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DEFORMATION OF ORTHOTROPIC COMPOSITES WITH UNIDIRECTIONAL 
ELLIPSOIDAL INCLUSIONS UNDER MATRIX MICRODAMAGES 
 

In the present paper a model of deformation of stochastic composites under 
microdamaging is developed for the case of orthotropic composite, when the mic-
rodamages are accumulated in the matrix. The composite is treated as an isotropic 
matrix strengthened by three-axial ellipsoidal inclusions with orthotropic 
symmetry of elastic properties. It is assumed that the loading process leads to 
accumulation of damages in the matrix. Fractured microvolumes are modelled by a 
system of randomly distributed quasi-spherical pores. The porosity balance 
equation and relations for determining the effective elastic modules for the case of 
the composite with orthotropic components are taken as the basic relations. The 
fracture criterion is assumed to be given as the limit value of the intensity of 
average shear stresses occurring in the undamaged part of the material. Basing on 
the analytical and numerical approach the algorithm for determination of 
nonlinear deformative properties of such a material is constructed. The 
nonlinearity of composite deformations is caused by accumulation of the micro 
damages in the matrix. Using the numerical solution the nonlinear stress-strain 
diagrams for orthotropic composite for the case of biaxial extension are obtained. 

 
1. Introduction. The process of behaviour of composite materials for gi-

ven significant loads represents large theoretical interest and is important for 
various applications. Some aspects of mechanic of composite material are con-
sidered in [1, 2, 5].  

The determination of the strain-stress state diagram of a material by an 
experimental way is rather difficulty, therefore there is necessarily develo-
ping the various theoretical techniques of a research of the problem. The con-
cept that the micro destruction occurs in the weakest micro volumes of a ma-
terial under high loads, which reduces the bearing section of the material and 
leads to a redistribution of micro stresses, and hence to nonlinear relationships 
between macro stresses and macro deformations is based on the theory of 
material damage [3, 4, 6–8, 11]. In the statistical approaches it is used the as-
sumption that the strength of the material is statistically homogeneous and is 
a random function of coordinates, the single-point distribution of which is de-
scribed by a Weibull distribution [8, 11–14, 22, 23].  

A statistical model of coupled processes of deformation and short-term 
micro damages was proposed for homogeneous [16, 17] and composite mate-
rials with isotropic [19, 20] and transversally-isotropic [18] components. It is 
based on modeling dispersed micro damages by a system of randomly distri-
buted quasi spherical micro pores, which are empty or are filled with destro-
yed material. The process formation and accumulation of micro damages un-
der loading is based on a failure criterion for micro volume in a Huber – Mi-
ses or in Schleicher – Nadai form and on the porosity balance of destroyed 
micro volumes derived from the general properties of distribution function for 
the ultimate micro strength. In the present work, it is developed a more gene-
ral model within the same parent ideas, which allows to study the deforma-
tive properties of stochastic composites with isotropic matrix and orthotropic 
three axes ellipsoidal inclusions under matrix micro damages. 

On the basis of the numerical and analytical approach it is constructed an 
algorithm for determination of the nonlinear deformative properties of such a 
material. The nonlinearity of composite deformations caused by accumulation 
of micro damages in matrix. Investigation of the nonlinear deformative pro-
perties of the composites may be divided in two stages: first, linear effective 
elastic properties of the porous composite is determined on the basis of the 
stochastic equations of elasticity theory taking into account an accidental cha-
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racter of the distribution of inclusions and micro pores in matrix by using the 
method of conditional moments [15], and then using the iterative secant me-
thod it is investigated the nonlinear deformative properties of such a material. 
The nonlinear diagrams of the deformation of orthotropic composite are con-
structed for the case of biaxial extension. 
 2. Mechanical model. Let us consider the representative volume V  of a 
composite material subjected to uniform mac-
ro deformations kε  . The composite is the 

matrix strengthened by stochastically distri-
buted unidirectional three-axes ellipsoids as 
shown in Fig. 1. We suppose that the elastic 
properties of inclusions material have ortho-
tropic symmetry. It is assumed, that the mat-
rix is isotropic and weakened by randomly 
distributed pores of quasi spherical shape. 
The effective deformative properties and the 
stress-strain state of such a composite are 
determined on the basis of the stochastic equations of the elasticity theory by 
the method of conditional moment functions [15].  

