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Çàïðîïîíîâàíî ìîäåëü êîíòàêòó ïðóæíîãî ï³âïðîñòîðó ç æîðñòêîþ îñíî-
âîþ, ùî ìàº ì³ëêó ïîâåðõíåâó âè¿ìêó ïðÿìîêóòíî¿ ôîðìè, êîëè â ñåðåäí³é 
÷àñòèí³ ì³æïîâåðõíåâîãî ïðîñâ³òó ì³ñòèòüñÿ ð³äèííèé ì³ñòîê, à íà êðàÿõ – 
ãàç, ùî ïåðåáóâàº ï³ä ñòàëèì òèñêîì. Ââàæàºòüñÿ, ùî ð³äèíà íåñòèñëèâà ³ 
ïîâí³ñòþ çìî÷óº ïîâåðõí³ ò³ë. Ïîâåðõíåâèé íàòÿã ð³äèíè çóìîâëþº ïåðåïàä 
òèñê³â ó í³é ³ â ãàç³, ÿêèé âèçíà÷àºòüñÿ ôîðìóëîþ Ëàïëàñà. Ñôîðìóëüîâàíà 
íà ö³é îñíîâ³ ïëîñêà êîíòàêòíà çàäà÷à äëÿ ïðóæíîãî ï³âïðîñòîðó º ³ñòîòíî 
íåë³í³éíîþ, îñê³ëüêè òèñê ð³äèíè òà äîâæèíà êàï³ëÿðà, ùî ô³ãóðóþòü ó êîí-
òàêòíî-êðàéîâèõ óìîâàõ, çàçäàëåã³äü íåâ³äîì³ ³ çàëåæàòü â³ä çîâí³øíüîãî íà-
âàíòàæåííÿ. Çàäà÷ó çâåäåíî äî ñèñòåìè òðüîõ ð³âíÿíü – ñèíãóëÿðíîãî ³íòåã-
ðàëüíîãî â³äíîñíî ôóíêö³¿ âèñîòè çàçîðó òà äâîõ òðàíñöåíäåíòíèõ â³äíîñíî 
äîâæèíè êàï³ëÿðà ³ âèñîòè ìåí³ñêà, òà çàïðîïîíîâàíî àíàë³òè÷íî-÷èñëîâó 
ïðîöåäóðó ¿õ ðîçâ’ÿçóâàííÿ. Íà ãðàô³êàõ ïðî³ëþñòðîâàíî çàëåæíîñò³ äîâæè-
íè êàï³ëÿðà òà ïåðåïàäó òèñê³â ó ð³äèí³ é ãàç³ â³ä çîâí³øíüîãî íàâàíòàæåí-
íÿ, îá’ºìó ð³äèíè òà ¿¿ ïîâåðõíåâîãî íàòÿãó. 

