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ÓÄÊ 539.3 
 
О. П. Сушко 
 
ВПЛИВ ЗСУВНИХ ЗУСИЛЬ НА НАПРУЖЕНИЙ СТАН 
ПІВПРОСТОРУ З ТРІЩИНОЮ 
 

Ìåòîäîì ãðàíè÷íèõ ³íòåãðàëüíèõ ð³âíÿíü äîñë³äæåíî íàïðóæåíèé ñòàí â 
îêîë³ ïåðïåíäèêóëÿðíî¿ äî ìåæ³ ï³âïðîñòîðó ïëîñêî¿ òð³ùèíè, íà ïîâåðõíÿõ 
ÿêî¿ ä³þòü çñóâí³ çóñèëëÿ. Çàäà÷ó çâåäåíî äî äâîâèì³ðíèõ ã³ïåðñèíãóëÿðíèõ 
³íòåãðàëüíèõ ð³âíÿíü, ó ÿâíîìó âèãëÿä³ çàïèñàíî ¿õ ðåãóëÿðí³ ÿäðà, ÿê³ âðà-
õîâóþòü âçàºìîä³þ òð³ùèíè ç ìåæåþ ï³âïðîñòîðó. Íàâåäåíî çàëåæíîñò³ êî-
åô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü â³ä êóòîâî¿ êîîðäèíàòè ïðè ð³çíèõ íà-
âàíòàæåííÿõ òð³ùèíè. 

 
 Ìåòîä ðîçâ’ÿçóâàííÿ òðèâèì³ðíèõ çàäà÷ òåîð³¿ ïðóæíîñò³ äëÿ áåçìåæ-
íîãî ò³ëà òà ï³âïðîñòîðó ç äîâ³ëüíî ðîçòàøîâàíèìè òð³ùèíàìè âèêëàäåíî â 
ìîíîãðàô³¿ [5]. Ó ïðàöÿõ [2–4, 6, 7, 11] äîñë³äæåíî íàïðóæåíèé ñòàí â îêîë³ 
ïåðïåíäèêóëÿðíî¿ äî ìåæ³ ï³âïðîñòîðó ïëîñêî¿ êðóãîâî¿ àáî åë³ïòè÷íî¿ òð³-
ùèíè, íàâàíòàæåíî¿ íîðìàëüíèìè çóñèëëÿìè. Íàïðóæåííÿ â áåçìåæíîìó 
ò³ë³ ç ïëîñêèìè íåîäíîçâ’ÿçíèìè òð³ùèíàìè, ÿê³ çíàõîäÿòüñÿ ó ïîë³ çñóâ-
íèõ çóñèëü, âèçíà÷åíî â [10]. Íèæ÷å ç óðàõóâàííÿì ðåçóëüòàò³â [5], ìåòî-
äîì ãðàíè÷íèõ ³íòåãðàëüíèõ ð³âíÿíü ç âè-
êîðèñòàííÿì òåîð³¿ ïîòåíö³àë³â âèçíà÷à-
þòüñÿ íàïðóæåííÿ â îêîë³ ïëîñêî¿ òð³ùè-
íè ó ï³âïðîñòîð³, çóìîâëåí³ çàäàíèìè íà 
í³é çñóâíèìè çóñèëëÿìè. Äëÿ öüîãî çàäà÷ó 
çâåäåíî äî ñèíãóëÿðíèõ ³íòåãðàëüíèõ ð³â-
íÿíü ³ îòðèìàíî â ÿâíîìó âèãëÿä³ âèðàçè 
äëÿ ¿õ ðåãóëÿðíèõ ÿäåð, ÿê³ âðàõîâóþòü 
âïëèâ ìåæ³ ï³âïðîñòîðó íà íàïðóæåíèé 
ñòàí â îêîë³ ïåðïåíäèêóëÿðíî¿ äî íå¿ 
ïëîñêî¿ òð³ùèíè. ²íòåãðàëüí³ ð³âíÿííÿ 
ðîçâ’ÿçàíî àíàë³òè÷íî-÷èñëîâèì ìåòîäîì. 

Íåõàé ó ïðóæíîìó ï³âïðîñòîð³ çíàõî-
äèòüñÿ ïëîñêà ïåðïåíäèêóëÿðíà äî éîãî 
ìåæ³ òð³ùèíà (ðèñ. 1), íà ïîâåðõíÿõ ÿêî¿ 
çàäàí³ ñïðÿìîâàí³ â ð³çí³ ñòîðîíè çñóâí³ çóñèëëÿ.  

Âèáåðåìî áàçèñíó äåêàðòîâó ñèñòåìó êîîðäèíàò 10 20 30Ox x x  (ïëîùèíà 

10 20x Ox  çëèâàºòüñÿ ç ìåæåþ ï³âïðîñòîðó ≤30 0x ) ³ ëîêàëüíó ñèñòåìó êî-

îðäèíàò 1 11 21 31O x x x  òàêèì ÷èíîì, ùî ïðîòèëåæíèì ïîâåðõíÿì ±S  òð³ùèíè 

â³äïîâ³äàþòü çíà÷åííÿ = ±31 0x . Íàïðÿìí³ êîñèíóñè âåêòîðà 01d , ùî 

ç’ºäíóº òî÷êè O  òà 1O , â áàçèñí³é ñèñòåì³ êîîðäèíàò ïîçíà÷èìî ÷åðåç 01je , 

à íàïðÿìí³ êîñèíóñè âåêòîðà 10d  â ëîêàëüí³é ñèñòåì³ êîîðäèíàò ïîçíà÷èìî 

÷åðåç 10je , = 1,2,3j . 