Under homogeneous loading, the stresses and strains appearing in the re-
presentative volume will form statistically homogeneous random fields satis-
fying the ergodicity condition. In this case we can replace the operation of the 
averaging over a representative volume by the operation of the averaging 

over an ensemble of realizations. Then the macroscopic stresses σij  and 

strains kε   of such a material will be related as follows: 

 ij ijk k
∗σ = λ ε  . (1) 

 Here ijk
∗λ   is the tensor of effective elastic constants, σij , kε   are the 

stresses and strains tensors, and the angular brackets denote the operation of 
the averaging over an ensemble of realizations. Assume that the matrix of 
such a composite has an initial porosity 0p . Then the tensor of effective 

elastic modules of composite will be function depending on the elastic modules 

of components [1]
ijkλ  , [2]

ijkλ   (indexes [1] and [2] denote inclusions and matrix, 

respectively), on the volume concentration of inclusions 1c  in a matrix and the 

shape of inclusions characterized by parameters 2t  and 3t  [10] as: 

 [1] [2]
1 2 3, , , ,ijk ijk mnpq mnpq c t t∗ ∗λ = λ λ λ ( ) , (2) 

where 

 2 3
2 3

1 1
,        

t t
t t

t t
= = . (3) 

 Here 1t , 2t , 3t  are semi axes of ellipsoids in the directions of axes 1x , 

2x , 3x  respectively. 

 The tensor [2]
ijkλ   are determined in terms of the tensor 2

ijkλ   for the 

matrix skeleton and its porosity 0p , which characterizes damage, i. e. 

 [2] [2] 2
0,ijk ijk mnpq pλ = λ λ ( ) . (4) 

The relations derived in [21] are used for calculation of the effective elas-
tic constants of porous material. 
 Knowing the effective elastic modules and macro deformations of compo-
site, we can determine the matrix deformations by the relations:  

 

x1 

x3 

x2  
Fig. 1 
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 [3] 1
2 2k k pq k mn k mn mnpq pqI c ∗ − ε = + λ − λ λ ε 

     ( )( ) . (5) 

 Here 

 [1] [2] [3] [1] [2]
1 2 ,       k mn k mn k mn mnpq mnpq mnpqc cλ = λ + λ λ = λ − λ   , (6) 

and 1c , 2c  are the volume concentrations of inclusion and binder in a compo-
site and they are connected by following expression: 

 = −2 11c c . (7) 

 The average matrix stresses σ 2ij  are related to the average matrix 

strains 2kε   as follows: 

 [2]
2 2ij ijk kσ = λ ε  . (8) 

 Whereas the average matrix skeleton stresses σ2
ij  are connected with 

the average matrix stresses σ 2ij  by equations 

 σ = σ
−

2
2

0

1
1ij ijp

 (9) 

and regarding to Eqns. (1), (5)–(8), the average matrix skeleton stresses σ2
ij  

can be determined as a function of the macro deformations of composite by 
the following relations: 

 
12 [2] [3]

2
0

1
1ij ijmn mnk mnk mnk k pq pqI c

p
−∗ σ = λ + λ − λ λ ε −     ( )( ) . (10) 

 Let us assume, that the destruction criterion of the skeleton material is 
determined by limiting value of intensity of the average tangential stresses in 
a not destroyed part of the material [4, 6]: 

 2 2 2
2,ij ijI kσ

′ ′ = σ σ = 
 

, (11) 

where 2
ij

′σ  – deviator of the average over material skeleton stresses, and 2k  

– corresponding limiting value, which is a random function of coordinates. 
 Since it is supposed that the material micro strength is statistical uni-
form, the one-point distribution function 2( )F k  of a random variable 2k  
doesn’t depend on coordinates and can be described by the exponential-power 
distribution function in a semi-infinite interval, i.e., by the Weibull distribu-
tion [11–16, 22, 23]:  

