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КРАЙОВА ЗАДАЧА ДЛЯ РІВНЯНЬ ЗІ ЗМІННИМИ КОЕФІЦІЄНТАМИ, 
НЕРОЗВ’ЯЗНИХ ВІДНОСНО СТАРШОЇ ПОХІДНОЇ ЗА ЧАСОМ 
 

Ó öèë³íäðè÷í³é îáëàñò³ äîñë³äæåíî îäíîçíà÷íó ðîçâ’ÿçí³ñòü êðàéîâî¿ çàäà÷³ ç 
äàíèìè íà âñ³é ãðàíèö³ îáëàñò³ äëÿ ïåâíîãî êëàñó ë³í³éíèõ ð³âíÿíü ³ç ÷àñòèí-
íèìè ïîõ³äíèìè âèùîãî ïîðÿäêó, íåðîçâ’ÿçíèõ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà 
÷àñîì, ç³ çì³ííèìè çà ïðîñòîðîâèìè êîîðäèíàòàìè êîåô³ö³ºíòàìè. Îòðèìà-
í³ ðåçóëüòàòè ïåðåíåñåíî íà âèïàäîê, êîëè ð³âíÿííÿ çáóðåíî íåë³í³éíèì äî-
äàíêîì â ë³í³éí³é ÷àñòèí³. 

 
Âñòóï. Íà â³äì³íó â³ä åë³ïòè÷íèõ ð³âíÿíü, êðàéîâ³ çàäà÷³ ç äàíèìè íà 

âñ³é ãðàíèö³ îáëàñò³ äëÿ ã³ïåðáîë³÷íèõ i áåçòèïíèõ (ó òîìó ÷èñë³ íåðîçâ’ÿç-
íèõ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà ÷àñîì) ð³âíÿíü ³ ñèñòåì ð³âíÿíü íå çàâæäè 
º êîðåêòíèìè, à ¿õ ðîçâ’ÿçí³ñòü â îáìåæåíèõ îáëàñòÿõ ïîâ’ÿçàíà, âçàãàë³, ç 
ïðîáëåìîþ ìàëèõ çíàìåííèê³â (äèâ., íàïðèêëàä, [1–8, 11, 13, 14, 16–18] ³ 
á³áë³îãðàô³þ òàì). 

Ó ö³é ðîáîò³, ÿêà ïîøèðþº ðåçóëüòàòè ïðàö³ [5] íà âèïàäîê çì³ííèõ 
êîåô³ö³ºíò³â ð³âíÿííÿ, äîñë³äæåíî îäíîçíà÷íó ðîçâ’ÿçí³ñòü çàäà÷³ òèïó Ä³-
ð³õëå â îáìåæåí³é öèë³íäðè÷í³é îáëàñò³ äëÿ ë³í³éíèõ ð³âíÿíü ³ç ÷àñòèííèìè 
ïîõ³äíèìè âèùîãî ïîðÿäêó, íåðîçâ’ÿçíèõ â³äíîñíî ñòàðøî¿ ïîõ³äíî¿ çà ÷à-
ñîì, ç³ çì³ííèìè çà x  êîåô³ö³ºíòàìè, çáóðåíèõ íåë³í³éíèì äîäàíêîì. Âèä³-
ëåíî êëàñ ð³âíÿíü (â ÿêèõ ïîðÿäîê äèôåðåíö³þâàííÿ çà x  º íàéâèùèì ïðè 
ñòàðø³é ïîõ³äí³é çà ÷àñîì), êîëè ðîçâ’ÿçí³ñòü çàäà÷³ íå ïîâ’ÿçàíà ç ïðîáëå-
ìîþ ìàëèõ çíàìåííèê³â. 

Íàäàë³ âèêîðèñòîâóâàòèìåìî òàê³ ïîçíà÷åííÿ: 1( , , ) p
px x x= ∈  , s =  

1( , , ) p
ps s += ∈  , 1 ps s s= + + ; ( , ) : (0, ),  pQ t x t T x G= ∈ ∈ ∈ { } , äå G  
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( )w x , âèçíà÷åíèõ â G  ³ ÿê³ ìàþòü íåïåðåðâí³ ïîõ³äí³ äî ïîðÿäêó j , ÿê³ çà-

äîâîëüíÿþòü óìîâó Ãåëüäåðà ç ïîêàçíèêîì ,  0 1ν < ν < , ð³âíîì³ðíî â G ; 
,jA ν  – êëàñ çàìêíåíèõ îáëàñòåé G , äëÿ ÿêèõ ôóíêö³¿, ùî çàäàþòü ó ëî-

êàëüíèõ êîîðäèíàòàõ ð³âíÿííÿ ìåæîâèõ ïîâåðõîíü öèõ îáëàñòåé, íàëåæàòü 

êëàñó , .jC ν  
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– åë³ïòè÷íèé â îáëàñò³ G  äèôåðåíö³àëüíèé âèðàç, äå  

  2 2, 2 1,( ) ,      ( ) ,     , 1, , ,    (0,1)ijq x C p x C i j nΘ− ν Θ− ν∈ ∈ ∈ ν ∈{ } , 

 0 1,      ( )q qL u u L u L L u−= = . 