Íàïðÿìí³ êîñèíóñè êîîðäèíàòíèõ îñåé çàäàºìî òàáë. 1 ³ 2. 

 Таблиця 1 
 

11x  21x  31x  

10x  101  201  301  

20x  101m  201m  301m  

30x  101n  201n  301n  

 
 

Таблиця 2 
 

10x  20x  30x  

11x  110  210  310  

21x  110m  210m  310m  

31x  101n  210n  310n  

 

11x

h

10x

 

O

2a31x
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1O
θ
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30x

 
Рис. 1 
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 Òîä³ ì³æ êîîðäèíàòàìè 1jx  òà 0jx  îäí³º¿ ³ ò³º¿ æ òî÷êè ìàº ì³ñöå çà-

ëåæí³ñòü 

 ∗ = + + + =10 10 10 01 10 01 20 01 30 ,       1,2,3j j j j jx e d x m x n x j . 

 Ùîá çàäîâîëüíèòè ãðàíè÷í³ óìîâè íà ìåæ³ ï³âïðîñòîðó òà íà ïîâåðõ-
íÿõ òð³ùèíè, ðîçâ’ÿçîê çàäà÷³ ïîäàìî ó âèãëÿä³ 

 ∗ ∗ ∗= + + +0 0 0 11 10 10 21 10 10 31 10 10( ) ( ) ( ) ( ) ( )j j j j ju x u x u x u x m u x n , 

äå 0( )ju x  – êîìïîíåíòè ïåðåì³ùåíü âçäîâæ îñåé 0jOx ; 0 0( )ju x  – êîìïî-

íåíòè ïåðåì³ùåíü âçäîâæ îñåé 0jOx , âèêëèêàí³ äîâ³ëüíèìè çàäàíèìè íà 

ìåæ³ ï³âïðîñòîðó çóñèëëÿìè; ∗
1 10( )ju x  – êîìïîíåíòè ïåðåì³ùåíü óçäîâæ 

îñåé 1 1jO x , çóìîâëåí³ çì³ùåííÿì ïðîòèëåæíèõ òî÷îê ïîâåðõîíü òð³ùèíè â 

ïðîöåñ³ äåôîðìàö³¿ ï³âïðîñòîðó: 

 ∗ ∗

= =

= + = +∑ ∑
3 3

01 01 01 01 1 02 01 01 01 1
1 1

,        j j j j j j j j
j j

x e d x x e d m x , 

 ∗

=

= + ∑
3

03 01 01 01 1
1

j j j j
j

x e d n x . 

 Ïåðåì³ùåííÿ 0 0( )ju x  ³ ∗
1 10( )ju x  çàïèøåìî ó âèãëÿä³ êîìá³íàö³¿ ãàðìî-

í³÷íèõ ïîòåíö³àë³â ç äîâ³ëüíèìè ãóñòèíàìè [1, 5]: 

 
∂= − ν ψ − δ − ν − ψ −∂ 

0 0 0 3 0 30 3 0
0

( ) 4(1 ) ( ) (1 2 ) ( ) ( )j j j
j

u x x M x x x
x

[ ] [  

 
∞

ν − ν  − − ν − − ν ψ +   − ν ∫
30

0 3 0 0 30
4 (1 )

2(1 ) ( ) (1 2 ) ( ) ( )
1 2

x

M x x M x dx] , 

 
∞ ∞ ∞

η
−∞ −∞ −∞

α η ∂ψ ∂ψ ψ = = + ∂ ∂− η  ∫ ∫ ∫0 1 0 2 0
0 0 30

10 200

( ) ( ) ( )
( ) ,       ( )j

j

x x
x d S M x dx

x xx
, 

 ∗ ∗ ∗
ξ∗

α ξ∂ ∂  = + δ Φ − Φ +  ∂ ∂ − ν− ξ∫∫ 1 310
1 10 3 10 10

310 1010

( )
( ) ( ) ( )

2(1 )
j

j j
jS

x
u x d S x x

x xx
 

 ξ∗

α ξ− ν+
− ν − ξ∫∫ 31

10

( )1 2
2(1 )

S

d S
x

, 

 ∗
ξ∗

=

α ξ∂Φ =
∂ − ξ

∑ ∫∫
3

1
10

101 10

( )
( ) m

mm S

x d S
x x

. 