 2 0
2

2 0 2 0

0,    ,
( )

1 exp ( )    .,
k k

F k
n k k k kα

<
=  − − − ≥ ( )

 (12) 

 Here 0k  is the limiting lower value of the intensity of the tangential 

stresses 2k  averaged over matrix skeleton, at which the fracture occurs in so-

me macro volumes of matrix, 1k , n  and α  are the parameters of the distri-
bution function, which can be selected from the condition of the best appro-
ximation of the strength spread. These parameters are determined by experi-
mentally for each material. 
 Let the initial (prior to deformation) micro damage of the matrix be cha-
racterized by a porosity 0p . Then, according to the property of ergodicity, the 

distribution function 2( )F k  determines the undamaged fraction of matrix ma-

terial where the ultimate micro strength is lower than 2k . Therefore, if the 
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stresses in the undamaged part of the matrix are equal to σ2
ij , then the 

function 2( )F Iσ  determines, according to (10)–(12), the fraction of the destro-

yed micro volumes in the matrix skeleton. The destroyed microvolumes are 
modeled by pores and then we can write the equation of balance of destroyed 
micro volumes or porosity [16]: 

 2
0 0( )(1 )p p F I pσ= + − . (13) 

 In accordance with the given above Eqns. (1)–(10), the matrix skeleton 

stresses σ2
ij  can be defined as the function of the composite macro strains 

kε  . Substituting (10) into (13), we obtain a system of equations for determi-

nation of the porosity of matrix p , caused by micro destruction, as a function 
of macro strains: 
 kp p= ε ( ) . (14) 

 Then, substituting p  for 0p  into Eqns. (2)–(12), we obtain the nonlinear 

dependence between the macro stresses σij  and the macro strains kε  , 

caused by micro destruction. These relations take into account the strength 
spread of the material.  
 3. Effective elastic moduli of composite with orthotropic components. 
Based on the above model, let us solve the deformation problem for composite 
which is an isotropic matrix strengthened by ellipsoidal orthotropic inclusions 
provided that micro damages occur in matrix, i.e., ≠0 0p . For that the prob-

lem on the effective elastic module for such a composite has to be solved and 
the relations (2) has to be derived in closed species. The solution was presen-
ted in [10]. The expressions for determination of effective constants are 
written down. Passing to matrix designations with super-indices according to 
the following scheme: 

 →11 1 ,    →22 2 ,    →33 3 ,    →23 4 ,    →13 5 ,    →12 6 , 

9 independent constant of the tensor of effective elastic moduli 11
∗λ , 12

∗λ , 13
∗λ , 

22
∗λ , 23

∗λ , 33
∗λ , 44

∗λ , 55
∗λ , 66

∗λ  of composite under consideration can be calcula-
ted according to: 

 [ ] [ ]3 3
1 2 ,          , 1,2,3ij ij iq qk k jc c P M i j∗λ = λ + λ λ =  , (15) 

where 

 1
qk qk q kP M −′= δ − λ ( ) , 

 [ ]
[ ]3

3
1 2

4
,         4,5,6

1 4
ii ii

ii ii ii
ii ii

M
c c i

M
∗ λ

λ = λ + λ =′− λ
, (16) 

in here 

 [2] [1] [3] [1] [2]
1 2 ,        c

ij ij ij ij ij ij ijc c′λ = λ + λ − λ λ = λ − λ , 

and summation is not performed over repeating indexes. 
 The components of tensor ijM  from (15), (16) are determined in terms of 

define integrals as follows: 

 
2

11 55 66 1 44 22 4 33 8 3 1 5 3 6 8
0

2 c c c c cM S S S S u S u S u d
π

= λ λ + λ λ + λ + + ϕ
π ∫ ( )

/

[ ] , 

 
2

22 44 66 2 55 11 3 33 9 4 2 6 9 7 3
0

2 c c c c cM S S S S u S u S u d
π

= λ λ + λ λ + λ + + + ϕ
π ∫ ( )