Çàóâàæèìî, ùî âñ³ âëàñí³ çíà÷åííÿ ,  k kλ ∈  , çàäà÷³  

 ( ) ( ),          ( ) 0
G

LX x X x X x
∂

= − λ = ,  (4) 

ìíîæèíó ÿêèõ ïîçíà÷èìî ÷åðåç Λ , º ð³çíèìè òà äîäàòíèìè, à âëàñí³ ôóíê-
ö³¿ ( ),kX x k ∈{ }  óòâîðþþòü ïîâíó îðòîãîíàëüíó ñèñòåìó â ïðîñòîð³ 2 ( )L G  

(íàäàë³ ââàæàòèìåìî, ùî öÿ ñèñòåìà º íîðìîâàíîþ); ïðè öüîìó ( )kX x ∈  
2 ( )C GΘ∈  ³ ñïðàâäæóþòüñÿ òàê³ îö³íêè [9, 12]:  
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Çîáðàçèìî ðîçâ’ÿçîê çàäà÷³ (1)–(3) ó âèãëÿä³ ðÿäó  
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ó ÿêîìó êîåô³ö³ºíòè ( )ku t , k ∈  , º â³äïîâ³äíî ðîçâ’ÿçêàìè òàêèõ çàäà÷:  
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k ku u T q n= = = − ,  (9) 

äå  

  ( ) ( , ) ( ) ,        k k
G

f t f t x X x dx k= ∈∫  .  (10) 

Ïîçíà÷èìî 
0
max ( ) ,    k k

t T
f f t k

≤ ≤
= ∈  . 

Ïðèïóñòèìî, ùî äëÿ âñ³õ kλ ∈ Λ  êîðåí³ : ( ),  1, ,j j k j nη = η λ =  , ð³â-

íÿííÿ  
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º ð³çíèìè òà â³äì³ííèìè â³ä íóëÿ. Òîä³ êîðåí³ õàðàêòåðèñòè÷íîãî ð³âíÿííÿ  
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ÿêå â³äïîâ³äàº îäíîð³äíîìó ð³âíÿííþ  
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º òàêîæ ð³çíèìè òà â³äì³ííèìè â³ä íóëÿ ³ ìàþòü âèãëÿä  

 : ( ) ( ) exp arg ( )/2 ,       1, ,j j k j k j ki j nγ = γ λ = η λ η λ = ( ) , 

 : ( ) ( ) exp arg ( )/2 ,       1, ,n j n j k j k j ki j n+ +γ = γ λ = − η λ η λ = ( ) . 
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Íà ï³äñòàâ³ îö³íîê äëÿ êîðåí³â ïîë³íîìà ÷åðåç éîãî êîåô³ö³ºíòè [15, 
ñ. 102] îäåðæóºìî  

 /2
3( ) ,              1, ,2j k kA j nµγ λ ≤ λ =  ,  (14) 

äå 
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1, , 0

max ( )/ , ,   2 max ,1
n

j
r

r m j

m n m A a
−

∈ =
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∑
{ }

( ) . 

Ôóíäàìåíòàëüíà ñèñòåìà ðîçâ’ÿçê³â ð³âíÿííÿ (13) ìàº âèãëÿä  

 ,( ) exp ( ),  ( ) exp ( ),  1, ,kj j k n j ju t t u t t j n+= γ = − γ = { } , 

à õàðàêòåðèñòè÷íèé âèçíà÷íèê ( )k∆ λ  çàäà÷³ (8), (9) âèçíà÷àºòüñÿ ôîðìóëîþ  

 2 2 2

1 1 <

( ) 2 sh ( ) ( )
n

n
k j s r

j r s n

T
= ≤ ≤

∆ λ = − γ γ − γ∏ ∏ . 

Òåîðåìà 1. Äëÿ ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ (1)–(3) ó ïðîñòîð³ (2 ,2 )( )nC QΘ  
íåîáõ³äíî é äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè  

    1 exp (2 ( ) exp arg ( )/2) 0,  1, ,k j k j kT i j n∀λ ∈Λ − η λ η λ ≠ = ( ) .  (15) 

Ä î â å ä å í í ÿ  çä³éñíþºòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 2.4 ³ç 
[13, ãë. 2]. ◊ 

Íåõàé ñïðàâäæóþòüñÿ óìîâè (15). Òîä³ äëÿ êîæíîãî kλ ∈ Λ  ³ñíóº ºäèíà 

ôóíêö³ÿ ¥ð³íà ( , ) : ( ; , )k kG t G tτ = λ τ  çàäà÷³ (8), (9), çà äîïîìîãîþ ÿêî¿ ¿¿ ðîç-

â’ÿçîê çîáðàæóºòüñÿ ó âèãëÿä³  
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äå j
n sS −  – ñóìà âñ³õ ìîæëèâèõ äîáóòê³â åëåìåíò³â 2 2 2 2

1 1 1, , , , ,j j n− +γ γ γ γ  , 

âçÿòèõ ó ê³ëüêîñò³ n s−  ó êîæíîìó äîáóòêó; 0 : 1jS = . 

