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ÓÄÊ 519.2 
 
В. С. Королюк  
 
ПРОЦЕСИ НАКОПИЧЕННЯ У СХЕМІ ПУАССОНІВСЬКОЇ АПРОКСИМАЦІЇ 
 

Äèñêðåòí³ ïðîöåñè íàêîïè÷åííÿ, ùî âèçíà÷àþòüñÿ ñóìàìè âèïàäêîâèõ âå-
ëè÷èí íà ìàðêîâñüêîìó àáî íàï³âìàðêîâñüêîìó ïðîöåñàõ, àïðîêñèìóþòüñÿ 
ñêëàäíèìè ïóàññîí³âñüêèìè ïðîöåñàìè ç íåïåðåðâíèì çñóâîì íà çðîñòàþ÷èõ 
³íòåðâàëàõ ÷àñó. 

 
Âñòóï. Â³äíîâëþâàëüíèé ïðîöåñ íàêîïè÷åííÿ (ÂÏÍ) âèçíà÷àºòüñÿ ÿê 

ñóìà íåçàëåæíèõ îäíàêîâî ðîçïîä³ëåíèõ âèïàäêîâèõ âåëè÷èí , 1k kα ≥ , 

ÿê³ ïðèéìàþòü çíà÷åííÿ â åâêë³äîâîìó ïðîñòîð³ d  

 
( )

1

( ) ,       0
t

k
k

t u t
ν

=

ρ = + α ≥∑ , 

äå ðàõóþ÷èé ïðîöåñ â³äíîâëåííÿ 

 ( ) max : ,       0nt n t tν = τ ≤ ≥{ } , 

âèçíà÷àºòüñÿ ìîìåíòàìè â³äíîâëåííÿ 0,  0,  0n nτ ≥ τ = , íà ä³éñí³é ïðÿì³é 

0, )+ = +∞[ . 
ÂÏÍ ìàº ð³çí³ ³íòåðïðåòàö³¿ ó çàñòîñóâàííÿõ [1, 6, 7].  

 Îñíîâíîþ çàäà÷åþ º äîñë³äæåííÿ ïîâåä³íêè ÂÏÍ íà çðîñòàþ÷èõ ³íòåð-
âàëàõ ÷àñó t → ∞ . 
 Îñíîâíèì ìåòîäîì º ââåäåííÿ ìàëîãî ïàðàìåòðà ñåð³¿ 0 ( 0)ε → ε >  òà-
êèì ÷èíîì, ùîá ìîæíà áóëî âèêîðèñòàòè ãðàíè÷í³ òåîðåìè äëÿ âèïàäêîâèõ 
ïðîöåñ³â [1, 2, 4–7]. 
 Àñèìïòîòè÷íèé àíàë³ç âèïàäêîâî¿ åâîëþö³¿ º íàéá³ëüø äîñêîíàëèì ï³ä-
õîäîì äëÿ îòðèìàííÿ ãðàíè÷íèõ ðåçóëüòàò³â äëÿ ÂÏÍ ó ñõåì³ ñåð³é. 
 Òåîðåìà ïðî ïóàññîí³âñüêó àïðîêñèìàö³þ ÂÏÍ äîâîäèòüñÿ äëÿ ð³çíèõ 
ïðèïóùåíü ïðî ïðîöåñ â³äíîâëåííÿ ( ),  0t tν ≥ , êåðîâàíèé ìàðêîâñüêèì àáî 
íàï³âìàðêîâñüêèì ïðîöåñîì. 

1. Ïðîöåñè â³äíîâëåííÿ ç ïóàññîí³âñüêèìè ñòðèáêàìè. Ïðîöåñè íàêî-
ïè÷åííÿ (ÏÍ) ó ñõåì³ ñåð³é ç ìàëèì ïàðàìåòðîì ñåð³é 0, 0ε → ε > , çàäàíî 
ñï³ââ³äíîøåííÿì 

 
( / )

1

( ) ,        0
t

k
k

t u t
ν ε

ε ε

=
ρ = + α >∑ , (1) 

äå ðàõóþ÷èé ïðîöåñ 

 0
1

( ) max : , ,    0,     0     
n

n n k
k

t n t n
=

ν = τ ≤ τ = θ ≥ τ =∑{ } , 

çàäàíî íåçàëåæíèìè îäíàêîâî ðîçïîä³ëåíèìè âåëè÷èíàìè , 0k kθ ≥ , ç ôóíê-

ö³ºþ ðîçïîä³ëó ( ) ( ),  (0) 0kG t P t G= θ ≤ = . 