 
 1. Âñòóï. Â îñòàíí³ ðîêè ïðèêëàäí³ äîñë³äæåííÿ â ãàëóç³ òðèáîëîã³¿ [13, 
14, 23], íàíî-, ì³êðîâèì³ðþâàëüíî¿ [15, 21] òà êîìï’þòåðíî¿ òåõí³êè [17–19], 
ãåîìåõàí³êè [26], á³îìåõàí³êè [16, 22, 25] äàëè çíà÷íèé ïîøòîâõ ðîçâèòêó 
ìîäåëåé âçàºìîä³¿ ò³ë çà íàÿâíîñò³ êàï³ëÿðíèõ ì³ñòê³â â îáëàñò³ êîíòàêòó. 
Ìåòîäè äîñë³äæåííÿ êîíòàêòíèõ çàäà÷ òåîð³¿ ïðóæíîñò³ ç óðàõóâàííÿì êà-
ï³ëÿðíèõ ÿâèù ïî÷àëè ðîçðîáëÿòè äëÿ ò³ë ç íåóçãîäæåíèìè ïîâåðõíÿìè, 
äëÿ ÿêèõ âëàñòèâèé ëîêàëüíèé êîíòàêò [2, 3, 20, 24, 27]. 
 Ïðè âçàºìîä³¿ ò³ë ç óçãîäæåíèìè ïîâåðõíÿìè ïëîùà êîíòàêòó ñï³âì³ð-
íà ç ïëîùåþ ïîâåðõîíü, à ëîêàëüíèé õàðàêòåð ìîæóòü ìàòè ì³æêîíòàêòí³ 
çàçîðè, çóìîâëåí³ ìàëèìè ãåîìåòðè÷íèìè çáóðåííÿìè ñïðÿæåíèõ ìåæ. 
Âïëèâ çàïîâíþâà÷à òàêèõ ïðîñâ³ò³â íà êîíòàêòíó ïîâåä³íêó ò³ë ç óçãîäæå-
íèìè ïîâåðõíÿìè ðàí³øå âèâ÷àëè ó ðîáîòàõ [4–8, 10]. Àëå â öèõ äîñë³äæåí-
íÿõ âðàõîâóâàëè ëèøå îäèí âèä çàïîâíþâà÷à – ð³äèíó àáî ãàç, – ùî çà-
éìàº âåñü îá’ºì ïðîñâ³ò³â. 
 Êîíòàêò ïðóæíèõ ò³ë ç óçãîäæåíèìè ìåæàìè ïðè âðàõóâàíí³ êàï³ëÿð-
íèõ ÿâèù âïåðøå ðîçãëÿíóòî ó ïðàö³ [9]. Ó í³é äîñë³äæåíî âçàºìîä³þ äâîõ 
ò³ë, îäíå ç ÿêèõ ìàº ãëàäêó ïîâåðõíåâó âè¿ìêó, çà íàÿâíîñò³ ð³äèííèõ êàï³-
ëÿð³â íà êðàÿõ ì³æêîíòàêòíîãî çàçîðó òà ãàçó â ñåðåäí³é éîãî ÷àñòèí³. Ââà-
æàëîñÿ, ùî ãàç ³ç ïðîñâ³òó ìîæå â³ëüíî âèõîäèòè, òîìó éîãî òèñê ïîêëàäà-
ëè ñòàëèì ³ íåçì³ííèì ïðè íàâàíòàæåíí³. Âðàõîâàíî ïîâåðõíåâèé íàòÿã ð³-
äèíè, çì³íó ôîðìè çàçîðó, äîâæèíè êàï³ëÿð³â ³ òèñêó ð³äèíè â íèõ ó ïðîöå-
ñ³ íàâàíòàæåííÿ. Êîíòàêò ïðóæíîãî ò³ëà òà æîðñòêî¿ îñíîâè ç åë³ïòè÷íîþ 
âè¿ìêîþ çà àíàëîã³÷íîãî ðîçì³ùåííÿ ìåí³ñê³â ðîçãëÿíóòî ó ïðàö³ [12]. Ó í³é 
ââàæàëè, ùî ãàç íå ìîæå ïîêèäàòè çàçîð, âíàñë³äîê ÷îãî éîãî òèñê çì³íþ-
âàâñÿ ç³ çì³íîþ çîâí³øíüîãî íàâàíòàæåííÿ. Çâ’ÿçîê ì³æ ïàðàìåòðàìè ñòàíó 
ãàçó îïèñàíî ð³âíÿííÿì Êëàïåéðîíà – Ìåíäåëººâà. 
 Ó ö³é ñòàòò³ äîñë³äæåíî âçàºìîä³þ ïðóæíîãî ò³ëà òà æîðñòêî¿ îñíîâè ç 
ì³ëêîþ âè¿ìêîþ ïðÿìîêóòíî¿ ôîðìè çà íàÿâíîñò³ ì³æ ïîâåðõíÿìè â ñåðåä-
í³é ÷àñòèí³ ïðîñâ³òó ð³äèííîãî ì³ñòêà òà ä³¿ ñòàëîãî òèñêó ãàçó íà êðàéí³õ 
éîãî ä³ëÿíêàõ. 
 2. Ïîñòàíîâêà êîíòàêòíî¿ çàäà÷³. Ðîçãëÿíåìî áåçôðèêö³éíó âçàºìîä³þ 
ïðóæíîãî ³çîòðîïíîãî ï³âïðîñòîðó ç æîðñòêîþ íåðóõîìîþ îñíîâîþ, ÿêà íà 
ìåæ³ ìàº ì³ëêó òóíåëüíó âè¿ìêó ïðÿìîêóòíîãî ïîïåðå÷íîãî ïåðåð³çó øèðè-
íè 2c  ³ âèñîòè A  ( / 1A c  ), ï³ä ä³ºþ ïðèêëàäåíîãî íà íåñê³í÷åííîñò³ ð³âíî-
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ì³ðíî ðîçïîä³ëåíîãî íàâàíòàæåííÿ P∞  (äèâ. 
ðèñ. 1). Ó ï³âïðîñòîð³ ðåàë³çóºòüñÿ ñòàí 
ïëîñêî¿ äåôîðìàö³¿. 
 Íà ñåðåäí³é ÷àñòèí³ ïðîñâ³òó (çàçîðó) 
ì³æ ò³ëàìè âíàñë³äîê êîíäåíñàö³¿ ÷è àäñîðá-
ö³¿ âîëîãè ôîðìóºòüñÿ ð³äèííèé ì³ñòîê 
óçäîâæ ñìóãè øèðèíè 2a  (ðèñ. 1). Ââàæàºìî, 
ùî ð³äèíà íåñòèñëèâà òà ïîâí³ñòþ çìî÷óº 
ïîâåðõí³ ò³ë, òîáòî êðàéîâèé êóò çìî÷óâàííÿ 

0θ = °  [1]. Íà êðàÿõ çàçîðó ì³ñòèòüñÿ ãàç ï³ä 
ñòàëèì òèñêîì 1P . Ê³ëüê³ñòü ð³äèíè ïðè 

ñòèñêó ò³ë çàëèøàºòüñÿ íåçì³ííîþ, òîáòî îá’ºì íåñòèñëèâî¿ ð³äèíè 2V , ùî 
ïðèïàäàº íà îäèíèöþ äîâæèíè çàçîðó ó ïîçäîâæíüîìó éîãî íàïðÿì³, º âå-
ëè÷èíîþ ñòàëîþ ( 2 constV = ). Ðîçãëÿäàºìî êâàç³ñòàòè÷íå íàâàíòàæåííÿ, çà 
ÿêîãî ó ð³äèí³ é ãàç³ ä³º ëèøå òèñê ³ íå âèíèêàþòü çñóâí³ çóñèëëÿ. Òîìó ìå-
æà ïðóæíîãî ò³ëà âçäîâæ çàçîðó â³ëüíà â³ä äîòè÷íèõ íàïðóæåíü. Ó ïðîöåñ³ 
íàâàíòàæåííÿ çì³íþâàòèìóòüñÿ âèñîòà ïðîñâ³òó ( )h x , éîãî îá’ºì òà äîâæè-
íà êàï³ëÿðà. 
 Ìåí³ñê – á³÷íà ïîâåðõíÿ ð³äèíè, ùî ìåæóº ç ãàçîì, ó ïåðåòèí³ ìàº 
ôîðìó äóãè êîëà ç äåÿêèì ðàä³óñîì R . Íà ìåí³ñêàõ ä³º ïîâåðõíåâèé íàòÿã 
σ . Âíàñë³äîê öüîãî òèñê â ð³äèí³ 2P  º ìåíøèì, í³æ òèñê ãàçó 1P , ³ ïåðåïàä 

