity is based on «long-tale» kernels resulting in fractional differential operators 
in space coordinates [16, 24, 52, 53]. 

The general space-time-fractional heat conduction equation in one-di-
mensional case has the form [22, 42, 63]: 

 
  

,          0 2,       0 2T Ta
t x

α β

α β
∂ ∂= < α ≤ < β ≤
∂ ∂

, 

or in the case of higher dimensions [29] 

 /2( ) ,      0 2,       0 2T a T
t

α
β

α
∂ = − − ∆ < α ≤ < β ≤
∂

.  (11) 

Space, time and space-time fractional heat (or diffusion) equations are 
useful as a mathematical model of many diverse physical phenomena, inclu-
ding amorphous, colloid, glassy and porous materials, fractals, percolation 
clusters, random and disordered media, comb structures, dielectrics and semi-
conductors, polymers and biological systems; see [32, 43, 44, 66], among others. 

Applications of fractional calculus to various problems of mechanics of 
solids are reviewed in [3, 4, 6, 9–11, 40, 62]. A quasi-static theory of thermal 
(or diffusive) stresses based on time-fractional equation (10) was proposed by 
the author [55], whereas the corresponding theory based on equation (11) was 
considered in [57].  

In the quasi-static theory a thermoelastic state of a solid is governed by 
the equilibrium equation in terms of displacements 

   ( ) TK Tµ + λ + µ ⋅ = βu u   , 

the stress-strain-temperature relation 

 2 ( tr )TKT= µ + λ − βe e I , 

the space-time-fractional heat conduction equation 

 /2tr ( ) ,          0 2,       0 2T a T
t t

α α
β

α α
∂ ∂+ γ = − − ∆ < α ≤ < β ≤
∂ ∂

e , (12) 

where u  is the displacement vector,   is the stress tensor, e  is the linear 
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strain tensor, T  is the temperature, Tβ  is the thermal coefficient of volumet-
ric expansion, λ  and µ  are the Lamé constants, 2 /3K = λ + µ , I  denotes the 
unit tensor. The coefficient γ describes the effect of deformation on the ther-
mal state of a solid. 

In the framework of the proposed theories, several thermoelastic prob-
lems were considered [55, 56, 58, 59, 61] (see also [60]). Because equation (12) 
in the case 2β =  and 1 2< α <  interpolates the heat conduction equation 

1α =  and the wave equation 2α = , the proposed theory interpolates the 
classical thermoelasticity and the thermoelasticity without energy dissipation 
introduced by Green and Naghdi [27]. 
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ТЕРМОПРУЖНІСТЬ, ЯКА ВИКОРИСТОВУЄ ДРОБОВЕ РІВНЯННЯ ТЕПЛОПРОВІДНОСТІ 
 
Íàâåäåíî îãëÿä íåëîêàëüíèõ óçàãàëüíåíü çàêîíó Ôóð’º ³ ð³âíÿííÿ òåïëîïðîâ³äíîñ-
ò³. Ãîëîâíó óâàãó çâåðíåíî íà ð³âíÿííÿ òåïëîïðîâ³äíîñò³ ç ïîõ³äíèìè çà ÷àñîì ³ 
ïðîñòîðîâèìè êîîðäèíàòàìè äðîáîâîãî ïîðÿäêó òà íà òåîð³þ òåïëîâèõ íàïðó-
æåíü, ÿêà âèêîðèñòîâóº òàêå ð³âíÿííÿ.  
 
ТЕРМОУПРУГОСТЬ, ИСПОЛЬЗУЮЩАЯ ДРОБНОЕ УРАВНЕНИЕ ТЕПЛОПРОВОДНОСТИ 
 
Ïðèâåäåí îáçîð íåëîêàëüíûõ îáîáùåíèé çàêîíà Ôóðüå è óðàâíåíèÿ òåïëîïðîâîä-
íîñòè. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ óðàâíåíèþ òåïëîïðîâîäíîñòè ñ ïðîèçâîä-
íûìè ïî âðåìåíè è ïðîñòðàíñòâåííûì êîîðäèíàòàì äðîáíîãî ïîðÿäêà è òåîðèè 
òåïëîâûõ íàïðÿæåíèé, èñïîëüçóþùåé òàêîå óðàâíåíèå.  
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