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ÓÄÊ 539.3 
 
В. Ф. Кондрат, О. Р. Грицина 
 
РІВНЯННЯ ТЕРМОМЕХАНІКИ ДЕФОРМІВНОГО ТВЕРДОГО ТІЛА  
З УРАХУВАННЯМ НЕОБОРОТНОСТІ ЛОКАЛЬНОГО ЗМІЩЕННЯ МАСИ 
 

Ç âèêîðèñòàííÿì îñíîâíèõ ïðèíöèï³â òåðìîäèíàì³êè íåð³âíîâàæíèõ ïðîöå-
ñ³â ³ ìåõàí³êè ñóö³ëüíîãî ñåðåäîâèùà îòðèìàíî ïîâíó ñèñòåìó ð³âíÿíü äëÿ 
îïèñó âçàºìîçâ’ÿçàíèõ òåðìîìåõàí³÷íèõ ïðîöåñ³â ó äåôîðì³âíîìó òâåðäîìó 
ò³ë³ ç óðàõóâàííÿì íåîáîðîòíîñò³ ïðîöåñó ëîêàëüíîãî çì³ùåííÿ ìàñè. Ïðî-
ñòîðîâèé ´ðàä³ºíò π′µ  çâåäåíî¿ âåëè÷èíè åíåðãåòè÷íî¿ ì³ðè âïëèâó çì³-

ùåííÿ ìàñè íà âíóòð³øíþ åíåðã³þ ïîäàíî ñóìîþ îáîðîòíî¿ ³ íåîáîðîòíî¿ 
ñêëàäîâèõ. Öå äîçâîëèëî äëÿ âèçíà÷åííÿ âåêòîðà m  çì³ùåííÿ ìàñè îòðèìà-

òè ³íòåãðàëüíå ñï³ââ³äíîøåííÿ òèïó çãîðòêè ç åêñïîíåíö³éíèì ÿäðîì ðåëàê-
ñàö³¿. Ïðè öüîìó âåêòîð m  âèçíà÷àºòüñÿ ³ñòîð³ºþ íå ëèøå π′µ , à é ´ðàä³-

ºíòà òåìïåðàòóðè T . Êëþ÷îâ³ ð³âíÿííÿ ïîáóäîâàíî¿ ìîäåë³ çàïèñàíî â ë³-
íåàðèçîâàíîìó íàáëèæåíí³ òà ñôîðìóëüîâàíî â³äïîâ³äí³ êðàéîâ³ óìîâè. 

 
Âñòóï. Ëîêàëüíå çì³ùåííÿ ìàñè ïîâ’ÿçóþòü, ÿê ïðàâèëî, ç äåÿêîþ 

ïåðåáóäîâîþ ñòðóêòóðè ìàòåð³àëó ò³ëà – âïîðÿäêóâàííÿì ìîëåêóë ÷è çì³-
ùåííÿì åëåêòðîí³â ³ ÿäåð àòîì³â âíàñë³äîê ïîëÿðèçàö³¿, â³äíîñíèì çñóâîì 
ñêëàäîâèõ ï³äñèñòåì ãåòåðîãåííîãî ò³ëà, çì³íîþ ðîçòàøóâàííÿ àòîì³â â îêî-
ë³ ïîâåðõí³ ïðè ¿¿ óòâîðåíí³ òîùî. Óïåðøå óâàãó íà ïðîöåñ çì³ùåííÿ ìàñè 
â òåðìîìåõàí³÷íèõ ïðîöåñàõ çâåðíóòî â ðîáîò³ [2], ó ÿê³é, çîêðåìà, ïîêàçà-
íî, ùî âðàõóâàííÿ ëîêàëüíîãî çì³ùåííÿ ìàñè ïðèâîäèòü äî íåëîêàëüíîñò³ 
òåðìîäèíàì³÷íîãî ñòàíó. Íàäàë³ òàê³ äîñë³äæåííÿ ðîçâèâàëèñÿ, çäåá³ëüøîãî, 
ñòîñîâíî ïðèïîâåðõíåâèõ ÿâèù ³ ïðîáëåì ì³öíîñò³ [3, 4]. Ó ïðàö³ [5] ëîêàëü-
íå çì³ùåííÿ ìàñè âðàõîâàíî ïðè âèâ÷åíí³ òåìîìåõàí³÷íèõ ïðîöåñ³â ó â’ÿç-
ê³é ð³äèí³. Ç’ÿñîâàíî, çîêðåìà, ùî ó öüîìó âèïàäêó îïèñ òåðìîäèíàì³÷íîãî 
ñòàíó ð³äèíè ïîòðåáóº ââåäåííÿ äâîõ ïàð äîäàòêîâèõ ïàðàìåòð³â – íàâåäå-
íî¿ ìàñè é çâåäåíî¿ åíåðãåòè÷íî¿ ì³ðè âïëèâó çì³ùåííÿ ìàñè íà âíóòð³øíþ 
åíåðã³þ ñèñòåìè, à òàêîæ ïðîñòîðîâîãî ´ðàä³ºíòà ö³º¿ åíåðãåòè÷íî¿ ì³ðè òà 
âåêòîðà ëîêàëüíîãî çì³ùåííÿ ìàñè. Ïîêàçàíî òàêîæ, ùî âèêëþ÷åííÿ ç òåî-
ð³¿ ïàðàìåòð³â, ÿê³ õàðàêòåðèçóþòü çì³ùåííÿ ìàñè, ïðèâîäèòü äî ïðîñòîðî-
âî íåëîêàëüíî¿ òåðìîìåõàí³êè ð³äèíè. Îäíàê â óñ³õ ïåðåë³÷åíèõ âèùå äî-
ñë³äæåííÿõ ïðîöåñ ëîêàëüíîãî çì³ùåííÿ ìàñè ïðèéìàëè îáîðîòíèì. Ïðè 
îïèñ³ ïðèïîâåðõíåâî¿ íåîäíîð³äíîñò³ öå ïðèâîäèëî äî ìèòòºâîñò³ ¿¿ óòâî-
ðåííÿ.  