/

[ ] , 
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2

33 44 55 10 66 11 5 22 7 6 7 8 2 9 1
0

2 c c c c cM S S S S u S u S u d
π

= λ λ + λ λ + λ + + + ϕ
π ∫ ( )

/

[ ] , 

 
2

23 6 5 6 11 4 4 66 7 55 9
0

2 c c cM S u u u u S S d
π

= − λ − λ + λ ϕ
π ∫ ( ) ( )

/

[ ] , 

 
2

13 6 4 6 22 5 5 66 5 44 8
0

2 c c cM S u u u u S S d
π

= − λ − λ + λ ϕ
π ∫ ( ) ( )

/

[ ] , 

 
2

12 6 4 5 33 6 6 55 3 44 4
0

2 c c cM S u u u u S S d
π

= − λ − λ + λ ϕ
π ∫ ( ) ( )

/

[ ] , 

 
2

44 55 11 5 33 10 66 11 3 22 2 7 22 55
0

2 c c c c c c c cM S S S S S
π

= λ λ + λ + λ λ + λ + λ λ −
π ∫ ( ) ( ) (

/

[  

 23 66 9 33 66 23 55 6 10 8 9 4 72 2 2c c c c c cS S u S u S u d− λ λ λ λ − λ λ + + + ϕ)+ ( ) ] , 

 
2

55 44 22 7 33 10 66 11 1 22 4 5 11 44
0

2 c c c c c c c cM S S S S S
π

= λ λ + λ + λ λ + λ + λ λ −
π ∫ ( ) ( ) (

/

[  

 13 66 8 33 66 13 44 6 11 9 8 3 72 2 2c c c c c cS S u S u S u d− λ λ + λ λ − λ λ + + + ϕ) ( ) ] , 

 
2

66 44 22 2 33 9 55 11 1 33 8 3 11 44
0

2 c c c c c c c cM S S S S S
π

= λ λ + λ + λ λ + λ + λ λ −
π ∫ ( ) ( ) (

/

[  

 12 55 4 22 55 12 44 6 12 7 8 5 92 2 2c c c c c cS S u S u S u d− λ λ + λ λ − λ λ + + + ϕ) ( ) ] . (17) 

 Here λc
ij  can be represented by a tensor with constant components as 

follows [10]: 

 

[ ] [ ]

[ ] [ ]

1 2

1 1 21

, if ,

, if ,

ij ij ijc
ij

ij ij ij

−−

 λ λ ≤ λλ = 
λ λ ≥ λ

 

and iu  and jS  are determined from the relations 

 1 44 66 22 55 2 55 66 11 44 3 44 55 33 66,     ,     c c c c c c c c c c c cu u u= λ λ + λ λ = λ λ + λ λ = λ λ + λ λ , 

 4 23 44 5 13 55 6 12 66        ,     ,             c c c c c cu u u= λ + λ = λ + λ = λ + λ , 

 2 2
7 11 22 12 12 66 8 22 33 23 23 442 ,              2c c c c c c c c c cu u= λ λ − λ − λ λ = λ λ − λ − λ λ , 

 2
9 11 33 13 13 55 10 5 6 55 66 11 232 ,              c c c c c c c c cu u u u= λ λ − λ − λ λ = + λ λ − λ λ , 

 11 4 6 44 66 22 13 12 4 5 44 55 33 12,             c c c c c c c cu u u u u u= + λ λ − λ λ = + λ λ − λ λ , 

 6 64 3 2 1
1 1 2 6

2

3 3
cos ,                      sin

A A A A
S A S

t

− + −
= ϕ = ϕ , 

 4 2 2 42 1 3 2 1
3 42 4

2 2

   
2

cos sin ,     cos sin
A A A A A

S S
t t

− − +
= ϕ ϕ = ϕ ϕ , 

 4 2 22 3 2
5 62 22

3 32

cos ,                     cos sin
A A A

S S
t t t

−
= ϕ = ϕ ϕ , 

 4 24 3 2 3
7 84 2 4

2 3 3

2
sin ,     cos  

A A A A
S S

t t t

− +
= ϕ = ϕ , 

 24 3 4
9 102 4 6

2 3 3

sin ,               
A A A

S S
t t t

−
= ϕ = . (18) 
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 In here 

 2 3
2 3

1 1
,         

t t
t t

t t
= = , 

where 1t , 2t , 3t  are semi axes of ellipsoids in the directions of axes 1x , 2x , 

