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ЧИСЛОВЕ РОЗВ’ЯЗАННЯ ОДНОВИМІРНОЇ ЗАДАЧІ ФІЛЬТРАЦІЙНОЇ 
КОНСОЛІДАЦІЇ ЗАСОЛЕНИХ ҐРУНТІВ В НЕІЗОТЕРМІЧНОМУ РЕЖИМІ 
 

Ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü çàäà÷³ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ çàñîëå-
íèõ ´ðóíò³â â íå³çîòåðì³÷íîìó ðåæèì³ ïðè óðàõóâàíí³ íàÿâíîñò³ ñîëåé ó 
ð³äê³é ³ òâåðä³é ôàçàõ. ×èñëîâèé ðîçâ’ÿçîê â³äïîâ³äíî¿ îäíîâèì³ðíî¿ êðàéîâî¿ 
çàäà÷³ çíàéäåíî ìåòîäîì ñê³í÷åííèõ ð³çíèöü. ßê ïðèêëàä äîñë³äæåíî çàäà÷ó 
ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ìàñèâó ãëèíèñòîãî ´ðóíòó îáìåæåíî¿ òîâùèíè. 
Íàâåäåíî ðåçóëüòàòè ÷èñëîâèõ åêñïåðèìåíò³â ³ ¿õ àíàë³ç. 

 
 Âñòóï. Àêòóàëüí³ñòü çàäà÷³ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ´ðóíò³â çóìîâëå-
íà çðîñòàþ÷èì îá’ºìîì áóä³âíèöòâà. Öÿ çàäà÷à çâîäèòüñÿ äî ïðîãíîçóâàííÿ 
çì³íè íàäëèøêîâèõ íàïîð³â, ÿê³ âèíèêàþòü ó ïîðîâ³é ð³äèí³ ïîðèñòîãî 
ñåðåäîâèùà. ßê ïðàâèëî, ïðè÷èíîþ ïîÿâè òàêèõ íàïîð³â º çîâí³øí³ íà-
âàíòàæåííÿ, ïðèêëàäåí³ íà ´ðóíò ïðè ïðîâåäåíí³ áóä³âåëüíèõ ðîá³ò, àáî 
âëàñíà âàãà ´ðóíòó ó âèïàäêó áóä³âíèöòâà ´ðóíòîâèõ ñïîðóä. Íåíàëåæíå 
óðàõóâàííÿ äèíàì³êè çì³íè íàäëèøêîâèõ íàïîð³â ìîæå ïðèçâåñòè äî âè-
íèêíåííÿ êðèòè÷íèõ ñèòóàö³é ÿê íà åòàï³ áóä³âíèöòâà, òàê ³ ï³ä ÷àñ åêñïëó-
àòàö³¿ çâåäåíî¿ áóä³âë³. 

Ó êëàñè÷í³é çàäà÷³ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ÿê ïîðîâó ð³äèíó ðîç-
ãëÿäàþòü ÷èñòó âîäó [14, 22]. Îäíàê ó ÷àñ ³íòåíñèâíîãî ðîçâèòêó ïðîìèñëî-
âîñò³ òà åíåðãåòèêè çíà÷íî çð³ñ òåõíîãåííèé âïëèâ íà íàâêîëèøíº ñåðåäî-
âèùå. Öå ïðèçâîäèòü äî çàáðóäíåííÿ ´ðóíò³â ³ ´ðóíòîâèõ âîä ð³çíèìè õ³ì³÷-
íèìè ðå÷îâèíàìè, à òàêîæ äî çì³íè ¿õ òåìïåðàòóðíîãî ðåæèìó, ùî çíà÷íî 
ïîçíà÷àºòüñÿ íà õàðàêòåðèñòèêàõ äîñë³äæóâàíèõ ´ðóíò³â ³ ïîðîâî¿ ð³äèíè 
[1, 5, 13, 16, 23]. 

Íîâèé ï³äõ³ä äî çàäà÷ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ´ðóíò³â ñòîñîâíî óðà-
õóâàííÿ íàÿâíîñò³ â ïîðîâ³é ð³äèí³ ðîç÷èíåíèõ ñîëåé ðîçâèíóòî â ðîáîòàõ 
[4, 6–12]. Ó ïðàö³ [21] ³ â îêðåìèõ ðîçä³ëàõ ðîáîòè [3] äîñë³äæåíî çàäà÷ó 
êîíñîë³äàö³¿ ´ðóíòîâîãî ìàñèâó ç óðàõóâàííÿì âïëèâó ïåðåíîñó ñîëåé ³ ïîâ-
çó÷îñò³ ñêåëåòó ´ðóíòó. Âïëèâ ìàñîïåðåíîñó íà ïðîõîäæåííÿ ô³ëüòðàö³éíî¿ 
êîíñîë³äàö³¿ âðàõîâàíî ÷åðåç ÿâèùå õ³ì³÷íîãî îñìîñó òà çàëåæí³ñòü ïàðà-
ìåòð³â ô³ëüòðàö³¿ â³ä êîíöåíòðàö³¿ ïîðîâîãî ñîëüîâîãî ðîç÷èíó. 