Ìåòîþ ö³º¿ ðîáîòè º âðàõóâàííÿ íåîáîðîòíîñò³ ëîêàëüíîãî çì³ùåííÿ 
ìàñè ïðè äîñë³äæåíí³ âçàºìîçâ’ÿçàíèõ òåðìîìåõàí³÷íèõ ïðîöåñ³â ó äåôîð-
ì³âíîìó òâåðäîìó ò³ë³. 

1. Îá’ºêò äîñë³äæåííÿ. Ðîçãëÿäàºìî ³çîòðîïíå òåðìîïðóæíå ò³ëî, ÿêå 
çàéìàº îáëàñòü (V) åâêë³äîâîãî ïðîñòîðó òà îáìåæåíå ãëàäêîþ ïîâåðõíåþ 
( )Σ . Ò³ëî ïåðåáóâàº ï³ä âïëèâîì çîâí³øí³õ ñèëîâî¿ ³ òåïëîâî¿ ä³é. Ó ðåçóëü-
òàò³ öüîãî â íüîìó ïðîò³êàþòü ìåõàí³÷í³ òà òåïëîâ³ ïðîöåñè, à òàêîæ â³äáó-
âàºòüñÿ ñòðóêòóðíå óïîðÿäêóâàííÿ, ÿêå ïðîÿâëÿºòüñÿ ó âèíèêíåíí³ åôåê-
òèâíîãî ïîòîêó ìàñè ∗J  ³ â³äïîâ³äí³é çì³í³ âíóòð³øíüî¿ åíåðã³¿.  

Áàçîâ³ ñï³ââ³äíîøåííÿ ìàòåìàòè÷íî¿ ìîäåë³ ðîçãëÿäóâàíîãî ò³ëà áóäåìî 
ôîðìóëþâàòè ó çì³ííèõ Åéëåðà ç îð³ºíòàö³ºþ íà ëàáîðàòîðíó ñèñòåìó êî-
îðäèíàò.  

2. Ð³âíÿííÿ áàëàíñó ìàñè. Ð³âíÿííÿ áàëàíñó ìàñè â ³íòåãðàëüí³é ôîðì³ 
ìàº âèãëÿä 

 ∗
Σ

ρ = − ⋅ Σ∫ ∫
( ) ( )V

d dV d
dt

J n , (1) 
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äå ρ  – ãóñòèíà ìàñè; ∗J  – âåêòîð ãóñòèíè ïîòîêó ìàñè; n  – âåêòîð 

çîâí³øíüî¿ íîðìàë³ äî ïîâåðõí³ Σ( ) ; ⋅« »  – ñèìâîë ñêàëÿðíîãî äîáóòêó.  

Ïðèéìàºìî, ùî âåêòîð ∗J  âèçíà÷àºòüñÿ ñóìîþ ñêëàäîâî¿ ∗= ρmcJ v  ( ∗v  

– âåêòîð ñåðåäíüî¿ øâèäêîñò³ ïåðåì³ùåííÿ ÷àñòèíîê ò³ëà) òà ñêëàäîâî¿ 

msJ , ïîâ’ÿçàíî¿ ç óïîðÿäêóâàííÿì ñòðóêòóðè ô³çè÷íî ìàëîãî åëåìåíòà 

(÷àñòèíêè) ò³ëà, òîáòî  

 ∗ = +mc msJ J J . (2) 

ßêùî ââåñòè âåêòîð m  ëîêàëüíîãî çì³ùåííÿ ìàñè 

 
0

t

m ms dt= ∫ J , 

òàê ùî 

 m
ms t

∂
=

∂
J


, (3) 

òî ñï³ââ³äíîøåííÿ (2) íàáóäå âèãëÿäó 

 ∗ ∗
∂

= ρ +
∂

m

t
J v


. 

Ñï³ââ³äíîøåííÿì  

 1 m

t∗
∂ = ρ + ρ ∂ 

v v


 (4) 

îçíà÷èìî âåêòîð v  øâèäêîñò³ öåíòðà ìàñ ÷àñòèíîê ò³ëà. Òîä³ ð³âíÿííÿ (1) 
áàëàíñó ìàñè ó ëîêàëüí³é ôîðì³ íàáóâàº ñòàíäàðòíîãî âèãëÿäó 

 ( ) 0
t

∂ρ + ⋅ ρ =
∂

v , (5) 

äå   – îïåðàòîð Ãàì³ëüòîíà. ßêùî âðàõóâàòè ïîäàííÿ (4) ³ ââåñòè âåêòîð  

 ∗= ρ −( )mJ v v , 

òî ð³âíÿííÿ (5) áàëàíñó ìàñè ìîæíà çàïèñàòè òàê: 

 0m
mt t

∂∂ρ  + ⋅ ρ + + = ∂ ∂ 
v J


 . 

Ââåäåìî âåëè÷èíó πρm , ÿêà ìàº ðîçì³ðí³ñòü ãóñòèíè ìàñè, ³ ÿêó àíàëî-

ã³÷íî äî íàâåäåíîãî çàðÿäó [1] íàçâåìî ãóñòèíîþ íàâåäåíî¿ ìàñè. Ïðèéìàº-
ìî, ùî äëÿ äîâ³ëüíîãî ò³ëà ñê³í÷åííèõ ðîçì³ð³â (îáëàñòü ( )V ) âåêòîð m  

ëîêàëüíîãî çì³ùåííÿ ìàñè (ÿêèé ìàº ðîçì³ðí³ñòü ãóñòèíè ìàñîâîãî äèïîëü-
íîãî ìîìåíòó) ³ ãóñòèíà πρm  íàâåäåíî¿ ìàñè º òàêèìè, ùî [1]  

 
( ) ( )

m m
V V

dV dVπ= ρ∫ ∫ r , (6) 

äå r  – ðàä³óñ-âåêòîð. 
²íòåãðàë ó ïðàâ³é ÷àñòèí³ ôîðìóëè (6) íå çàëåæèòü â³ä âèáîðó ñèñòåìè 

â³äë³êó, à òîìó ïîâèííà ñïðàâäæóâàòèñÿ òàêà ð³âí³ñòü:  

 
( )

0m
V

dVπρ =∫ . 