 Òóò ν  – êîåô³ö³ºíò Ïóàññîíà; G  – ìîäóëü çñóâó; δ 3j  – ñèìâîë Êðîíå-

êåðà; α ξ0 ( )j  ³ α ξ1( )j  – äîâ³ëüí³ ãóñòèíè ãàðìîí³÷íèõ ïîòåíö³àë³â, ÿê³ çàäî-

âîëüíÿþòü ãðàíè÷í³ óìîâè íà ìåæ³ ï³âïðîñòîðó òà ïîâåðõíÿõ òð³ùèíè. 
 Çàäîâîëüíÿþ÷è ãðàíè÷í³ óìîâè íà ïîâåðõíÿõ òð³ùèíè S , ìàºìî ñèñòå-
ìó òðüîõ äâîâèì³ðíèõ ³íòåãðàëüíèõ ð³âíÿíü äëÿ âèçíà÷åííÿ íåâ³äîìèõ 

ôóíêö³é α ξ1( )j , ÿê³ õàðàêòåðèçóþòü ðîçêðèòòÿ òð³ùèíè â ïðîöåñ³ äåôîðìà-

ö³¿ ï³âïðîñòîðó: 

 ξ
−

α ξ ∂ ∂∆ + − ν − δ α ξ −∂ ∂− ξ∫∫ ∫∫1
3 11

(3 )1 211

( )
( 1) (1 ) ( )j j

x j
jS S

d S
x xx

 

 ξ ξ
=

∂ − α ξ + α ξ Ω ξ =∂ − ξ ∑ ∫∫
3

21 1 1
11 1 1

1( ) ( ) ( , )m jm
m S

d S x d S
x x
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 − ν= − ∈ =1 1
1 ( ),     ,       1,2,3jN x x S j
G

. (1) 

Òóò ∂ ∂∆ = +
∂ ∂

2 2

2 2
11 21

x
x x

 – äâîâèì³ðíèé îïåðàòîð Ëàïëàñà; − ξ1x  – â³ä-

äàëü ì³æ òî÷êàìè 1 11 21( , )x x x  ³ ξ ξ ξ1 2( , ) ; Ω ξ1( , )jm x  – ôóíêö³¿, ÿê³ âèçíà÷åí³ 

òàê, ùî ãðàíè÷í³ óìîâè íà ìåæ³ ï³âïðîñòîðó âèêîíóþòüñÿ òîòîæíî; 1( )N x  – 

çàäàí³ íà òð³ùèí³ íàâàíòàæåííÿ. Äëÿ âèçíà÷åííÿ Ω ξ1( , )jm x  íåîáõ³äíî âè-

êîðèñòàòè ñï³ââ³äíîøåííÿ, ÿê³ âèðàæàþòü ð³âí³ñòü íóëåâ³ çîâí³øí³õ íàâàí-
òàæåíü íà ìåæ³ ï³âïðîñòîðó: 

 
∞ ∞

ξ η∗
= = −∞ −∞

α η
α ξ Ω ξ = Ψ

− η
∑ ∑∫∫ ∫ ∫
3 3

0
1 1 01

1 1 01

( )
( ) ( , ) s

m jm js
m sS

x d S d S
x

, 

 ξ
∗

=

∂ α η = − α ξ − η π ∂ η  η − ξ
∑ ∫∫
3

10
0 1 10 310

101 10

1( ) ( ) ( )
4 ( ) ( )

j
j m jm

sm S

L d S
K x

x x
. (2) 

Òóò Ψ 01js , 10jmK  ³ 10jL  – â³äîì³ îïåðàòîðè: 

 
−∞ −∞ −∞

∂ ∂Ψ = + +
∂ ∂∫ ∫ ∫

301 301 301

01 01 301 01 301 01 301 301
301 01

js js j js
sx x x

K x L dx P dx dx
x x

, 

 
=

∂ ∂ ∂= = +
∂ ∂ ∂∂

∑
3 2 2

( ) (1) (3)
01 01 01 01 012

301 101 2011 101

,            p
jm js js js js

p

K L P M M
x x xx

, 

 ∗∂ ∂ ∂ ∂= + + + +
∂ ∂∂ ∂ ∂

2 2 2 2

01 301 301 301 3012 2 2
101 201101 201 301

j j j j jL m n
x xx x x

   

 ∗ ∗∂ ∂+ +
∂ ∂ ∂ ∂

2 2

301 301
201 301 101 301

j jm n
x x x x

, 

 = + +01 01 01 01 11 01 21j j j jx e d x m x , 

 
              ∂ ∂ ∂= + + +       

∂ ∂ ∂             

2 2 210 310 310 310

2 2 2
1 10 2 10 3 10110 210 31010

j j j j

jm jm jmjm

L m n

K K Kx x xK


 

 

∗ ∗ ∗

∗ ∗ ∗

          ∂ ∂ ∂+ + +     ∂ ∂ ∂ ∂ ∂ ∂          

2 2 2310 310 310

110 210 210 310 110 3101 10 2 10 3 10

j j j

jm jm jm

l m n

x x x x x xK K K
, 

 η = + η + η10 10 10 01 1 01 2( )j j j jx e d m . (3) 

 Êîåô³ö³ºíòè ó âèðàçàõ äëÿ îïåðàòîð³â (3) çàëåæàòü â³ä ïðóæíèõ ñòà-
ëèõ ìàòåð³àëó ³ îð³ºíòàö³¿ òð³ùèíè â³äíîñíî ìåæ³ ï³âïðîñòîðó. Äëÿ ïåðïåí-
äèêóëÿðíî¿ äî ìåæ³ ï³âïðîñòîðó òð³ùèíè âîíè ìàþòü âèãëÿä 