 Âèïàäêîâ³ âåëè÷èíè ,  1k kεα ≥ , ïðèéìàþòü çíà÷åííÿ íà ä³éñí³é ïðÿì³é 

(àáî â d ). Óìîâè ïóàññîí³âñüêî¿ àïðîêñèìàö³¿ (ÏÀ) (äèâ. [7, ðîçä. 7]) çàäàíî 
äëÿ ôóíêö³é ðîçïîä³ëó 

 ( )      ku P u uε εΦ = α < ∈{ },  . 

ÏÀ 1:  Àïðîêñèìàö³ÿ ôóíêö³¿ ðîçïîä³ëó: 

 3( ) ( ) ,        ( ) ( )g gg u du g u Cε εΦ = ε Φ + θ ∈∫ [ ]


 ; 
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ÏÀ 2:  Àïðîêñèìàö³ÿ ñåðåäí³õ çíà÷åíü: 

 2( ) ,          ( )a cu du a u du cε ε ε εΦ = ε + θ Φ = ε + θ∫ ∫
 

[ ] [ ] . 

Çíåõòóâàëüí³ äîäàíêè 

 0ε
•θ →  ïðè 0ε → . 

 Òåîðåìà 1. Çà óìîâ ÏÀ 1-2 ïðîöåñ íàêîïè÷åííÿ (1) ñëàáêî çá³ãàºòüñÿ 
äî ñêëàäíîãî ïðîöåñó Ïóàññîíà  

 

0 ( )
0 0

1

( ) ,          0
t

k
k

t u bt t
ν

=
ρ = + + α ≥∑  . (2) 

 Ôóíêö³¿ ðîçïîä³ëó 0
0 ( ) ( )ku P uΦ = α <  íåçàëåæíèõ îäíàêîâî ðîçïîä³ëå-

íèõ âèïàäêîâèõ âåëè÷èí 0 ,  1k kα ≥ , îçíà÷åí³ íà êëàñ³ 3 ( )C   ôóíêö³é ( )g u  

òàêèì ñï³ââ³äíîøåííÿì: 

 0 0( ) ( ) ( ) ( )k gg g u duΕ α = Φ = Φ Φ∫ /


 , 

ñêëàäíèé ïðîöåñ Ïóàññîíà 0 ( ),  0t tν ≥ , ìàº ³íòåíñèâí³ñòü 

 0
0 0( ) ,    ( ) ,    1 ,    : ( )t q t q q q qΕν = = Φ = Λ = Εθ Λ = Φ  . 

Øâèäê³ñòü íåïåðåðâíîãî çñóâó  

 0 0 0,        kb q a a a= − Λ = Εα( ) . 

 Çàóâàæåííÿ 1. Ãðàíè÷íèé ñêëàäíèé ïðîöåñ Ïóàññîíà (2) ìîæíà ïîäà-
òè òàêèì ÷èíîì:  

 

0 ( )
0 0 0

1

( ) ,      
t

k k k
k

t u qat a
ν

=
ρ = + + α α = α −∑    . 

 Ïðèêëàä. 
0

0
0

0

, ,( )      
1 , k a

du aau a a
du a

ε ε εεΛ =Φ = Εα = ε Λ + + εθ − εΛ = ε
( ) ,  

0 0 0 0 0
0 ,     ( ),       ( ) ( ) ,    g ka a a g a g g a= + Λ Φ = Λ Φ = Φ Λ α = , 

0 0
0kb q a q a a qa= − ΛΕα = − Λ =( ) ( ) . 

 Çàóâàæåííÿ 2. ²íòåíñèâí³ñòü 0q q= Λ  ïðîöåñó Ïóàññîíà 0 ( )tν  ïðîïîð-

ö³éíà óñåðåäíåí³é ³íòåíñèâíîñò³ q  ìîìåíò³â â³äíîâëåííÿ òà ³íòåíñèâíîñò³ Λ  
âåëèêèõ ñòðèáê³â ñóìè (1). 

Çàóâàæåííÿ 3. Çà óìîâ ïóàññîí³âñüêî¿ àïðîêñèìàö³¿ ÏÀ 1-2 ìàë³ 

ñòðèáêè 0( )aε  òðàíñôîðìóþòüñÿ â íåïåðåðâíèé çñóâ, à âåëèê³ ñòðèáêè 0( )a  

ïåðåòâîðþþòüñÿ ó ñòðèáêè ãðàíè÷íîãî ñêëàäíîãî ïðîöåñó Ïóàññîíà. 

Ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè ÏÍ. Ëåãêî îá÷èñëèòè ïåðåäáà÷ó-
âàëüí³ õàðàêòåðèñòèêè ÏÍ (1) [4] 

 ( ) ( ) bb t t aε ε= εν ε + θ/ [ ] , 

 ( ) ( ) cc t t cε ε= εν ε + θ/ [ ] , 

 ( ) ( )g g gt tε εΦ = εν ε Φ + θ/ [ ] , 
çã³äíî ç òåîðåìîþ â³äíîâëåííÿ [3, ðîçä. 9]: 

 ( )    ,       0,       1/t qt qεν ε ⇒ ε → = Εθ/ . 
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 Çà óìîâ òåîðåìè 1 ìàºìî òàê³ ãðàíè÷í³ ñï³ââ³äíîøåííÿ ïðè 0ε → : 

 0( )  ,    ( )  ,    ( )    g g gb t qat c t qct t q t q tε ε ε⇒ ⇒ Φ ⇒ Φ = ΛΦ , 

 0( )   ( ) ( ) ( ) ( )g gt q t q g u du t q g u du tεΦ ⇒ Φ = Φ = Λ Φ∫ ∫
 

. 

Òóò 0 ( ) ( ) ( );   : ( )du duΦ = Φ Φ Λ = Φ/   . 

 Òåïåð ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè 
0( ) , ( ) , ( )g gb t qat c t qct t q t= = Φ = ΛΦ   

âèçíà÷àþòü ãðàíè÷íèé ïðîöåñ Ïóàññîíà ç³ çñóâîì, ÿêèé ìàº âèãëÿä 

 

0 ( )
0 0 0

1

( ) ,       0
t

k
k

t u aqt a t
ν

=
ρ = + + α − ≥∑ ( ) , 

àáî, ³íøà ôîðìà (2) ç  

 0 0 0 0 ( ),     kb q a a a u du= − Λ = Εα = Φ∫( )


.  

2. Ïðîöåñ íàêîïè÷åííÿ íà ìàðêîâñüêîìó ïðîöåñ³. Ìàðêîâñüêèé ïðî-
öåñ íàêîïè÷åííÿ (ÌÏÍ) ó ñõåì³ ñåð³é âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì 

 
( / )

1

( ) ( ),         0
t

k k
k

t u t
ν ε

ε ε

=

ρ = + α ≥∑ æ , (3)  

äå ìàðêîâñüêèé ïðîöåñ ( ), 0t t ≥æ , íà ñòàíäàðòíîìó ôàçîâîìó ïðîñòîð³ 

( , )E E  çàäàºòüñÿ ãåíåðàòîðîì [7, ðîçä. 1]  

  ( ) ( ) ( , ) ( ) ( )
E

Q x q x P x dy y xϕ = ϕ − ϕ∫ [ ] . 

 Ðàõóþ÷èé ïðîöåñ 

  1 1( ) : max : ,     ,     0n n n nt n t n+ +ν = τ ≤ τ = τ + θ ≥{ } , 

ìîìåíòè â³äíîâëåííÿ nθ  âèçíà÷àþòüñÿ óìîâíèìè ôóíêö³ÿìè ðîçïîä³ëó 

  ( )
1( ) : ( ) | 1 ,  0,   q x t

x x n nG t P t P t x e t x E−
+= θ ≤ = θ ≤ = = − ≥ ∈æ{ } . 

 Âêëàäåíèé ëàíöþã Ìàðêîâà (ÂËÌ) , 0k k ≥æ , âèçíà÷àºòüñÿ ñòîõàñòè÷-

íèì ÿäðîì 
 1( , ) | ,     ,     k kP x B P B x x E B+= ∈ = ∈ ∈ Eæ æ( ) . 

 Îñíîâíå ïðèïóùåííÿ ïîëÿãàº â òîìó, ùî ÂËÌ ð³âíîì³ðíî åðãîäè÷íèé 
ç³ ñòàö³îíàðíèì ðîçïîä³ëîì ( ),  B Bρ ∈ E . 

 Ñ³ì’ÿ âèïàäêîâèõ âåëè÷èí ( ), , 1k x x E kεα ∈ ≥ , âèçíà÷àºòüñÿ ñ³ì’ºþ 

ôóíêö³é ðîçïîä³ëó 

 ( ) ( ) ,       ,       x ku P x u u x Eε εΦ = α < ∈ ∈( )  . 