Íà ñòîðîí³ 0 ( )Tτ = τ =  êâàäðàòà TK  ôóíêö³¿ ( , )kG t τ  äîâèçíà÷àºìî çà 

íåïåðåðâí³ñòþ ñïðàâà (çë³âà). 
Íà ï³äñòàâ³ ôîðìóë (7), (16) ôîðìàëüíèé ðîçâ’ÿçîê çàäà÷³ (1)–(3) çîáðà-

æóºòüñÿ ðÿäîì  
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áóäó÷è â³äì³ííèìè â³ä íóëÿ, ìîæóòü íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü 
äëÿ íåñê³í÷åííî¿ ìíîæèíè çíà÷åíü kλ ∈ Λ . Òîìó â çàãàëüíîìó âèïàäêó ³ñ-

íóâàííÿ ðîçâ’ÿçêó çàäà÷³ (1)–(3) ïîâ’ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèê³â. 
Äëÿ äîñë³äæåííÿ ïèòàííÿ ïðî ³ñíóâàííÿ êëàñè÷íîãî ðîçâ’ÿçêó çàäà÷³ 

(1)–(3) ïîòð³áí³ áóäóòü íàñòóïí³ äîïîì³æí³ òâåðäæåííÿ. 

Ëåìà 1. ßêùî mβ > , òî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) kλ ∈ Λ  

ñïðàâäæóþòüñÿ îö³íêè  

 ( )/2 0 2( 1)
4 4 3

1( ) ,    ,      1, ,
2

m n n
j k mkA A a A j n−β − −γ λ ≥ λ = =  .  (19) 

Ä î â å ä å í í ÿ. Íà ï³äñòàâ³ ð³âíÿííÿ (12), çã³äíî ç òåîðåìîþ Â³ºòà, 
îòðèìóºìî íåð³âí³ñòü  
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ÿêà ïðàâèëüíà äëÿ âñ³õ òèõ ,kλ ∈ Λ  ÿê³ ñïðàâäæóþòü íåð³âí³ñòü  
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Iç íåð³âíîñòåé (14) ³ (20) âèïëèâàº, ùî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) 

kλ ∈ Λ   
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Ëåìó äîâåäåíî. ◊ 

Ëåìà 2. ßêùî mβ ≤ , òî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) kλ ∈ Λ  

ñïðàâäæóþòüñÿ îö³íêè  

 2 ( )(2 )
4( ) ,         1, ,m n

j k kA j n−β −γ λ ≥ λ =  .  (21) 

Ä î â å ä å í í ÿ  ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 1. ◊ 

Ëåìà 3. ßêùî mβ > , òî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) kλ ∈ Λ  

ñïðàâäæóþòüñÿ îö³íêè  

 ( )( 1)/2 2
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m n n
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= ≠

γ λ − γ λ ≥ λ =∏ ( ) ,  (22) 

äå 1
5 42

nnA A −= , 4A  – ñòàëà ç ôîðìóëè (19). 

Ä î â å ä å í í ÿ. Çàóâàæèìî, ùî ÿêùî ,  1, ,jx j n=  , – êîðåí³ ìíîãî-

÷ëåíà 1
1 1( ) n n

n nP x x b x b x b−
−= + + + + , òî  
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( ) ( 1) ( ),          1, ,
n

n
j q j

q q j
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= ≠

′ = − − =∏  .  (23) 

Íà ï³äñòàâ³ (12) i (23) îòðèìóºìî  
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 1, ,j n=  .  (24) 
²ç ôîðìóëè (24) òà ëåìè 1 âèïëèâàº, ùî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) 

kλ ∈ Λ  ñïðàâäæóþòüñÿ íåð³âíîñò³  
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n n A j n
− −β −−≥ γ ≥ λ =  .  (25) 

Ëåìó äîâåäåíî. ◊ 
Ëåìà 4. ßêùî mβ ≤ , òî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â 

1n− ) âåêòîð³â 1 1, , n
m m ma a a −= ( )  ³ äëÿ äîâ³ëüíèõ ô³êñîâàíèõ ðåøòè êî-

åô³ö³ºíò³â ð³âíÿííÿ (1) íåð³âíîñò³  

 /22 2
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( ) ( ) ,    0 1,    1, ,
n

m p
q k j k k

q q j

j n−β− −ε

= ≠

γ λ − γ λ ≥ λ < ε < =∏ ( ) ,  (26) 

ñïðàâäæóþòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) .kλ ∈ Λ   

Ä î â å ä å í í ÿ.  Äëÿ êîæíîãî 1, ,j n∈ { }  ïðàâó ÷àñòèíó â³äïîâ³äíî¿ 

ç ð³âíîñòåé (24) ïîçíà÷èìî ÷åðåç ( )j mF a . Íåõàé jB  – ìíîæèíà òèõ âåêòîð³â 

ma , äëÿ ÿêèõ íåð³âí³ñòü  

 /2( ) m p
j m kF a −β− −ε< λ   (27) 

ñïðàâäæóºòüñÿ äëÿ íåñê³í÷åííî¿ ìíîæèíè çíà÷åíü kλ ∈ Λ , à ( )j kB λ  – ìíî-

æèíà òèõ âåêòîð³â ma , äëÿ ÿêèõ íåð³âí³ñòü (27) ïðàâèëüíà ïðè ô³êñîâàíîìó 

kλ ∈ Λ . Î÷åâèäíî, ùî  

 
1

( )
,           1, ,j m m

k
m

F a
j n

a
−β∂

= λ =
∂

 .  (28) 

Ðîçãëÿíåìî äåÿêèé ïàðàëåëåï³ïåä 1
1 1 1 2, n

n nP P −
− −= α β × ⊂ [ ] . Hà ï³äñòàâ³ 

(28) òà ëåìè 2.2 ³ç [13, ãë. 1] îòðèìóºìî, ùî ì³ðà ìíîæèíè ( , )j k mB a′λ  òèõ 

çíà÷åíü 1
1 1,ma ∈ α β[ ] , äëÿ ÿêèõ ñïðàâäæóºòüñÿ íåð³âí³ñòü (27) (ïðè ô³êñîâà-

íèõ êîåô³ö³ºíòàõ 2 1, , n
m ma a − ), ìàº òàêó îö³íêó:  

 /2 /2 1 2 /
1 1 1mes ( , ) p p p

j k m kB a C C A k− −ε − −ε − − ε′λ ≤ λ ≤ .  (29) 

²íòåãðóþ÷è îö³íêó (29) çà çì³ííèìè 2 1, , n
m ma a −  ïî ïàðàëåëåï³ïåäó 2nP − , 

îòðèìóºìî  

 1 2 /
2 1 1mes ( ) ( , , ) ,       0p

j kB C C A n k− − ελ ≤ ε > . 

Îñê³ëüêè ðÿä 
1

mes ( )j k
k

B
∞

=

λ∑  º çá³æíèì, òî íà ï³äñòàâ³ ëåìè Áîðåëÿ – Êàí-

òåë³ (äèâ. ëåìó 2.1 ³ç [13, ãë. 1]) ì³ðà êîæíî¿ ìíîæèíè ,  1, ,jB j n=  , äîð³â-
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íþº íóëåâ³. Îòæå, äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â 1n− ) âåêòîð³â 

1m na P −∈  âèêîíóþòüñÿ íåð³âíîñò³ (26) äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) 

kλ ∈ Λ . Âðàõîâóþ÷è, ùî ïðîñò³ð 1n−  ìîæíà ïîêðèòè çë³÷åííèì ÷èñëîì 

( 1)n − -âèì³ðíèõ ïàðàëåëåï³ïåä³â, îòðèìóºìî äîâåäåííÿ ëåìè. ◊ 

Ëåìà 5. ßêùî mβ > , òî äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) kλ ∈ Λ  

ñïðàâäæóþòüñÿ îö³íêè  

 6
0

sh ( ( ) )
max ,      1, ,

sh ( ( ) )
j k

t T j k

t
A j n

T≤ ≤

γ λ
≤ =

γ λ
 ,  (30) 

äå 6 19 2 12A = π / . 

Ä î â å ä å í í ÿ  çä³éñíþºòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 2 ç [3]. ◊ 

Ëåìà 6. ßêùî mβ ≤ , òî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) 

÷èñåë T  îö³íêè  

 /2
7

0

sh ( ( ) )
max ,     0 1,     1, ,

sh ( ( ) )
j k p

k
t T j k

t
A j n

T
+ε

≤ ≤

γ λ
≤ λ < ε < =

γ λ
 ,  (31) 

ñïðàâäæóþòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííîãî ÷èñëà) kλ ∈ Λ . 

Ä î â å ä å í í ÿ  çä³éñíþºòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 7 ³ç [3]; 
ïðè öüîìó âèêîðèñòîâóþòüñÿ îö³íêè (14). ◊ 

Òåîðåìà 2. Íåõàé mβ > , ñïðàâäæóþòüñÿ óìîâè (15), 1(0,2 )
( )

h
f C Q∈ , 

( , ) 0qL f t x
Γ

= , 10,1, , 1q h= − , äå 1 ( )(2 1) (2 ) 1h m n n p= β − − + +/[ ] . Òîä³ ³ñ-

íóº ðîçâ’ÿçîê çàäà÷³ (1)–(3) ç ïðîñòîðó (2 ,2 )( )nC Qβ , ÿêèé íåïåðåðâíî çàëå-

æèòü â³ä ( , )f t x . 
Ä î â å ä å í í ÿ. Íà ï³äñòàâ³ ôîðìóë (17), îö³íîê (14) (ïðè mβ > ) òà 

ëåì 1, 3, 5 îòðèìóºìî  

 (( )(2 1) 2 )/(2 )
8

0
0

max ( , ) ( ) ,    
Tq

m n q n n
k k kkqt T

d G t f d A f k
dt

β− − − − β

≤ ≤
τ τ τ ≤ λ ∈∫  ,  (32) 

äå 1/22 1 2 4 3 2
8 3 4 5 3 5 6 30,1, , 2 ,  2 max , exp ( )n nq n A n A A A n A A A A T− − − −= = ( ) . 