 ∗= = =310 10 310 310 10 310 310 10 310,            ,            j j j j j jm m m n n n m  ,  

 ∗ ∗= + =310 10 310 10 310 310 10 310,       j j j j jm m n n m n n , 

 ∗ ∗= νδ = νδ − − ν δ1 10 2 310 2 10 1 310 3 310,                 (1 2 )jm m j jm m j m jK m K n m , 

 ∗ ∗= δ + δ + δ ν +3 10 1 310 2 310 3 310 310(2 )jm m j m j m j jK n m m n , 

 ∗ ∗ ∗ ∗= −ν δ + δ − − ν δ1 10 1 310 2 310 3 310( ) (1 2 )jm m j m j m jK m n  , 

 ∗ ∗= δ + − ν δ2 10 2 310 1 3102 (1 )jm m j m jK m  , 

 ∗ ∗= δ ν + − ν δ3 10 1 310 2 3102 (1 )jm m j m jK m  , 
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 ∗= = =301 01 301 301 01 301 301 01 301,              ,              j j j j j jn n n m     , 

 ∗ ∗= = +301 01 301 301 01 301 01 301,            j j j j jm m n n m n  , 

 ∗ ∗= δ + ν + δ = δ + δ ν(1) (2)
01 1 301 2 301 01 1 301 2 3012 (1 ) ,         2js s j s j js s j s jL L    , 

 ∗ ∗= δ + δ + δ ν +(3)
01 1 301 2 301 3 301 301(2 )js s j s j s j jL n m n , 

 = ν δ + δ − δ − ν(1)
01 1 2 3 3012 ( ) (1 2 )js s s s jM [ ] , 

 ∗= ν δ + δ − δ − ν(3)
01 1 2 3 3012 ( ) (1 2 )js s s s jM [ ] . 

Ó öüîìó âèïàäêó íàïðÿìí³ êîñèíóñè êîîðäèíàòíèõ îñåé ³ âåêòîðà, ÿêèé 
ç’ºäíóº ¿õ öåíòðè O  òà 1O , çàäàºìî òàê: 

 = = = = = = = =110 101 210 101 310 101 101 1100,   1,   0,   0,   0m n e e    , 

 = = = = = = = =110 201 210 201 310 201 201 2100,   0,   1,   0,   1m m m m n e e , 

 = = = = = = = − =110 301 210 301 310 301 301 3101,   0,   0,   1,  0n n m n n e e . 

 Çàñòîñóâàâøè äî (2) òåõí³êó îá÷èñëåííÿ äâîâèì³ðíèõ ³íòåãðàë³â [1], 
îäåðæèìî âèðàçè äëÿ ôóíêö³é Ω ξ 1( , )jm x : 

 
= =

∂∂Ω ξ = + + ∂ ∂
∑ ∑

(1)3 3
01( ) (2)

1 01 301
01 011 1

( , ) jp sm
jm js sm

p ss p

LF
x L x F

x x
 

 
∂ ∂ + + ∂ ∂ ∂∂ ∂ 

3 (3) 3 (3)
(1) (3)

01 012
01 101 20101 101

sm sm
js js

ss

F F
M M

x x xx x
, (4) 

äå 01jL  – äèôåðåíö³àëüíèé îïåðàòîð âèãëÿäó (3), 

 
−∞ −∞ + + += − + + − ξ − ξ∫ ∫




301 301

3 2
( ) 301 301 301

7 3
1 1

j

j sm sm sm sm sm
sm

x x

M x N x F x E A
F

y y
 

 
+ + + =− ξ


2
301 301

301 3015
1

,     1,2,3sm sm smB x C x D
dx dx j

y
, 

 = − + +1 10 2 10 3 10( )sm sm sm smA K K K , 

 = + + −2 2
2 10 310 3 10 310 3 10 310 310sm sm sm smB K m K n K m n  

 − δ γ + γ + δ δ3 310 310 10 310 3 32 s m ms m sn n , 

 ∗ ∗ ∗ ∗= − − ξ + + − ξ +2 10 310 2 2 3 10 310 3 1 10 310 2 23 2 ( ) 2 ( )sm sm sm smC K m y K n y K m y{  

 ∗ ∗ ∗ ∗ ∗+ − ξ + + − ξ − δ −2 10 310 2 2 310 3 3 10 310 1 1 310 3( ) ( ) (sm sm sK n y m y K n y n[ ]  

 ∗− − γ − δ − γ − δ γ10 1 310 310 3 1 310 310 31 3 310 3) ( ) 2s m m m s m s mn X n Y n Y y } , 

 ∗ ∗ ∗= − − ξ + − ξ + +2 2 2
1 10 1 1 2 10 2 2 3 10 33 ( ) ( )sm sm sm smD K y K y K y{  

 ∗ ∗ ∗ ∗ ∗ ∗+ − ξ − ξ + − ξ +1 10 1 1 2 2 2 10 2 2 3( )( ) ( )sm smK y y K y y  

 ∗ ∗ ∗ ∗+ − ξ − δ + γ + γ3 10 1 1 3 3 3 1 310 1 10 31( ) ( )sm s m m s msK y y y X Y Y } , 