 Ïðèïóñêàþòüñÿ òàêîæ óìîâè ïóàññîí³âñüêî¿ àïðîêñèìàö³¿ [7, ðîçä. 7]: 

ÏÀ 1:  3( ) ( ) ( ) ( ) ,     ( ) ( )x g gg u du x x g u Cε εΦ = ε Φ + θ ∈∫ [ ]


 ; 

ÏÀ 2:  2( ) ( ) ( ) ,          ( ) ( ) ( )x a x cu du a x x u du c x xε ε ε εΦ = ε + θ Φ = ε + θ∫ ∫[ ] [ ]
 

. 

Çíåõòóâàëüí³ ÷ëåíè 

  sup ( ) 0,         0
x E

xε
•

∈
θ → ε → . 

 Òåîðåìà 2. Çà óìîâ ÏÀ 1-2 ïðîöåñ íàêîïè÷åííÿ (3) ñëàáêî çá³ãàºòüñÿ 
äî ñêëàäíîãî ïðîöåñó Ïóàññîíà 
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t u bt t
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=
ρ = + + α ≥∑ . (4) 
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 Ôóíêö³ÿ ðîçïîä³ëó 0 0( ) ( )/ ( ) ku u P uΦ = Φ Φ = α <( )  íåçàëåæíèõ îäíàêî-

âî ðîçïîä³ëåíèõ âèïàäêîâèõ âåëè÷èí 0 , 1k kα ≥ , âèçíà÷àºòüñÿ ÿê  

 3( ) ( ) ( ),      ( ) ( ) ( ),      ( )x g x
E

u q dx u x g u du g CΦ = ρ Φ Φ = Φ ∈∫ ∫


 . 

 Ñêëàäíèé ïðîöåñ Ïóàññîíà 0 ( ), 0t tν ≥ , çàäàºòüñÿ ³íòåíñèâí³ñòþ 

 0
0 0( ) ,       ,       : ( )t q t q qΕν = = Λ Λ = Φ  . 

 Øâèäê³ñòü íåïåðåðâíîãî çíîñó  

 0 0 0,       kb q a a a= − Λ = Εα( ) . 

 Ñåðåäíÿ ³íòåíñèâí³ñòü ìàðêîâñüêîãî ïðîöåñó 

 ( ) ( ),         ( ) ( ) ( )
E

q dx q x dx q x q dx= π π = ρ∫ , 

äå ( ),B Bπ ∈ E , – öå ñòàö³îíàðíèé ðîçïîä³ë ìàðêîâñüêîãî ïðîöåñó ( ), 0t t ≥æ . 

Ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè ìàðêîâñüêîãî ïðîöåñó íàêîïè-
÷åííÿ (ÌÏÍ). Çã³äíî ç òåîðåìîþ ïðî ïðåäñòàâëåííÿ ñåìèìàðòèíãàëó (äèâ. 
[4, ðîçä. 2]), ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè ÌÏÍ çàäàþòüñÿ òàêèì ÷èíîì: 
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= Ε α∑ [ ]æ , 
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= Ε α∑ ( )[ ]æ , 

 
( / )

1
1

( ) ( ) |
t

g k k k
k

t g F
ν ε

ε ε
−

=

Φ = Ε α∑ [ ]( )æ , (5) 

äå 1 : , 1 ,  1k rF r k k− = σ ≤ − ≥{ }æ , – ñ³ì’ÿ σ -àëãåáð. 

 Çã³äíî ç îñíîâíèìè ïðèïóùåííÿìè ÏÀ 1-2, ïåðåäáà÷óâàëüí³ õàðàêòå-
ðèñòèêè ÌÏÍ ìàþòü òàêèé âèãëÿä:  

 0 0 0( ) ( ) ( ),       ( ) ( ) ( )bb t b t t c t c t tε ε ε ε ε ε= + θ = + θ , 

 ,0( ) ( ) ( )g g gt t tε ε εΦ = Φ + θ , 

äå ãîëîâí³ ÷àñòèíè º íîðìàë³çîâàíèìè ïðîöåñàìè ïðèðîñò³â:  

 
( / ) ( / ) ( / )

0 0 ,0
1 1 1

( ) ( ),    ( ),    ( ) ( )
t t t

k k g g k
k k k

b t a c c t
ν ε ν ε ν ε

ε ε ε ε

= = =

= ε = ε Φ = ε Φ∑ ∑ ∑æ æ æ . (6) 