3x  respectively and the quantities jA , 1, , 4j =  , take different values, de-

pending on the sign of the parameter 3 2R h q= + . These values will be pre-

sent bellow. The parameters h  and q  are determined as follows: 

 
2 3

1 3 2 2 2 3 1
2 3 2
1 1 1 1

3
,             

9 27 6 2

b b b b b b a
h q

b b b b

−
= = − + , (19) 

where 

 
4

1 2 1 2 3 3 1 2
1

( 1) ,       3 2 ,      3i
i

i

b a b a a a b a a
=

= − = − + = − +∑ , (20) 

while ia , 1, , 4i =  , are determined by the formulas: 

 2 2 4 4 2 244 22 66 7
1 55 11 662 4 2

2 2 2

cos sin cos sin cos sin
c c c

c c c u
a

t t t

λ λ λ   = λ ϕ + ϕ λ λ ϕ + ϕ + ϕ ϕ   
   

, 

 4 4 2 222
2 3 11 13 13 55 662 4

3 2

1 cos sin ( ) 2 cos
c

c c c c ca u
t t

λ   = λ ϕ + ϕ − λ + λ λ λ ϕ +     
( )  

 
2

2 2 2 2 222 66
23 23 44 112 2 2

2 2 2

sin
sin cos ( ) 2 sin cos

c c
c c c c

t t t

λ λ ϕ  + ϕ ϕ − λ + λ λ ϕ + λ ϕ +  
  

( )  

 2 244 55 66 4 5 6 33 7
2
2

2 2
cos sin

c c c cu u u u

t

λ λ λ + + λ + ϕ ϕ
, 

 2 233 44 66 55 8
3 33 55 66 44 94 2

3 2

1 cos sin
c c c c

c c c c u
a u

t t

λ λ λ + λ = λ λ λ + λ ϕ + ϕ  
( ) , 

 33 44 66
4 6

3

a
t

λ λ λ
= . (20) 

 At = + ≤3 2 0R h q , the quantities jA , 1, , 4j =  , are expressed as fol-

lows: 

 
13

1 1

1 ( 1) ,                   1,2,3
4

j
i j i i

j
ii

I
A j

db h

−
+

=

α
= − =∑ , 

 
33

4
1 1

1 11 ( 1)
4

i i i

ii

I
A

b dh =

α = + − 
 ∑ , (21) 

while 

 

1 arctg , 0,

         1,2,3 .11 ln , 0,
2 1

i i
i

i
i

i
i i

I i

 α α >
 α= = + −α
 − α <
 −α − −α

 (22) 

Here 

 2 2
1 1 2 2

1 1
2sign ,           2sign

3 3
b b

q h v q h v
b b

α = + α = − , 

 2
3 3 1

1

12sign ,            cos arctg
3 3
b Rq h v v
b h

− α = − =  
 

, 
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 2 3
1 1cos arctg ,            cos arctg

3 3 3 3
R Rv v

h h
π − π −   = − = +   

   
, 

 1 1 2 1 3 2 1 2 3 2 3 1 3 3 2( )( ),   ( )( ),   ( )( )d v v v v d v v v v d v v v v= + + = + − = + − , (23) 

 At = + >3 2 0R h q , we have 

 2
1 1 2 3 2 1 2 3(2 ) ,     A L I a I I A L I z I I= − − α − = −α − + α( ) ( ) , 

 2 2 2
3 1 2 3( 2 )A L I z I z a I= α − α + − α( ) , 

 3 2 2 2 2 2
4 1 2 3

1

1 ( 2 ) (2 4 )A L I z z a I az a z I
b

= − α + − α + − α + α( ) , (24) 

where 

 1

1 arctg , 0,

1 1ln , 0,
2 1

I

 α α >
 α=  + −α− α <

−α − −α

 