 = − δ γ3 310 310 3115sm s mM n Y , 

 = δ + γ + δ γ31 3 310 1 310 310 1 3 3 31015 ( )sm s m m s s mN Y n X n Y y , 

 = − + γ + δ31 310 1 1 3 310 1 3 3 115 ( )sm s m m s s mF Y n Y X y Y y X , 

 = 3 1 31 115sm s mE y Y Y X . 
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 Äëÿ γ 10ms , 1mX , 1sY  òà sy  ââåäåíî òàê³ ïîçíà÷åííÿ: 

 γ = δ + δ + δ10 1 10 2 10 3 10ms m s m s m sm n , 

 ∗ ∗ ∗= δ − ξ + δ − ξ + δ1 1 1 1 2 2 2 3 3( ) ( )m m m mX y y y , 

 ∗ ∗ ∗= − ξ + − ξ +1 10 1 1 10 2 2 10 3( ) ( )s s s sY y m y n y , 

 − ξ = − ξ + − ξ +
1/22 2 2

1 1 2 2 3( ) ( )y y y y[ ] , 

 = + + −10 10 01 101 01 201 01 301j j j j jy e d x m x n x , 

 ∗ = + +10 10 01 101 01 201j j j jy e d x m x . 

 ²íòåãðàëüí³ ð³âíÿííÿ (1) çíà÷íî ñïðîùóþòüñÿ, ÿêùî íà òð³ùèíó ä³þòü 
ëèøå çñóâí³ çóñèëëÿ, çàäàí³ íà ¿¿ ïîâåðõíÿõ, òîáòî êîëè =3 1( ) 0N x  ³ 

α ξ =31( ) 0 . Òîä³ ã³ïåðñèíãóëÿðí³ ³íòåãðàëüí³ ð³âíÿííÿ (1) ìàþòü âèãëÿä 

 ξ ξ
ν − ξ ν − ξ − ξ + να ξ − + α ξ + 

− ξ − ξ − ξ 
∫∫ ∫∫

2
21 2 11 1 21 2

11 213 5 5
1 1 1

3 ( ) 3 ( )( )1( ) ( )
S S

x x x
d S d S

x x x
 

 ξ ξ
− ν+ α ξ Ω ξ + α ξ Ω ξ = −∫∫ ∫∫11 11 1 21 12 1 1 1

1( ) ( , ) ( ) ( , ) ( )
S S

x d S x d S N x
G

, 

 ξ ξ
ν − ξ − ξ ν − ξ + να ξ + α ξ − + 

− ξ − ξ − ξ 
∫∫ ∫∫

2
11 1 21 2 11 1

11 215 3 5
1 1 1

3 ( )( ) 3 ( )1( ) ( )
S S

x x x
d S d S

x x x
 

 ξ ξ
− ν+ α ξ Ω ξ + α ξ Ω ξ = −∫∫ ∫∫11 21 1 21 22 1 2 1

1( ) ( , ) ( ) ( , ) ( )
S S

x d S x d S N x
G

, (5) 

äå − ξ = − ξ + − ξ
1/22 2

1 11 1 21 2( ) ( )x x x[ ]  – â³ääàëü ì³æ òî÷êàìè 1 11 21( , )x x x  ³ 

ξ ξ ξ1 2( , )  íà òð³ùèí³ S ; − +α ξ = ξ − ξ π =1 1 1( ) ( ) ( ) / 4 ,  1,2j j ju u j[ ] , – íåâ³äîì³ ôóíê-

ö³¿, ÿê³ õàðàêòåðèçóþòü çì³ùåííÿ ïðîòèëåæíèõ òî÷îê ïîâåðõîíü òð³ùèíè; 
Ω ξ1( , )ji x , = 1,2i , – ðåãóëÿðí³ ÿäðà, ÿê³ âðàõîâóþòü âçàºìîä³þ òð³ùèíè ç 

ìåæåþ ï³âïðîñòîðó ³ âèçíà÷àþòüñÿ ôîðìóëàìè 

 
 

 

2
1

11 1 3 2 3
1 1 1

2 ( , ) 16 17 3( , )
3 ( , ) ( , ) ( , )

R x
x

R x R x R x

ω ω − ξ ν − ν +Ω ξ = − −
ξ ω − ξ ξ

[ ]

[ ]
 

 
2 2 2

21 2 2 11 1
5 5

1 1

( ) ( ) 6 ( )( ) 3(1 3 )
3

( , ) ( , )

x h h h x

R x R x

− + ξ − ν ξ − − ξ − − ν ω
− + −

ξ ξ
 

 
ξ − − − ξ

−
ξ

2
2 21 11 1

7
1

30( )( )( )

( , )

h x h x

R x
, 

 
ν − ξ ω + − ν ξ − − ξ

Ω ξ = − +
ξ

11 1 2 11 1
12 1 5

1

3 ( ) 6(1 )( )( )
( , )

( , )

x h x
x

R x
 

 
ξ − − − ξ ω

+
ξ

2 21 11 1
7

1

30( )( )( )