 Òåïåð ñëàáêà çá³æí³ñòü ïåðåäáà÷óâàëüíèõ õàðàêòåðèñòèê (5) åêâ³âà-
ëåíòíà ñëàáê³é çá³æíîñò³ íîðìàë³çîâàíèõ ïðîöåñ³â ç ïðèðîñòàìè (6), ÿêà 
âèïëèâàº ç òåîðåìè 3.2 [7]. Ãðàíè÷í³ ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè ìà-
þòü âèãëÿä 

 0 0 0 0 0 0( ) ,       ( ) ,      ( )g gb t a t c t c t t t= = Φ = Φ , (7) 

äå 

 0 0 0 0,     ,     ,     g g g ga qa c qc q= = Φ = Φ Φ = Φ Λ , (8) 

 ( ) ( ),     ( ) ( ),     ( ) ( )g g
E E E

a dx a x c dx c x dx x= ρ = ρ Φ = ρ Φ∫ ∫ ∫ . (9) 

 Ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè (7)–(9) âèçíà÷àþòü ãðàíè÷íèé ñêëàä-
íèé ïðîöåñ Ïóàññîíà (4). 
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3. Íàï³âìàðêîâñüêèé ïðîöåñ íàêîïè÷åííÿ (ÍÌÏÍ). ÍÌÏÍ ó ñõåì³ 
ñåð³é âèçíà÷àºòüñÿ ñï³ââ³äíîøåííÿì (ÿê ³ â (3)) 

 
( / )

1

( ) ( ),      0
t

k k
k

t u t
ν ε

ε ε

=

ρ = + α ≥∑ æ , (10) 

ç íàï³âìàðêîâñüêèì ïåðåìèêàþ÷èì ïðîöåñîì ( ), 0t t ≥æ , ÿêèé çàäàºòüñÿ 
íàï³âìàðêîâñüêèì ÿäðîì [7, ðîçä. 1] 

 ( , , ) ( , ) ( ),    ,    ,    0xQ x B t P x B F t x E B t= ∈ ∈ ≥E . 

 Ñòîõàñòè÷íå ÿäðî ( , ),  ,  P x B x E B∈ ∈ E , âèçíà÷àº ïåðåõ³äí³ éìîâ³ðíîñò³ 

âêëàäåíîãî ëàíöþãà Ìàðêîâà , 0k k ≥æ . 

 Ðàõóþ÷èé ïðîöåñ 

 ( ) max : ,        0nt n t nν = τ ≤ ≥{ } , 

âèçíà÷àºòüñÿ ìîìåíòàìè â³äíîâëåííÿ 

 1 1,      0n n n n+ +τ = τ + θ ≥ , 

äå ÷àñ ì³æ â³äíîâëåííÿì 1, 0n n+θ ≥ , âèçíà÷àºòüñÿ óìîâíèìè ôóíêö³ÿìè 

ðîçïîä³ëó 

 1( ) | : ( )x n n xF t P t x P t+= θ ≤ = = θ ≤æ( ) . 

Îñíîâíå ïðèïóùåííÿ ïîëÿãàº â òîìó, ùî ÍÌÏ ( ), 0t t ≥æ , ð³âíîì³ðíî åðãî-

äè÷íèé ç³ ñòàö³îíàðíèì ðîçïîä³ëîì ( ),B Bπ ∈ E , ÿêèé çàäîâîëüíÿº ñï³ââ³ä-
íîøåííÿ  

 ( ) ( ) ( ),         ( ) ( )
E

dx q x q dx q dx q xπ = ρ = π∫ , 

äå óñåðåäíåíà ³íòåíñèâí³ñòü  

 
0

1( ) ,      ( ) ( ) ,       ( ) : 1 ( )
( ) x x xq x m x F t dt F t F t

m x

∞

= = = −∫ . 

 Ñòàö³îíàðíèé ðîçïîä³ë ( )dxρ  ÂËÌ , 0k k ≥æ , çàäîâîëüíÿº ñï³ââ³äíî-

øåííÿ 

 ( ) ( ) ( , ),      ,      ( ) 1
E

B dx P x B B Eρ = ρ ∈ ρ =∫ E . 

 Ñ³ì’ÿ âèïàäêîâèõ âåëè÷èí ( ),  , 1k x x E kεα ∈ ≥ , ÿê³ º íåçàëåæí³ â ñóêóï-

íîñò³, âèçíà÷àºòüñÿ ôóíêö³ºþ ðîçïîä³ëó ( ) ( )x kdu P x duε εΦ = α ∈( ) . 