Ó ïðàöÿõ [6, 8, 10, 11] âðàõîâàíî âïëèâ íå³çîòåðì³÷íèõ óìîâ íà ïðîöåñè 
ìàñîïåðåíîñó òà ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿. Çîêðåìà, âðàõîâàíî ÿâèùà òåð-
ìîäèôóç³¿, òåðì³÷íîãî îñìîñó òà çàëåæí³ñòü êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä òåì-
ïåðàòóðè. 

Ó ðîáîò³ [17] íà îñíîâ³ [18] äîñë³äæåíî ñòóï³íü âïëèâó íà çì³íó íàä-
ëèøêîâèõ íàïîð³â ó ´ðóíò³ ïðèéíÿòòÿ ð³âíÿííÿ íåðîçðèâíîñò³ ð³äêî¿ ôàçè ó 
âèãëÿä³ 

 div ( ) 1 0ñn
t

∂   ρ + ρ − =  ∂ δ  
u , 

äå u  – âåêòîð øâèäêîñò³ ô³ëüòðàö³¿; ρ  – ãóñòèíà ïîðîâî¿ âîäè; n  – ïîðèñ-

ò³ñòü ´ðóíòó; t  – ÷àñ; c  – êîíöåíòðàö³ÿ ñîëåé ó ïîðîâ³é âîä³; δ  – ãóñòèíà 
ñîëåé ó òâåðä³é ôàç³. 

Ó ïðèðîäíèõ óìîâàõ äîñèòü ÷àñòî çóñòð³÷àþòüñÿ çàñîëåí³ ´ðóíòè. Ó 
ïðàö³ [12] ðîçâ’ÿçàíî çàäà÷ó óðàõóâàííÿ íàÿâíîñò³ ñîëåé ó òâåðä³é ôàç³ òà 
¿õ âïëèâó íà óù³ëüíåííÿ ´ðóíò³â. Ð³âíÿííÿ íåðîçðèâíîñò³ òâåðäî¿ ôàçè 
´ðóíòó â öüîìó âèïàäêó íàáóâàº âèãëÿäó 

 div ( ) 0T
T T

N
m

t
ρ∂  ρ + ρ − = ∂ δ 

v , 

äå N  – öå êîíöåíòðàö³ÿ ñîëåé òâåðäî¿ ôàçè â îäèíèö³ îá’ºìó ´ðóíòó; v  – 
âåêòîð øâèäêîñò³ ðóõó òâåðäèõ ÷àñòèíîê ´ðóíòó; m  – îá’ºì òâåðäèõ ÷àñ-
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òèíîê â îäèíèö³ îá’ºìó ´ðóíòó; Tρ  – ãóñòèíà òâåðäèõ ÷àñòèíîê ´ðóíòó. Êð³ì 
òîãî, âðàõîâàíî ïðîöåñè ìàñîîáì³íó ì³æ ð³äêîþ ³ òâåðäîþ ôàçàìè. Ó âèïàä-
êó ðîç÷èíåííÿ ³ âèïàäàííÿ ðîç÷èíåíèõ ñîëåé â îñàä (ç óðàõóâàííÿì ³ êðèñ-
òàë³çàö³¿) ð³âíÿííÿ ìàñîîáì³íó âèáðàíî ó âèãëÿä³ [15] 

 1( )m
N C ñ N
t

α∂ = − γ −
∂

, (1) 

äå mC  – êîíöåíòðàö³ÿ ãðàíè÷íîãî íàñè÷åííÿ ñîëåé ó ð³äê³é ôàç³; 1γ  – êî-

åô³ö³ºíò øâèäêîñò³ ìàñîîáì³íó. Ïîêàçíèê ñòåïåíÿ α  â ð³âíÿíí³ (1) çàëå-
æèòü â³ä õàðàêòåðó çàñîëåííÿ. Äëÿ îá’ºìíîãî çàñîëåííÿ ´ðóíòó, ïðè ÿêîìó 

ñîë³ ó âèãëÿä³ êðèñòàë³â äèñêðåòíî ðîçñ³ÿí³ â îá’ºì³ ´ðóíòó, 1
2

α =  [15]. 

Âèùåíàâåäåí³ ð³âíÿííÿ íåðîçðèâíîñò³ çàïèøåìî ó âèãëÿä³ 

 div ( ) 1 0ñn
t

∂   ρ + ρ − ε ⋅ =  ∂ δ  
u , div ( ) 0T

T T

N
m

t
ρ∂  ρ + ρ − ε ⋅ = ∂ δ 

v . (2) 

Ïðè 0ε =  ç (2) îòðèìóºìî ð³âíÿííÿ áåç óðàõóâàííÿ íàÿâíîñò³ ñîëåé ó ð³ä-
ê³é ³ òâåðä³é ôàçàõ, à ïðè 1ε =  – ç óðàõóâàííÿì. 

Îäíàê ó ðîáîò³ [12] íå âðàõîâàíî âïëèâó òåìïåðàòóðè íà ïðîöåñ ô³ëü-
òðàö³éíî¿ êîíñîë³äàö³¿. 