òèñê³â P∆  ó íèõ âèçíà÷àºòüñÿ ôîðìóëîþ Ëàïëàñà [1] 

 1 2 /P P P R∆ = − = σ . 

 Âðàõîâóþ÷è ïîâíå çìî÷óâàííÿ ð³äèíîþ ò³ë, ìàëó âèñîòó çàçîðó ³ éîãî 
ïîëîã³ñòü â îêîë³ ìåæ³ ì³æ ð³äèíîþ é ãàçîì, ââàæàòèìåìî, ùî ìåí³ñê º ï³â-
öèë³íäðîì, ðàä³óñ ÿêîãî äîð³âíþº ïîëîâèí³ âèñîòè çàçîðó â òî÷êàõ x a= ±  

âèõîäó ìåí³ñêà íà ïîâåðõíþ ïðóæíîãî ò³ëà: ( ) / 2R h a= . Öå äàº çìîãó ôîð-
ìóëó Ëàïëàñà äëÿ íàøîãî âèïàäêó çàïèñàòè òàê: 

 1 2 02 /P P h− = σ , 

äå 0h  – âèñîòà ìåí³ñê³â. 

 Çâàæàþ÷è íà òå, ùî ó ïðóæíîìó ï³âïðîñòîð³ ðåàë³çóºòüñÿ ñòàí ïëîñêî¿ 
äåôîðìàö³¿, ðîçãëÿäàòèìåìî ïëîñêó êîíòàêòíó çàäà÷ó äëÿ âåðõíüî¿ ï³âïëî-
ùèíè 2D , óòâîðåíî¿ ïåðåòèíîì ï³âïðîñòîðó ïëîùèíîþ, ïåðïåíäèêóëÿðíîþ 
äî òâ³ðíî¿ âè¿ìêè. Ç óðàõóâàííÿì ñôîðìóëüîâàíèõ ïîëîæåíü ïðî óìîâè 
âçàºìîä³¿ ïðóæíîãî ò³ëà ç ð³äèíîþ ³ ãàçîì çàïèøåìî êîíòàêòíî-êðàéîâ³ 
óìîâè íà ìåæ³ 0y =  ï³âïëîùèíè ó âèãëÿä³  

 1 1
0

2 ,     ( , ),         ,     ( , ) ( , )y yP x a a P x c a a c
h
σσ = − ∈ − σ = ∈ − −  , 

       0,       ( , ),      0,       ( , ) ( , )   xy x v x c cτ = ∈ −∞ ∞ = ∈ −∞ − ∞ . (1) 

 Óìîâè íà íåñê³í÷åííîñò³, 2 2x y+ → ∞ , ìàòèìóòü âèãëÿä 

 ,        0,        0y x xyP∞σ = − σ = τ = . (2) 

 Îñíîâíà îñîáëèâ³ñòü ñôîðìóëüîâàíî¿ êîíòàêòíî¿ çàäà÷³ ïîëÿãàº ó ¿¿ íå-
ë³í³éíîñò³ – êîîðäèíàòà ìåí³ñêà a  òà âèñîòà ìåí³ñêà 0h , ÿê³ ô³ãóðóþòü ó 

êðàéîâèõ óìîâàõ (1) íà ä³ëÿíö³ ïðîñâ³òó, çàçäàëåã³äü íåâ³äîì³ ³ çì³íþþòüñÿ 
ïðè íàâàíòàæåíí³. Òîìó, äëÿ òîãî ùîá çàäà÷à áóëà çàìêíåíîþ, íåîáõ³äí³ ùå 
äâ³ óìîâè äëÿ âèçíà÷åííÿ ïàðàìåòð³â a  ³ 0h . Äëÿ öüîãî âèêîðèñòàºìî óìî-

âó ð³âíîñò³ âèñîòè ìåí³ñê³â ³ âèñîòè çàçîðó â òî÷êàõ x a= ± : 

 0 ( )h h a= , (3) 

 

∞P

∞P

ãàç a
c−

y

x
c

ð³äèíà 
( )h x

 
Рис.1 
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òà óìîâó çáåðåæåííÿ ê³ëüêîñò³ ð³äèíè ïðè íàâàíòàæåíí³ 

 2( )
a

a

h x dx V
−

=∫ .  (4) 

 3. Ìåòîäèêà ðîçâ’ÿçóâàííÿ çàäà÷³. Âèêîðèñòàºìî äëÿ ðîçâ’ÿçàííÿ êîí-
òàêòíî¿ çàäà÷³ ìåòîä ôóíêö³é ì³æêîíòàêòíèõ çàçîð³â [4–7], çâàæàþ÷è íà òå, 
ùî óìîâè (1), (3) çàïèñàí³ â òåðì³íàõ âèñîòè ïðîñâ³òó ( )h x . Çã³äíî ç öèì 
ìåòîäîì ïîäàìî ðîçâ’ÿçîê ñôîðìóëüîâàíî¿ êîíòàêòíî-êðàéîâî¿ çàäà÷³ ó 
êîìïëåêñíîìó âèãëÿä³ [11] ÷åðåç âèñîòó àêòóàëüíîãî ïðîñâ³òó ( )h x  [5, 6], 
ùî âèíèêàº ïðè íàâàíòàæåíí³ ñèñòåìè òà ä³¿ ì³æïîâåðõíåâîãî ñåðåäîâèùà: 