Òåîðåìà 3. Óìîâè ïóàññîí³âñüêî¿ àïðîêñèìàö³¿ òàê³: 

ÏÀ 1: 2( ) ( ) ( ) ,      ( ) ( ) ( )x a x cu du a x x u du c x xε ε ε εΦ = ε + θ Φ = ε + θ∫ ∫[ ] [ ]
 

, 

ÏÀ 2: 3( ) ( ) ( ) ( ) ,       ( ) ( )x g gg u du x x g u Cε εΦ = ε Φ + θ ∈∫ [ ]


 , 

äå ( ) ( ) ( )g xx g u duΦ = Φ∫


. 

 Çà óìîâ ÏÀ 1-2 ìàº ì³ñöå íàñòóïíà ñëàáêà çá³æí³ñòü: 

 0( ) ( ),          0t tερ ⇒ ρ ε → . 

 Ãðàíè÷íèé ñêëàäíèé ïðîöåñ Ïóàññîíà 0 ( )tρ  âèçíà÷àºòüñÿ ñâî¿ìè ïå-
ðåäáà÷óâàëüíèìè õàðàêòåðèñòèêàìè  

 0 0 0 0 0( ) ,       ( ) ,       ( )g gb t b t c t c t t q t= = Φ = Φ , (11) 
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äå 

 0 0 0( ) ( ) ,       ,       g g g
E

dx x b qb c qcΦ = ρ Φ = ΛΦ = =∫ , 

 ( ) ( ),   ( ) ( ),   ( ),   ( ) ( )g g g
E E

b dx a x c dx c x R g u du= ρ = ρ Λ = Φ Φ = Φ∫ ∫ ∫


. (12) 

Ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè ÍÌÏÍ (10) ìàþòü òàêèé âèãëÿä: 

 
( / )

1
1

( ) ( ) |
t

k k k
k

b t F
ν ε

ε ε
−

=

= Ε α∑ [ ]æ , 

 
( / )

2
1

1

( ) ( ) |
t

k k k
k

c t F
ν ε

ε ε
−

=

= Ε α∑ ( )[ ]æ , 

 
( / )

1
1

( ) ( ) |
t

g k k k
k

t g F
ν ε

ε ε
−

=

Φ = Ε α∑ [ ]( )æ . (13) 

 Â³äïîâ³äíî äî ïðèïóùåíü ÏÀ 1-2 ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè (13) 
ìàþòü òàêå ïðåäñòàâëåííÿ: 

 0 0 ,0( ) ( ) ( ),   ( ) ( ) ( ),   ( ) ( ) ( )b c g g gb t b t t c t c t t t t tε ε ε ε ε ε ε ε ε= + θ = + θ Φ = Φ + θ , (14) 

äå 

 
( / ) ( / ) ( / )

0 0 ,0
1 1 1

( ) ( ),   ( ) ( ),   ( ) ( )
t t t

k k g g k
k k k

b t a c t c t
ν ε ν ε ν ε

ε ε ε

= = =

= ε = ε Φ = ε Φ∑ ∑ ∑æ æ æ , (15) 

òà çíåõòóâàëüí³ ÷ëåíè ( ) 0tε
•θ →  ïðè 0ε → . 

Òåïåð ïðîöåñ ïðèðîñò³â (15) íà ëàíöþãó Ìàðêîâà , 0k k ≥æ , ñëàáêî 

çá³ãàºòüñÿ ïðè 0ε →  çã³äíî ç òåîðåìîþ 3.2. [7, ðîçä. 1] 

 ˆ ˆ
0 0 0( )  ,      ( )  ,      ( )  gb t at c t ct t tε ε ε⇒ ⇒ Φ ⇒ Φ . 

Çà óìîâ ÏÀ1-2 òà îñíîâíèõ ïðèïóùåíü ìàº ì³ñöå òàêà ñëàáêà çá³æ-
í³ñòü ïåðåäáà÷óâàëüíèõ õàðàêòåðèñòèê: 

 0 0( ) ( ), ( ) , ( )g gb t b t c t c t t tε ε ε⇒ ⇒ Φ ⇒ Φ , 

äå 0 0,b c  òà gΦ  îçíà÷åí³ â (11), (12). 

 Ãðàíè÷í³ ïåðåäáà÷óâàëüí³ õàðàêòåðèñòèêè âèçíà÷àþòü ãðàíè÷íèé 

ñêëàäíèé ïðîöåñ Ïóàññîíà 0 ( )tρ  â òåîðåì³ 3 ç ïåðåäáà÷óâàëüíèìè õàðàêòå-
ðèñòèêàìè (11). 