Ç ôîðìóëè (6), âðàõîâóþ÷è äîâ³ëüí³ñòü îáëàñò³ ³íòåãðóâàííÿ ( )V , òàêîæ 
ìîæíà ïîêàçàòè [1], ùî  

 m mπρ = − ⋅  . (7) 
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ßêùî ñï³ââ³äíîøåííÿ (7) ïðîäèôåðåíö³þâàòè çà ÷àñîì ³ âðàõóâàòè ôîðìó-
ëó (3), òî îòðèìàºìî ð³âíÿííÿ 

 0m
mst

π∂ρ
+ ⋅ =

∂
J , 

ÿêå ìàº ôîðìó çàêîíó çáåðåæåííÿ íàâåäåíî¿ ìàñè. 
3. Ð³âíÿííÿ áàëàíñó åíòðîï³¿. Øâèäê³ñòü çì³íè åíòðîï³¿ åëåìåíòà ò³ëà 

âèçíà÷àºòüñÿ êîíâåêòèâíîþ ñêëàäîâîþ ïîòîêó, ïðèòîêîì åíòðîï³¿ ççîâí³, 
âèíèêíåííÿì åíòðîï³¿ σs  çà îäèíèöþ ÷àñó òà äæåðåëàìè òåïëà ℜ . Â ³íòåã-
ðàëüí³é ôîðì³ ð³âíÿííÿ áàëàíñó åíòðîï³¿ º òàêèì [5]: 

 
( ) ( )( ) ( ) ( )

s s
V V V

d s dV s d d dV dV
dt TΣ Σ

ℜρ = − ρ ⋅ Σ − ⋅ Σ + σ + ρ∫ ∫ ∫v n J n  , (8) 

äå s  – ïèòîìà åíòðîï³ÿ; sJ  – âåêòîð ãóñòèíè ïîòîêó åíòðîï³¿; T  – àáñî-
ëþòíà òåìïåðàòóðà. 

Ó ëîêàëüí³é ôîðì³ ð³âíÿííÿ (8) ìàº âèãëÿä 

 s s
ds
dt T

ℜρ = − ⋅ + σ + ρJ , (9) 

àáî 

 1
q q s

dsT T T
dt T

ρ = − ⋅ + ⋅ + σ + ρℜJ J  , (10) 

äå qJ  – âåêòîð ãóñòèíè ïîòîêó òåïëà, ïîâ’ÿçàíèé ç âåêòîðîì sJ  ãóñòèíè 

ïîòîêó åíòðîï³¿ ñï³ââ³äíîøåííÿì =q sTJ J , à d
dt t

∂= + ⋅
∂

v   – îïåðàòîð 

ïîâíî¿ ïîõ³äíî¿ çà ÷àñîì.  
4. Ð³âíÿííÿ áàëàíñó åíåðã³¿. Ïðèéìàºìî, ùî ïîâíà åíåðã³ÿ ñèñòåìè ó 

äîâ³ëüíèé ìîìåíò ÷àñó º ñóìîþ âíóòð³øíüî¿ ρu  ( u  – ïèòîìà âíóòð³øíÿ 

åíåðã³ÿ) ³ ê³íåòè÷íî¿ 2/2ρv  åíåðã³é ³ çì³íà ¿¿ â³äáóâàºòüñÿ âíàñë³äîê êîíâåê-
òèâíîãî ïåðåíåñåííÿ åíåðã³¿, ðîáîòè âíóòð³øí³õ ïîâåðõíåâèõ ñèë ⋅ v , ïî-
òîêó òåïëà qJ , ðîáîòè, çàòðà÷åíî¿ íà ìàñîïåðåíåñåííÿ µ mJ  é «óïîðÿäêó-

âàííÿ» ñòðóêòóðè ò³ëà m

tπ
∂

µ
∂


, ä³¿ ìàñîâèõ ñèë F  ³ ðîçïîä³ëåíèõ äæåðåë 

òåïëà ℜ : 

 2 2

( )( )

1 1
2 2

V

d u dV u
dt Σ

   ρ + = − ρ + − ⋅ +      ∫ v v v  

 
( )

( )m
q m

V

d dV
tπ

∂ + + µ + µ ⋅ Σ + ρ ⋅ + ρℜ∂  ∫J J n F v
Π

.  (11) 

Òóò   – òåíçîð íàïðóæåíü Êîø³; πµ µ,  – õ³ì³÷íèé ïîòåíö³àë ³ ì³ðà çì³íè 

ïèòîìî¿ âíóòð³øíüî¿ åíåðã³¿ ñèñòåìè, ñïðè÷èíåíî¿ ëîêàëüíèì çì³ùåííÿì 
ìàñè.  

Âðàõîâóþ÷è ð³âíÿííÿ áàëàíñó ìàñè (5) òà åíòðîï³¿ (10), à òàêîæ òå, ùî 

m
m t

∂
= −

∂
J


, ç (11) îòðèìàºìî ð³âíÿííÿ áàëàíñó åíåðã³¿ ó ëîêàëüí³é ôîðì³  

 π π
∂ ⋅ ∂′ ′ρ = ρ + − µ − µ ⋅ −

∂ ∂
: m mdu ds dT

dt dt dt t t
e   

   

  − ⋅ − σ − ⋅ ρ − ⋅ − ρ 
 q s

T dT
T dt

vJ v F   . 
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Òóò 
 1 ( )

2
= ⊗ + ⊗e u u   – òåíçîð äåôîðìàö³¿; u  – âåêòîð ïåðåì³ùåííÿ; 

π π
′µ = µ − µ ; « ⊗ » – ñèìâîë îïåðàö³¿ ä³àäíîãî äîáóòêó. 