( , )

h x h x

R x
, 

 
ν − ξ ξ − + − ν − − ξ

Ω ξ = −
ξ

11 1 2 21 11 1
21 1 5

1

3 ( )( ) 3(2 3 )( )( )
( , )

( , )

x h x h x
x

R x
 

 
ξ − − − ξ ω

−
ξ

2 21 11 1
7

1

30( )( )( )

( , )

h x h x

R x
, 
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ν − ξ − ξ − −+ νΩ ξ = − + +

ξ ξ

2
11 1 2 21

22 1 3 5
1 1

3 ( ) 6( )( )1( , )
( , ) ( , )

x h x h
x

R x R x
 

 
ξ − − ω

+
ξ

2
2 21

7
1

30 ( )( )

( , )

h x h

R x
, 

 ξ = − ξ + ω ω = + ξ − =2 2
1 11 1 21 2 10( , ) ( ) ,    2 ,     R x x x h h d . (6) 

Íà êîíòóð³ îáëàñò³ S  çì³ùåííÿ òî÷îê ¿¿ ïðîòèëåæíèõ ïîâåðõîíü 
äîð³âíþº íóëåâ³. ßêùî îáëàñòü S  – êðóã ðàä³óñà a , òî ðîçâ’ÿçîê ñèñòåìè 
ð³âíÿíü (5) ïîäàºìî ó âèãëÿä³  

 α ξ = − ξ − ξ ϕ ξ2 2 2
1 1 2( ) ( )j ja , (7) 

äå ϕ ξ( )j  – íåâ³äîì³ ôóíêö³¿, ÿê³ ìàþòü îáìåæåí³ ÷àñòèíí³ ïîõ³äí³ äî äðóãî-

ãî ïîðÿäêó âêëþ÷íî. 
Äëÿ ðîçâ’ÿçóâàííÿ ñèñòåìè ã³ïåðñèíãóëÿðíèõ ³íòåãðàëüíèõ ð³âíÿíü (5), 

âèêîðèñòàâøè â³äîìó àíàë³òè÷íî-÷èñëîâó ìåòîäèêó [5, 8, 9], áóäóºìî ðåãó-
ëÿðíå ïîäàííÿ ó âèãëÿä³ 

 ∗ ∗ϕ + ν − − ν δ − +1 00 1 00 1 1 02 1 02 1( ) (1 ) ( ) ( ) 3 ( ) ( )j jx I x I x J x J x[ ] [ ]{  

 ∗ ∗∂ϕ
+ δ − + + ν − −

∂
 

1
2 20 1 20 1 10 1 10 1

11

( )
( ) ( ) (1 ) ( ) ( )j

j

x
J x J x I x I x

x
[ ] [ ]}  

 ∗ ∗− ν δ − + δ − +1 12 1 12 1 2 30 1 30 13 ( ) ( ) ( ) ( )j jJ x J x J x J x[ ] [ ]{ }  

 ∗ ∗∂ϕ
+ + ν − − ν δ − +

∂
1

01 1 01 1 1 03 1 03 1
21

( )
(1 ) ( ) ( ) 3 ( ) ( )j

j

x
I x I x J x J x

x
[ ] [ ]{  

 ∗ ∗∂ ϕ
+ δ − + + ν − −

∂

2
1

2 21 1 21 1 20 1 20 12
11

( )1( ) ( ) (1 ) ( ) ( )
2

j
j

x
J x J x I x I x

x
[ ] [ ]}  

 ∗ ∗− ν δ − + δ − +1 22 1 22 1 2 40 1 40 13 ( ) ( ) ( ) ( )j jJ x J x J x J x[ ] [ ]{ }  

 ∗ ∗∂ ϕ
+ + ν − − ν δ − +

∂

2
1

02 1 02 1 1 04 1 04 12
21

( )1 (1 ) ( ) ( ) 3 ( ) ( )
2

j
j

x
I x I x J x J x

x
[ ] [ ]{  

 ∗ ∗∂ ϕ
+ δ − + + ν − −

∂ ∂

2
1

2 22 1 22 1 11 1 11 1
11 21

( )
( ) ( ) (1 ) ( ) ( )j

j

x
J x J x I x I x

x x
[ ] [ ]}  

 ∗ ∗− ν δ − + δ − +1 13 1 13 1 2 31 1 31 13 ( ) ( ) ( ) ( )j jJ x J x J x J x[ ] [ ]{ }  

 − −∗ ∗∂ϕ ∂ϕ + ν − + − + ∂ ∂ 
3 1 3 1

21 1 21 1 12 1 12 1
11 21

( ) ( )
3 ( ) ( ) ( ) ( )j jx x

J x J x J x J x
x x

[ ] [ ]  

 −∗ ∗
−

∂ ϕ + ν ϕ − + − + ∂ ∂ 

2
3 1

3 1 11 1 11 1 22 1 22 1
11 21

( )
3 ( ) ( ) ( ) ( ) ( )j

j

x
x J x J x J x J x

x x
[ ] [ ]  

 − −∗∂ ϕ ∂ ϕν+ − + −
∂ ∂

2 2
3 1 3 1

31 1 31 1 13 12 2
11 21

( ) ( )3 ( ) ( ) ( )
2

j jx x
J x J x J x

x x
[ ] [  

 ∗ − ξ − ξ − + ϕ ξ + ν −  − ξ∫∫
2 2 2

1 2
13 1 3

1

( ) ( ) 1j
S

a
J x

x
]  