 4Re ( )x y z P∞σ + σ = Φ − ,  

 ( ) ( ) ( ) ( )y xyi z z z z z P∞′σ − τ = Φ − Φ + − Φ − ,  

 2
32 ( ) ( ) ( ) ( ) ( ) ,      

4
G u iv z z z z z P z D∞−′ ′ ′+ = Φ + Φ − − Φ + ∈ææ , (5) 

äå 

 z x iy= + , 1 ( )1( ) ( 1)
c

j

c

h t
z dt

K t z
+

−

′ Φ = −  π − ∫ , jz D∈ , 1, 2j = ,  

à äëÿ âèçíà÷åííÿ ïîõ³äíî¿ âèñîòè ïðîñâ³òó ( )h x′  îòðèìàºìî [9, 12] ñèíãó-
ëÿðíå ³íòåãðàëüíå ð³âíÿííÿ 

 
( )

( ( )),       ( , )
4

c

c

h t Kdt P P x x c c
t x

∞

−

′ π= − − ∈ −
−∫ . (6) 

Òóò 

 
1 0

1

2 / ,     , 1( )     ,     3 4
2, ,

P h x a
P x K

GP a x c

− σ < += = = − ν
< <

æ æ , 

G , ν  – ìîäóëü çñóâó òà êîåô³ö³ºíò Ïóàññîíà; 1D , 2D  – íèæíÿ ³ âåðõíÿ 
ï³âïëîùèíè. 
 Ó êðàéí³õ òî÷êàõ çàçîðó ïîâèíí³ âèêîíóâàòèñü óìîâè ð³âíîñò³ âèñîòè 
ïðîñâ³òó òà âèñîòè âè¿ìêè ( ( )h c A± = ), ÿê³ â åêâ³âàëåíòíîìó âèãëÿä³ çàïè-
øåìî ÿê 

 ( ) 0,         ( )
c

c

h t dt h c A
−

′ = =∫ .  (7) 

 Ðîçâ’ÿçàâøè ð³âíÿííÿ (6) ç óðàõóâàííÿì ïåðøî¿ ç óìîâ (7), îòðèìàºìî 
ïîõ³äíó â³ä âèñîòè ïðîñâ³òó 

 1

2 2 0

( )
( ) ( , , ) ( , , )

2

K P P x Kh x c x a c x a
hc x

∞ − σ ′ = − − Γ − − Γ +π −
 

 
2 2

2 arcsinx a
cc x

+ −
, (8) 

äå 
2 2 2 2 2

2 2 2 2 2

( )( )
( , , ) ln

( )( )

a tx a x a t
a x t

a tx a x a t

− + − −Γ =
− − − −

. 

 Ïðî³íòåãðóâàâøè ôóíêö³þ (8), âðàõîâóþ÷è äðóãó ç óìîâ (7), âèçíà÷èìî 
âèñîòó çàçîðó: 

 2 2
1

0

1 2( ) ( ) arcsin
2

K ah x A K P P c x
h c

∞ σ = − − − − −  π
 

 
0

( ) ( , , ) ( ) ( , , )
2
K x a c x a x a c x a
h
σ− + Γ − − − Γ

π
[ ] . (9) 
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 Ï³äñòàâëÿþ÷è ôóíêö³þ ( )h x  (9) â óìîâè (3), (4), îòðèìàºìî äâà òðàíñ-

öåíäåíòí³ ð³âíÿííÿ äëÿ âèçíà÷åííÿ âèñîòè ìåí³ñêà 0h  ³ éîãî êîîðäèíàòè a : 

 2 2 2
0 1 0( )

2
Kh A P P c a h∞ + + − − − 

 
 

 2 22 4arcsin ln 0K a K a cc a
c a

σ σ − − − = π π 
,  (10) 

 2 2 2
1 2

0

22 ( ) arcsin arcsin
2
K K a aaA P P a c a c V

h c c
∞ σ   − − + − + =   π  

. (11) 

 4. Àíàë³ç ÷èñëîâèõ ðåçóëüòàò³â. Ðîçâ’ÿçàâøè (10) ÿê êâàäðàòíå ð³â-
íÿííÿ â³äíîñíî 0h  ³ âèáðàâøè ç äâîõ éîãî êîðåí³â ô³çè÷íî êîðåêòíèé, îäåð-

æèìî âèñîòó ìåí³ñêà  

 
2

2 2 2 2
0 1 1

1 ( ) ( )
2 2 2

K Kh A P P c a A P P c a∞ ∞   = + − − + − − − +      
 

 
1/2

2 216 16arcsin lnK a K a cc a
c a

σ σ+ − − π π 
. (12) 

 Âèêëþ÷àþ÷è çà äîïîìîãîþ (12) âåëè÷èíó 0h  ³ç (11), îòðèìàºìî â³äíîñíî 

a  òðàíñöåíäåíòíå ð³âíÿííÿ, ÿêå ðîçâ’ÿçóºìî ÷èñåëüíî ç âèêîðèñòàííÿì 
ìåòîäó Íüþòîíà. Ðîçðàõóíêè ïðîâåäåíî äëÿ áåçðîçì³ðíèõ âåëè÷èí: âèñîòè 