ßêùî âðàõóâàòè îçíà÷åííÿ (7) ³ ð³âíÿííÿ áàëàíñó ìàñè (5), à òàêîæ 

ââåñòè ïèòîì³ âåëè÷èíè m
m =

ρ


 , m
m

πρ
ρ =

ρ
, òî ïðèéäåìî äî òàêîãî ð³â-

íÿííÿ áàëàíñó âíóòð³øíüî¿ åíåðã³¿: 

 : m md ddu ds dT
dt dt dt dt dt∗ π π

ρ′ ′ρ = ρ + + ρµ − ρ µ ⋅ −e 
   

 q s
T dT

T dt ∗ ∗
 − ⋅ − σ − ⋅ ρ − ⋅ − ρ 
 

vJ v F   , (12) 

äå 

 ( )m m∗ π π
′ ′= − ρ ρ µ − ⋅ µ I    , 

 * m mπ π
′ ′= − ρ µ + ⋅ ⊗ µF F     , 

I  – îäèíè÷íèé òåíçîð.  

Ïîäàìî âåêòîð π
′µ  ÿê ñóìó îáîðîòíî¿ r

π
′µ  ³ íåîáîðîòíî¿ i

π
′µ  ñêëàäî-

âèõ: r i
π π π
′ ′ ′µ = µ + µ   . Òîä³ ð³âíÿííÿ (12) áàëàíñó âíóòð³øíüî¿ åíåðã³¿ íà-

áóäå âèãëÿäó 

 : rm md ddu ds dT
dt dt dt dt dt∗ π π

ρ′ ′ρ = ρ + + ρµ − ρ µ ⋅ −e 
   

 i m
q s

d T dT
dt T dtπ ∗ ∗

 ′− ρ µ ⋅ − ⋅ − σ − ⋅ ρ − ⋅ − ρ 
 

vJ v F
    .  (13) 

Ïåðåéäåìî ó ñï³ââ³äíîøåíí³ (13) äî ïèòîìî¿ óçàãàëüíåíî¿ â³ëüíî¿ åíåðã³¿ 

Ãåëüìãîëüöà r
mf u Ts π

′= − + ⋅ µ  . Âðàõîâóþ÷è ³íâàð³àíòí³ñòü ð³âíÿííÿ (13) 

â³äíîñíî ïðîñòîðîâèõ òðàíñëÿö³é ³ ïðèéìàþ÷è, ùî â³ëüíà åíåðã³ÿ f âèçíà-

÷àºòüñÿ ñêàëÿðíèìè ρ, mT , âåêòîðíèì r
π
′µ  ³ òåíçîðíèì e  ïàðàìåòðàìè, 

òîáòî , , , r
mf f T π

′= ρ µe( ) , îòðèìàºìî òàêå óçàãàëüíåíå ð³âíÿííÿ ¥³ááñà: 

 1 : r
m mdf sdT d d d−

∗ π π
′ ′= − + ρ + µ ρ + ⋅ µe   , (14) 

âèðàç äëÿ âèðîáíèöòâà åíòðîï³¿ 

 
2

i
m

s q

d T
dt T T

π
′µ

σ = − ρ ⋅ − ⋅J
    (15) 

òà ð³âíÿííÿ áàëàíñó ³ìïóëüñó 

 d
dt ∗ ∗ρ = ⋅ + ρv F  . (16) 

Çàçíà÷èìî, ùî ó ïðîñò³ð ïàðàìåòð³â ñòàíó òåïåð, îêð³ì òåìïåðàòóðè òà 
òåíçîðà äåôîðìàö³¿, ÿê³ âèçíà÷àþòü òåðìîäèíàì³÷íèé ñòàí ó êëàñè÷í³é ìå-
õàí³ö³ òåðìîïðóæíîãî òâåðäîãî ò³ëà, ââåäåíî äâà íîâèõ ïàðàìåòðè: ïèòîìó 

ãóñòèíó íàâåäåíî¿ ìàñè ρm  ³ îáîðîòíó ñêëàäîâó π
′µ r∇  ïðîñòîðîâîãî ´ðàä³ºí-

òà ð³çíèö³ õ³ì³÷íîãî ïîòåíö³àëó µ  òà åíåðãåòè÷íî¿ ì³ðè πµ  âïëèâó çì³ùåí-

íÿ ìàñè íà âíóòð³øíþ åíåðã³þ ñèñòåìè, ÿê³ çóìîâëåí³ âðàõóâàííÿì ëîêàëü-
íîãî çì³ùåííÿ ìàñè. 