 ξ

− ξ δ + − ξ δ − ν +− ξ

2 2
21 2 1 11 1 2

2
1

( ) ( )
3 j jx x

d S
x
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 − ξ
− ξ − ξ ν − ξ − ξ

+ ϕ ξ +
− ξ − ξ∫∫

2 2 2
1 2 11 1 21 2

3 3 2
1 1

3 ( )( )
( )j

S

a x x
d S

x x
 

 ξ+ − ξ − ξ ϕ ξ Ω ξ +∫∫ 2 2 2
1 2 1 1( ) ( , )j j

S

a x d S  

 − ξ
− ν+ − ξ − ξ ϕ ξ Ω ξ = −∫∫ 2 2 2

1 2 3 2 1 1
1( ) ( , ) ( )j j j

S

a x d S N x
G

, 

 = 1,2j , (8) 
äå  

 
2 2 2

1 2 1 11 2 21
1 3

1

( ) ( )
( ) ,      , 0,1, 2

i j

ij
S

a x x
I x d S i j

x
ξ

− ξ − ξ ξ − ξ −
= =

− ξ∫∫ , 

 
2 2 2

1 2 1 11 2 21
1 5

1

( ) ( )
( ) ,      2

i j

ij
S

a x x
J x d S i j

x
ξ

− ξ − ξ ξ − ξ −
= + ≥

− ξ∫∫ . (9) 

²íòåãðàëè 1( )ijI x  òà 1( )ijJ x  ³ñíóþòü â ñåíñ³ ãîëîâíîãî çíà÷åííÿ ³ çà äî-

ïîìîãîþ çàì³íè çì³ííèõ ³íòåãðóâàííÿ ξ = + ρ α1 11 cosx , ξ = + ρ α2 21 sinx  
âèçíà÷àþòüñÿ àíàë³òè÷íî: 

 = − π = − π = − π2 2 2
00 1 10 1 11 01 1 21

1 1( ) ,            ( ) ,            ( )
2 2

I x I x x I x x , 

 = π = π − −2 2 2 2 2
11 1 11 21 20 1 11 21   1 1( ) ,   ( ) (4 3 )

8 16
I x x x I x a x x , 

 = π − − = − π2 2 2 2 2
02 1 11 21 12 1 11

1 1( ) (4 3 ),          ( )
16 8

I x a x x J x x , 

  = π − − = = − π 
 

2 2 2 2 2
22 1 11 21 20 1 02 1

1 1 1 1( ) ,       ( ) ( )
16 2 2 2

J x a x x J x J x , 

 = = − π =2
31 1 13 1 11 21 11 1

1( ) ( ) ,          ( ) 0
16

J x J x x x J x ,  

 = − π = − π2 2
30 1 11 03 1 21

3 3( ) ,            ( )
8 8

J x x J x x , 

  = − π = π − − 
 

2 2 2 2 2
21 1 21 40 1 11 21

1 1 1 5( ) ,           ( ) 3
8 16 2 2

J x x J x a x x , 

  = π − − 
 

2 2 2 2
04 1 11 21

1 5 1( ) 3
16 2 2

J x a x x . 

²íòåãðàëè ∗
1( )ijI x  òà ∗

1( )ijJ x  ìàþòü âèãëÿä (9) ³ ¿õ çíàõîäèìî ÷èñåëüíî, 

çàì³íèâøè S  íà 0S , äå 0S  – äâîçâ’ÿçíà îáëàñòü, îòðèìàíà ç îáëàñò³ S  

ðàä³óñà a  âèêëþ÷åííÿì ç íå¿ êðóãîâî¿ îáëàñò³ ìàëîãî ðàä³óñà ç öåíòðîì â 
òî÷ö³ ξ = 1x . 

 Ïðè ðîçâ’ÿçóâàíí³ ñèñòåìè ð³âíÿíü (8) ââîäèìî â îáëàñò³ S  ñ³òêó ðà-
ä³àëüíî-êóòîâèõ åëåìåíò³â ³, âèêîðèñòàâøè êóñêîâî-ñòàëó àïðîêñèìàö³þ 
øóêàíî¿ ôóíêö³¿ òà ð³çíèöåâ³ ñõåìè äëÿ ïîõ³äíèõ, êîëîêàö³éíî çàäîâîëüíÿ-
ºìî ö³ ð³âíÿííÿ ó âóçëîâèõ òî÷êàõ óñåðåäèí³ ãðàíè÷íèõ åëåìåíò³â. Òîä³ çà-
äà÷ó çâîäèìî äî ðîçâ’ÿçóâàííÿ ñèñòåìè ë³í³éíèõ àëãåáðè÷íèõ ð³âíÿíü 
â³äíîñíî âóçëîâèõ çíà÷åíü ôóíêö³¿ ϕ 1( )j x . 