ì³æêîíòàêòíîãî çàçîðó /h h c= ; ï³âäîâæèíè ä³ëÿíêè ç ð³äèíîþ /a a c= ; ïî-

âåðõíåâîãî íàòÿãó ð³äèíè /K cσ = σ ; òèñêó íà íåñê³í÷åííîñò³ P KP∞ ∞= ; 

òèñêó ãàçó 1 1P KP= ; âèñîòè âè¿ìêè /A A c= ; îá’ºìó ð³äèíè â êàï³ëÿð³ 2V =  

( )2/ 2V Ac= ; âèñîòè ìåí³ñêà 0 0 /h h c= . ×èñëîâèé àíàë³ç çä³éñíåíî äëÿ âè¿ì-

êè çàââèøêè 0.001A = . 
 Âïëèâ ïîâåðõíåâîãî íàòÿãó ³ çîâí³øíüîãî íàâàíòàæåííÿ íà ï³âäîâæèíó 

êàï³ëÿðà ³ ïåðåïàä òèñê³â P∆   ó ð³äèí³ é ãàç³ çà ô³êñîâàíèõ òèñêó ãàçó 
3

1 10P −=  òà îá’ºìó ð³äèíè 2 1/10V =  ïðî³ëþñòðîâàíî íà ðèñ. 2 ³ 3. Êðèâ³ íà 

íèõ â³äïîâ³äàþòü òðüîì çíà÷åííÿì íàòÿãó 8 8 81 10 ,  3 10 ,  5 10− − −σ = ⋅ ⋅ ⋅ . Äîâ-
æèíà êàï³ëÿðà ìîíîòîííî çðîñòàº ç íàâàíòàæåííÿì (ðèñ. 2). Çá³ëüøåííÿ ïî-
âåðõíåâîãî íàòÿãó ð³äèíè çóìîâëþº çá³ëüøåííÿ êàï³ëÿðà, ïðîòå ïðè çîâ-

í³øí³õ òèñêàõ 0.0014P∞ ≤  öåé âïëèâ ïðàêòè÷íî íåâ³ä÷óòíèé ³ ïî÷èíàº 

ïðîÿâëÿòèñÿ ëèøå ïðè 0.0015P∞ ≥ . Âîäíî÷àñ ïåðåïàä òèñê³â P∆   ³ñòîòíî 
ðåàãóº íà çì³íó ïîâåðõíåâîãî íàòÿãó (ðèñ. 3) ³ çá³ëüøóºòüñÿ ðàçîì ç íèì. 

Äëÿ ðîçãëÿíóòèõ íàòÿã³â ïåðåïàä P∆   íåìîíîòîííî çàëåæèòü â³ä ïðèêëàäå-
íîãî íàâàíòàæåííÿì (ðèñ. 3): ñïî÷àòêó çðîñòàº ïðè çá³ëüøåíí³ çîâí³øíüîãî 
òèñêó, à ï³ñëÿ äîñÿãíåííÿ íèì ïåâíî¿ âåëè÷èíè – ïî÷èíàº ñïàäàòè. 

  
 Рис. 2 Рис. 3 
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 Íà ðèñ. 4, 5 çîáðàæåíî çàëåæíîñò³ ï³âäîâæèíè êàï³ëÿðà a  òà ïåðåïàäó 

òèñê³â P∆   ó ð³äèí³ òà ãàç³ â³ä ïðèêëàäåíîãî äî ò³ë íàâàíòàæåííÿ P∞  äëÿ 

ð³çíèõ çíà÷åíü îá’ºìó ð³äèíè 2 0.1,  0.066,  0.05V =  ïðè ô³êñîâàíèõ òèñêó 

ãàçó 3
1 10P −=  ³ ïîâåðõíåâîìó íàòÿç³ 81 10−σ = ⋅ . Çìåíøåííÿ ê³ëüêîñò³ ð³äè-

íè â çàçîð³ ïðèâîäèòü äî çìåíøåííÿ äîâæèíè êàï³ëÿðà (ðèñ. 4) ³ çá³ëüøåí-
íÿ ïåðåïàäó òèñê³â (ðèñ. 5) ïðè îäíàêîâîìó íàâàíòàæåíí³ íà íåñê³í÷åííîñò³. 

Ïðîòå ïåðåïàä òèñê³â P∆   äëÿ íàâåäåíèõ çíà÷åíü îá’ºìó ð³äèíè ïðàêòè÷íî 

íå â³äð³çíÿºòüñÿ, äîêè çîâí³øíº íàâàíòàæåííÿ íå äîñÿãàº çíà÷åííÿ P∞ =  
0.0016=  (ðèñ. 5). Äëÿ ðîçãëÿíóòèõ îá’ºì³â ð³äèíè òà ä³àïàçîíó íàâàíòàæåíü 

âèðàçíî ïðîÿâëÿºòüñÿ çì³íà õàðàêòåðó ìîíîòîííîñò³ çàëåæíîñò³ P∆   â³ä P∞ . 