5. Ð³âíÿííÿ ñòàíó. Âðàõîâóþ÷è, ùî , , , r
mf f T π

′= ρ µe( ) , ç ð³âíÿííÿ 

¥³ááñà (14) îòðèìóºìî  
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 1 :
df df

s dT d
dT d

−
∗

   + + − ρ +   
   

e
e

  

 0r
m mr

m

df df
d d

d d
π π

π

   ′ ′+ − µ ρ + − ⋅ µ =   ρ ′   µ
 


. (17) 

Ç îãëÿäó íà íåçàëåæí³ñòü ïàðàìåòð³â , , , r
mT π

′ρ µe   ç³ ñï³ââ³äíîøåííÿ (17) 

îäåðæóºìî òàê³ ð³âíÿííÿ ñòàíó:  

 
, , , ,

,              
r r

m mT

f f
s

T
π π

∗
′ ′ρ µ ρ µ

∂ ∂= − = ρ
∂ ∂e e 

 ,  

 
, , , ,

,              
r

m

m r
m T T

f f

π

π
′µ π ρ

∂ ∂′µ = =
∂ρ ′∂ µe e

( )


∇
.  (18) 

ßêùî ðîçêëàñòè â³ëüíó åíåðã³þ â ðÿä çà çáóðåííÿìè ïàðàìåòð³â ñòàíó 
â³äíîñíî âèõ³äíîãî ñòàíó, ó ÿêîìó 0∗ = , = = 00, T Te , = 0s s , ρ = 0m , 

π π
′ ′µ = µ 0 , π

′µ = 0r∇ , 0m = , ³ äëÿ ìàëèõ çáóðåíü îáìåæèòèñÿ â öüîìó ðîç-

âèíåíí³ êâàäðàòè÷íèìè ÷ëåíàìè, òî ç ôîðìóë (18) îòðèìàºìî ë³í³éí³ ð³â-
íÿííÿ  

 1
0 0 0( )s

T eT T ms s a T T a e a−
ρ= − − + ρ + ρ[ ], 

 2 1 02 ( )eT e ma a e a T T aσ σ
∗ ρ= + + − + ρe I[ ] ,  

 1
0 0 0( )m e Ta a e a T Tµ −

π π ρ ρ ρ
′ ′µ = µ + ρ + ρ + − ,  

 r
m aπ

µ π
′= µ  .  (19) 

Òóò å – êóëüîâà ñêëàäîâà òåíçîðà äåôîðìàö³¿; , ,s
T eT Ta a aρ , ea ρ , µ

ρa , π
µa , 

σ σ
1 2,a a  – õàðàêòåðèñòèêè ìàòåð³àëó. 

6. Ê³íåòè÷í³ ñï³ââ³äíîøåííÿ. Ïîäàìî ð³âíÿííÿ (15) äëÿ âèðîáíèöòâà 
åíòðîï³¿ ó âèãëÿä³ 

 
2

1
s k k

k=

σ = ⋅∑ j X , (20) 

äå kj , kX  – òåðìîäèíàì³÷í³ ïîòîêè òà ñèëè:  

 1 1 2 2 2
1 1,      ,      ,      im

q

d
T

dt T T
π
′= ρ = − µ = = −j X j J X


  . (21) 

Ç³ ñï³ââ³äíîøåíü (20), (21) ó ë³í³éíîìó íàáëèæåíí³ ìàºìî òàê³ ê³íåòè÷í³ 
ð³âíÿííÿ:  

 1 11 1 12 2 2 21 1 22 2,                L L L L= + = +j X X j X X ,  (22) 

äå 11 12 21 22, , ,L L L L  – ê³íåòè÷í³ êîåô³ö³ºíòè. Çã³äíî ç ïðèíöèïîì âçàºìíîñò³ 

Îíçàãåðà =12 21L L  [5]. 
Âðàõîâóþ÷è ïîçíà÷åííÿ (21), çàïèøåìî ê³íåòè÷í³ ð³âíÿííÿ (22) ó âè-

ãëÿä³ 

 ,         i im
T q T T

d
T T

dt µ π µ µ π
′ ′ρ = λ µ + λ = λ µ − λJ


    . (23) 

Òóò µλ = − 11L
T

, µλ = − 12
2T

L

T
, µλ = − 21

T

L
T

, à 22
2T

L

T
λ =  – êîåô³ö³ºíò òåïëî-

ïðîâ³äíîñò³.  
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Ç îñòàííüîãî ð³âíÿííÿ ñèñòåìè (19) ³ ïåðøîãî ð³âíÿííÿ ñèñòåìè (23) çà 
³çîòåðì³÷íèõ óìîâ îòðèìàºìî 

 1 r im
m

d
dt a

π ππ
µ µ

ρ ′ ′+ = µ + µ
λ


    (24) 

àáî 

 1m
m

d
dt

µ
π

π

λ
′+ = µ

τ ρ


  , (25) 

äå 
π
µ

π
µ

ρ
τ =

λ
a

 – ÷àñ ðåëàêñàö³¿; ρ = ρ0  ç îãëÿäó íà ë³í³éí³ñòü íàáëèæåííÿ. 

Ç ð³âíÿííÿ (25) çà íóëüîâî¿ ïî÷àòêîâî¿ óìîâè äëÿ âåêòîðà m  âèïëè-

âàº ïîäàííÿ  

 
0

( , ) exp ( , )
t

m
t tt t dtµ

π
π

λ ′−  ′ ′ ′= − µ ρ τ ∫r r  , 

ÿêå â³äîáðàæàº íåîáîðîòí³ñòü ëîêàëüíîãî çì³ùåííÿ ìàñè. 
Äëÿ íå³çîòåðì³÷íèõ óìîâ ê³íåòè÷í³ ð³âíÿííÿ (23) ç óðàõóâàííÿì ð³â-

íÿíü ñòàíó (19) ìîæíà ïîäàòè òàê: 

 1 Tm
m

d
T

dt
µ µ

π
π µ

λ λ ′+ = µ + τ ρ λ 


 ∇ , 

 T T T m
q

d
T

dt
µ µ µ

λ
µ µ

λ λ λ = − λ + + ρ λ λ 
J


 . (26) 

Ïåðøå ð³âíÿííÿ ñèñòåìè (26) ìîæíà çàïèñàòè â ³íòåãðàëüí³é ôîðì³ 

 
0

( , ) exp ( , ) ( , )
t

T
m

t tt t T t dtµ µ
π

π µ

λ λ′−   ′ ′ ′ ′= − µ +   ρ τ λ  ∫r r r   . (27) 

Òàêèì ÷èíîì, ó çàãàëüíîìó âèïàäêó âåêòîð m  ëîêàëüíîãî çì³ùåííÿ 

ìàñè â àêòóàëüíèé ìîìåíò ÷àñó âèçíà÷àºòüñÿ ³ñòîð³ºþ íå ò³ëüêè ´ðàä³ºíòà 
âåëè÷èíè π

′µ , à é ´ðàä³ºíòà òåìïåðàòóðè. 