Äëÿ äîâ³ëüíî¿ îäíîçâ’ÿçíî¿ îáìåæåíî¿ ãëàäêèì êîíòóðîì îáëàñò³ S  ïðè 
÷èñåëüíîìó ðîçâ’ÿçóâàíí³ ð³âíÿííÿ (8) íåîáõ³äíî ñïî÷àòêó îäíîçíà÷íî 
â³äîáðàçèòè öþ îáëàñòü íà êðóã îäèíè÷íîãî ðàä³óñà [5, 8]. 
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Áåçïîñåðåäíüî ÷åðåç ϕ 1( )j x  âèçíà÷àþòüñÿ êîåô³ö³ºíòè ³íòåíñèâíîñò³ 

íàïðóæåíü (Ê²Í) ÿê ôóíêö³¿ â³ä êóòîâî¿ êîîðäèíàòè θ  òî÷êè êîíòóðó òð³-
ùèíè. Äëÿ êðóãîâî¿ òð³ùèíè ïðè çñóâíèõ çóñèëëÿõ Ê²Í âèçíà÷àþòüñÿ çà 
ôîðìóëàìè [5]:  

 θ =1( , ) 0K a , 

 π πθ = − ϕ θ θ + ϕ θ θ
− ν2 1 2

2( , ) ( , ) cos ( , ) sin
1
G aK a a a[ ] , 

 θ = − π π ϕ θ θ − ϕ θ θ3 1 2( , ) 2 ( , ) sin ( , ) cosK a G a a a[ ] . 

Íà ðèñ. 2 ³ ðèñ. 3 ïîêàçàí³ çàëåæíîñò³ çâåäåíèõ çíà÷åíü Ê²Í 2K , à íà 

ðèñ. 4 – Ê²Í 3K  ( = τ π2 /i iK K a( ) , = 2,3i ) â³ä êóòîâî¿ êîîðäèíàòè θ  òî÷-
êè êîíòóðó òð³ùèíè. Ðîçðàõóíêè ïðîâîäèëèñü äëÿ ð³çíèõ ãëèáèí çàëÿãàííÿ 
³ íàâàíòàæåíü òð³ùèíè ïðè çíà÷åíí³ êîåô³ö³ºíòà Ïóàññîíà ν = 0.3 .  
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 Рис. 2 Рис. 3 
Êðèâ³ íà ðèñ. 2 ïîäàí³ äëÿ îñåñèìåò-

ðè÷íîãî íàâàíòàæåííÿ òð³ùèíè, à ñàìå: 
= τ θ1 1( ) cosN x  ³ = τ θ2 1( ) sinN x . Ó öüî-

ìó âèïàäêó 3K  íà äâà ïîðÿäêè ìåíø³, 

í³æ 2K . Ðèñ. 3 ³ 4 ³ëþñòðóþòü ïîâåä³íêó 

Ê²Í äëÿ =1 1( ) 0N x  ³ = τ2 1( )N x . Íà íà-
âåäåíèõ ãðàô³êàõ áà÷èìî â³ä÷óòíèé 

âïëèâ ìåæ³ ï³âïðîñòîðó íà 2K  ïðè /4π ≤  

3 / 4≤ θ ≤ π  ³ íåçíà÷íèé – íà 3K . Äëÿ 

>/ 2h a , ÿê ³ ïðè íîðìàëüíîìó íàâàí-
òàæåíí³, ìîæíà ââàæàòè, ùî òð³ùèíà çíàõîäèòüñÿ ó áåçìåæíîìó ò³ë³.  
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ВЛИЯНИЕ СДВИГОВЫХ УСИЛИЙ НА НАПРЯЖЕННОЕ СОСТОЯНИЕ 
ПОЛУПРОСТРАНСТВА С ТРЕЩИНОЙ  
 
Ìåòîäîì ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé èññëåäóåòñÿ íàïðÿæåííîå ñîñòîÿ-
íèå â îêðåñòíîñòè ïåðïåíäèêóëÿðíîé ê ãðàíèöå ïîëóïðîñòðàíñòâà ïëîñêîé òðå-
ùèíû, íà ïîâåðõíîñòÿõ êîòîðîé äåéñòâóþò ñäâèæíûå óñèëèÿ. Çàäà÷à ñâåäåíà ê 
äâóìåðíûì ãèïåðñèíãóëÿðíûì èíòåãðàëüíûì óðàâíåíèÿì, â ÿâíîì âèäå çàïèñàíû 
èõ ðåãóëÿðíûå ÿäðà, ó÷èòûâàþùèå âçàèìîäåéñòâèå òðåùèíû ñ ãðàíèöåé ïîëó-
ïðîñòðàíñòâà. Ïðèâåäåíû çàâèñèìîñòè êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿ-
æåíèé îò óãëîâîé êîîðäèíàòû ïðè ðàçíûõ íàãðóæåíèÿõ òðåùèíû.  
 
EFFECT OF SHEARING FORCES ON THE STRESSED STATE 
OF A HALF-SPACE WITH A CRACK  
 
The stressed state in the vicinity of a plane crack perpendicular to the half-space boun-
dary is investigated by the method of boundary integral equations. The crack is under 
the action of shearing forces. The problem is reduced to the 2D-hypersingular integral 
equations. Their regular kernels considering the interaction of a crack with the half-
space boundary are written in explicit form. The stress intensity factors vs. the angular 
coordinate are presented for different crack loading. 
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