  
 Рис. 4 Рис. 5 
 5. Âèñíîâêè. Äîñë³äæåíî êîíòàêò ïðóæíîãî ï³âïðîñòîðó òà æîðñòêî¿ 
îñíîâè ç ì³ëêîþ âè¿ìêîþ ïðÿìîêóòíî¿ ôîðìè çà íàÿâíîñò³ â öåíòðàëüí³é 
÷àñòèí³ ì³æêîíòàêòíîãî ïðîñâ³òó ð³äèííîãî êàï³ëÿðíîãî ì³ñòêà. Íà êðàÿõ 
ïðîñâ³òó ä³º ñòàëèé òèñê ãàçó. Ð³äèíà íåñòèñëèâà òà ïîâí³ñòþ çìî÷óº ïî-
âåðõí³ ò³ë. Äîâæèíà êàï³ëÿðà ³ òèñê ð³äèíè â íüîìó çàçäàëåã³äü íåâ³äîì³ òà 
çì³íþþòüñÿ ðàçîì ç íàâàíòàæåííÿì. Ñôîðìóëüîâàíó êîíòàêòíó çàäà÷ó çâå-
äåíî äî ñèñòåìè òðüîõ ð³âíÿíü – ñèíãóëÿðíîãî ³íòåãðàëüíîãî ð³âíÿííÿ â³ä-
íîñíî âèñîòè ì³æêîíòàêòíîãî çàçîðó òà äâîõ òðàíñöåíäåíòíèõ – â³äíîñíî 
âèñîòè ìåí³ñêà òà äîâæèíè êàï³ëÿðà. Çàïðîïîíîâàíî àíàë³òè÷íî-÷èñëîâó 
ïðîöåäóðó ðîçâ’ÿçàííÿ ö³º¿ ñèñòåìè ð³âíÿíü ³ äîñë³äæåíî çàëåæíîñò³ ïåðå-
ïàäó òèñê³â ó ð³äèí³ é ãàç³ òà äîâæèíè êàï³ëÿðà â³ä ïðèêëàäåíîãî íàâàíòà-
æåííÿ, îá’ºìó ð³äèíè ³ ¿¿ ïîâåðõíåâîãî íàòÿãó. Âñòàíîâëåíî, ùî çá³ëüøåííÿ 
ïîâåðõíåâîãî íàòÿãó ð³äèíè çóìîâëþº çðîñòàííÿ äîâæèíè êàï³ëÿðà òà ïå-
ðåïàäó òèñê³â ó ð³äèí³ é ãàç³. Ç³ çá³ëüøåííÿì îá’ºìó ð³äèíè êàï³ëÿð âèäîâ-
æóºòüñÿ, ïðîòå ïåðåïàä òèñê³â çìåíøóºòüñÿ. ²ç ðîñòîì çîâí³øíüîãî íàâàí-
òàæåííÿ äîâæèíà êàï³ëÿðà ìîíîòîííî çðîñòàº, à ïåðåïàä òèñê³â ïîâîäèòüñÿ 
íåìîíîòîííî – ñïî÷àòêó çðîñòàº, ïîò³ì ïðè äîñÿãíåíí³ íàâàíòàæåííÿì ïåâ-
íî¿ âåëè÷èíè – ïî÷èíàº ñïàäàòè. Íàÿâí³ñòü êàï³ëÿðà çóìîâëþº çìåíøåííÿ 
âèñîòè çàçîðó: ÷èì á³ëüøèé ïîâåðõíåâèé íàòÿã ð³äèíè, òèì ìåíøèé ïðîñâ³ò.  
 
 1. Àðöûáûøåâ Ñ. À. Êóðñ ôèçèêè. ×àñòü 1. Ìåõàíèêà è òåïëîòà. – Ìîñêâà: Ãîñ. 

ó÷.-ïåä. èçä-âî Ì-âà ïðîñâåùåíèÿ ÐÑÔÑÐ, 1951. – 672 ñ. 
 2. Ãîðÿ÷åâà È. Ã., Ìàõîâñêàÿ Þ. Þ. Àäãåçèîííîå âçàèìîäåéñòâèå óïðóãèõ òåë // 

Ïðèêë. ìàòåìàòèêà è ìåõàíèêà. – 2001. – 65, ¹ 2. – Ñ. 279–289. 
 3. Ãîðÿ÷åâà È. Ã., Ìàõîâñêàÿ Þ. Þ. Êîíòàêòèðîâàíèå óïðóãèõ òåë ïðè íàëè÷èè 

êàïèëëÿðíîé àäãåçèè // Ïðèêë. ìàòåìàòèêà è ìåõàíèêà. – 1999. – 63, ¹ 1. – 
Ñ. 128–137. 

 4. Êèò Ã. Ñ., Ìàðòûíÿê Ð. Ì., Ìà÷èøèí È. Ì. Âëèÿíèå ãàçîæèäêîñòíîãî çàïîë-
íèòåëÿ ìåæêîíòàêòíîãî ïðîñòðàíñòâà íà íàïðÿæåííîå ñîñòîÿíèå ñîïðÿæåííûõ 
òåë // Ïðèêë. ìåõàíèêà. – 2003. – 39, ¹ 3. – Ñ. 52–60. 

 5. Ìàðòèíÿê Ð. Ì. Êîíòàêò ï³âïðîñòîðó ç íåð³âíîþ îñíîâîþ ïðè çàïîâíåíîìó ³äå-
àëüíèì ãàçîì ì³æêîíòàêòíîìó çàçîð³ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 1998. – 
41, ¹ 4. – Ñ. 144–149.  