Ìåòîþ ö³º¿ ðîáîòè º äîñë³äæåííÿ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ çàñîëåíèõ 
´ðóíò³â ïðè ïðèéíÿòò³ ð³âíÿíü íåðîçðèâíîñò³ ó âèãëÿä³ (2) ³ âðàõóâàííÿ ìà-
ñîîáì³ííèõ ïðîöåñ³â (1) â íå³çîòåðì³÷íèõ óìîâàõ. Äëÿ öüîãî ïîòð³áíî çàïè-
ñàòè ìàòåìàòè÷íó ìîäåëü çàäà÷³ ç óðàõóâàííÿì îñìîòè÷íèõ ÿâèù, çíàéòè 
÷èñëîâèé ðîçâ’ÿçîê â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³, à òàêîæ ïðîâåñòè ÷èñëîâ³ 
åêñïåðèìåíòè äëÿ âñòàíîâëåííÿ ñòóïåíÿ âïëèâó âèùåâêàçàíèõ ôàêòîð³â íà 
ïðîõîäæåííÿ ïðîöåñó ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿. 
 Ìàòåìàòè÷íà ìîäåëü çàäà÷³. Ðîçãëÿíåìî îäíîâèì³ðíó çàäà÷ó ô³ëüòðà-
ö³éíî¿ êîíñîë³äàö³¿ øàðó ´ðóíòó òîâ-
ùèíè   (äèâ. ðèñ. 1) ï³ä âïëèâîì ð³â-
íîì³ðíî ïðèêëàäåíîãî çîâí³øíüîãî 
íàâàíòàæåííÿ ³íòåíñèâí³ñòþ ( )q t  â 
íå³çîòåðì³÷íèõ óìîâàõ. Îñîáëèâ³ñòþ 
äàíî¿ çàäà÷³ º òå, ùî ´ðóíò ââàæàºòü-
ñÿ çàñîëåíèì. Öå îçíà÷àº: 

1°. Íàÿâí³ñòü ñåðåä òâåðäèõ ÷àñòè-
íîê ´ðóíòó êðèñòàë³â ñîëåé, ÿê³ ìî-
æóòü ðîç÷èíÿòèñÿ. 

2°. Ïîðîâîþ ð³äèíîþ ó ïîðàõ ´ðóíòó º íå ÷èñòà âîäà, à ñîëüîâèé ðîç÷èí 
ç êîíöåíòðàö³ºþ ( , )c x t .  

Ìàòåìàòè÷íó ìîäåëü ö³º¿ çàäà÷³ ç óðàõóâàííÿì ðåçóëüòàò³â ðîá³ò [6, 8, 
11, 12, 17] îïèøåìî òàêîþ êðàéîâîþ çàäà÷åþ: 

 
1

1 ( , , ) ( , , ) ( , , )e h c Tk x c T x c T x c T
a x x x x x x
+ ∂ ∂ ∂ ∂ ∂ ∂      − ν − µ =      γ ∂ ∂ ∂ ∂ ∂ ∂      

 

 
1

1h e c Nn e
t a t t

∂ + ∂ ∂ = − ε −  ∂ γ δ ∂ ∂
, (3) 

 ( , , ) T
c T c N cD x c T D u n

x x x x x t t
∂ ∂ ∂ ∂ ∂ ∂ ∂   + − − =   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

, (4) 

 ( , , ) T
T T Tx c T c u c

x x x tρ
∂ ∂ ∂ ∂ λ − ρ = ∂ ∂ ∂ ∂ 

, (5) 

 ( , , ) ( , , ) ( , , )h c Tu ev k x c T x c T x c T
x x x

∂ ∂ ∂= − + ν + µ
∂ ∂ ∂

, (6) 

 1( )m
N C ñ N
t

α∂ = −γ −
∂

, (7) 

 q(t) 

x 

l A 

O 

 
Рис. 1 
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 (0, ) 0,           0xh t u == = , (8) 

 (0, ) ,         ( , , ) 0m T
x

c Tc t C D x c T D
x x =

∂ ∂ = + = ∂ ∂  
, (9) 

 1(0, ) ( ),        0
x

TT t T t
x =

∂= =
∂ 

, (10) 

 0 0( ,0) ( ),       ( ,0) ( )h x h x c x c x= = ,  

 0 0( ,0) ( ),       ( ,0) ( )T x T x N x N x= = , (11) 

äå 0;x ∈ [ ] , 0t > ; 1( )T t , 0 ( )h x , 0 ( )c x , 0 ( )T x , 0 ( )N x  – çàäàí³ ôóíêö³¿. Òóò 

âèêîðèñòàí³ íàñòóïí³ ïîçíà÷åííÿ: ( , )h x t p= γ/  – íàäëèøêîâèé íàï³ð; p  – 

íàäëèøêîâèé òèñê ó ïîðîâîìó ðîç÷èí³; ( , )c x t  – êîíöåíòðàö³ÿ ïîðîâîãî ñî-
ëüîâîãî ðîç÷èíó; ( , )T x t  – òåìïåðàòóðà; ( , )N x t  – êîíöåíòðàö³ÿ ñîëåé ó 

òâåðä³é ôàç³; k , D , TD , ν , λ , µ  – êîåô³ö³ºíòè ô³ëüòðàö³¿, êîíâåêòèâíî¿ 
äèôóç³¿, òåðìîäèôóç³¿, õ³ì³÷íîãî îñìîñó, åôåêòèâíî¿ òåïëîïðîâ³äíîñò³ âîëî-
ãîãî ´ðóíòó, òåðì³÷íîãî îñìîñó; ρ  – ãóñòèíà ïîðîâîãî ðîç÷èíó; cρ  – ïèòîìà 