7. Êëþ÷îâ³ ð³âíÿííÿ â ë³í³éíîìó íàáëèæåíí³. Ð³âíÿííÿ áàëàíñó ìàñè 
(5), åíòðîï³¿ (10) òà ³ìïóëüñó (16), âèçíà÷àëüí³ ñï³ââ³äíîøåííÿ (19) ³ (26) 
ðàçîì ³ç â³äîìèìè ñï³ââ³äíîøåííÿìè Êîø³ ñêëàäàþòü ïîâíó ñèñòåìó ð³â-
íÿíü òåðìîìåõàí³êè äåôîðì³âíèõ òâåðäèõ ò³ë çà âðàõóâàííÿ íåîáîðîòíîñò³ 
ïðîöåñó ëîêàëüíîãî çì³ùåííÿ ìàñè. Çàïèøåìî êëþ÷îâ³ ð³âíÿííÿ â ë³íåà-
ðèçîâàíîìó íàáëèæåíí³ â³äíîñíî çáóðåíü ôóíêö³é ïåðåì³ùåííÿ u , òåìïå-
ðàòóðè T, çâåäåíî¿ âåëè÷èíè åíåðãåòè÷íî¿ ì³ðè âïëèâó çì³ùåííÿ ìàñè íà 
âíóòð³øíþ åíåðã³þ π π π

′ ′ ′µ = µ − µ
0  ùîäî âèõ³äíîãî ñòàíó, â ÿêîìó = 0u , 

0T T= , π π
′ ′µ = µ 0 , π

′µ = 0∇ . Ìàºìî 

 
22

0 1 2 22
0

ea
a a a

t a

ρσ σ σ
µ
ρ

 ∂ρ = + − ⊗ ⋅ + ∆ + 
∂ ρ 

u u u   

 0
T e e

eT

a a a
a T

a a

ρ ρ ρ
π ∗µ µ

ρ ρ

  ′+ − + µ + ρ 
 

F  , (28) 

 
2

0
0 0

T Ts
T

a Ta T
t T Ta

ρ µλ
πµ

ρ

λλ  ∂ ′− ρ − = ∆ − ∆µ +  ∂ 
  
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 0
( )T e T

eT

a a a
a

t ta a

ρ ρ ρ π
µ µ
ρ ρ

′∂µ∂ ⋅ + − + ρ +  ∂ ∂ 
u 

 

 0
0 00

exp ( ) ( )
t

T Tt t T t t dt
T T

µ µ
π

π π µ

λ λ′  − ℜ  ′ ′ ′ ′+ − ∆ + ∆µ + ρ   τ τ λ   ∫  , (29) 

 
0 00

1 1exp ( )
t

e
T

at t t dt a T
a a

µ ρ
π π ρµ µ

π ρ ρ

λ ′−   ′ ′ ′ ′− ∆µ + µ = ⋅ + −   ρ τ ρ   ∫ u    

 
0 0

exp ( )
t

T t t T t dtµ

π

λ ′−  ′ ′− − ∆ ρ τ ∫ . (30) 

Òóò ∆  – îïåðàòîð Ëàïëàñà.  
Çàóâàæèìî òàêîæ, ùî ç ð³âíÿíü (19), (26), âèêîðèñòîâóþ÷è ñï³ââ³äíî-

øåííÿ (7), çàì³ñòü ³íòåãðî-äèôåðåíö³àëüíîãî ð³âíÿííÿ (30) ìîæíà îòðèìàòè 
òàêå äèôåðåíö³àëüíå ð³âíÿííÿ: 

 
0

1
T

a
T

t

µ
ρπ

π µ π µ
π

′∂µ ′ ′+ µ = − λ ∆µ + λ ∆ +
∂ τ ρ


 ( )  

 0
0

( ) 1 1 ( )e
T

a Ta T T
t t

ρ
ρ

π π

∂ ⋅ ∂   + + ⋅ + + −    ρ ∂ τ ∂ τ  
u

u
  . (31) 

Òàêèì ÷èíîì, êëþ÷îâó ñèñòåìó ñï³ââ³äíîøåíü ìîäåë³ òåðìîìåõàí³êè 
äåôîðì³âíèõ òâåðäèõ ò³ë çà âðàõóâàííÿ íåîáîðîòíîñò³ ëîêàëüíîãî çì³ùåííÿ 
ìàñè ñêëàäàþòü ð³âíÿííÿ (28)–(30) àáî (28), (29), (31). Äëÿ çàáåçïå÷åííÿ 
îäíîçíà÷íîñò³ ðîçâ’ÿçêó ïðè ïîñòàíîâö³ êðàéîâèõ çàäà÷ ö³ ð³âíÿííÿ ñë³ä 
äîïîâíèòè â³äïîâ³äíèìè ïî÷àòêîâèìè, ãðàíè÷íèìè ÷è êîíòàêòíèìè óìîâà-
ìè, à ó ðàç³ íåîáõ³äíîñò³ – òàêîæ óìîâàìè îáìåæåíîñò³ ðîçâ’ÿçêó.  