155 

 6. Ìàðòèíÿê Ð. Ì. Êîíòàêòíà âçàºìîä³ÿ äâîõ ï³âïðîñòîð³â ïðè íàÿâíîñò³ ïîâåðõ-
íåâî¿ âè¿ìêè, ÷àñòêîâî çàïîâíåíî¿ íåñòèñëèâîþ ð³äèíîþ // Ô³ç.-õ³ì. ìåõàí³êà 
ìàòåð³àë³â. – 1990. – 26, ¹ 2. – Ñ. 91–94. 

 7. Ìàðòèíÿê Ð. Ì. Ìåõàíîòåðìîäèôóç³éíà âçàºìîä³ÿ ò³ë ç âðàõóâàííÿì çàïîâíþ-
âà÷à ì³æêîíòàêòíèõ çàçîð³â // Ô³ç.-õ³ì. ìåõàí³êà ìàòåð³àë³â. – 2000. – 36, ¹ 2. 
– Ñ. 124–126. 

 8. Ìàðòèíÿê Ð. Ì. Òåðìîóïðóãîå âçàèìîäåéñòâèå òåë ïðè íåèäåàëüíîì òåïëîâîì 
è ìåõàíè÷åñêîì êîíòàêòå: Äèñ. ... êàíä. ôèç.-ìàò. íàóê: 01.02.04. – Ëüâîâ, 1987. – 
185 ñ. 

 9. Ìàðòèíÿê Ð. Ì., Ñëîáîäÿí Á. Ñ. Âçàºìîä³ÿ äâîõ ò³ë çà íàÿâíîñò³ êàï³ëÿð³â ó 
ì³æêîíòàêòíîìó çàçîð³ // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. – 2006. – 49, ¹ 1. – 
Ñ. 164–173. 

 10. Ìîíàñòèðñüêèé Á. ª. Âïëèâ çàïîâíþâà÷à ì³æïîâåðõíåâîãî ïðîñâ³òó íà âçàºìî-
ä³þ ò³ë â óìîâàõ íåäîñêîíàëîãî êîíòàêòó // Ïðèêë. ïðîáëåìè ìåõàí³êè ³ ìàòå-
ìàòèêè. – 2003. – Âèï. 1. – Ñ. 78–82. 

 11. Ìóñõåëèøâèëè Í. È. Íåêîòîðûå îñíîâíûå çàäà÷è ìàòåìàòè÷åñêîé òåîðèè óïðó-
ãîñòè. – Ìîñêâà: Èçä-âî ÀÍ ÑÑÑÐ, 1954. – 648 ñ. 

 12. Ñëîáîäÿí Á. Ñ., Ìàðòèíÿê Ð. Ì. Ìîäåëþâàííÿ âçàºìîä³¿ ò³ë ç óðàõóâàííÿì ïî-
âåðõíåâîãî íàòÿãó ð³äèíè â ì³æêîíòàêòíîìó ïðîñâ³ò³ // Ô³ç.-ìàò. ìîäåëþâàííÿ 
òà ³íôîðì. òåõíîëîã³¿. – 2007. – 6. – Ñ. 19–29. 

 13. ×åêèíà Î. Ã. Î òðåíèè øåðîõîâàòûõ ïîâåðõíîñòåé, ðàçäåëåííûõ òîíêèì ñëîåì 
æèäêîñòè // Òðåíèå è èçíîñ. – 1998. – 19, ¹ 3. – Ñ. 306–311. 

 14. ×èæèê Ñ. À. Êàïèëëÿðíûé ìåõàíèçì àäãåçèè è òðåíèÿ øåðîõîâàòûõ ïîâåðõíîñ-
òåé, ðàçäåëåííûõ òîíêèì ñëîåì æèäêîñòè // Òðåíèå è èçíîñ. – 1994. – 15, ¹ 1. 
– Ñ. 11–26. 

 15. Ando Y. Effect of capillary formation on friction and pull-off forces measured on 
submicron-size asperities // Tribology Letters. – 2005. – 19, No. 1. – P. 29–36. 

 16. Dai Z., Min Yu, Gorb S. Frictional characteristics of the beetle head-joint material 
// Wear. – 2006. – 260. – P. 168–174. 

 17. Kato Takahisa, Watanabe Souta, Matsuoka Hiroshige. Dynamic characteristics of an 
in-contact headslider considering meniscus force: Part 1 – Formulation and appli-
cation to the disk with sinusoidal undulation // J. Tribology. – 2000. – 122. – 
P. 633–638. 

 18. Kato Takahisa, Watanabe Souta, Matsuoka Hiroshige. Dynamic characteristics of an 
in-contact headslider considering meniscus force: Part 2 – Application to the disk 
with random undulation and design conditions // J. Tribology. – 2001. – 123. – 
P. 168–174. 

 19. Kobatake S., Kawakubo Y., Suzuki S. Laplace pressure measurement on laser 
textured thin-film disk // Tribology Int. – 2003. – 36. – P. 329–333. 

 20. Lambert P., Delchambre A. Parametrers ruling capillary force at the submillimetric 
scale // Langmuir. – 2005. – 21, No. 21. – P. 9537–9543. 

 21. Li Shi, Arunava Majumdar. Thermal transport mechanisms at nanoscale point contacts 
// J. Heat Transfer. – 2002. – 124. – P. 329–337. 

 22. Pailler-Mattei C., Zahouani H. Analysis of adhesive behaviour of human skin in 
vivo by an indentation test // Tribology Int. – 2006. – 39, No. 1. – P. 12–21. 