Çà óìîâ òåîðåìè íà ï³äñòàâ³ (6), (10) îòðèìóºìî îö³íêè  

  (0,2 )1
/41

2 ( )mes ,       h
h p

k k C Qf A G f k
− +≤ λ ∈  .  (33) 

Iç ôîðìóëè (18) òà íåð³âíîñòåé (5), (6), (32), (33) îäåðæóºìî òàêó îö³íêó äëÿ 
íîðìè ðîçâ’ÿçêó çàäà÷³ (1)–(3):  

 

0

0

(2 2 )
1

0

2
1 0

( )
0 2 1

( ) ( ) ( )

maxn
p

T
s s

k k kn
k

C Q sssQs s p

G t f d X x

u
t x x

, β

∞
+

=

= ≤ β

∂ , τ τ τ

= ≤
∂ ∂ ∂

∑ ∫
∑ ∑


 

 
0

0
0

1

2

01 0 2 0 1

( )
max ( , ) ( ) max

p

T sn s
k

k ks sst T x Gk s s p

X x
G t f d

t x x

∞

≤ ≤ ∈= = ≤ β

∂∂≤ τ τ τ ≤
∂ ∂ ∂

∑ ∑ ∑ ∫


 

 0

0

2
( )(2 1) 2 (2 )4 2

2 8
1 0 | | 2

n
m n s n np s

kk k
k s s

A A f
∞

β− − − − β+

= = ≤ β

≤ λ λ ≤∑ ∑ ∑ [ ]// /  

 1
1 (0 2 )

( )(2 1) (2 ) 22
2 8 ( )

1

(2 1)(2 1) mes h
m n n p hp

k C Q
k

n A A G f ,

∞
β− − + −

=

≤ + β + λ ≤∑ / /  

 (0 2 )1
2
2 8 1 ( )(2 1)(2 1) mes ( ) h

p
C Qn A A G K f ,≤ + β + δ := ρ ,  (34) 
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äå 1 12 2 ( )(2 1) ( )h p m n npδ = − − β − −/ / , 
( 1 ) 2 11 1

1 1
=1

( )
p

k

K A k
∞

− −δ − −δδ = ∑/
. Îñê³ëüêè 

1 0δ > , òî ç íåð³âíîñò³ (34) âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 
Ïðè äîñë³äæåíí³ ðîçâ’ÿçíîñò³ çàäà÷³ (1)–(3) ó âèïàäêó mβ ≤  áóäåìî 

âèêîðèñòîâóâàòè òàê³ ïðîñòîðè:  

 2
1 1

( ) ( ) : ( ) ( ),  exp ( )k k kB
k k

B x L G x X x k
∞ ∞

ω ω
ωδ δ

= =

 = ϕ ∈ ϕ = ϕ ϕ = ϕ δ < ∞ 
 

∑ ∑ , 

0, ,zC T Bω
δ( )[ ]  – ïðîñò³ð ôóíêö³é ( , )u t x , âèçíà÷åíèõ â îáëàñò³ Q , òàêèõ, ùî 

äëÿ êîæíîãî [0, ]t T∈  ïîõ³äíà 
( , )j

j

u t x

t

∂
∂

 íàëåæèòü ïðîñòîðó Bω
δ  i íåïåðåðâ-

íà çà t  â íîðì³ öüîãî ïðîñòîðó  

 ( )
([0, ], ) 01 1

max ( ) exp ( )
z

r
z kC T B t Tr k

u u t kω
δ

∞
ω

≤ ≤= =

= δ∑ ∑ , 

äå ( ) ( , ) ( )k k
G

u t u t x X x dx= ∫ . 

Òåîðåìà 3. Íåõàé mβ ≤  òà ñïðàâäæóþòüñÿ óìîâè (15). ßêùî f ∈  

2

( )/[0, ], m p
hC T B −β∈ ( ) , ( ) 2

2 3 12 mh A A T−β> / , òî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè 

Ëåáåãà â 1n− ) âåêòîð³â 1 1( , , )n
m m ma a a −=   ³ äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè 

Ëåáåãà â  ) ÷èñåë T  ³ñíóº ðîçâ’ÿçîê çàäà÷³ (1)–(3) ç ïðîñòîðó (2 ,2 ) ( )n mC D , 
ÿêèé íåïåðåðâíî çàëåæèòü â³ä ( , )f t x . 