òåïëîºìí³ñòü ïîðîâîãî ðîç÷èíó; Tc  – îá’ºìíà òåïëîºìí³ñòü âîëîãîãî ´ðóíòó; 
u  – øâèäê³ñòü ô³ëüòðàö³¿ ñîëüîâîãî ðîç÷èíó; v  – øâèäê³ñòü ðóõó òâåðäèõ 
÷àñòèíîê ´ðóíòó; t  – ÷àñ; e , e  – êîåô³ö³ºíò ïîðèñòîñò³ òà éîãî ñåðåäíº 
çíà÷åííÿ; γ  – ïèòîìà âàãà ñîëüîâîãî ðîç÷èíó; n  – ïîðèñò³ñòü ´ðóíòó; 1a – 

êîåô³ö³ºíò ñòèñëèâîñò³ ´ðóíòó; 1γ  – êîíñòàíòà øâèäêîñò³ ìàñîîáì³íó; mC  – 

êîíöåíòðàö³ÿ ãðàíè÷íîãî íàñè÷åííÿ ó ð³äê³é ôàç³; δ  – ãóñòèíà ñîëåé ó 
òâåðä³é ôàç³. 

Çàêîí (6) º óçàãàëüíåíèì çàêîíîì Äàðñ³ – Ãåðñåâàíîâà íà âèïàäîê ðóõó 
ñîëüîâèõ ðîç÷èí³â â íå³çîòåðì³÷íèõ óìîâàõ [8]. Ó íüîìó âðàõîâóºòüñÿ âïëèâ 
íà øâèäê³ñòü ô³ëüòðàö³¿ îñìîòè÷íèõ ÿâèù, ÿê³ ìàþòü ì³ñöå â íåð³âíîì³ðíî 
çàñîëåíèõ ´ðóíòàõ ïðè íàÿâíîñò³ ãðàä³ºíòà òåìïåðàòóðè. Ó ðîáîòàõ [7, 9] 
áóëî âèêîðèñòàíî çàêîí, ÿêèé äîçâîëÿâ âðàõîâóâàòè àáî ëèøå íîðìàëüí³, 
àáî ëèøå àíîìàëüí³ õ³ì³÷í³ îñìîòè÷í³ ÿâèùà. Âðàõóâàòè æ îäíî÷àñíî íàÿâ-
í³ñòü àíîìàëüíî¿ ³ íîðìàëüíî¿ õ³ì³÷íî¿ îñìîòè÷íî¿ ô³ëüòðàö³¿ äîçâîëÿº ïðè-
éíÿòòÿ çàëåæíîñò³ â çàêîí³ (6) êîåô³ö³ºíòà õ³ì³÷íîãî îñìîñó ν  â³ä êîíöåíò-
ðàö³¿ ðîç÷èíåíèõ ñîëåé c . 

Ââàæàºìî, ùî âåðõíÿ ìåæà ìàñèâó ´ðóíòó äðåíîâàíà, à íèæíÿ – íå-
ïðîíèêíà. Êîíöåíòðàö³ÿ ïîðîâîãî ñîëüîâîãî ðîç÷èíó, ÿê ³ òåìïåðàòóðà, íà 
âåðõí³é ìåæ³ º â³äîìîþ. Ïðè÷îìó âåðõíÿ ìåæà çìî÷åíà êîíöåíòðîâàíèì ñî-
ëüîâèì ðîç÷èíîì. Íà íèæí³é ìåæ³ âåëè÷èíè ïîòîê³â òåïëà òà ðîç÷èíåíèõ 
ñîëåé äîð³âíþþòü íóëåâ³. 
 ×èñëîâå ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ ìåòîäîì ñê³í÷åííèõ ð³çíèöü. 

Ïîêðèºìî îáëàñòü 
0 00, 0,tQ t= ×[ ] [ ] ð³âíîì³ðíîþ ñ³òêîþ ç êðîêàìè xh  ³ τ  

â³äïîâ³äíî çà çì³ííîþ x  ³ ÷àñîì t . Íåõàé 1m  – ê³ëüê³ñòü êðîê³â çà ïðîñòî-

ðîâîþ çì³ííîþ, 1n – ê³ëüê³ñòü êðîê³â çà ÷àñîì. 
Äëÿ äèñêðåòèçàö³¿ ð³âíÿííÿ (3) âèêîðèñòàºìî íåÿâíó ð³çíèöåâó ñõåìó, 

à äëÿ ð³âíÿííÿ (4), (5) – ìîíîòîííó ð³çíèöåâó ñõåìó Ñàìàðñüêîãî [19]. Ùîá 
ðîçâ’ÿçàòè çàäà÷ó Êîø³ äëÿ ð³âíÿííÿ (7), âèêîðèñòàºìî ìåòîä Ðóíãå – Êóò-
òà [2]. Ó ðåçóëüòàò³ îòðèìàºìî ñê³í÷åííîð³çíèöåâèé àíàëîã äèôåðåíö³àëü-
íèõ ð³âíÿíü (3)–(5), (7): 