 23. Peng Wei, Bhushan B. Sliding contact analysis of layered elastic/plastic solids with 
rough surfaces // Trans. ASME. J. Tribology. – 2002. – 124. – P. 46–61. 

 24. Rabinovich Y., Esayanur M., Moudgil B. Capillary forces between two spheres with 
a fixed volume liquid bridge: theory and experiment // Langmuir. – 2005. – 21. – 
P. 10992–10997. 

 25. Rennie A., Dickrell P., Sawyer W. Friction coefficient of soft contact lenses: measu-
rements and modeling // Tribology Letters. – 2005. – 18, No. 4. – P. 499–504. 

 26. Soulie F., Cherblanc F., El Youssoufi M., Saix C. Influence of liquid bridges on the 
mechanical behaviour of polydisperse granular materials // Int. J. Numer. Anal. 
Methods in Geomech. – 2006. – 30. – P. 123–228. 

 27. Zheng Jie, Streutor J. L. A liquid bridge between two elastic half-spaces: A theo-
retical study of interface instability // Tribology Letters. – 2004. – 16, Nos. 1-2. – 
P. 1–9. 

 



156 

 
ДАВЛЕНИЕ УПРУГОГО ПОЛУПРОСТРАНСТВА НА ЖЕСТКОЕ ОСНОВАНИЕ 
С ПРЯМОУГОЛЬНОЙ ВЫЕМКОЙ ПРИ НАЛИЧИИ МЕЖДУ НИМИ ЖИДКОСТНОГО МОСТИКА 
 
Ïðåäëîæåíà ìîäåëü êîíòàêòà óïðóãîãî ïîëóïðîñòðàíñòâà ñ æåñòêèì îñíîâàíè-
åì, èìåþùåì ïîâåðõíîñòíóþ âûåìêó ïðÿìîóãîëüíîé ôîðìû, êîãäà â ñðåäíåé ÷àñ-
òè ìåæïîâåðõíîñòíîãî çàçîðà ñîäåðæèòñÿ æèäêîñòíûé êàïèëëÿð, à íà êðàÿõ – 
ãàç, íàõîäÿùèéñÿ ïîä ïîñòîÿííûì äàâëåíèåì. Ñ÷èòàåòñÿ, ÷òî æèäêîñòü íåñæè-
ìàåìàÿ è ïîëíîñòüþ ñìà÷èâàåò ïîâåðõíîñòè òåë. Ïîâåðõíîñòíîå íàòÿæåíèå 
æèäêîñòè îáóñëîâëèâàåò ïåðåïàä äàâëåíèÿ â íåé è ãàçå, êîòîðûé îïðåäåëÿåòñÿ 
ôîðìóëîé Ëàïëàñà. Ñôîðìóëèðîâàííàÿ íà ýòîì îñíîâàíèè ïëîñêàÿ êîíòàêòíàÿ 
çàäà÷à äëÿ óïðóãîãî ïîëóïðîñòðàíñòâà ñóùåñòâåííî íåëèíåéíàÿ, òàê êàê äàâëå-
íèå æèäêîñòè è äëèíà êàïèëëÿðà, êîòîðûå ôèãóðèðóþò â êîíòàêòíî-ãðàíè÷íûõ 
óñëîâèÿõ, çàðàíåå íåèçâåñòíû è çàâèñÿò îò ïðèëîæåííîé íàãðóçêè. Çàäà÷à ñâåäåíà 
ê ðåøåíèþ òðåõ óðàâíåíèé – ñèíãóëÿðíîãî èíòåãðàëüíîãî îòíîñèòåëüíî ôóíêöèè 
âûñîòû çàçîðà è äâóõ òðàíñöåíäåíòíûõ îòíîñèòåëüíî äëèíû êàïèëëÿðà è âûñî-
òû ìåíèñêà. Ïðåäëîæåíà àíàëèòè÷åñêè-÷èñëåííàÿ ïðîöåäóðà èõ ðåøåíèÿ. Íà 
ãðàôèêàõ ïðîèëëþñòðèðîâàíû çàâèñèìîñòè äëèíû êàïèëëÿðà è ïåðåïàäà äàâëåíèÿ 
â æèäêîñòè è ãàçå îò âíåøíåé íàãðóçêè, îáúåìà æèäêîñòè è åå ïîâåðõíîñòíîãî 
íàòÿæåíèÿ. 
 
PRESSURE OF ELASTIC HALF-SPACE ON A RIGID BASE  
HAVING A RECTANGULAR GAP WITH LIQUID BRIDGE BETWEEN THEM 
 
A model of contact between an elastic half-space and a rigid base having a rectangular 
gap is proposed. The gap contains incompressible liquid and gas. The liquid forms the 
capillary bridge between the opposite surfaces, occupying the middle part of the gap. 
The rest volume of the gap is filled with gas at constant pressure. The liquid wets sur-
faces of bodies completely. The pressure jump appearing at the liquid-gas interface due 
to the surface tension is governed by the Laplace formula. The corresponding plane con-
tact problem for elastic half-space is essentially nonlinear since the pressure of liquid 
and length of the liquid part of the gap are unknown a priori and depend on external 
load. The solution of the problem is given through the function of height of the gap, 
and for its determination a singular integral equation solved analytically is obtained. A 
set of two transcendent equations is derived for determination of the gap length and 
meniscus height. The analytical-numerical procedure of solving these equations is deve-
loped. The dependence of gap length and pressure jump at the liquid-gas interface on 
load, volume and surface tension of liquid is analyzed. 
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