 
3

2
1 2

1

1 12sign ,        ,        
3 2
b h R

q h v v r r
b r h

+ α = + = + = 
  /

, 

 2

1 2( )1 1 1 1ln arc ctg
2 2 2 1 2( ) 2( )

z a z zI
z z a z a z z a z a

+ − + − = + 
 − − − + + +

, 

 3
1 2( )1 1 1 1ln arc ctg

2 2 2 1 2( ) 2( )

z a z zI
z a z a z z a z a

+ − + − = − + 
 − − − + + +

, (25) 

while 

 
2 2

1

1
( 2 )

L
b a z

=
α − α +

, 2
1

1
sign

3
b

a q h m
b

= − , 2 2
23z a h m= + . 

 Meanwhile, 1m  and 2m  take different values, depending on the sign of 
the parameter h, i.e. 
 – at < 0h : 

 1 2
1 1 1 1,         
2 2

m r m r
r r

   = + = −   
   

, (26) 

 – at > 0h : 

 1 2
1 1 1 1,         
2 2

m r m r
r r

   = − = +   
   

. (27) 

 Knowing the tensor ijM , we can use Eqns. (15), (16) to calculate the 

effective moduli of the orthotropic composite. 
 The transcendental equation described by (1)–(13) is solved by iterative 
scheme outlined below. 

• The matrix porosity in the n -th approximation ( )np  is connected with 
the limiting value of the intensity of the average tangential stresses 

over skeleton material in the n -th approximation ( )
2
nk , i.e. with the 

intensity of the average tangential stresses over skeleton in the n -th 

approximation σ
2( )nJ . At the same time, the intensity of the average 

tangential stresses over the matrix skeleton depends according to Eqns. 
(5)–(10) on the current matrix porosity in the −( 1)n -th approximation 

−( 1)np , on the effective elastic modules of composite in the −( 1)n -th 

approximation ( 1)n
ij
∗ −λ  and on the macro strains pqε . The effective 

elastic modules are the functions of current matrix porosity in the 

−( 1)n -th approximation −( 1)np  by Eqns. (2), (4). 
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 Then, based on the relations (11)–(14) we can write the balance equation 
for porosity in the iterative form as 

 ( 1) ( 1)
0 0 2(1 ) ( )n np p p F k− −= + − , (28) 

where 

 
( 1)

( 1) 2 0
2 ( 1) ( 1)

2 0 2 0

0, ,

1 exp ( ) , .

n
n

n n

k k
F k

n k k k k

−
−

− α −

 <= 
− − − ≥

( )
( )

 (29) 

 At the same time, in accordance with the Eqns. (2)–(11) the value of 
( 1)
2
nk −  in the −( 1)n -th approximation depends on porosity in the −( 1)n -th 

approximation −( 1)np  as 

 ( 1) 2( 1) 2( 1) ( 1) ( 1)
2 , ,n n n n n

ij ijk J J p− − − ∗ − −
σ σ= = λ ε( )  , (30) 

and according to the relations (2)–(27) the tensor of effective elastic modules 
in the −( 1)n -th approximation depends on porosity in the −( 1)n -th approxi-

mation −( 1)np  as 

 ( 1) ( 1) [1] 2 ( 1)
1 2 3, , , , ,n n n

ij ij ij ij c p t t∗ − ∗ − −λ = λ λ λ( )  . (31) 

 Hence, the Eqns. (17)–(31), (2) allow us to determine the effective elas-
tic constants of orthotropic composite with porous matrix in terms of macro 
strains: 

 ( )lim n
ij ij

n

∗ ∗

→∞
λ = λ . (32) 

Tensor of effective elastic module ( 1)n
ij
∗ −λ  depends monotonous on porosi-

ty ( 1)np −  therefore the limit exists. 
 Thus, specifying the macro strains in a material and determining its ef-
fective elastic modules from the Eqns. (2), (17)–(31) we can calculate macro 
stresses. 
 4. Numerical results. Using the above method and porosity balance equa-
tions, let us plot, as an example, a nonlinear macro deformation diagram and 
analyze the behaviour of the composite with porous isotropic matrix and 
spheroid orthotropic inclusions. We will consider the case of uniaxial tension of 
composite: 
 11 220,         0.01ε ≠ ε = , 

with elastic constants of inclusions (topaz) [9]:  
 λ =[1]