 
( 1) ( ) ( 1) ( 1) ( 1) ( 1)

( 1) ( 1)1 1
1

1

1
j j j j j j

j ji i i i i i
i i

x x x

h h h h h he a a
a h h h

+ + + + +
+ ++ −

+
− − − += − − τ γ  

 

 
( 1) ( 1) ( 1) ( 1)

( 1) ( 1)1 1
1

j j j j
j ji i i i

i i
x x

c c c c
b b

h h

+ + + +
+ ++ −

+
− − − − − 

 
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( 1) ( 1) ( 1) ( 1)

( 1) ( 1) ( 1)1 1
1

j j j j
j j ji i i i

i i i
x x

T T T T
z z f

h h

+ + + +
+ + ++ −

+
− −  − − +  

, (12) 

 
( 1) ( ) ( ) ( 1) ( 1) ( 1) ( 1)

( ) ( )1 1
1

j j j j j j j
j ji i i i i i i

i i
x x x

c c c c c c
n d d

h h h

+ + + + +
+ −

+
− η − − ⋅ = ⋅ ⋅ − ⋅ + τ  

 

 
( 1) ( 1) ( 1) ( 1)

( ) ( )1 1
1

1 ( ) ( )
j j j j

j ji i i i
T i T i

x x x

T T T T
d d

h h h

+ + + +
+ −

+
− − + ⋅ ⋅ − ⋅ + 

 
 

 
( ) ( 1) ( 1) ( ) ( 1) ( 1)

( ) ( )1 1
1( ) ( )

( ) ( )j j j j j j
j ji i i i i i

i ij j
x xi i

u c c u c c
d d

h hD D

+ + + − + +
+ −

+
− −

+ ⋅ ⋅ + ⋅ ⋅ −  

 ( )1( 1)
1( )( )jj

i m ic C N ++ α− γ − , (13) 

 
( 1) ( ) ( ) ( 1) ( 1)

( ) 1
1

j j j j j
ji i i i i

T i
x x

T T T T
c

h h

+ + +
+

+
− η −⋅ = ⋅ λ ⋅ −τ 

 

 
( 1) ( 1) ( ) ( 1) ( 1)

( ) ( )1 1
1( )

( )j j j j j
j ji i i i i

i ij
x xi

T T u T T
c

h h

+ + + + +
− +

ρ +
− − − λ ⋅ + ρ ⋅ ⋅ ⋅ λ ⋅ + 

λ 
 

 
( ) ( 1) ( 1)

( ) 1
( )

( ) j j j
ji i i

ij
xi

u T T
h

− + +
−− + ⋅ λ ⋅ 

λ 
, (14) 

 ( 1) ( ) ( ) ( ) ( )1 ( )( ) ( )
2

j j j j j
i m i i m i iN C c N C c N+ ατγ

= − − + − −(  

 ( ) ( ) ( )
1( )( )j j j

m i i iC c N Nα− τγ − +) , 

 1 11, , 1,   0, , 1i m j n= − = −  ,  (15) 
³ çàêîíó (6): 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )1 1 1 1 1 1

2 2 2

j j j j j j
j (j) j j ji i i i i i

i i i i i
x x x

h h c c T T
u e v k

h h h
+ − + − + −− − −

= ⋅ − ⋅ + ν ⋅ + µ ⋅ , 

 1 11, , 1,      1, ,i m j n= − =  ,  (16) 
äå 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 1

1 1 1,       ,       
2 2 2

j j j j j j j j j
i i i i i i i i ia k k b z− − −

     = + = ν + ν = µ + µ     
     

, 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1,      ( ) ( ) ( )
2 2

j j j j j j
i i i T i T i T id D D d D D− −

   = + = +   
   

, 

 
( )

( ) ( ) ( ) ( ) 2
1 ( )( )

( )

1 1,     1 ( )
2 2

1
2

j
j j j j x i

i i i i xjj
ix i

j
i

h u
O h

Dh u

D

−
⋅ λ = ⋅ λ + λ η = = − + 

  ⋅⋅
+

⋅

, 

 
( )

( ) 2
( )( )

( )

1 1 ( )
2

1
2

j
x ij

i xjj
ix i

j
i

h c u
O h

h c u

ρ

ρ

⋅ ρ ⋅
η = = − +

⋅ λ⋅ ρ ⋅
+

⋅ λ

, 

 
( ) ( ) ( ) ( )

( ) ( )( ) 0,       ( ) 0
2 2

j j j j
j ji i i i

i i

u u u u
u u+ −− + − −

= ≥ = ≤ ,  

 ( 1)

1

1j
i

e c Nf n e
a t t

+ + ∂ ∂ = ε −  γ δ ∂ ∂
. 
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Äëÿ çíàõîäæåííÿ íàïîðó ( , )h x t , êîíöåíòðàö³¿ ( , )c x t , òåìïåðàòóðè 
( , )T x t  â³äïîâ³äíî ç ð³çíèöåâèõ ð³âíÿíü (12), (13) ³ (14) âèêîðèñòàºìî ìåòîä 

ïðîãîíêè [20]. Ñï³ââ³äíîøåííÿ ìåòîäó ïðîãîíêè çàïèøåìî ó âèãëÿä³  
 äëÿ ð³âíÿííÿ (12): 