4. Ïðîöåñè íàêîïè÷åííÿ íà ñóïåðïîçèö³¿ äâîõ ïðîöåñ³â â³äíîâëåííÿ. 
Ñóïåðïîçèö³ÿ äâîõ ïðîöåñ³â â³äíîâëåííÿ çàäàºòüñÿ äâîìà ïîñë³äîâíîñòÿìè 
ñóì (äèâ. [6, ðîçä. 1]) 

 ( ) ( ) ( )
0

1

,     1,     0,     1,2
n

i i i
n k

k

n i
=

τ = θ ≥ τ = =∑ , 

íåçàëåæíèõ îäíàêîâî ðîçïîä³ëåíèõ äîäàòíèõ âèïàäêîâèõ âåëè÷èí ( )i
kθ , 

1,  1,2k i≥ = , ÿê³ çàäàþòüñÿ ôóíêö³ÿìè ðîçïîä³ëó 

 ( )( ) ,    (0) 0,    1,2i
i k iP t P t P i= θ ≤ = ={ } . 

 Ñóïåðïîçèö³ÿ äâîõ ïðîöåñ³â â³äíîâëåííÿ âèçíà÷àºòüñÿ ñóìîþ  

  1 2( ) ( ) ( )t t tν = ν + ν , (16) 

äå ( )( ) max : , 1,2i
i nt n t iν = τ ≤ ={ } .  
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Ñóïåðïîçèö³þ äâîõ ïðîöåñ³â â³äíîâëåííÿ (16) ìîæíà îïèñàòè çà äîïî-
ìîãîþ íàï³âìàðêîâñüêîãî ïðîöåñó ( ), 0t t ≥æ , íà ôàçîâîìó ïðîñòîð³  

 ( ), 1,2,  0 ,      i
ixE ix i x x= = > θ = θ ∧{ } . 

 Ïåðøà ö³ëîçíà÷íà êîìïîíåíòà i  îçíà÷àº ³íäåêñ ìîìåíòó â³äíîâëåííÿ, à 
äðóãà íåïåðåðâíà êîìïîíåíòà 0x >  îçíà÷àº ÷àñ, ÿêèé çàëèøèâñÿ äî ìî-
ìåíòó â³äíîâëåííÿ ïðîöåñó ç ³íøèì ³íäåêñîì. Âêëàäåíèé ëàíöþã Ìàðêîâà 

( ), 0k k k= τ ≥æ æ , çàäàíî ìàòðèöåþ ïåðåõ³äíèõ ³ìîâ³ðíîñòåé (äèâ. [6, § 1.2.4]) 

 1 1

2 2

( ) ( )
( ) ( )

P x dy P x dy
P

P x dy P x dy
− +

= + − . (17) 

 Âèçíà÷íîþ îñîáëèâ³ñòþ âêëàäåíîãî ëàíöþãà Ìàðêîâà , 0k k ≥æ , ç 

ïåðåõ³äíèìè éìîâ³ðíîñòÿìè (17) º åðãîäè÷í³ñòü ç³ ñòàö³îíàðíèì ðîçïîä³ëîì 

  1 1 2 2 2 1( ) ( ) ,        ( ) ( )dx P x dx dx P x dx∗ ∗ρ = ρ ρ = ρ , 

äå çà îçíà÷åííÿì 

 ( ) : ( )/ ,       ( ) : 1 ( )i i i i iP x P x m P x P x∗ = = − , 

 1
1 2 2 1 1 2,     ,     ( )m m m m −ρ = ρ ρ = ρ ρ = + , 

òóò ( )

0

( )i
i k im E P x dx

∞

= θ = ∫ . 

 Ïðîöåñ íàêîïè÷åííÿ íà ñóïåðïîçèö³¿ äâîõ ïðîöåñ³â â³äíîâëåííÿ âèçíà-
÷àºòüñÿ çâè÷àéíèì ñïîñîáîì:  

  
( / )

1

( ) ( ),      0
t

k k
k

t u t
ν ε

ε ε

=

ρ = + α ≥∑ æ . 