11 287GPa, λ =[1]
22 365 GPa,  λ =[1]

33 300 GPa, 

 λ =[1]
23 90GPa,  λ =[1]

13 85GPa,  λ =[1]
12 128GPa, 

 λ =[1]
44 110GPa,  λ =[1]

55 135GPa, λ =[1]
66 133  GPa, 

and elastic modules of the matrix (epoxy): 

 λ =[2] 3.7 GPa, µ =[2] 1.1GPa. 
 The volume concentration of inclusions, initial porosity of the matrix, and 
the shape of inclusions characterized by parameter 2t , 3t  are:  

 =1 0.4c , 0 0, 0.2, 0.4p = , 2 1t = , 3 2t = . 
 The parameters characterizing the distribution function of the strength 
scatter of matrix material are: 

 α = 2 , 3 410 ,  2 10n = × , =0 0.015k GPa.  

 Fig. 2–4 show the dependences of σ11  on 11ε , σ22  on 11ε  and 

σ33  on 11ε  respectively, for various values of 0p  and n , characterizing 
the distribution function of the strength scatter of the matrix material and 
without regard of the strength scatter (it is assumed, that variable 2k  in Eq. 

(11) is constant and equal to 0k ).  



129 

0.02

0.04

0.06

0.08

0.1

0 0.002 0.004 0.006 0.008

k2 = k0
n = 103

n = 2⋅104

〈σ11〉, GPa

〈ε11〉

p0 = 0
0.2

0.4

 

0.02

0.04

0.06

0 0.002 0.004 0.006 0.008

k2 = k0
n = 103

n = 2⋅104

〈σ22〉, GPa

〈ε11〉

p0 = 0
0.2

0.4

 
 Fig. 2  Fig. 3 

 The solid lines describe the case 
without regard of the strength scatter 
of the matrix material, the dotted and 
dashed lines describe the cases taking 
into account the strength scatter with 

parameters α = 2 , 310n = and α = 2 , 
42 10n = ⋅ , respectively. For various 

values of matrix porosity, all of the 
three curves coincide until the onset of 
the damage. The Figures indicate that 
the curves corrected for the spread in 
micro strength, are more smooth, ha-
ving no breaks. Moreover, by varying the parameters n  and α  for each ma-
terial, it is possible to make the theoretical macro deformation curve fit well 
an experimental one. As it is seen from Figures, the curves plotted regardless 
of the strength scatter don’t display the effect of the initial porosity 0p  on 

the behaviour of the material after micro cracking sets in. At the same time, 
the macro deformation diagrams plotted with regard of the strength scatter 
depend strongly on the initial porosity 0p . 

 Thus, we may conclude that the proposed numerical-analytical procedure 
based on the methods of conditional moment function and the iterative secant 
method allow us to investigate the nonlinear behavior of stochastic anisotropic 
composites with a porous matrix depending on elastic properties of compo-
nents, shape and volume concentration of inclusions and matrix porosity. 
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ДЕФОРМАЦІЇ ОРТОТРОПНИХ КОМПОЗИТІВ З ОДНОНАПРЯМЛЕНИМИ ЕЛІПСОЇДАЛЬНИМИ 
ВКЛЮЧЕННЯМИ ПРИ МІКРОПОШКОДЖЕННЯХ МАТРИЦІ 
 