 ( 1) ( 1) ( 1) ( ) ( 1)
1 1

j j j j j
i i i i i i i ia h c h b h h s+ + + +

− +− + = − − , 
äå 

 ( 1)
2

1

1 j
i i

x

ea a
ah

+τ +=
γ

, ( 1) ( 1)
12

1

11 j j
i i i

x

ec a a
ah

+ +
+

τ += + +
γ

( ) , ( 1)
12

1

1 j
i i

x

eb a
ah

+
+

τ +=
γ

, 

 ( 1) ( 1) ( 1) ( 1)
1 2( ) ( )j j j j

i i i is s s f+ + + += + − τ ⋅ , 

 ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)
1 1 1 1 1

1

1( ) ( )j j j j j j j j
i i i i i i i i

es b c b b c b c
a

+ + + + + + + +
− + + +

+= − + +
γ

( ) , 

 ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1) ( 1)
2 1 1 1 1

1

1( ) ( )j j j j j j j j
i i i i i i i i

es z T z z T z T
a

+ + + + + + + +
− + + +

+= − + +
γ

( ) ; 

äëÿ ð³âíÿííÿ (13): 

 ( 1) ( 1) ( 1) ( ) ( 1)
1 1

j j j j j
i i i i i i i ia c c c b c c s+ + + +

− +− + = − − , 
äå  

 
( ) ( ) ( ) ( ) ( ) ( )

1
( ) ( )

( ) ( )
,         

j j j j j j
i i i i i i

i ij j
x x x xi i

d u d u
a b

n h h n h hD D

− +
+η η   τ τ= ⋅ ⋅ − = ⋅ ⋅ −   

   
,  

 
( ) ( ) ( )

( ) ( )1
12 ( )

( ) 11 ( )
j j j

j ji i i
i i ij

x i

d d
c u d

n h D
++

+
η ⋅ +τ= + ⋅ + ⋅ ⋅ −


(  

 
( 1) ( )

( ) ( )
1( )

j j
j j i i

i i x

N N
u d h

+ α
− −  − ⋅ + γ ⋅   τ  

) , 

  
( 1) ( )

( 1)
1

j j
j i i

i m

N N
s C

n

α+
+ −  τ= ⋅ γ ⋅ +  τ 

 

 
( 1) ( 1) ( 1) ( 1)

( ) ( )1 1
1

1 ( ) ( )
j j j j

j ji i i i
T i T i

x x x

T T T T
d d

h h h

+ + + +
+ −

+
− −  + − 

 
; 

äëÿ ð³âíÿííÿ (14): 

 ( 1) ( 1) ( 1) ( )
1 1

j j j j
i i i i i i ia T c T b T T+ + +

− +− + = − , 
äå 

 
( ) ( )( ) ( ) ( ) ( )

1
( ) ( )

( ) ( )
,      

j jj j j j
i ii i i i

i ij j
T x x T x xi i

c u c u
a b

c h h c h h

− +
ρ ρ+

ρ ρλ η λ η   τ τ= − = −   
λ λ   

,  

 
( ) ( ) ( )

( ) ( ) ( ) ( )1
12 ( )

( ) 11 ( ) ( )
j j j

j j j ji i i
i i i i ij

T x i

c c u c u
c h

+ −+
ρ + ρ

η λ + λ τ= + + ρ λ − ρ λ 
λ 

( ) . 

Óìîâè ñò³éêîñò³ ïðîãîíêè i i ic a b> +  âèêîíóþòüñÿ äëÿ óñ³õ íàâåäå-

íèõ ñï³ââ³äíîøåíü ìåòîäó. Çíà÷åííÿ íàïîð³â, êîíöåíòðàö³¿ ³ òåìïåðàòóðè íà 
÷àñîâîìó ( 1)j + -ìó øàð³ çíàõîäèìî ïîñë³äîâíî ç âèêîðèñòàííÿì òàêèõ ð³â-
íîñòåé: 

 ( 1) ( 1)
1 1 1

j j
i i i ih h+ +

+ + += α + β , 

òóò 
( ) ( 1)

1 1,        
j j

i i i i i
i i

i i i i i i

b a h s
c a c a

+

+ +
β + +

α = β =
− α − α

; 

 ( 1) ( 1)
1 1 1

j j
i i i ic c+ +

+ + += α ⋅ + β , 

òóò 
( ) ( 1)

1 1,        
j j

i i i i i
i i

i i i i i i

b a c s
c a c a

+

+ +
β + +

α = β =
− α − α

; 
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 ( 1) ( 1)
1 1 1

j j
i i i iT T+ +

+ + += α ⋅ + β , 

òóò 
( )

1 1,       
j

i i i i
i i

i i i i i i

b a T
c a c a+ +

β +
α = β =

− α − α
. 

Äëÿ ïî÷àòêîâèõ óìîâ (11) îòðèìàºìî ñê³í÷åííîð³çíèöåâ³ àíàëîãè: 

 (0) (0)
0 0( ),       ( )i x i xh h ih c c ih= = ,  

 (0) (0)
0 0 1( ),        ( ),        0, ,i x i xT T ih N N ih i m= = =  . 