Íåçàëåæí³ îäíàêîâî ðîçïîä³ëåí³ âèïàäêîâ³ âåëè÷èíè ( ),k x x Eεα ∈ , çàäà-

þòüñÿ ôóíêö³ÿìè ðîçïîä³ëó  

 ( ) ( ) ,       1,2ix kdu P ix du iε εΦ = α ∈ ={ } , 

ÿê³ çàäîâîëüíÿþòü óìîâè ïóàññîí³âñüêî¿ àïðîêñèìàö³¿: 

ÏÀ1: ( ) ( ) ( ) ,           1,2ix i aiu du a x x iε εΦ = ε + θ =∫ [ ]


, 

 2 ( ) ( ) ( ) ,          1,2ix i ciu du c x x iε εΦ = ε + θ =∫ [ ]


, 

ÏÀ2: ( ) ( ) ( ) ( ) ,      1,2ix g gig u du ix x iε εΦ = ε Φ + θ =∫ [ ]


, 

äå 

 3( ) ( ) ( ),      ( ) ( )g ixix g u du g u CΦ = Φ ∈∫


 . 

 Íàñë³äîê 1. Çà óìîâ ÏÀ 1-2 ìàº ì³ñöå ñëàáêà çá³æí³ñòü 

 0( )  ( )t tερ ⇒ ρ  ïðè 0ε → . 

 Ãðàíè÷íèé ñêëàäíèé ïðîöåñ Ïóàññîíà 0 ( ), 0t tρ ≥ , âèçíà÷àºòüñÿ ïåðåä-
áà÷óâàëüíèìè õàðàêòåðèñòèêàìè 

 0 0
0 0 0 0( ) ,      ( ) ,     ( )g gb t qb t c t qc t t q t= = Φ = Φ , 

 0 1 1 2 2 2 1 0 1 1 2 2 2 1( ) ( ),     ( ) ( )b a a c c c∗ ∗ ∗ ∗= ρ Ε θ + ρ Ε θ = ρ Ε θ + ρ Ε θ , 

 0
1 2 2 1

0 0

( ) (1 ) ( ) (2 )g g gP x x dx P x x dx
∞ ∞

∗ ∗Φ = ρ Φ + ρ Φ∫ ∫ . 



 33 

Âèñíîâêè. 
• Àñèìïòîòè÷íà ïîâåä³íêà ñòîõàñòè÷íèõ ïðîöåñ³â íàêîïè÷åííÿ ç êðè-

òè÷íèìè ñòðèáêàìè ó âèïàäêîâîìó ñåðåäîâèù³, ùî îïèñóºòüñÿ ìàðêîâñüêè-
ìè àáî íàï³âìàðêîâñüêèìè ïðîöåñàìè, íà çðîñòàþ÷èõ ³íòåðâàëàõ ÷àñó àï-
ðîêñèìóºòüñÿ ñêëàäíèì ïðîöåñîì Ïóàññîíà ç íåïåðåðâíèì çñóâîì. 

• Êðèòè÷í³ âèïàäêîâ³ ïîä³¿ òèïó êàòàñòðîô, âåëèêèõ ïëàòåæ³â òà ³íø³ 
â³äáóâàþòüñÿ çà ïîêàçíèêîâèì ðîçïîä³ëîì ÷àñó ïîä³¿. Îòæå, â ðîçãëÿíóòèõ 
ìîäåëÿõ ñòîõàñòè÷íèõ ïðîöåñ³â íàêîïè÷åííÿ ïåðåäáà÷åííÿ êðèòè÷íèõ ïîä³é 
íåìîæëèâå. Ìîæëèâà ëèøå ñòàòèñòè÷íà îö³íêà ³íòåíñèâíîñò³ êðèòè÷íèõ 
ïîä³é. 
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ПРОЦЕССЫ НАКОПЛЕНИЯ В СХЕМЕ ПУАССОНОВСКОЙ АППРОКСИМАЦИИ 
Äèñêðåòíûå ïðîöåññû íàêîïëåíèÿ, êîòîðûå çàäàþòñÿ ñóììàìè ñëó÷àéíûõ âåëè-
÷èí íà ìàðêîâñêèõ èëè ïîëóìàðêîâñêèõ ïðîöåññàõ àïïðîêñèìèðóþòñÿ ïóàññîíîâ-
ñêèìè ïðîöåññàìè ñ íåïðåðûâíûì ñíîñîì íà âîçðàñòàþùèõ èíòåðâàëàõ âðåìåíè. 
 
STORAGE PROCESSES IN POISSON’S APPROXIMATION SCHEME 
 
Discrete storage processes, given by a sum of random variables on Markov and semi-
Markov processes, are approximated by Poisson’s compound processes on increasing 
time intervals. 
 
²í-ò ìàòåìàòèêè ÍÀÍ Óêðà¿íè, Êè¿â Îäåðæàíî 
 07.03.08 
 