Ä î â å ä å í í ÿ.  Íà ï³äñòàâ³ (17), îö³íîê (5), (14) (ïðè mβ ≤ ) òà ëåì 

2, 4, 6 îòðèìóºìî, ùî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â 1n− ) 

âåêòîð³â 1 1( , , )n
m m ma a a −=   òà äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) 

÷èñåë T  ñïðàâäæóþòüñÿ îö³íêè  

 
0

0

max ( , ) ( )
Tq

k kqt T

d G t f d
dt≤ ≤

τ τ τ ≤∫  

 ( )(2 7 ) 2 3 2 ( ) 2 ( )/
9 3 1exp 2m n q p m m p

kkA A A Tk f−β − + −β+ +ε −β −β≤ λ ( )/ / / ,  (35) 

äå 9 9 3 70,1, , 2 ,  ( , , , )q n A A n T A A= = . 
Íà ï³äñòàâ³ ôîðìóëè (18) ³ íåð³âíîñòåé (5), (6), (35), ñêîðèñòàâøèñü åëå-

ìåíòàðíîþ íåð³âí³ñòþ 3 ( ) exp ( )d C dσ ≤ σ δ , ÿêà ïðè 0 d< ≤ ∞  ñïðàâäæóºòü-

ñÿ äëÿ äîâ³ëüíèõ 0σ >  òà 0δ > , îäåðæóºìî òàêó îö³íêó äëÿ íîðìè ðîç-
â’ÿçêó çàäà÷³ (1)–(3):  

 

0

(2 2 )
10

0

2
1 0

( )
0 2 1

( , ) ( ) ( )

maxn m
p

T
s s

k k kn
k

C Q sss
s s m p

G t f d X x

u
t x x

,

∞
+

=

= ≤

∂ τ τ τ

= ≤
∂ ∂ ∂

∑ ∫
∑ ∑


 

 
0

0
0

1

2

01 0 2 0 1

( )
max ( , ) ( ) max

p

T sn s
k

k ks sst T x Gk s s m p

X xd G t f d
dt x x

∞

≤ ≤ ∈= = ≤

∂
≤ τ τ τ ≤

∂ ∂
∑ ∑ ∑ ∫


 

 0

0

2
2 ( )(2 7 ) 2 7 4

2 9
1 0 2

n
s m n s p
k

k s s m

A A
∞

/ + −β − + −β+ +ε

= = ≤

≤ λ ×∑ ∑ ∑ / /  

 
2

( )
( ) 2 ( )

3 1 10 [0, ],exp 2 m p
h

m m p
k C T BA A Tk f A f −β

−β −β× ≤ ( )( ) /
/ / ,  (36) 

äå 10 10 1 2 9( , , , , , , )A A m n p A A A= β . Òåîðåìó äîâåäåíî. ◊ 
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Âèïàäîê ñëàáêî íåë³í³éíîãî ð³âíÿííÿ. Ðîçãëÿíåìî òåïåð çàäà÷ó ç óìî-
âàìè (2),(3) äëÿ ð³âíÿííÿ  

 ( , ) , , ( , )Mu f t x t x u t x= + εΦ( ) ,  (37) 

äå îïåðàòîð M  âèçíà÷åíî ôîðìóëîþ (1), mβ > , Θ = β , ε ∈  , 0ε ≠ ; 

ôóíêö³ÿ ( , , )t x uΦ  âèçíà÷åíà òà íåïåðåðâíà çà çì³ííîþ t  ³ äîñèòü ãëàäêà çà 
,x u  â çàìêíåí³é îáëàñò³  

 0
1 ( , , ) : ( , ) ,  ( , )Q t x u t x Q u S u r= ∈ ∈{ } , 

äå  

 0 (2 ,2 ) 0
(2 ,2 ) ( )( , ) ( ) :n

nC QS u r u C Q u u rβ
β= ∈ − ≤{ } , 

0 0: ( , )u u t x=  – ðîçâ’ÿçîê çàäà÷³ (1)–(3). 
Çàäà÷à (2), (3), (37) åêâ³âàëåíòíà íåë³í³éíîìó ³íòåãðàëüíîìó ð³âíÿííþ  

 0( , ) ( , ) ( , , , ) ( , , ( , ))
Q

u t x u t x K t x u d d= + ε τ ξ Φ τ ξ τ ξ τ ξ∫   (38) 

çà óìîâè, ùî ðÿä  

 
1

( , ) ( ) ( )k k k
k

G t X x X
∞

=

τ ξ∑   (39) 

ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ Q Q×  äî ôóíêö³¿ ( , , , )K t x τ ξ . 
Íà ï³äñòàâ³ (5), (6), (17) òà ëåì 1, 3, 5 îòðèìóºìî îö³íêó  

  ( )(2 1) 2 (2 ) 22
2 8max ( , ) ( ) ( ) m n n n p

k k k k
Q Q

G t X x X A A β− − − β +

×
τ ξ ≤ λ[ ]/ / , 

çâ³äêè âèïëèâàº, ùî ðÿä (39) ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ Q Q×  ïðè 

 max ( , 2 2 )m np nm mβ > − + . 