Ãðàíè÷í³ óìîâè äðóãîãî ðîäó â (8)–(10) àïðîêñèìóºìî àíàëîã³÷íî, ÿê ó 

ðîáîò³ [6] ç òî÷í³ñòþ 2( )o hτ + . 

 Ðåçóëüòàòè ÷èñëîâèõ åêñïåðèìåíò³â. Âèÿñíåííÿ îö³íêè âïëèâó íàÿâ-
íîñò³ ñîëåé â ð³äê³é ³ òâåðä³é ôàçàõ íà ïðîöåñ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ 
´ðóíòó â íå³çîòåðì³÷íèõ óìîâàõ äëÿ äîñë³äæóâàíî¿ îäíîâèì³ðíî¿ çàäà÷³ 
ïðîâåäåíî íà òåñòîâîìó ïðèêëàä³. Ó çâ’ÿçêó ç öèì ðîçãëÿíóòî çàäà÷ó ô³ëü-
òðàö³éíî¿ êîíñîë³äàö³¿ øàðó ãëèíèñòîãî ´ðóíòó òîâùèíè 20= ì ç òàêèìè 
âèõ³äíèìè äàíèìè: 

0.7e = , 0.002D = ì2/äîáà, 410γ = êã/(ì2 ⋅ äîáà2), 0.4n = ,  
4

1 6.5 10−γ = ⋅ äîáà-1, 75 10a −= ⋅ ì2/Í,  350mC = ã/ë, 0 ( ) 8c x = ã/ë, 

0.5α = , 
2

0 ( ) 240 40x xN x    = − + +   
    

, 32 10δ = ⋅ êã/ì2 , 0 4T = °Ñ,  

52.8 10−ν = ⋅ ì5/êã ⋅ äîáà, 108λ = êÄæ/(ì ⋅ ãðàä ⋅ äîáà), 
62.8 10−µ = ⋅ ì2/(ãðàä ⋅ äîáà), 1100ρ = êã/ì3 , 4.2ñρ = êÄæ/(êã ⋅ ãðàä), 

2137Tc = êÄæ/(ì3 ⋅ ãðàä), 1( ) 30T t = °Ñ.  

Ó âèïàäêó ñòàëîãî êîåô³ö³ºíòà ô³ëüòðàö³¿ 0.001k = ì/äîáà. Íà âåðõíþ 
ìåæó ´ðóíòó ð³âíîì³ðíî ïðèêëàäàºòüñÿ çîâí³øíº íàâàíòàæåííÿ ³íòåíñèâ-

í³ñòþ 420 10q = ⋅ êã/(ì2 ⋅ äîáà2). Ïðè ïðîâåäåíí³ ÷èñëîâèõ åêñïåðèìåíò³â ó 
çàêîí³ (6) çíåõòóâàíî øâèäê³ñòþ v  ðóõó òâåðäèõ ÷àñòèíîê ´ðóíòó. 

Ïîïåðåäíüî ìàòåìàòè÷íó ìîäåëü (3)–(11) çâåäåíî äî áåçðîçì³ðíîãî âè-
ãëÿäó. Âåëè÷èí³ êðîêó çà ÷àñîì 0.00105τ =  â îáåçðîçì³ðåí³é ìîäåë³ â³äïî-
â³äàº êðîê 30τ = ä³á â ðåàëüíîìó ÷àñ³. Ï³ñëÿ ïðîâåäåííÿ ÷èñëîâèõ åêñïåðè-
ìåíò³â çä³éñíåíî ïåðåõ³ä äî ðîçì³ðíèõ âåëè÷èí. Âèáðàíî òàêó çàëåæí³ñòü 
êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä êîíöåíòðàö³¿ ñîëüîâîãî ðîç÷èíó [5, 6]: 

 5 4 3 2
5 4 3 2 1 0( )k c a c a c a c a c a c a= + + + + + , 

äå mc c C= / , 5 0.042557151a = , 4 0.12857957a = − , 3 0.140291508a = , 

2 0.0643274a = − , 3
1 9.345668647 10a −= ⋅ , 0 0.0010339a = . 

-16

-8

0

8

0 5 10 15 x

h(x, t) 

510 ä³á 

30 ä³á 

300 ä³á 

150 ä³á 

ε = 0 

 
-16

-8

0

8

0 5 10 15 x

h(x, t) 

510 ä³á 

30 ä³á 

300 ä³á 
150 ä³á 

ε = 1 

 
 Рис. 2 Рис. 3 

Íà ðèñ. 2, 3 íàâåäåíî â³äïîâ³äíî ãðàô³êè ïîë³â íàäëèøêîâèõ íàïîð³â 
( , )h x t  áåç óðàõóâàííÿ ( 0ε = ) ³ ç óðàõóâàííÿì íàÿâíîñò³ ñîëåé ( 1ε = ) ó 