Âèêëàäåíî òåîð³þ ì³êðîïîøêîäæåííÿ ìàòåð³àë³â íà îñíîâ³ îðòîòðîïíî¿ ìàòðèö³ 
³ îäíîíàïðÿìëåíî îð³ºíòîâàíèõ âîëîêîí, ÿê³ ìàþòü ôîðìó òðèîñíèõ åë³ïñî¿ä³â. 
Ì³êðîðóéíóâàííÿ ìîäåëþþòüñÿ ïîðîæí³ìè ïîðàìè. Êðèòåð³é ðóéíóâàííÿ â ì³ê-
ðîîá’ºì³ ïðèéìàºòüñÿ ó ôîðì³ Ãóáåðà–Ì³çåñà, äå ãðàíèöÿ ì³öíîñò³ º âèïàäêîâîþ 
ôóíêö³ºþ êîîðäèíàò ³ç ðîçïîä³ëîì Âåéáóëëà. Íàïðóæåíî-äåôîðìîâàíèé ñòàí òà 
åôåêòèâí³ âëàñòèâîñò³ ìàòåð³àëó âèçíà÷àþòüñÿ ç ð³âíÿíü òåîð³¿ ïðóæíîñò³ äëÿ 
ìàòåð³àë³â íà îñíîâ³ îðòîòðîïíî¿ ìàòðèö³ òà îäíîíàïðÿìëåíî îð³ºíòîâàíèõ 
òðèîñíèõ åë³ïñî¿ä³â. Çàìèêàííÿ ð³âíÿíü äåôîðìóâàííÿ ³ ì³êðîïîøêîäæóâàíîñò³ 
çä³éñíþºòüñÿ íà îñíîâ³ ð³âíÿíü áàëàíñó ïîðèñòîñò³. Ïîáóäîâàíî íåë³í³éí³ çàëåæ-
íîñò³ ñóì³ñíèõ ïðîöåñ³â äåôîðìóâàííÿ òàêèõ ìàòåð³àë³â ³ ì³êðîïîøêîäæåííÿ 
ìàòðèö³ â³ä ìàêðîäåôîðìàö³é.  
 
ДЕФОРМАЦИИ ОРТОТРОПНЫХ КОМПОЗИТОВ С ОДНОНАПРАВЛЕННЫМИ 
ЭЛЛИПСОИДАЛЬНЫМИ ВКЛЮЧЕНИЯМИ ПРИ МИКРОПОВРЕЖДЕНИЯХ МАТРИЦЫ  
 
Èçëîæåíî òåîðèþ ìèêðîïîâðåæäàåìîñòè ìåòåðèàëîâ íà îñíîâå îðòîòðîïíîé 
ìàòðèöû è îäíîíàïðàâëåííûõ âîëîêîí â ôîðìå òðåõîñíûõ ýëëèïñîèäîâ. Ìèêðî-
ðàçðóøåíèÿ ìîäåëèðóþòñÿ ïóñòûìè ïîðàìè. Êðèòåðèé ðàçðóøåíèÿ â ìèêðî-
îáúåìå ïðèíèìàåòñÿ â ôîðìå Ãóáåðà – Ìèçåñà, ãäå ïðåäåë ïðî÷íîñòè ÿâëÿåòñÿ ñëó-
÷àéíîé ôóíêöèåé êîîðäèíàò ñ ðàñïðåäåëåíèåì Âåéáóëëà. Íàïðÿæåííî-äåôîðìèðî-
âàííîå ñîñòîÿíèå è ýôôåêòèâíûå ñâîéñòâà ìàòåðèàëà ñ ìèêðîïîâðåæäåíèÿìè â 
êîìïîíåíòàõ îïðåäåëÿþòñÿ èç ñòîõàñòè÷åñêèõ óðàâíåíèé óïðóãîñòè äëÿ ìàòåðè-
àëîâ íà îñíîâå îðòîòðîïíîé ìàòðèöû è îäíîíàïðàâëåííûõ òðåõîcíûõ ýëëèïñîèäîâ. 
Çàìûêàíèå óðàâíåíèé äåôîðìèðîâàíèÿ è ïîâðåæäàåìîñòè îñóùåñòâëÿåòñÿ íà îñíî-
âàíèè óðàâíåíèÿ áàëàíñà ïîðèñòîñòè. Ïîñòðîåíû íåëèíåéíûå çàâèñèìîñòè ñîâìåñò-
íûõ ïðîöåññîâ äåôîðìèðîâàíèÿ òàêèõ ìàòåðèàëîâ è ïîâðåæäåíèÿ ìàòðèöû îò 
ìàêðîäåôîðìàöèé. 
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