Çàïèøåìî ð³âíÿííÿ (38) ó âèãëÿä³ îïåðàòîðíîãî ð³âíÿííÿ  

 
0

( , ) ( , )uu t x A u t x= , 

äå vA  – íåë³í³éíèé ³íòåãðàëüíèé îïåðàòîð, âèçíà÷åíèé ó êóë³ 0( , )S u r  
ôîðìóëîþ  

 ( , ) : ( , ) ( , , , ) , , ( , )v
Q

A u t x v t x K t x u d d= + ε τ ξ Φ τ ξ τ ξ τ ξ∫ ( ) .  (40) 

Ïîçíà÷èìî  

 
0

00 2 101
1

( , , )
max max

s s

ssss s Q p
p

t x u

u x x

+

≤ + ≤ β

∂ ΦΦ =
∂ ∂ ∂

, 

 2
2 8 11 2(2 1)(2 1) ( )mespn A A A K Gψ = + β + δ ×  

 2
2 22 1 ( )( )1 ,

max max ( ) , ( ) (1 )ij C GC Gi j p
p x q x r β

β−β−
≤ ≤

 × Φ + + ρ 
 

, 

äå 2 8, ,A A ρ  – ñòàë³ ç îö³íîê (6), (32), (34); 2 2 2 ( )(2 1) ( )p m n npδ = β − − β − −/ / ; 

2 2( 1 ) /2 1
2 1

=1

( )
p

k

K A k
∞

− −δ − −δδ = ∑ ; 11 11( , )A A p= β  – ê³ëüê³ñòü äîäàíê³â ó âèðàç³ 

( , , ( , ))L t x u t xβ Φ( ) ,  

 1
1min ,  r ε =  ψ ψ 

. 
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Òåîðåìà 4. Íåõàé max ( , 2 2 2 )m n np nm mβ > + − + , âèêîíóþòüñÿ óìî-

âè òåîðåìè 2, à ôóíêö³ÿ ( , , )t x uΦ  â îáëàñò³ 1Q  íåïåðåðâíà çà t  òà ìàº 

íåïåðåðâí³ ïîõ³äí³ çà çì³ííèìè ,x u  äî ïîðÿäêó 2β , ïðè÷îìó äëÿ äîâ³ëüíî¿ 

0( , )u S u r∈  ñïðàâäæóþòüñÿ óìîâè 
0

0 1
1

( , , )
0

s s

sss p
p

t x u

u x x

+

Γ

∂ Φ =
∂ ∂ ∂

, 0 0,1,s s+ =  , 

,2 2β − . Òîä³ äëÿ âñ³õ ε  òàêèõ, ùî 1ε < ε , ³ñíóº ºäèíèé ðîçâ’ÿçîê çàäà÷³ 

(2), (3), (37), ÿêèé íàëåæèòü êóë³ 0 (2 ,2 )( , ) ( )nS u r C Qβ⊂  ³ íåïåðåðâíî çàëå-

æèòü â³ä ôóíêö³¿ ( , )f t x . 

Ä î â å ä å í í ÿ. Íåõàé rε ψ < . Ïîçíà÷èìî ÷åðåç V  ñóêóïí³ñòü ôóíê-

ö³é (2 ,2 )( )nv C Qβ∈ , äëÿ ÿêèõ  

 (2 ,2 )
0

( )
:nC Q

v u rβ− ≤ χ = − ε ψ . 

Ïîêàæåìî, ùî äëÿ äîâ³ëüíî¿ ôóíêö³¿ ( , )v t x  ³ç V  îïåðàòîð vA  ïåðåâîäèòü 

êóëþ 0( , )S u r  â ñåáå. Íåõàé 0( , )u S u r∈ . Òîä³  

 
1

( , , ( , )) ( ) ( )k k
k

t x u t x t X x
∞

=

Φ = Φ∑ , 

äå  

 ( ) ( , , ( , )) ( ) ,        k k
G

t t x u t x X x dx kΦ = Φ ∈∫  .  (41) 

Çà óìîâ òåîðåìè, íà ï³äñòàâ³ ôîðìóëè (41) òà ïðàâèëà äèôåðåíö³þâàííÿ 
ñêëàäíî¿ ôóíêö³¿, çíàõîäèìî  

 2 22 111 2 ( )( )0 1 ,
max ( ) mes max max ( ) , ( )k ij C GC Gt T i j p

t A A G p x q x β−β−
≤ ≤ ≤ ≤

 Φ ≤ × 
 

 

 (2 ,2 ) (2 ,2 )
2 /4 0

11 12( ) ( )
1 1n n

p
kC Q C Q

u A A u uβ β
β −β+ × + Φλ ≤ + − +


( )  

 (2 ,2 )