8. Êðàéîâ³ óìîâè. ßêùî íà ïîâåðõí³ Σ( )  ò³ëà çàäàíî âåêòîð ïåðåì³-

ùåííÿ au  òî÷îê ïîâåðõí³, òî ãðàíè÷íó óìîâó çàïèøåìî ó âèãëÿä³  

 = au u . (32) 

ßêùî æ íà ïîâåðõí³ Σ( )  â³äîìå çîâí³øíº ñèëîâå íàâàíòàæåííÿ, ÿêå õà-

ðàêòåðèçóºòüñÿ âåêòîðîì çóñèëëÿ a , òî çàì³ñòü óìîâè (32) äëÿ ïðèéíÿòîãî 
ë³íåàðèçîâàíîãî íàáëèæåííÿ ³ç óðàõóâàííÿì ð³âíÿíü ñòàíó (19) ³ ñï³ââ³äíî-
øåíü Êîø³ ìàºìî 

 
2

1
2 1 0( ) ( )ea

a a
a

ρσ σ −
µ
ρ

  ⊗ + ⊗ + − ρ ⋅ +   
u u u    

 0( )e e
eT T a

a a
a a T T

a a

ρ ρ
ρ πµ µ

ρ ρ

  ′+ − − + µ ⋅ =    
I n σ . 

Ãðàíè÷í³ óìîâè ìîæóòü áóòè òàêîæ çì³øàíîãî òèïó, êîëè íà ÷àñòèí³ 
ïîâåðõí³ σΣ( )  çàäàºòüñÿ âåêòîð çóñèëëÿ a , à íà ÷àñòèí³ Σ( )u  – âåêòîð 

ïåðåì³ùåííÿ òî÷îê au . Òóò ( ) ( ) ( )uσΣ Σ = Σ .  

Çà ãðàíè÷í³ óìîâè äëÿ ïðîöåñó òåïëîïðîâ³äíîñò³ ïðèéìàºìî ãðàíè÷í³ 
óìîâè ïåðøîãî, äðóãîãî ÷è òðåòüîãî ðîäó [6], êîëè íà ïîâåðõí³ Σ( )  çàäàíî 

òåìïåðàòóðó aT  çîâí³øíüîãî ñåðåäîâèùà àáî íîðìàëüíó ñêëàäîâó qaJ  òåï-

ëîâîãî ïîòîêó, àáî æ óìîâó êîíâåêòèâíîãî òåïëîîáì³íó ç çîâí³øí³ì ñåðå-
äîâèùåì òåìïåðàòóðè cT  : 

 = aT T ,  
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 ⋅ =q qaJJ n ,  

 ( )q cH T T∗⋅ = −J n .  

Òóò H∗  – êîåô³ö³ºíò òåïëîâ³ääà÷³, à äëÿ âèçíà÷åííÿ âåêòîðà òåïëîâîãî 
ïîòîêó íà îñíîâ³ ñï³ââ³äíîøåíü (26) ³ (27) ìàºìî ôîðìóëó 

 ( , ) ( , ) ( , )q Tt T t tλ µ π
′= − λ + λ µ −J r r r   

 
0

exp ( , ) ( , )
t

T Tt t T t t dtµ µ
π

π π µ

λ λ′  −  ′ ′ ′ ′− − + µ   τ τ λ   ∫ r r  . 

Ïðèéìåìî òàêîæ, ùî íà ïîâåðõí³ Σ( )  ò³ëà â³äîìå çíà÷åííÿ π
′µ a  ôóíêö³¿ 

π
′µ , òîáòî  

 π π
′ ′µ = µ

a .  

Ó ðàç³ íåîáõ³äíîñò³ çàïèñàí³ âèùå ãðàíè÷í³ óìîâè ñë³ä òàêîæ äîïîâ-
íèòè óìîâàìè îáìåæåíîñò³ ðîçâ’ÿçêó çàäà÷³.  

Ïî÷àòêîâ³ óìîâè êðàéîâî¿ çàäà÷³ çàäàìî òàê: 

 0 0 0 0,     ,     ,     T T
t π π

∂ ′ ′= = = µ = − µ
∂
uu u v   ïðè = 0t . 

Âèñíîâêè. Òàêèì ÷èíîì, ïîäàííÿ âåêòîðà π
′µ  ´ðàä³ºíòà çâåäåíî¿ 

åíåðãåòè÷íî¿ ì³ðè âïëèâó çì³ùåííÿ ìàñè íà âíóòð³øíþ åíåðã³þ ñèñòåìè 

ñóìîþ îáîðîòíî¿ r
π
′µ  ³ íåîáîðîòíî¿ i

π
′µ  ñêëàäîâèõ äîçâîëèëî îòðèìàòè 

äëÿ âåêòîðà m  ëîêàëüíîãî çì³ùåííÿ ìàñè ³íòåãðàëüíå âèçíà÷àëüíå ñï³â-

â³äíîøåííÿ òèïó çãîðòêè ç åêñïîíåíö³éíèì ÿäðîì ðåëàêñàö³¿. Õàðàêòåðíî, 
ùî, íà â³äì³íó â³ä ïðîöåñó îáîðîòíîãî çì³ùåííÿ ìàñè, çà ÿêîãî âåêòîð 
ëîêàëüíîãî çì³ùåííÿ ìàñè çàëåæèòü ò³ëüêè â³ä ´ðàä³ºíòà π

′µ , òåïåð m  

âèçíà÷àºòüñÿ ³ñòîð³ºþ ´ðàä³ºíòà íå ëèøå âåëè÷èíè π
′µ , à é òåìïåðàòóðè. 