òâåðä³é ôàç³ äëÿ 30, 150, 300, 510τ = ä³á, à íà ðèñ. 4 – êðèâ³ ð³çíèöü ì³æ 

âêàçàíèìè ïîëÿìè íàïîð³â. ßê áà÷èìî, ïðè 0ε =  íàïîðè ìåíø³, í³æ ïðè 
1ε = . Öüîìó ÿâèùó º ïðîñòå ïîÿñíåííÿ. Ðîç÷èíåííÿ êðèñòàë³â ñîë³ çá³ëü-
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øóº îá’ºì ïîðîâî¿ ð³äèíè, ùî ñïðèÿº çá³ëüøåííþ íàäëèøêîâèõ òèñê³â ó ð³-
äèí³, ÿêà çàïîâíþº ö³ ïîðè. Íåçíà÷íå çá³ëüøåííÿ íàïîð³â â îêîë³ âåðõíüî¿ 
ìåæ³ ïîÿñíþºòüñÿ çàäàííÿì ãðàíè÷íî¿ óìîâè ïåðøîãî ðîäó äëÿ ôóíêö³¿ 
( , )c x t  ³ óïîâ³ëüíåíèì ðîç÷èíåííÿì êðèñòàë³â ñîë³. Âçàãàë³ â îáîõ âèïàäêàõ 

çà ðàõóíîê óðàõóâàííÿ îñìîòè÷íèõ ÿâèù ´ðóíò ïåðåõîäèòü â ïåðåóù³ëü-
íåíèé ñòàí, ³ íàäëèøêîâ³ íàïîðè ñòàþòü ìåíøèìè â³ä íóëÿ. 
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Íà ðèñ. 5, 6 íàâåäåíî ãðàô³êè ïîë³â êîíöåíòðàö³é ñîëåé ó òâåðä³é 
( , )N x t  ³ ð³äê³é ( , )c x t  ôàçàõ ´ðóíòîâîãî ñåðåäîâèùà â³äïîâ³äíî. Íà ðèñ. 7 

íàâåäåíî ãðàô³ê çì³íè òåìïåðàòóðè. 
 Âèñíîâêè. Îòæå, íà ï³äñòàâ³ ðîá³ò [6–12, 15, 17, 18] ïîáóäîâàíî ìàòå-
ìàòè÷íó ìîäåëü îäíîâèì³ðíî¿ çàäà÷³ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ øàðó çàñî-
ëåíîãî ´ðóíòó â íå³çîòåðì³÷íîìó ðåæèì³ ç óðàõóâàííÿì íàÿâíîñò³ ñîëåé ó 
ð³äê³é ³ òâåðä³é ôàçàõ. ×èñëîâèé ðîçâ’ÿçîê â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ 
çíàéäåíî ìåòîäîì ñê³í÷åííèõ ð³çíèöü. ßê ïðèêëàä íàâåäåíî ðåçóëüòàòè 
÷èñëîâèõ åêñïåðèìåíò³â ç äîñë³äæåííÿ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ øàðó 
ãëèíèñòîãî ´ðóíòó îáìåæåíî¿ òîâùèíè. ßê ïîäàëüøèé åòàï äîñë³äæåííÿ 
â³äì³òèìî, ùî âèìàãàº ðîçãëÿäó ïèòàííÿ óðàõóâàííÿ çàëåæíîñò³ êîåô³ö³ºí-
òà ô³ëüòðàö³¿ â³ä êîíöåíòðàö³¿ ñîëåé ó òâåðä³é ôàç³, à òàêîæ íåîáõ³äíî äî-
ñë³äèòè â³äïîâ³äíó äâîâèì³ðíó çàäà÷ó, ùî áóäå çðîáëåíî â ïîäàëüøèõ ðî-
áîòàõ. 
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ЧИСЛЕННОЕ РЕШЕНИЕ ОДНОМЕРНОЙ ЗАДАЧИ ФИЛЬТРАЦИОННОЙ КОНСОЛИДАЦИИ 
ЗАСОЛЕННЫХ ПОЧВ В НЕИЗОТЕРМИЧЕСКОМ РЕЖИМЕ 
 
Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è ôèëüòðàöèîííîé êîíñîëèäàöèè çàñî-
ëåííûõ ïî÷â â íåèçîòåðìè÷åñêîì ðåæèìå ïðè íàëè÷èè ñîëåé â æèäêîé è òâåðäîé 
ôàçàõ. ×èñëåííîå ðåøåíèå ñîîòâåòñòâóþùåé îäíîìåðíîé êðàåâîé çàäà÷è íàéäåíî 
ìåòîäîì êîíå÷íûõ ðàçíîñòåé. Â êà÷åñòâå ïðèìåðà èññëåäîâàíà çàäà÷à ôèëüòðà-
öèîííîé êîíñîëèäàöèè ìàññèâà ãëèíèñòîé ïî÷âû îãðàíè÷åííîé òîëùèíû. Ïðèâå-
äåíû ðåçóëüòàòû ÷èñëîâûõ ýêñïåðèìåíòîâ è èõ àíàëèç. 
 
NUMERICAL SOLUTION OF SALINE SOILS ONE-DIMENSIONAL FILTRATION CONSOLIDATION 
PROBLEM UNDER NONISOTHERMAL CONDITIONS 
 
A mathematical model of the saline soil layer filtration consolidation problem taking 
into account the salt dissolution and crystallization under the nonisothermal conditions 
has been formulated. The numerical solution of the corresponding one-dimensional 
boundary-value problem has been found by the finite difference method. As an exam-
ple, the clayey soil layer infinite width filtration consolidation problem has been inves-
tigated. Numerical experiments and their analysis have been carried out. 
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