2
0 /4 2 /4

11 12( )
(1 )n

p p
k kC Q

u A A rβ

β
−β+ β −β++ λ ≤ + + ρ λ


, 

 k ∈  ,  (42) 
äå 

2 22 1 ( )( )
12 2

1 ,
mes max max ( ) , ( )

C GC G
ij

i j p
A A G p x q x

β−β−≤ ≤

 = Φ  
 

,  

a ρ  – ñòàëa ç íåð³âíîñò³ (34). 
²ç ôîðìóëè (40), âðàõîâóþ÷è îö³íêè (5), (6), (32), (42), îòðèìóºìî  

  (2 ,2 ) (2 ,2 )
0 0

( ) ( )
( , ) ( , ) n nv C Q C Q

A u t x u t x v uβ β− ≤ − +  

 
(2 ,2 ) ( )

( , ) ( , , ( , )) ( ) ( )
n

k k k
kQ C Q

G t u X x X d d
β∈

+ ε τ Φ τ ξ τ ξ ξ τ ξ ≤∑∫


 

 
0

0
0

/4 /2
2

02 2 0

max ( , ) ( )
Ts

p s
k kk st Tk s n s

A G t d
t

+

≤ ≤∈ ≤ ≤ β

∂≤ χ + ε λ τ Φ τ τ ≤
∂

∑ ∑ ∑ ∫


 

 2
2 8 1 11(2 1)(2 1) ( ) mespn A A K A G≤ χ + ε + β + δ ×  

 2 22 1
2

( )( )1 ,
max max ( ) , ( ) (1 )ij C GC Gi j p

p x q x rβ−β−
β

≤ ≤

 × Φ + + ρ = 
 

 

 r= χ + ε ψ = . 
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Ïîêàæåìî òåïåð, ùî äëÿ äîâ³ëüíî¿ ôóíêö³¿ v V∈  îïåðàòîð vA  º îïå-

ðàòîðîì ñòèñêó, ÿêùî 1ε <
ψ

. Íåõàé 0
1 2, ( , )u u S u r∈ . ²ç ôîðìóëè (40), 

âðàõîâóþ÷è îö³íêè (5), (6), (32), (42) òà ôîðìóëó Ëàãðàíæà ïðî ñê³í÷åíí³ 
ïðèðîñòè, îäåðæóºìî îö³íêó  

 (2 ,2 )1 2 ( )
( , ) ( , ) nv v C Q

A u t x A u t x β− =  

 
(2 ,2 )

1 2

( )

( , , , ) ( , , ( , )) ( , , ( , ))
nQ C Q
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 ßêùî 1ε ψ < , òî vA  º îïåðàòîðîì ñòèñêó. Êð³ì òîãî, îïåðàòîð vA  íå-
ïåðåðâíèé çà v . Òîìó, çã³äíî ç òåîðåìàìè 1 òà 3 [10], ð³âíÿííÿ (38), à ðàçîì 
ç íèì ³ çàäà÷à (2), (3), (37) ìàº ºäèíèé ðîçâ’ÿçîê, ÿêèé íàëåæèòü êóë³ 

0( , )S u r  ³ íåïåðåðâíî çàëåæèòü â³ä ( , )f t x . Òåîðåìó äîâåäåíî. ◊ 
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(ïðîåêò  ¹ 14.1/017). 
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КРАЕВАЯ ЗАДАЧА ДЛЯ УРАВНЕНИЙ С ПЕРЕМЕННЫМИ 
КОЭФФИЦИЕНТАМИ, НЕРАЗРЕШИМЫХ ОТНОСИТЕЛЬНО 
СТАРШЕЙ ПРОИЗВОДНОЙ ПО ВРЕМЕНИ 
 
Â öèëèíäðè÷åñêîé îáëàñòè èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è 
ñ óñëîâèÿìè íà âñåé ãðàíèöå îáëàñòè äëÿ íåêîòîðîãî êëàññà ëèíåéíûõ óðàâíåíèé â 
÷àñòíûõ ïðîèçâîäíûõ âûñøåãî ïîðÿäêà, íåðàçðåøèìûõ îòíîñèòåëüíî ñòàðøåé 
ïðîèçâîäíîé ïî âðåìåíè, ñ ïåðåìåííûìè ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì êî-
ýôôèöèåíòàìè. Ïîëó÷åííûå ðåçóëüòàòû ïåðåíåñåíû íà ñëó÷àé óðàâíåíèÿ, âîçìó-
ùåííîãî íåëèíåéíûì ñëàãàåìûì â ëèíåéíîé ÷àñòè.  
 
BOUNDARY-VALUE PROBLEM FOR EQUATIONS WITH  
VARIABLE COEFFICIENTS NOT SOLVED RELATIVE TO THE HIGHEST 
DERIVATIVE WITH RESPECT TO TIME 
 
The conditions of existence of unique solution to the boundary-value problem with data 
on all boundary of cylindrical domain for some class of linear partial equations, not 
solved relative to the highest derivative with respect to time, are established. Obtained 
results are extended to the case of equation, disturbed by nonlinear component at the 
linear part. 
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 16.04.08 
 