Êëþ÷îâ³ ñèñòåìè ð³âíÿíü (28)–(30) àáî (28), (29), (31), ÿê³ âðàõîâóþòü 
íåîáîðîòí³ñòü ïðîöåñó çì³ùåííÿ ìàñè, çà â³äïîâ³äíèõ êðàéîâèõ óìîâ ìî-
æóòü áóòè âèêîðèñòàí³, çîêðåìà, äëÿ äîñë³äæåííÿ äèíàì³êè çì³íè ãóñòèíè 
íàâåäåíî¿ ìàñè â îêîë³ ïîâåðõí³ òà âèâ÷åííÿ ñïðè÷èíåíèõ ö³ºþ çì³íîþ ïðè-
ïîâåðõíåâèõ ìåõàí³÷íèõ íàïðóæåíü.  
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 2. Áóðàê ß. É. Âèçíà÷àëüí³ ñï³ââ³äíîøåííÿ ëîêàëüíî-ãðàä³ºíòíî¿ òåðìîìåõàí³êè // 

Äîï. ÀÍ ÓÑÑÐ. Ñåð. À. – 1987. – ¹ 12. – Ñ. 19–23. 
 3. Áóðàê ß. É., Íàã³ðíèé Ò. Ñ., Ãðèöèíà Î. Ð. Ïðî îäèí ï³äõ³ä äî âðàõóâàííÿ 

ïðèïîâåðõíåâî¿ íåîäíîð³äíîñò³ â òåðìîìåõàí³ö³ òâåðäèõ ðîç÷èí³â // Äîï. ÀÍ 
Óêðà¿íè. Ñåð. À. – 1991. – ¹ 11. – Ñ. 47–51. 

 4. Ãðèöèíà Î. Ð., Íàã³ðíèé Ò. Ñ., ×åðâ³íêà Ê. À. Ìåõàíîòåðìîäèôóç³éí³ ïðîöåñè ó 
ðîçòÿãíóò³é ïëàñòèí³ ³ç âðàõóâàííÿì åôåêò³â ïðèïîâåðõíåâî¿ íåîäíîð³äíîñò³ // 
Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2002. – 45, ¹ 1. – Ñ. 123–127. 

 5. Ãðèöèíà Î., Êîíäðàò Â. Òåðìîìåõàí³÷í³ ïðîöåñè ó â’ÿçê³é ð³äèí³ ç óðàõó-
âàííÿì ëîêàëüíîãî çì³ùåííÿ ìàñè // Ô³ç.-ìàò. ìîäåëþâàííÿ òà ³íôîðì. Òåõíî-
ëîã³¿. – 2006. – Âèï. 4. – Ñ. 39–46. 

 6. Ãðîîò äå Ñ., Ìàçóð Ï. Íåðàâíîâåñíàÿ òåðìîäèíàìèêà. – Ìîñêâà: Ìèð, 1964. – 
456 ñ. 

 7. Ëûêîâ À. Â. Òåîðèÿ òåïëîïðîâîäíîñòè. – Ìîñêâà: Âûñø. øê., 1967. – 599 ñ. 



177 

 
 
УРАВНЕНИЯ ТЕРМОМЕХАНИКИ ДЕФОРМИРУЕМОГО ТВЕРДОГО ТЕЛА  
С УЧЕТОМ НЕОБРАТИМОСТИ ЛОКАЛЬНОГО СМЕЩЕНИЯ МАССЫ 
 
Ñ èñïîëüçîâàíèåì ïîäõîäîâ òåðìîäèíàìèêè íåðàâíîâåñíûõ ïðîöåññîâ è ìåõàíèêè 
ñïëîøíîé ñðåäû ïîëó÷åíà ïîëíàÿ ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ âçàèìîñâÿçàí-
íûå òåðìîìåõàíè÷åñêèå ïðîöåññû â äåôîðìèðóåìîì òâåðäîì òåëå ñ ó÷åòîì íåîá-
ðàòèìîñòè ïðîöåññà ëîêàëüíîãî ñìåùåíèÿ ìàññû. Ïðîñòðàíñòâåííûé ãðàäèåíò 

π′µ  ïðèâåäåííîé âåëè÷èíû ýíåðãåòè÷åñêîé ìåðû âëèÿíèÿ ñìåùåíèÿ ìàññû íà 

âíóòðåííþþ ýíåðãèþ ñèñòåìû çàïèñàí â âèäå ñóììû îáðàòèìîãî è íåîáðàòèìîãî 
ñëàãàåìûõ. Âñëåäñòâèå ýòîãî äëÿ îïðåäåëåíèÿ âåêòîðà m  ñìåùåíèÿ ìàññû ïîëó-

÷åíî èíòåãðàëüíîå ñîîòíîøåíèå òèïà ñâåðòêè ñ ýêñïîíåíöèàëüíûì ÿäðîì ðåëàê-
ñàöèè. Ïðè ýòîì âåêòîð m  îïðåäåëÿåòñÿ èñòîðèåé íå òîëüêî π′µ , íî è ãðàäè-

åíòà òåìïåðàòóðû T∇ . Êëþ÷åâûå óðàâíåíèÿ ïîñòðîåííîé ìîäåëè çàïèñàíû â ëè-
íåàðèçèðîâàííîì ïðèáëèæåíèè è ñôîðìóëèðîâàíû ñîîòâåòñòâóþùèå êðàåâûå 
óñëîâèÿ. 
 
EQUATIONS OF THERMOMECHANICS OF DEFORMABLE BODIES 
TAKING INTO ACCOUNT IRREVERSIBILITY OF LOCAL MASS DISPLACEMENT  
 
Using the basic principles of thermodynamics of nonequilibrium processes and continu-
um mechanics a complete set of equations for description of coupled thermo-mechanical 
processes in a deformable body taking into account irreversibility of the process of local 
mass displacement is obtained. A space gradient π′µ  of the reduced energy measure of 

the effect of mass displacement on internal energy is presented as a sum of the rever-
sible and irreversible components. It allows one to obtain an integral relation of convolu-
tion with the exponential kernel of relaxation to determine a mass displacement vector 

m . In this case a vector m  is defined not only by the history of π′µ , but also by the 

temperature gradient T∇  history. The key equations of the model are written in a line-
arized approximation and the corresponding boundary conditions are formulated. 
 
Öåíòð ìàò. ìîäåëþâàííÿ 
²í-òó ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 03.05.07 

 
 


